CHAPTER 9

Optimal Iterative Refinement Methods*
Olof B. Widlund?

Abstract. We consider the solution of the linear systems of algebraic equations which
arise from elliptic finite element problems defined on composite meshes. Such problems
can systematically be built up by introducing a basic finite element approximation on the
entire region and then repeatedly selecting subregions, and subregions of subregions, where
the finite element model is further refined in order to gain higher accuracy. We consider
conjugate gradient algorithms, and other acceleration procedures, where, in each iteration,
problems representing finite element models on the original region and the subregions prior
to further refinement are solved. We can therefore use solvers for problems with uniform
or relatively uniform mesh sizes, while the composite mesh can be strongly graded.

In this contribution to the theory, we report on new results recently obtained in joint
work with Maksymilian Dryja. We use a basic mathematical frame work recently introduced
in a study of a variant of Schwarz’ alternating algorithm. We establish that several fast
methods can be devised which are optimal in the sense that the number of iterations
required to reach a certain tolerance is independent of the mesh size as well as the number
of refinement levels. This work is also technically quite closely related to previous work
on iterative substructuring methods, which are domain decomposition algorithms using
non-overlapping subregions.

1. Introduction. In this paper, we consider the solution of the large linear systems of
algebraic equations which arise when working with elliptic finite element approximations
on composite meshes. In this contribution to the theory, we report on new results recently
obtained in joint work with Maksymilian Dryja.

Finite element models on composite meshes can systematically be built up inside a
frame work of conforming finite elements; cf. Ciarlet [3]. We do so to be able to use
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a number of technical tools which are available primarily ini the conforming case. We
begin by introducing a basic finite element approximation on the entire region and we then
repeatedly select subregions, and subregions of subregions, where the finite element model
is further refined. We solve the resulting linear system by using an iterative method such as
the conjugate gradient, Richardson or Chebyshev method. We accelerate the convergence
by solving so called standard problems. These correspond to the finite element models on
the original region, prior to any refinement, and those on the subregions prior to further
refinement. We can thus use solvers for problems with uniform or relatively uniform mesh
sizes, while the composite mesh can be strongly graded.

This approach offers a number of advantages. An existing code can be upgraded, in
order to increase the accuracy locally, without a radical redesign of the data structures etc.,
since we can use the old code to solve one or several of the standard problems. Issues of data
structures and geometry are generally simpler if we design programs for composite mesh
problems in terms of simpler standard problems. The use of simple standard problems also
tends to improve the performance of the programs on vector machines. Finally we note
that if each of the standard problems has appreciatively fewer degrees of freedom than the
composite model, then we might benefit from solving a number of smaller problems rather
than one large one. In other words, we might view our approach as a divide-and-conquer
strategy.

We study two families of algorithms which we call multiplicative and additive respec-
tively. The so called additive algorithms are particularly well suited for parallel computing
in that in each iteration step we can simultaneously solve all the standard problems on the
the different levels of refinement. Synchronization between the processors is required once
in each iteration, namely when the residual is computed and assembled. One or a group
of processors can therefore be assigned in a straightforward way to each of the standard
problems. As we will see, we can view the multiplicative algorithms as preconditioned con-
jugate gradient methods, while the additive variant involves the solution of a transformed
equation with the sanre solution as the original one using no further preconditioning.

The systematic study of the methods under consideration goes back at least to 1983,
when the Fast Adaptive Composite (FAC ) method was introduced by McCormick [12]. Is-
sues related to the implementation of this method on parallel computers led to the introduc-
tion of Asynchronous FAC (AFAC) methods [8] a few years later. Numerical experiments
have now been reported for model cases and recently Richard Ewing, Steve McCormick and
others have begun to test the algorithms for more difficult problems arising in industry.
The convergence of the FAC method is discussed in McCormick et al. [12], [13] under a
certain additional regularity assumption. An important contribution to the theory is given
by Bramble, Ewing, Pasciak and Schatz [2], who outlined a proof of optimality for a two
level FAC algorithm. They require no additional regularity in their proof. In recent papers
Bjgrstad [1] and Mandel and McCormick {11], develop a theory for both multiplicative and
additive algorithms, using two levels. In particular, they obtain interesting results concern-
ing the relationship between the spectra of the two methods. In a recent paper, Mandel
and McCormick [10] establish optimality for a multi-level AFAC algorithm for a special
model problem.

Our study began with the discovery that FAC and AFAC methods have a structure
quite similar to that of the classical Schwarz procedure, see Schwarz [14], and an additive
variant thereof recently considered in Dryja [4] and Dryja and Widlund [5]. Our earlier
work was in turn inspired by a recent paper by P.-L. Lions [9] in which a variational
frame work for the classical, multiplicative Schwarz’ method is developed for continuous
elliptic problems. We were able to establish a rate of convergence which is independent of
the number of degrees of freedom as well as the number of subregions for a special kind
of additive Schwarz algorithm, see Dryja [4] and Dryja and Widlund [5]. In our view,
the central theoretical issue of the iterative refinement algorithms, which are discussed in
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this paper, is similar to that of Schwarz type algorithms namely the design and study of
algorithms for which the rate of convergence is independent of the number of subproblems,
i.e. the number of refinement levels as well as and the mesh sizes.

In section 2, we introduce the finite element problems on composite meshes, certain
projections and our algorithms in their basic form.

In Section 3, we consider a multiplicative algorithm for the multi level case and show
that its rate of convergence is optimal.

In Section 4, we introduce several multilevel additive algorithms and provide a number
of bounds. The principal result is that one of these methods has a rate of convergence which
is independent of the number of refinement levels, as well as the mesh sizes.

2. Composite Finite Element Problems and Basic Iterative Methods. We
consider linear, self adjoint, elliptic problems discretized by finite element methods on
a bounded Lipschitz region Q in R™. To simplify the presentation, we assume that the
differential operator is the Laplacian and that we use continuous, piecewise linear finite
elements. However, almost all of our results can be extended immediately to general con-
forming finite element approximations of any self adjoint elliptic problem which can be
formulated as a minimization problem. The continuous and discrete problems are of the
form
a(u,v) = f(v), Vv eV,

and

a(un,vn) = F(vn), Vv € VP, (1)

respectively. The spaces V and V" are defined in the next few paragraphs. The bilinear

form is defined by

alu,v) = / Vu-Vo de .
Q

This form defines a semi-norm |u|g: = (a(u, u))'/? in H(Q).

To simplify the presentation, we assume that we have a zero Dirichlet boundary con-
dition on 89, the boundary of . The space V is thus Hj(22). We note that we equally
well could have considered an inhomogeneous Dirichlet problem. The space V? is defined
on a composite triangulation, which is possibly the result of a large number of successive
refinements. The triangulation of  is given in the following way.

We first introduce a relatively coarse triangulation of Q, also denoted by ,, and
denote the corresponding space of finite element functions by V*. We can think of this
space as having a relatively uniform (or uniform) mesh size A;. Let Q5 be an area where we
wish to increase the resolution. We do so by subdividing the elements and introducing an
additional finite element space V2. We assure that the resulting composite space V™ +
V"2 is conforming by having the functions of V2 vanish on 8Q,. We repeat this process by
selecting a subregion Q3 of {15 and introducing a further refinement of the mesh and finite
element space etc.. We denote the the resulting nested subregions and subspaces by Q; and
V" respectively. Throughout, we have ; C Q;_; and V*-1 n H}(Q) c VM c Hy (Q),
i=2,...,k. The composite finite element space on the repeatedly refined mesh, is

VE=yh pyha Lyl

We assume that all the elements are shape regular in the sense that there is a uniform
bound on kg /px. Here hx and px are the diameter and the radius of the largest inscribed
sphere of any element K, respectively. Our bounds in the theory developed below also
depend on the shape of the subregions ;. Thus in order for our proofs to work, we cannot
allow the sets €;_; \ 2; to become arbitrarily thin in comparison with the diameter of Q;_;.
We also assume that the area of any triangle on level 1 can be bounded by const. g%, j < i
times the area of the triangle on level j of which it is a part. Here g is a constant < 1.
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The finite element problem is defined by equation (1) and the corresponding stiffness
matrix can conveniently be computed by using a process of subassembly. Introducing
subscripts to indicate the domain of integration, we write

a(u,v) = ag,\q, (u,v) + anz\ns(u,v) + .o+ aq, (u,v) .

The stiffness matrices corresponding to the regions O; \ Qi41, ¢ < k — 1, and Qp, are
computed by working with basis functions related to the mesh size h; . The quadratic
form corresponding to the composite stiffness matrix is the sum of the quadratic forms
corresponding to ; \ Q441 and Q. In our algorithms, we use solvers for the same elliptic
problem on the subregions ; , ¢ = 1, ..., k, and the relatively uniform meshes corresponding
to h; . The corresponding stiffness matrices can in fact be obtained at a small extra cost
during the assembly of the composite mesh model. When we refine a finite element model
locally, the modified stiffness matrix is obtained by replacing the quadratic form associated
with the subregion in question by the one corresponding to the refined model on the same
subregion. It is therefore relatively easy to design a method which systematically generates
the stiffness matrices for all the standard problems necessary while the stiffness matrix of
the composite model is computed.

The fundamental building blocks of our algorithms are the P;, i < j, the projections
onto the spaces V™ [ H}(Q;). We note that if j > 4, then we solve a problem on {; with
a coarser mesh than if V" were used. The projection P}, i < 7, is defined, in terms of the

unique element of V7 N H}(Q;), which satisfies
a(Pjvn, 1) = a(vh, 1), Vo € V. @)

We now introduce the multiplicative and additive algorithms. Since no further effort
is involved, we develop a framework which is also useful in other contexts such as the
study of algorithms of Schwarz type; cf. Dryja [4], Dryja and Widlund [5] and Lions
[9]. We begin by considering the case of two subspaces V; and V; and the multiplicative
(sequential) algorithms. In a first fractional step, we find a correction §u™ € Vi of the
current approximation u” by solving

a(1u™,v) = f(v) — a(u”,v) = a(u* —v",v), Vv € V.

Here u* € Vi + V, is the solution of the given problem. The calculation of a second
correction &,u" € V, completes the (n + 1)th step.

a(82u™,v) = f(v) — a(v™ + Hu",v) = a(u* — (U™ + 6u"),v), Vv e V2 .
As shown in Lions [9], it is easy to see that

51’&" = Pl(u* — u")
62’"-"' = Pz(’u* —u” - 61’U,n) = .Pz(I - Pl)(u* - u")

and thus the error propagates as

wttt —y* = (I - P)(I — P)(u™ — u*).
Here P, and P; are the orthogonal projections associated with the bilinear form af-,-) and
V1 and V3, respectively.

We can thus view this algorithm as a simple iterative method for solving

(Py + Py — Py P )uy, = g,
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with an appropriate right hand side gz. We note that this operator is a polynomial of degree
two and thus not ideal for parallel computing, since two sequential steps are involved.
If we use more than two subspaces and therefore more projections this effect is further
pronounced. The basic idea behind the additive form of the algorithm is to work with
a simplest possible polynomial in the projections. With k subspaces we thus solve the
equation

Puhz(P1+Pz+...+Pk)uh:g;l, (3)

by an iterative method. If we can show that the operator P is symmetric and positive
definite, the iterative method of choice is the conjugate gradient method at least on a
computer with conventional architecture. We must also make sure that this equation has
the same solution as equation (1), i.e. we must find the correct right hand side. Since by
equation (1), we have

a(un, dn) = f($r) »

we can construct the right-hand side g}, by solving this equation restricted to all the different
subspaces and adding the results. It is similarly possible to apply the operator P of equation
(3) to any given element of V* by applying each projection P; once. Most of the work , in
particular that which involves the individual projections, can be carried out in parallel.

It is well known that the number of steps required to decrease an appropriate norm of
the error of a conjugate gradient iteration by a fixed factor is proportional to +/k, where
& is the condition number of P; see e.g. Golub and Van Loan [7]. We therefore need to
establish that the operator P of equation (3) is not only invertible but that satisfactory
upper and lower bounds on its eigenvalues can be obtained. ‘

We end this section by discussing a symmetric version of the multiplicative algorithm.
The projections generally do not commute and if we wish to have a symmetric expression in
the operators P;, which allows us to accelerate the convergence by the standard conjugate
gradient method, we have to use additional fractional steps. In the case of two subspaces,
we can solve the first problem again. Since (I — P;)? = (I — P;) we can write the resulting
operator as

I-(I-P)I-P)I-P)=P +P,~PP,— PP, +PPP =1-T,T},

where Ty = (I — Pi)}(I — P;). The corresponding operator for % subspaces involves 2k — 1
fractional steps and has the form

I—TkT;:, where Tk = (I— Pl)(I—Pz)---(I— Pk).

The error propagation operator for the basic multiplicative algorithm is Ty, while the
convergence rate of the symmetrized algorithm can be bounded in terms of the condition
number of I — T3T;;. We note that a bound on the spectral radius of T} is obtained
immediately from the spectral bounds on the symmetric operator.

3. The Multiplicative Algorithim. In this section, we establish the following result.
We note that our analysis resembles that of Bramble et al. [2] in the case of k = 2.

Theorem 1. The symmelrized, multiplicative iterative refinement algorithm based on
the projections P}, i < k, has a condition number which is independent of k and the number

of degrees of freedom. The speciral radius of the basic multiplicative algorithm is bounded
by e constent which is uniformly less than one.

We begin by designing a preconditioner b(u,v) for the finite element problem on the
space

VE=vh 4. gy,
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We then show that this quadratic form can be bounded uniformly from above and below
by the quadratic form of the composite finite element problem. Finally we establish that
we can work practically with this preconditioner and that the error propagation matrix is
the same as that of the symmetrized multiplicative algorithm, introduced in the previous
section. The algorithms are thus the same.
In addition to the projections P}, we also use another family of operators, H J’:, 1=

Jj — 1,7, defined by )

Hijvp(z) € VM + ... 1 VH,

H;:vh(a:) =vp(z), =z € Q\Q,,

a(HJ’:vh, wp) =0, Ywp,€ vhn H&(Q,)

We can call H;vh the h;—harmonic extension of v to 2;, since it is the solution in
V' of a discrete Dirichlet problem with zero right hand side and with boundary data on
0Q; given by vp,.

In order to prepare for the work that remains, we formulate three lemmas.

Lemma 1. H ZH "' = H2,3<i<k.
The proof follows immediately from the definition.
Lemma 2. a(H} Yy, Hi 2vp) = a(Hi Yup, vp), Yup € VP, Vo, € V-1, 2< i < k.

_ Proof: From the definition of H} ! follows that H; v, — v € V¥ N H} (). Since
Hz—luh is h;_;—harmonic on 0; the result follows by the orthogonality inherent in the
definition of A;_; —harmonic functions.

The following lemma is a consequence of the extension theorem given in Widlund [15].

Lemma 3. There exists a constant C which is independent of vy and the mesh sizes,
such that fori=j— 1,7,

ag; (H;:uh,H;:uh) < Cagq,;_,\q; (un,un), Yun € V*.

We will not discuss the proof of this lemma. We note that the constant C necessarily
blows up if we let the area of Q;_; \ Q; shrink to zero, keeping Q;_, fixed. Such situations
are not of particular interest in our applications.

Trivially, we can write up = PFus + (I — PF)uy,. 1t is easy to see that the second term
equals HFujy. The two terms are orthogonal in the sense of the bilinear form and thus

(s 90) = a(Plun, PEon) + al(T — PEYun, (I - P)os)
= a(P;fuh,vah) + a(H,’:uh, H,ffvh) .

We now introduce a preconditioner, which in the case k=2 is the final one but which in the
general case is only a first step of our construction.

a(PEup,, PFo) + a(HY tup, HY lvg) .

The hz—harmonic function on {; has thus been replaced by the hz_; —harmonic function
with the same boundary values. Since the latter space of discrete harmonic functions is
smaller, it is easy to see that the preconditioner is bounded from below by the original
guadratic form

aup,up) < a(PIfuh,Pf:uh) + a(Hf_luh,Hf_luh) .

To find a bound from above, we have to show that the energy attributable to the hp_s-
harmonic function can be bounded by that of the Ap—harmonic function. This follows
directly from Lemma 3.
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‘When we now turn to the case of £ > 2, we repeatedly replace certain discrete harmonic
functions by others. In each step, we replace the current last term of the preconditioner by
two. We begin by considering the identity

Hf Yy = PP HY Yuy + (T~ PR HE Ly,

It is easy to see that the second term equals H ,’:_"}H ,’:_luh. As in the first step, we replace

this last term by another, namely H; ,’::12 ¥4 ,’: ~Luy,, and we obtain a preconditioner with three
terms:
a(Plun,Plv) + a(PE L HE "y, PRI HE10,)+

a(Hy—  Hy ™ un, HyZ Hy,  on)
We simplify this expression, by using Lemma 1 and replace the third term of the precon-
ditioner by a(H, ,’:_lzuh,H,’::fvh). By repeating the process just outlined, we arrive at the

following preconditioner:

b(un, vn) = a(Pun, PEv) + a(PE- L HF " up, PETLHE 1)

4
+ - -a(P} Hiup, P2 HZvs) + a(Hiup, Hivy). *)

We can now complete our proof of the optimality of the preconditioner. By using the
definitions of the operators P} and H, we find that

a(Prun, Pup) = aq, (PEup, PEuy)

= agq, (un, us) — aq, (Hfun, Hfup),
and, for 3<i< k,

i—1 ppi—1 i1 gi—1 _ i1 gpi—1 i—1 i1
a(P;Zy H; "un, P7  Hy "up) = aq,_, (Pi7) H g, Py H Jup)
o i1 i1 i1 i1 i—1gri—1

= aq,_, (H;  un, H; "un) ~ aq,_, (H;Z; H; " up, H;” ) H; " ug)

=4ag; , (H§~1uh3 Hii—luh) a0, (Hii:%uh’ Hiizlluh)’

In the last step, we have used Lemma 1.
By using the definition of the H} operators, we can rewrite the preconditioner as

b(un,vn) = aq, (un, un) — ag, (Hfun, Hfup)

foe — _ _
+ a0,y \au (U, un) + an, (Hg " un, Hy " 'up) — aq,_, (HE " Luy, H - 1uy,)

+ 60, _o\0uos (hy un) + an,_ (HE Fun, HE " Fun) — an,_, (HF 2up, H2up)

+ .. 'al'h\ﬂz(uh’ ﬂh) + GQQ(H%uh’ .H;ﬂh)

This quadratic form can be written as the sum of ag(us, uy,) and & number of terms of the
form

ag,(H;  up, H 'up) — aq,(Hiup, Hiug)

Since, on ;, H;-‘_luh and Hfuh are h;_j—harmonic and h;—harmonic functions, respec-
tively, with the same boundary values on 95;, it is easy to see that these terms are positive.
This shows that the preconditioner is bounded from below by ag (un,uz). To get an upper
bound, we only have to estimate the positive terms. By Lemma 3, the energy attributable
to the subregion {;, of the k;_y —harmonic function H f“luh can be estimated by a constant
times ag,_;\q,{tn, 1x). The proof of the upper bound is completed by summing over 1.
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What remains is to establish that the use of this preconditioner leads to a series
of problems which are directly related to the projections P} in particular the symmetric
multiplicative algorithm given in section 2. For the unaccelerated algorithm, the equation
that we have to solve is of the form

b(«?uh, 'vh) = a(eh, ’vh) )

where ey, is the error before the current step and §uy the next correction. We first choose
test functions vy in the subspace V™. All terms of the preconditioner, except the first,
vanish for such test functions. Therefore the result of this first fractional step equals
P,fc?uh = P,feh. We choose V-1 as our second space of test functions. All the terms
of the preconditioner except the first two vanish and the first is already known and can
therefore be moved over to the right hand side. A straight forward calculation and Lemma
2 show that the new right hand side is equal to a((1 — PF)es,vs). In this second fractional
step, we obtain P,f:l1 H ,’:‘lﬁuh = P,f_"ll(l — PF)ep. Proceeding in this manner, we compute,
in the k—th fractional step, Hjdup = PH{I— P})---(I — P¥)en. At this time, the values of
dup, are available on Q; \ ;. We can use its boundary values on 8Q; as Dirichlet values and
solve a problem in V"* to obtain the values of §uy in €, \ Q3. Proceeding in this manner,
using a total of (2k — 1) fractional steps, we finally obtain §u; everywhere. A calculation
shows that the error propagation operator corresponding to the whole step is equal to

(I-PYI — PTy) (I = PYYI = Fj) (I~ Fy) .

This shows that the method defined by the preconditioner indeed is the same as that of
the symmetrized multiplicative algorithm defined in section 2.

4. Some Additive Algorithms. We recall, that in the so called additive algorithms, we
solve equation (3) by the conjugate gradient or some other standard iterative algorithm.
The different algorithms can simply be defined by specifying the subspaces V; or alterna-
tively the projections P;. Before we discuss specific algorithms, we make some remarks on
estimating the eigenvalues of P from above and below.

The upper bound on the spectrum is obtained by bounding

a(Pun, v1) = a(Piop, v) + a( Py, va) + - - - + a(Prvh, vn)

from above in terms of a(vy,vr). We can use Schwarz’ inequality and the fact that F; is
a projection to prove that each term is bounded by a{vp,vs) and thus the spectrum of P
is bounded from above by k. Our goal, however, is to establish a uniform bound on the
condition number. This can be done if the terms are orthogonal or almost orthogonal; cf.
discussion below.

A lemma from Lions [9] provides a method for obtaining lower bounds. Since the proof
of his result is quite short, we include it in this paper.

Lemma 4. Letup = E?___l Up i, Where up ; € Vi, be a partition of an element of V* and
assume further that Z:;l a(un iy un) < Cla(un, up), Vur € VR, Then Apmin(P) > Cy 2.

Proof: By elementary properties of symmetric projections and the representation of
uy as a sum, we find that

k

k k
alun,un) = 3 a(th,uns) = Y a(un, Piung) = > a(Pyup, unyg) -
i=1

i=1 =1



122 Widlund

Therefore,

k k
alun, un) < (Y o Pyun, Piup))*/ 23 alun s, uns)' 2

i=1 i=1
By the assumption of the lemma

k k
a(uh,uh) < Cg Z a(P,-nh, P,-‘uh) = Cg z a(P,-uh,uh) = C’ga(Puh,uh),

=1 i=1

and the lemna is established.

‘We consider three different algorithms and distinguish between them by using a super-
script 1, 2 or 3. The most natural algorithm amounts to using the projections P,'(l) = P},
where the projection operators P} have been defined in equation (2). The condition number
of this algorithm grows linearly with k. We have already remarked that the eigenvalues of P
always are bounded from above by k. This bound is attained if V" N H}(Qy) is not empty,
i.e. when the mesh size is fine enough. Any such function belongs to V%, i=1,2,...,k,
and is exactly reproduced by each of the projection operators. It is thus an eigenfunction
with eigenvalue k. Similarly, any function which belongs to V% N Hi(Q; \ Q;) is an eigen-
function with eigenvalue 1. We will show later that all the eigenvalues are bounded from
below by a constant, which completes the proof that the condition number of P(1) is of
order k.

A very promising method, for which to our knowledge the optimality has only been
established in a guite special model case, cf. [10], is based on using Pi(z) = P: — ii+1 .
i<k—1land P,(ez) = PF as the basic projections in equation (3). It easy to show that these
differences of projections are projections and that the composite finite element space V"
is the direct sum of the corresponding subspaces. A difficulty experienced when trying to
establish that the eigenvalues of P(?) are bounded uniformly from below, by using Lions’
lemma, is related to this complete lack of flexibility in representing a given element of
V? as a sum of elements of the subspaces. So far we have only been able to prove that
C? < const. L.

We can, however, prove the following result.
Theorem 2. The eigenvalues of P(?) are uniformly bounded from above by a constant.

Before we turn to the proof proper, we observe that the unbalance of the first method,
which resulted in the amplification of certain functions by a factor &, is no longer possible.
By regrouping terms, we also see that

PO = Pl + (P}~ B}) 4o+ (PE ~ PE™Y) . ®)

All the terms, except the first, are similar to multigrid corrections since they each represent
the difference between two solutions on the same subregion, using two different mesh sizes.
By using the representation of P(2), given in equation (5), we obtain

P®uy = Plup + (P} — Piyup + -+ + (P — P Vyuy,
= Uy Up oo Upe

We show that these terms are increasingly orthogonal:
a1ty ) < const. q{l_m‘(a(u[; ) ) (@t ur ))H 2,

where g1 < 1, uniformly. This is a so-called strengthened Cauchy inequality. Without
loss of generality, we assume that £ < m. If is easy to show that (U, vp) = 0, Vo, €



OPTIMAL ITERATIVE REFINEMENT METHODS 123

Vhn-10 HY(Qp), i-e. U, is hy—y —harmonic on Q. Let ug = 3 aigb?‘ where the qS?‘ are
basis functions in V. Any such basis function is orthogonal to u,, if its support does not
intersect O, since then either its support belongs to Q; \ Ry, or ¢ € Vi=-1 0 HY{Q,).
Thus the only contributions to a(u,,u,) originate from the triangles of V¢ which intersect
8Q,,. Consider one such triangle T'. The restriction of u; to T' is a linear function and thus
has a constant gradient. It can also be written as a linear combination of basis functions
in Vhm-1, The support of most of these do not intersect 9Q,, and therefore

a7 (tmy ur) = arns(tm, ) < (@ (Um, um))/H(arns(ue, u))t/?

< Const. g™ Hag(tm m ) Par(us, u)'/? .

Here § denotes the union of the small triangles that are next to 9Q,,. We also use our
assumptions on the triangulations, given in section 2, and the fact that the gradient of
1y is constant on T and that therefore its contribution to the quadratic form is directly
proportional to the area of integration. The proof of the strengthened Cauchy inequality
is completed by summing over the triangles of V¢,

We now note that

k
a(PPup, PPy = Z a(u;,u;) < UTAU.
#,j=1
Here _
1 a ¢ .. q'}:_;
A = const, e 1 L gl
AR A AU |
and

U7 = (a(u, 'ul)l/z, {a(ua, ug)'/2,.. ., alug, uk)l/z).
It is easy to show that the Euclidean norm of A is uniformly bounded. Thus
3 k

a(PPu, PDu) < |4, Z a(us, u;) < const. Z alu, us).

i=1 i=1
To complete the proof, we note that

a(u,-, u,-) = a(Pfu;, - Pfh—luh, Pfuh - P;-—luh)

R i1 .
= a(.P;'llh - P: uiuP:uh)s

since Piup — IJf—Iu;, is h;_y—harmonic. By using elementary properties of the projections,
we find that a(u;,u;) = a(u;, up). Therefore

k k

Z alug, u;) = Ea(u;, ug) = a(PPuy, up).

i=1 i=1

Thus
a( PPy, PPuy) < const. a(PDup, up),

from which the upper bound on P{?) follows.
If we modify our projections, we arrive at an algorithm for which we have a proof of

optimality.
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Theorem 3. The edditive method defined by the projections Pi(s) = P}-Pf L2yt < k-2,
P,S:i)l = ,1‘:11 and P,(f) = Pk has a condition number which is independent of k and the
number of degrees of freedom.

A uniform upper bound is obtained by using Theorem 2 and the following formula.

P® =pl Pl P}-P}4.--4PEL 4 PR
=P -P+P-F++F
+P - B+ P - Pt B
= P® 4 p?)

By Theorem 2, there is an upper bound for P and the same result also provides a uniform
upper bound for P(?); which is an operator corresponding to a composite finite element
problem using k — 1 levels. _

From this argument and the fact that P(?) is positive definite, it follows that the
condition number of P(*) cannot be much better than that of P(®). A lower bound of the
spectrum of P(3) ig given by a partitioning formula and Lions’ Lemma. Before we give the
details, we note that this argument also provides a lower bound for the spectrum of P(1)
since the subspaces related to the projections of that method include those of P(®).

We partition an arbitrary u, € V? as

k
3
Uy = Zuh,iy Up; € Vi( ),
i=1

where Vi(a) is the range of Pi(s). The formulas for the uy, ; are given by

Up on 91 \ 92
Un1 = | by — harmonic on Q,\ Q3
0 on flg

and for 2<i< k-2, and

hi - harmonic on Qi+1 \ Q;_(..z

Up ~ Up -1 on  Q;\ Qi
Up; =
0 on Qi+2

Since the construction of Up,h—1 and uy 5, is straightforward, we do not provide details. We
note that on each region Q;\ Q;; only two of the terms differ from zero and that up ; = up

on 0Q;:. By applying the projection P,-(s) t0 up i, we find that u,; € Vi(?’). The proof is
completed by showing that

a{ups,up ;) < const. g\, (Un, ug).

This follows from a variant of Lemma 3 and elementary considerations. The proof of the
lower bound is completed by summing over 1.
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