CHAPTER 24

Domain Decompostion and Associate Block-Jacobi Method
for the Diffusion Equation

Francoise Coulomb*

ABSTRACT  Among the classical methods used for solving the
neutron diffusion equation, we are interested in methods based on a
classical finite element discretization and well suited for use on
parallel computers. Domain decomposition methods seem to answer this
preoccupation. This study deals with the convergence of the block-
Jacobi method associated with a decomposition of the domain. A theo-
retical study is carried for Lagrange finite elements and some exam-
ples are given ; in the case of mixed dual finite elements, the study
is based on examples.

INTRODUCTION The neutron multigroup diffusion equation is
usually solved by an iterative power method combined with a finite
element method (Lagrange elements, mixed elements). For the numerical
studies we plan to use a multiprocessor computer ; that is why, for
solving the diffusion equation, we are interested in methods based on
a classical discretization of finite elements type and well suited
for use on multiprocessor computers. Domain decomposition methods
seem to answer this preoccupation, each subdomain being assigned to a
processor. For solving the linear system associated with a decompo-
sition, we have chosen to use the block-Jacobi method because it is
always parallelizable.

At first, I will briefly recall the diffusion equation and its
primal and mixed dual variational formulations ; their approximation
by a finite element method will also be given. The second and third
parts will be devoted to the study of the convergence of the block-
Jacobi method associated with a decomposition of the domain ; the
case of the lagrange elements and the case of mixed finite elements
are both considered ; convergence conditions are established for the
block~Jacobi method. For the lagrange elements, a theoretical study
is led, and examples are given ; in the mixed dual case, the study is
essentially based on examples.,

*Départment de Mathématique Appliquées, Centre d’Etudes de LIMEIL-VALENTOL,
B.P Number 27, 94195 - Villeneuve Saint Georges Cedex, France.

410



THE DIFFUSION EQUATION 411

1. The diffusion equation and its variatiomnal formulations .
The transport equation describes the evolution of a population of
neutrons in a medium. Various hypotheses and approximations lead to
the multigroup diffusion equation, which is considered under its
stationnary eigenvalue problem formulation [1, 2] :

4 t - t
(1) div (Dg(r) Vcbg(r)) + Zg(r) <I>g(r) Z'“l Zgwg(r) ¢g.(r)
G
-Ley (0) TE, () ¢, (x)
= 5 Loy Vg (1) g g
forg=1, ..., G
with ¢g = neutron flux in group g.
Dg = diffusion coefficient in group g.

o~1
0Q o+
i

total removal cross section in group g.

it

Xf macroscopic fission cross section for group g.

g g' = macroscopic scattering cross section from group g to
’ group g'.
= fission spectrum for prompt neutrons,
Xg ‘
“g = average number of neutrons produced per fission.

A = effective multiplication factor.

[p]
i

total number of energy groups.

i
i

spacial dependence.
The boundary conditions are of Dirichlet-Neumann type.

The multigroup diffusion equation (1) is generally solved by the
iterative power method [l, 2] ; at each iteration, we have to solve
problems of the following form :

-~ div (D Yu) + Ju =95 in Q,

(2) u=0 on I,

D 3% = ( on Iy,
Q being a bounded domain of R%(n < 3) and 3Q =T, Ur,, I, N Ty =0,
meas (I ) > 0. The present study treats of this equation, which is
here refgred as the diffusion equation. Functions D and ), statisfy
the following inequalities :

0<vsDx <D, <+
(3) in Q ;
0K JUX) € ) <+
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they make certain the existence and unicity of the solution of the
undermentioned variational problems.

The diffusion equation can be written under different varia-
tional formulations, the most used being [3, 4].

X1 Xl

X = : X' o= : , in the 3rd case.,
Xy X, |
Ln+1 " Xn41

We have : X M' X = 'x' M X ;s S0 M X 20 , and :
EXM' X =0 & X' =0 & X=0.
And consequently M' is positive definite.

2.2. General theoretical study

2.2.a. Notations

K : any element of the triangulation T
Ag ¢ contribution of K to matrix A (*)
ﬁk ¢ square matrix extracted from A, corresponding to the nodes of K.

it is of order N?, if N is the number of unknowns by rectangle
(or parallelepiped rectangle).

A'K s contribution of K to matrix A'.

We have : A'p = 2 diag (AQ = Ag, so there is no ambiguity in the
notations.

R ,

A'g: square matrix extracted from A'g corresponding to the nodes of K
Fal

We have : Ap = 2 diag (KK) - XK ; so the notation is not ambigous.

Let i be a positive integer.

T, = {K € Ty, / K is splitted into i subdomains}, the decompo-
sitionlbeing considered in the sengse of nodes.

An example is represented on figure 1 : the finite element is the
Lagrange element, the decomposition corresponds to a splitting along
the dotted lines ; we have indicated to which set Ti belongs each
rectangle of the triangulation,

mE 2/’/
ﬂg :/ 1;

L
i
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j;’;,l‘T T; T;

2

Y

7
-
d

FIGURE 1

Example of sets T;

(*) Aij = IQ D v¢i . V¢j + Z ¢i ¢j,
(g3 = S D Vo5 - Yoy + T 03 ¢
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~ The primal formulation

(#) [ Findu e H) [ (@ so that :
el

- b v 1
Jq D Vu.Vv + Juv = Jq sv v e HO’TO(Q)
-~ The mixed dual formulation :
Find (ﬁ,u) e Hy T, (div, Q) x L2 (Q) so that :

(5) fQ % P.q + divqu

i

o V3eun, p ive

IQ - div P v + Juv = fQ Sv V’v e Lz (Q)

if

where Hé,TO(Q) (veH (@ / T, (V) =0 on r.}

To(v) = trace of v

H p,(GiV,Q) = (§ e H (div,@) / < 72(@,v > =0

Yve H;’ro Q)

71(3) = normal derivative of q.

In the mixed formulation, in addition to the flux u, a second unknown
bd o . > o o
P occurs as an independant variable ; p is equal to D ¥V uand is
called the current.

Equations (4) and (5) are discretized by finite element
technics ; we mainly use :

- The Lagrange elements in the primal case :

for each rectangular element of the trian-

(*) Pg = Py x ,
gulation.
- The elements of Raviart and Thomas in the mixed dual case :

for each rectangular element of the trian-—
gulation.

it

() {Pg = Py x

Qk = Pr+1,k ¥ Pkl

In all what follows, every triangulation of the domain will be
constituted by rectangles or parallelepiped rectangles (0@ = U K;
Ky = "rectangle").

(*) Pk,Q = {Pe RI[X,Y) / Degy P <k degy P < 2}
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2. Study of the convergence of the block-Jacobi method asso-
ciated with a decomposition of the domain, in the case of Lagrange
elements [5].

This paragraph is devoted to the study of the convergence of the
block-Jacobi method associated with a decomposition of the domain, in
the case of Lagrange elements.

A triangulation of the domain:Th, a Lagrange element and a
decomposition of the domain are given. The matrix of the linear
system is called A ; it has a block-structure according to the
decomposition,

Notation : For every square matrix M, with a block-structure, Diag (M)
represents the matrix constituted of the diagonal blocks of M, and
M' = 2diag(M) - M,

Matrix A is a positive definite matrix, so we examine whether A'
is positive definite or not.

2.1. General examples Some decompositions yield a block-Jacobi
method which is convergent without any assumption ; here are some
examples.

The basic result is the following :

Proposition : let M be a symmetric positive definite matrix with a
block-structure,

If M has a 2 block-structure

or M M
11 1,n+l
If M is block-tridiagonal &
or : My,
If M is of the following form : M = \\\\\\\
) Mn,n Mn,n+l
’ t t
Ml,n+l Mn,n+l Mn+l,n+1

then M' is positive definite.

Demonstration : Let X be a vector., It has a block-structure correg—
ponding to the one of M. We define a vector M' as follows :

Xl Xl

X = X' = ., in the 15t case,
Xz ~ X,
X]_ Xl

X = : xt = |~ X , in the 20d case,
X, X
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There is only a finite number of integers i so that T; # @, and
of course, they are the only ones that are considered.

A. : contribution of the elements K of T; to matrix A.

A}l : contribution of the elements K of T; to matrix A' ; we have
! = 2 diag (A;) ~ A:
Al i i
Ki ! square matrix extracted from Al correggonding to tke no%gs
belonging to elements K of T; 3 we have : Al = 2 diag (Ai) = Ay
The following relations hold :

A =] Al
LA

(6)
Vi, A = A"
b 1 §€Ti K

2.2.,b. Convergence result - According to relation (6), for A* to
be positive definite it is enough that matrices A} or Ay are positive
semi definite and A' is invertible (*¥),

Generally T, # @ ; and then, A} = A, is positive semi definite,

In practise, T, # #. Then, for each element K/gf T,, the block-
structure of the posjitive semi definite matrix ‘A, is a 2 block-

structure ; therefore A} is positive semi definite and so is Ag.

Let us suppose that for each i 2 3 and each X ¢ T-,'ﬁk is
positive semi definite ; then the corresponding matrices A'y are
positive semi definite ; therefore for each i 2 3, Ai is positive
semi definite. Consequently, A' is positive semi definite. If one of
the matrices A',; is invertible, then A' is positive definite, being
the sum of a positive definitive matrix and positive semi definite
matrices. But, for a matrix A! to be invertible it is necessary that
each node of the triangulation belongs to an element K of T;, other-

]
wise, except for a permutation of the nodes, AE=( 1 )and Al is
not inversible ; this is not the general case.

The convergence result is the following :

Theorem : if for each K belonging to U 3 T;, matrix Kk is positive
1z

- . A . . . ‘o .
definite and if ﬁl and A; are invertible, then A' is positive defi-
nite and the block-Jacobi method associated with the decomposition is
convergent.

Remarks : If Ty = @ (resp. T, = @), the hypothesis concerning 21

(*¥*%) It is recalled that for a positive semi definite symmetric
matrix M : M is positive definite &= M is invertible.
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(resp. 25) is to omit in the text of the theorem.
If for i 2 3 T; = @, the hypothesis relative to matrices A'K
for X € T; is to omit in the theorem.

Demonstration of the theorem : It has already been shown that A' is
positive semi definite assuming weaker hypotheses than the ones of
the theorem,

For every vector X, the following notations will be used :

- For each element K of the triangulation, XK is the vector
constituted of the components of X relative to the nodes of XK.

- For each integer i, X; is the vector constituted of the
components of X relative to the nodes of elements K of T;.

Let X be any vector so that X A X = 0.
XA x=ytax=7y (KZ X Ag X). Then, matrices A} and
i i KeT;
A}, being positive semi definite :

\/itXA;Lx=o

VKtXAI'{x=o
X, =0
Vi tx ar x - B By
Now, i X Ai X Xi Ai Xi , therefore /) X, 0
Vi B ap x = b A %, Vi3, Ykery, % =0

according to the hypotheses of the theorem. Consequently, X = 0,

Therefore A' is positive definite and the block-Jacobi method
.associated to the decomposition of ‘the domain is convergent.

Remark : Hypothesis : "A} is invertible", can be replaced by a
stronger hypothesis : "VK e Ty, Ag is positive definite". However,
for Ke T, :

A . 0] o » o A o . a 3 »
Ay is positive definite A is positive definite,
K K

A
and Ap is not positive definite if ) = 0 in K and if K is an inner
element.

In practise, sets T; that are susceptible of being not empty
are : (Ty, T,, T,

and possibly T, in the three dimensional case.

A
Then it is advisable to study the conditions for Ag to be positive
definite for an element K of T, . :
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2.2.c. - Conditions for ﬁk to be positive definite, K e T, :

particular case of the linear Lagrange element.

For the sake of simplicity, we restrict ourselves to the 2D
case,

Let K be a rectangle of the triangulation belonging to T, 3 the
lengths of its sides are called hx and hy. Functions D ans ) are
supposed to be constant on K.

Except for a permutation of the nodes, the elementary matrix AK
is equal to :

a b ¢ d
b d ¢
c a b
d ¢ a
with g a = % (hhgl{ + %%) + Z—-mgi—hx
= D (. hx Y hx hy
b= B (28 hy) * “7i8
= D - 5 hx Y hx hy
: c= 2 Q¥-2 hy) *t 518
= D bx L hx hy
d=-2 B+ hy’ LT
a ~-b =~-¢ -d a-b~-c¢c~-4d
Then :'Kk - 7P a ~d -c , and its eigenvalues are : atbh-c+d
-¢ =d a -b a-b+c+d
-d =-c b a a+b+c-~-4d

A necessary and sufficient condition for ﬁk to be positive
definite is that its four eigenvalues are positive., The calculation
of the four eigenvalues as functlons of D, )., hx, hy and the study of
their sign, permits to show that A‘K is positive definite if and only
if one of the following cases occurs :

1) -5 - ~2; 5> 0  and m(hx,hy) ¥ < D < M(hx,hy) ¥
hx hy
1

2) 45 - %50  and mhy,hx) ¥ < D < M(hy,hx) ¥
hy hx
1 2 1 2
3) - <0, - —fee ¢ 0 and m(hx,hy) <D
3 hyz hyz ‘2 Y Z
1 2 1 2
4) ( = or ) and m(hx,hy) <D and 0 ¢
7 hyz 3 3 y Z Z

hy
. S5 L - 21
with : m(hc,hy) = o} Ly + Elm) , Mlhy) = gy Eii)
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It is to notice that, if hx = hy, by refining the mesh, iﬁlwill
possible to ﬁgtisfy the condition. On the other hand, if ? is
constant and > VY2, when hx and hy tend to 0, then M(hy,hx) also
tends to 0 and “consequently the condition is no more satisfied ; but
it does not mean that A' is not positive definite.

2.2.d, -~ So, the theoretical study gives sufficient conditions
for the convergence of the block-Jacobi method. Some simple examples
have been analyzed, for which a necessary and sufficient condition
have been found.

2.3, — Examples
2.3.1. - First example - The framework of this example is the
following :

-~ Q is a rectangle : Q = 1A,B[ x ]C,D[,and B~A=2(D-C)=2h
- the boundary conditions are : {u =0 onTl,,

D %ﬁ =0 on Iy

i

with :{ro {A} x [C,D]
r, = ([A,B] x {C}) U ({B} x [C,D]) U ([A,B] x {(D}).

- the triangulation is defined by : @ = K, UK,,
K = [AM x [C,D), K = [4,B] x [C,D] and ¥ = A3 B

- D and ), are constant on Q.
~ the finite element is the linear Lagrange element

The domain Q, is splitted into four parts along the lines :

X = ZL€%~B and Y = ng_g. The nodes and the decomposition are repre-
sented on figure 2.

|

[
[
|
i
f
I
1

FIGURE 2

Linear Lagrange element - First example
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o Vi¢ (2,4).

i

Here : T, = {Kq}, T, = {Kz}, T3

P
According to the previous study, A', = A‘K2 is positive definite if

and only if Lh? D.zAt that time, the theoretical study permits to
conclude that if < D, then A' is positive definite and the
block~Jacobi method is convergent.

On the other hand, a direct study looking for the sign of the
eigenvalues of A' shows that :

A' is positive definite &==) r Yh? < D, where r = = 1476 122
We note that : r = 0,003 and 45 = 0,021,

2.3.2, - Second example - The framework of this example is the
following :

- Q is a rectangle : Q =JA,B[ x 1C,D[, and B~-A = 3(D-C) = 3h

- The boundary conditions are : |u = 0 on T,

D g% =0 on I,

i

with r, = ({A} x [C,D])U ({B}x[C,D]), I'y= ([A,BIx{C})U([A,B]x{D})
- The triangulation is defined by : 0 = K, UK, UK, ,
K1 = [A9M]X[C’D], Kz = [M’N] X [C9D3, K3 = [N’B] X [CsD] s

m=a+BA yons2BA

E
~ Functions D and } are constant on Q.
- The finite element is the linear Lagrange element.
The domain, Q, is+sBIitted into four parts along the lines :
2

X = 5 and Y = . The nodes and the decomposition are repre-
sented on figure 3.

e i e Rt Tt S T T T S

FIGURE 3

Linear Lagrange element - Second example
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Here : T, = (Ki, Ko} T, = (K} , Ty =0 Vig (2,4,

A
According to the study led previously, A', = Akz is positive

definite if andziwly if Zhi < D. The theoretical study permits to
conclude that if <D, then A' is positive definite and the block~
Jacobi method is convergent

The direct study, consisting of calculations of the four eigen-
values of A', shows that they are positive, and consequently A' is
positive definite ; therefore, the block-Jacobi method is conver—
gent.,

2.4. — Conclusion A-direct study yield a necessary and suffi-
cient convergence condition of the form : D > C Y. h?, where C is a
constant belonging to [0, + «[ and depending on the geometry of the
domain, the boundary conditions, the finite element and the decompo-
sition, and also on the geometry of the triangulations., However, a
direct study, as the one performed on the above examples, is quite
often impossible in concrete cases. The theoretical study, though
giving less precise results, as seen on the examples, has the advan—
tage of being always applicable and of giving a convergence condition
depending only on the finite element and the decomposition.

3. — Study of the convergence of the block-Jacobi method asso-—
ciated with a decomposition of the domain, in the case of mixed dual
elements of Raviart and Thomas [5].

In this paragraph, we study the convergence of the block-Jacobi
method associated with a decomposition of the domain, in the case of
a discretization by mixed dual elements of Raviart and Thomas. With
the aim of having simple notations, the study takes place in the two
dimensional case.

A triangulation of the domain, Th’ an element of Raviart and
Thomas, and a decomposition of the domain are given.

The matrix of the linear system is not positive definite, so it
is not sure that the Block-Jacobi method can be defined. It is the
first problem to look at.
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3.1. Definition of the block-Jacobi method Suppose that an
axlis A cuts Q along sides of rectangles of the triangulation ; Q is
decomposed into two subdomains along A ; we have the possibility of
considering the interface I'; as a third subdomain (dissection decom-
position) or integrating it to one of the subdomains (decomposition
with an integrated interface) (see figure 4).

yx

|
. Dissection decomposition :
domain 1 : nodes of Q,
{ddmain 2 : nodes of Q,
domain 3 : nodes of Q,

. Decomposition with an integrated interface :

{domain 1 : nodes of Q; and nodes of T,
domain 2 : nodes of Q,
or{domain 1 : nodes of Q.

{domain 2 ¢ nodes of Q, and nodes of T,

FIGURE 4

Digsection decomposition and decomposition with an
integrated interface

The matrix of the linear system can be written under the follo-
wing form :
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Ay, is symmetric and positive definite, because the nodes situa-
ted on the interface are current nodes, For i = 1 and i = 2, Aiiis
the matrix of the approximate problem corresponding to the equa-
tion :

- div (D Vu) + Yu =§ in Q;

u =20 on I‘o(\ aQi

p &= o on (Ty N\ 3Q;)U Ty
and so is invertible if : ( 3 Yo > 0 so that : )(x) 2 XQ >0 in Q
or meas (FO(\ 3 Qi) > 0) ; the second condition is satisfied if Q ané
the boundary conditions (that is to say : I, and I'y) are symmetric
with respect to A. The block-Jacobi methog associated with the
dissection decomposition is defined, if one of the above hypotheses
is verified ; it is now supposed that we are in that case.

o o Ajs Ag3 .
Now, let us examine if matrix Aii = for i = 1 or 2
t
A.q A
] 33
is invertible. Let Ag%) be the contribution of £2; to matrix Aj, (%),
~ A . A. '
Then, A;; = tA?l A%i)> is the matrix of the problem on Q;

3 33
- div (D vu) % Yu = § in Qg

u =0 on (I, N3 Q) U Ly
D24 =g on Ty N 3 Qi
and so is invertible because meas (ryn 3Q;)Ur'y) 2 meas (Ty) > 0.

The following general result holds :

A B D
Theorem : let M = tB C E be a symmetric and invertible
A BtD g F
matrix. If (t C) is positive definite, F semi negative definite
c EY | C  EYL [ty
and invertible, then A -(B-D) is symme-
‘g ¥ 'y F tp
tric positive definite. .
. . Ay tag (1)
We apply this theorem with M = 1 , A= ALY
Aig Ais

() IE (Asady g = o § B - Byo then afdyy o= [ § BB,
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cC E 1) -1 _
ty . = Ajs, and we conclude that Agy - Ajq Agy Ay is symme-
tric positive definite. But, A§§) and A§§) are symmetric positive
definite, and this implies that the two matrices :

Ags ~ tAIB AI"} Ays = (Ag%) - tAw A;} A13) + Agg)

’ _ are positive
Agy — tAza Az% Ayy = (Agg) - tAza Az% Ays) + Ag%)
definite, and in particular they are invertible. Consequently, Ay,
and A,, are invertible, and the block-Jacobi method agsociated with
the two decompositions with an integrated interface can be defined.

The results are similar to the previous ones for a decomposition
into four parts along two perpendicular axes.

All this can be generalized to the three dimensional case for
decompositions along planes of symmetry.

Demonstration of the theorem :

Let us define the following notations :

Fo= & - D) (C E>ml (tB) , M= (C ", Jqfo = a-3c7! s
tg F tp ¥

tp
A . . (7%
c is symmetric positive definite, and so is o 5 We note

Ao R R
t ¢t oo ty

pclts- aoyM L B)= BD) ( )—Jﬁ“l
ty 0o 0 tp

ty %((1 O)J(; ~ M| B, with H = J070 EB.

i

0 0 D
0 0
= tH e 1 H.
0 EC-E-F
E .
. is invertible, C is positive definite and F is negative semi

g
£,
K,
o
CE

definite, therefore Ly C_1 E - F is positive semi definite. Conse-
quently‘jﬁ1 is positive semi-definite.
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Thenﬁ = J%o + zj)ﬁl is positive definite.

3.2. Numerical tests

Numerical tests have been carried out. The first ones, led in
3D, are relative to the dissection decomposition associated with the
splitting of a cube into eight equal parts, the finite element being
the element of Raviart and Thomas of order 1 [5].
For : - numbers of points in the 3 directions equal to 3.

- Y =1,85=10"", length of the side of a cube of the trian-
gulation : h = 1.

~ %% = initial vector for the Jacobi iterations so that :
X°(1) = 1 Yi.

the numerical results are indicated on table 5,

Number of Precision
D iterations
0
100 50 151,89 . precision=pr(n) = llf%~§~f%ll
100 297 912 288
X = exact solution
30 100 539,23
100 0,74 . In the last 3 cases we have
20 200 5815,59 indicated the number of
300 45591 728 iterations that are necessary
for the convergence.,
15 19 -convergence
10 15 convergence
1 21 convergence
TABLE 5

Numerical results about a dissection decomposition

The results of theses tests are not enough to conclude but they
allow to think that for Th? greater than a constant, the block-Jacobi
methodes diverges.

Other tests, led on 2 examples of reactors, have also suggested
that the dissection algorithm could diverge and that decompositions
with an integrated interface are more stable [5, 6].

An analytical study has been led on examples.

3.3. Examples

3.3.1. First example -~ The framework of this example is the
following :
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- Q is a square : Q = ]JA,B[ x IC,D{, and D~C = B~A = 2 h

~ the boundary conditions are : u = 0 on aQ

- the triangulation of Q is defined by : { = K, UK, UK, UK,,
Ky = [A,M] x [C,N], K, = [M,B] % [C,N], Ky = [A,M] x [N,D],

K, = [M,Blx [ N,DI, M N=CtD

'y °

A+ B
2

- D and § are constant on Q.

H

the finite element is the element of Raviart and Thomas of
order 1.

The domain is splitted into four parts along the lines : X = M
and Y = N, and we consider the dissection decomposition. The nodes
and the decomposition are represented on figure 6.

T T

B m e e o ——

4 ®
SO S {w-m L«__{ wwwwww e
wwwwwwwwwwwwww bl i--a—:---—u—m Rl e L
i
2
) ety @ —

1
i
!
!
!
;
'
1
i
|
I

FIGURE 6

Element of Raviart and Thomas - First example

By calculating the iteration matrix and studying its eigenvalues
[5], it is shown that :
The block-Jacobi method is convergent if and only if : D < %ﬂ Y h2,

3.3.2. Second example -~ The framework of this example is the
following :

- Q is a rectangle : Q = ]A,B[x]C,D[ and B,A=2(D-C) = 2h

(o}

{o3]

- the boundary conditions are : {'u =0 on I

DE2=0 onTl,
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with ¢ I'y = {A} x [C,D], Ty = ([A,Blx{C}) U ({B}x[C,D])U([A,B]Ix{D})

- the triangulation of Q is defined by : Q = K,UK,,

K; = [A,M]x[C,D] , K, = [M,B]x[C,D] and ¥ = &FB

- D and Z are constant on Q

- the finite element is the element of Raviart and Thomas of
order 1

Q is splitted into two parts by the line : X = M, and three
decompositions are considered, whether the interface is or is not
integrated to one of the two subdomains ; they are represented on
figure 7.

]
1
!
'
1

e

:

i

1

:

'

!

H

SR—_.Y 1

1

! ]
: !
! t
! 1

decomposition 1 decomposition 2 decomposition 3

FIGURE 7
Element of Raviart and Thomas - Second example

By calculating the 3 iteration matrices and their eigenvalues,
we have found a necessary and sufficient condition for the conver-—
gence of the block-Jacobi method associated to each decomposition
[5] ; these results are indicated in table 8. We notice the
block~Jacobi method associated to the dissection decomposition is the
one that converges the least.

decomposition 1 | decomposition 2 | decomposition 3
(interface integ.|(interface integ. (dissection
to domain 1) to domain 2) decomposition)
convergence.
D 7 D D {10 -1
<z any vy < m—
h% * 5 h? 2 6
condition 2h7 2 2h?
L= 1,167 LI0=1 < 0,360

TABLE 8

Convergence condition for each decomposition
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3.4, Conclusion On examples it has been established that the
convergence criterion of the block-~Jacobi method is of the form :
Th < C, where C is a constant belonging to 10, +=l, and depending
on the geometry of the domain, the boundary conditions, the finite
element, the decomposition and also on the geometry of the
triangulation.

We may note that here the inequality is the opposite of the one
we have in the case of Lagrange elements,

REFERENCES

/1/ J.J. DUDERSTADT, L.J. HAMILTON
"Nuclear Reactor Analysis", John Wiley & Sons, inc., 1976,

/2/ R. DAUTRAY, J.L. LIONS
"Analyse mathématique et calcul numérique pour les sciences et
les techniques™, Collection du Commissariat a 1'Energie Atomi-
que, Masson, 1984 (in French).

/3/ P.G. CIARLET
"The TFinite FElement Method for FElliptic Problems" - WNorth
Holland, 1978.

/4/ P.A, RAVIART, J.M. THOMAS
"A Mixed Finite Element Method for 2nd Order Elliptic Problems™
Lecture Notes in Mathematics 606, Springer Verlag, 1977.

/5/ F, COULOMB
"Alporithmes paralléles pour la résolution de 1'équation de
diffusion par les méthodes éléments finis et par les méthodes
nodales", Thése de 1'Université Pierre et Marie Curie, PARIS,
March 1989 (in french).

/6/ F. COULOMB
"Domain Decomposition and Mixed Finite Elements for the Neutron
Diffusion Equation", Proceedings of the Second International
Symposium on Domain Decomposition methods, LOS ANGELES, 14-16
january 1988, SIAM,






