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An Explicit Multi-Model
Compressible Flow Formulation
Based on the Full Potential
Equation and the Euler Equations
on 3D Unstructured Meshes
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Introduction

The development of a multi-model formulation to simulate three dimensional
compressible flo s on parallel computers is presented The oal is to reduce the overall
time and memor re uired to simulate the flo b usin locall selected cheaper and
more computational e cient ph sical models ithout sacri cin the lobal delit

of the simulation ur approach involves splittin the computational domain into
di erent fluid flo re ions and usin the full potential model instead of the uler
or avier- to es e uations in re ions here this appro imation is valid e sho

numericall that solvin the full potential e uation in re ions of irrotational flo is not
onl more e cient but also improves the accurac  avoidin an numerical eneration
of entrop The main considerations addressed in this paper are the full potential and
the uler couplin and the discreti ation of the interface conditions bet een these




domains e use a full unstructured nite volume discreti ation for both the full
potential and the uler e uations and the interface condition is derived b 1mposin
the discrete conservation la s in the control volumes shared b both flo re ions 3
transonic flo simulations around a 12 airfoil are investi ated
umerical simulations of fluid flo have su cientl matured to be considered
accurate for en ineerin desi n and anal sis o ever for lar e scale simulations
the response time remains too lar e for the soft are to be used as an interactive tool
even on the lastest supercomputers  hile parallel computin reduces computation
time proportionall to additional computational resource ne al orithms should be
constructed to perform faster on ne and e istin resources n this paper e describe
the initial steps for the development of a multi-model formulation to decrease the
computation time of three dimensional compressible flo simulations on unstructured
rids
ompressible fluid flo simulations needed for aerod namic applications can be
modeled ith di erent de ree of sophistication The simplest model is the full potential
e uation hich assumes inviscid irrotational and isentropic flo s This e uation is a
sin le second-order nonlinear di erential e uation that is ine pensive ith respect
to the e ecution time and the memor re uirement alidit of the full potential
e uationis ho ever restricted The isentropic assumption of the potential flo model
leads to inaccurate ph sics for transonic flo s ith stron shoc s The ne t level
of appro imation is the wuler e uations hich describe the complete behavior of
inviscid compressible flo s The uler e uations are a coupled s stem of ve nonlinear
di erential e uations of rst order ote that this set of e uations involves ve eld
variables 1nall the avier- to es e uations include the viscous e ects needed for
accurate modelin of the boundar la er o ever these e uations are not onl more
time consumin to solve but also re uire an associated mesh that is stretched and ver
ne in viscous re ions evertheless for comple flo s ith separation of the boundar
la er the avier- to es e uations are mandator to provide an accurate simulation
urthermore for hi h e nolds number flo s turbulence appears and needs to be
modeled
hen considerin transonic flo s over a in three re ions can be identi ed
the boundar la er the re ion around the shoc and the far eld multi model
formulation can be used to combine the stren th of each model described above
ndeed a multi-model formulation illta e advanta eofthe uic computational time
associated ith solvin the full potential e uation hile capturin all the important
features of the flo such as boundar la ers and shoc s usin the avier- to es
e uations and or the uler e uations respectivel  urthermore e can bene t from
the e tensive e perience of numerical methods and soft are developed over the ears
to solve these e uations separatel
umerical techni ues for the solution of the full potential e uation and the
uler avier- to es e uations ere developed respectivel in the 1 s and in the
1 s 2 3  ndeed compressible flo around
entire aircrafts have been simulated or e ample the full potential e uation has
been solved for a -2 transport con wuration ith in bod struts and
nacelles 1 or the wuler model calculations over a complete aircraft have
been performed as earl as in 1 n the other hand accurate viscous
simulations at hi h e nolds number over such comple eometries re uire enormous



computational resources  ppro imate solutions 1e  ith less than ade uate number
of mesh points have been performed avier- to es prediction for the 1 in
and fusela e is presented in 2 discussion of the drastic di erence in
computational cost related to the choice of models can be found in  am
o ever onl recentl have there been interests to couple these solvers to reduce
the computational cost to reduce the memor re uirement and to improve the
accurac of the solution ertainl boundar la er couplin or thin la er avier-
to es couplin have been idel used but such approaches do not uite include all

the ph sics e intend to incorporate or some mathematical description of
couplin hetero eneous models for compressible flo s e refer the readers to
or three dimensional flo s it is sho n in T T 3 that the computation

cost can be reduced b a factor of t o for a avier- to es full potential couplin
Their formulation is based on a structured rid discreti ation here the full potential
e uation is solved usin a nite di erence method and the avier- to es e uations
are solved either ith a nite di erence or a nite volume discreti ation The savin is
usti ed b the fact that t o third to one half of the cells are outside the avier- to es
re ion n eneral the cost of the full potential solver can be considered ne li ible
compared to the avier- to es solver ote that each re ion is solved alternativel
similar to a subdomain iterative method
ur formulation di ers from T T 3 b providin a eneral nite volume
approach and therefore ensure that the mass 1ill also remain conserved at the discrete
level This approach also has the advanta e of bein readil e tended to a coupled
scheme  hile in T T 3 each re ion is solved separatel e are
e pectin to improve conver ence b solvin the coupled s stem simultaneousl n
addition an unstructured discreti ation of the computational domain provides more
fle ibilit to mesh comple eometr and for adaptive control of the numerical error
astl a parallel version is implemented to obtain the reasonable e ecution time
n this paper e address the initial step of this research e rst investi ate the
couplin bet een the full potential e uation and the wuler e uations n addition
to the computational savin s solvin the full potential e uation in the vicinit of
the sta nation point is more accurate b avoidin the numerical entrop  enerated
b uler solvers at lo ach numbers urthermore the full potential solver is
less sensitive to the wualit of the elements oth the wuler and the avier- to es
solvers calculate convective flu es throu h ed es hen the surface of the control
volume is di erent from the perpendicular surface of the ed es a numerical error is
created This error does not appear in the full potential discreti ation because flu es
are constants in each element s mentioned above a nite volume formulation is
adopted to ade uatel interface these di erent solvers n e plicit approach is rst
considered to validate the spatial discreti ation but also as a precursor to the implicit

implementation
or simplicit e address stead flo s or unstead flo s it is re uired to have
the temporal derivative of the densit  hich is di cult to include in our e plicit

scheme because this derivation involves potential values of the nei hborin control
volumes o ever in an implicit solver such discreti ation can be easil included s
alread mentioned to obtain the most accurate flo simulation the full avier- to es
e uations need to be included in our multi-model formulation

more ur ent ob ective ho ever is to address some al orithmic e tensions irst



e intend to develop an implicit scheme hich is essential for lar e scale simulations
The conver ence rates reported ith implicit schemes are much faster
in particular hen usin methods such as the overlappin ch ar preconditioned
methods n our formulation the acobian matri used in the implicit
approach 1ill include the spatial discreti ation of t o or more e uations tise pected
that such s stem is not positive de nite and thus it is not clear ho it can be solved
e cientl or hich preconditioner should perform ell econd e plan to develop a
procedure to automaticall position the interface bet een the di erent computational
domains based on the e istin  eld variables ie d namic onal con uration Third
e need to consider load balancin for parallel computations in particular hen
d namic onal con uration procedures ill be used ecall that di erent partial
di erential e uations are solved in di erent re ions but each e uation does not re uire
the same number of operations ne palliative is to decompose each re ion into
subre ions e ual to the number of processors usin such an approach e can
allocated one subre ion of each t pe to each processor inall e e pect that the
outcome of this research ill lead to a dramatic reduction in computational time and
memor resources to allo faster simulation of compressible flo s includin turbulent
viscous e ect 1in particular for e ternal aerod namics applications
n this paper e focus on the description of the t o-model formulation ection 2
describes the e plicit full potential solver and the wuler solver ith more emphasis
on the full potential solver n ection 3 e briefl introduce the coupled solver
and compare t ot pes of interface conditions ith overlap and ithout overlap To
demonstrate the feasibilit of our approach e solve a transonic flo over a 12
airfoil at ero an le of attac  hich is anal ed in ection e conclude ith remar s
and e tensions in ection

1 u tion o co r 1 o

ur interest lies in the numerical simulation of three dimensional compressible invisid
flo s e assume that there is no e ternal force or heat transfer s described
above these flo s can be modeled ith the uler e uations or ith the full potential
e uation for the particular case hen the irrotational and isentropic flo s assumption
is satis ed or simplicit of presentation all the descriptions iven in the paper are
based on the rst order nite volume discreti ation and the e tension to the 2
order discreti ation is eas 11 the numerical results presented in ection are for
ho ever the 2 order discreti ation

et be the computational flo domain and its boundar The conservative
form of the wuler e uations is iven b

ere  contains the conservative variables ie The e plicit
de nitions of can be found on pa e  of ir hen the flo is irrotational



there e ists a potential variable satisf in the full potential e uation

here and

3

n the rest of the paper e shall refer to  as the uler variable hich is a vector
and  as the full potential variable hich is a scalar

appealin to the isentropic flo assumption e can rite the densit as a
nonlinear function of the potential such as

1
2

There aret ot pes of boundaries that bound the computational domain for e ternal
flo s past bodies or obstacles the far eld boundar and the solid all boundar n

the solid all boundar the normal velocit 1S ero since no mass crosses the
boundar n the far eld e impose an uniform free-stream state de ned b the
follo in parameters the densit the velocit vector the pressure and
the ach number These conditions are iven b
on

and

cos cos 1

1 sin —— on
sin cos

here and are the an les of the flo direction the an le of attac and the a
an le respectivel

To solve the uler e uations e ta e advanta e of an e istin code based on an
unstructured nite volume discreti ation of the convective flu es

The computational flo domain is divided into tetrahedrons to provide ma imum
fle ibilit for tessellatin comple  eometries uler variables are located at the
vertices of the elements This code uses a second order flu discreti ation based on
the onotonic p ind cheme for onservative a s scheme ee
classical for ard uler method for time inte ration ith a local time step si e is
chosen ecall that e are onl interested in solvin the stead state and a simple time
inte ration scheme o ers more fle ibilit to be coupled ith the full potential solver

The local time step si e is de ned for each control volume ith characteristic
si e b
here is a preselected positive number is the sound speed and is the

velocit  vector at the th time step



The spatial discreti ation of the boundar condition - is obtained usin a
non-reflectin  version of the flu splittin scheme

ne  nite volume full potential solver is developed to ade uatel interface ith the
e istin  uler solver Therefore the same control volume is used and onl the flu
calculations are di erent e describe no the spatial discreti ation of the mass flu
re uired in this scheme

The inte ral form of the full potential e uation for the discrete volume  1is simpl

ote that the sum of all  covers the hole domain ie analo  to
the discreti ation of the uler e uations the discreti ation here is accomplished b
dividin the domain into tetrahedron elements The potential variable is stored
at the vertices This choice is illustrated in 1 1 for t o space dimensions usin
this discreti ation the space of the potential solution is ta en to be piece ise linear
continuous functions in each element determined from the vertices values

or the control volume  associated ith the dual mesh e can rite the discrete

form of as

here 1s the trian ulation associated 1th the control volume and

ere 1s the unit out ard normal vector of the surface ote
that the discrete densit 1s a function of hich is a constant for each
element
To solve e add a time dependent term hich vanishes at stead state ence e
re rite as

— 1
The resultin semi-discrete form of 1 is
— 11

here 1s the discretl ed mass flu associated ith as in



The s stem of s associated ith all control volumes is inte rated in time

usin the for ard wuler discreti ation or a control volume the e uation is
! 12
The time step si e is determined in the follo in a
min 13
here is the characteristic len th of element and is a lobal constant

ecause of the nonlinearit of this e uation it isdi cult to determine anal ticall
o ever based on our numerical e periments e ual to isa ood appro imation

or transonic flo s up indin is re uired therefore the densit is modi ed to add
arti cial compressibilit The up indin isintroduced prior to the flu calculation after
hich the same subsonic procedure is used or simplicit e describe our up indin

method for t o space dimensions ollo in 1 e rite



here is the normali ed element velocit and isan up ind di erence nt o
space dimensions there are t o cases to consider ither the mass flu enter on one
side 1 2 a or the mass flu enter throu ht osides 1 2b ¢t follo sthat the
densit for each case becomes

1
1
j
The s itchin function is de ned for each element as
ma 1 1
here is the element ach number is a pre-selected cuto ach number

chosen to introduce dissipation in the transonic re ime The parameter  is used to

increase the amount of dissipation in the supersonic elements These parameters

and  are selected b hand is ust smaller than 1 and  is usuall set bet een 1

and 3  dditional viscosit is added b ta in the s itchin function in each element

to be the ma imum value of all its immediate nei hbors e refer the readers to
2 for more details



The full potential spatial discreti ation of the boundar condition is no described
n solid boundaries e appl the surface flo tan enc condition e rite

— 1

for solid all at rest n our control volume approach this boundar condition is
identical to no flu across the solid boundar t is therefore strai htfor ard to
implement e ust sum the flu across the boundar of the control volume hich
are in the interior of the computational domain

or the far eld boundar e normali e the far eld flo speed to e ual
unit and e de ne the far eld potential as

here  is the direction of the far eld flo To enforce this irichlet boundar
condition e impose the value of in the control volumes hich lie on the far eld
boundar t is also possible to replace the above condition ith a more transparent
condition such as imposin a mass flu associated ith the free stream state This
condition is implemented on parts of ad acent to the uler domain ereco ni e
that these boundar conditions are simplisticand e recommend a boundar condition
based on iemann invariants or on lineari ed uler e uations

urthermore a far eld correction is re uired for liftin ~ in s

cou d o r

The spatial computational domain is split into t o subdomains and
herein the wuler e uations and the full potential e uation are solved respectivel
e denote b the interface bet een and
The formulation presented herein for the full potential is similar to the unstead
uler formulation for nite volume nfact ecande ne  asthe

hich represents either  or eneral formulation can thus be constructed n the
future version of our soft are implementation ill be a pointer and its true value
and si e are determined hile the flo is bein calculated e assume that is the

solution of the e uation
— 2

here the flu function is called the that e uals to either  or
The decision to choose a speci ¢ model ill be made for each subdomain o ever
the main part of this coupled solver is the treatment of the conservation la at the
interface boundar

There are several issues related to the interface boundar such as location formulation
and discreti ation n this paper e mainl describe the discreti ation e report on



t o di erent domain partitionin approaches the overlappin and non-overlappin
partitionin

onsider the interface bet een the full potential domain and the uler domain
presented in 1 3 This interface is located bet een tetrahedra Therefore the control
volume associated 1th the nodes on this interface are shared bet een both the full
potential domain and the uler domain These control volumes are considered as
the overlappin re ion  onservation la s for the wuler e uations as ell as the
conservation la s for the full potential e uation are forced on this control volume

irst e describe discreti ation of the conservation la s associated ith the uler
e uations 1e the conservation of mass momentum and ener  The flu es across
the surface of the control volume that lies in the uler domain can be readil
calculated o ever e re uire to convert the full potential variable to the uler
variable to calculate the flu es across the surface that lies in the potential domain

To this end e use the potential to uler variable transfer function
to calculate at verte and for e ample the momentum and the ener
These verte values are obtained b the volume ei hted avera in of the densit
and the velocit in the elements surroundin this verte ote that the densit and
the velocit are constant in the elements la in in the full potential domain
Therefore these uler flu es calculations depend on the uler variable on one side
and on the potential converted to mass momentum and ener  on the other side e
introduce an operator  related to the transfer of the potential variable to the uler
variable de ned as
21

The interface condition for the uler solver becomes

22

here the subscript  and  refer to the uler and the potential se ments of the
control volume respectivel

econd e present the conservation of mass for the same control volume re uired

for the full potential solver To be more precise the conservation of mass is ritten as

23

here is the rst component of the uler flu vector These t o inte rals can be
discreti ed into sums over the ed es of the control volume such as

here is the surface inter al of the out ard normal vector alon the surface of
the control volume  associated ith each element ote that in this approach

e have over-determined the conservations la s ndeed the same control volume ill
satisf the conservation of mass for both the uler e uations and for the full potential
e uation



The non-overlappin domain permits a proper discreti ation of the e uations ithout
over-determinin the conservation la s n this approach control volumes are fla ed
either for solvin the full potential e uation or for solvin the uler e uations The
location of the interface therefore lies bet een the control volumes as in the t o
dimensional illustration in 1 The interface condition for the uler solver is iven
b 22  here is the portion of the control volume that lies on the interface
The wuler flu es throu h this control surface are calculated usin the same procedure
as in the interior of the uler domain hich is based on solvin a iemann problem
de ned on an ed e usin the t o end point nodal values ecause this ed e crosses
the interface it contains the potential variable at one end and the uler variable at
the other To use the same procedure e convert the potential variable to the uler
variable To convert to  at one verte e use in the tetrahedra surroundin
that verte hen the tetrahedron intersects the interface then an appro imation of
the velocit is used instead of

The mass flu balance for the full potential control volume that lies on the interface
is iven b 23 here is no the portion of the control volume that lies on the
interface The term is the t pe rst term in the wuler flu vector hich is related
to the conservation of mass learl this approach uarantees that the mass flu es at



the interface are conserved

o ut tion r ut

n this section e present hetero eneous full potential and uler solutions in three
space dimensions e test our scheme for a t o dimensional flo over a 12
airfoil at in a three dimensional computational domain o ever onl half
of the eometr is re uired for this s mmetric flo  The computational domain is
such that is a rectan le domain here an upper surface of a 12 1s located
on the bottom face as presented in 1 The boundar conditions of this problem
are as follo s on and e impose far eld conditions on and
e impose the non-penetration condition for s mmetr and on e impose the
solid all condition ote that a non-penetration condition or a solid condition are
identical  or the far eld boundar and the discreti ation of this condition
di ers for the full potential solver bet een here e impose as a irichlet
condition and and here e onl specif a flu at the boundar oncernin
the s itchin function the cuto  ach number is set to and the viscous



parameter is set to 1

e present in 1 the mesh associated ith the computational domain and the
domain partitionin of this mesh into the uler domain bottom and the full potential
domain top The ap bet een the domains is arti ciall added for visual purpose

n our current implementation the interface is hand-pic ed and ith such a partition
the shoc is contained completel in the uler domain ote that this mesh is also
partitioned into e1 ht subdomains for parallel processin ach of the subdomains
have more or less the same number of mesh points even thou ht ultimatel the node
distribution per processor should ta e into account the t pe of solver used e sho
the ach number contours for the overlappin and the non-overlappin partitions in

1 and 1 respectivel ote the smooth transition of the iso contours bet een
the uler and full potential domains The interface of the uler and the full potential
domains lies at the intersection of di erent processors This interface is presented in

1 The flo domain is discreti ed into 1 2  control volumes and the solution
as obtained after e plicit iterations
e also report on the pressure coe cient distribution over the airfoil 1 The

solid line represents the uler solution the dash lines represent the full potential
solution and the stars represent the coupled solution  ased on our numerical
e perience e report that the full potential solution is ver sensitive to the far eld
boundar location learl the far eld boundar in our computational domain is still



ver close to the airfoil n the other hand the wuler solution is far less sensitive
to the far eld boundar location This hidden cost of the full potential should be
accounted for hen evaluatin the cost reduction The shoc location in the full
potential solution is therefore sensitive to the boundar location o ever in all the
runs e have performed e note that the coupled solution obtains a shoc  hich is
located up ind of the potential shoc The shoc location also depends on the location
of the interface bet een the t o domains n this case e report that the shoc in
the coupled solution is at the same location as the wuler shoc on the surface of the
airfoil but di ers sli htl in the interior

efore concludin e ant to report on our numerical e perience of the full potential
and the uler models couplin
irst e observe that solutions are similar for the overlappin or the non-
overlappin partitionin  The solution is smooth across the interface and the
conver ence rate is not si ni cantl a ected b the choice of overlappin or non-
overlappin approaches The main di erence is the added computational cost of
calculatin the wuler flu es for the overlappin control volume and the stora e
associated 1th the e istence of the overlappin control volume hich has both
the uler variable and the potential variable n the other hand the overlappin
partitionin is re uired in implicit solutions usin an overlappin  ch ar al orithm
econd for simplicit of presentation the discreti ation presented herein has focused
on the rst order scheme for the wuler e uations and for the interface discreti ation
or hi her order schemes e convert from potential to the uler variable not onl the



verte values of the control volume located on the interface but also the vertices of the
nei hbors such that the evaluation of the radient of the solution at each verte can
be calculated ndeed the results presented in ection 1 are obtained usin a second
order scheme  similar approach 1ill be re uired hen attemptin the couplin  ith
the avier- to es e uations
astl ph sical solutions for the full potential flo over a in are obtained b

imposin the utta condition that the flo leaves the trailin ed e smoothl or a
full potential solver such a condition i1s enforced b addin a ump in the potential
e ual to the circulation ote that for non-liftin airfoils as in our model problem e
do not need to enforce the utta condition o ever it is fortunate that the uler
solution of such flo s intrinsicall respects this condition or future considerations
such as liftin ~ in s e 1ill de ne the uler domain to cover the in and the a e
re ion  ith this partition e avoid an special treatment in the full potential domain
because the full potential re ion does not cross the trailin ed e vorte sheet

onc u ion

n this paper e have sho ed the feasibilit of couplin the uler e uations and
the full potential e uation in the simulations of three dimensional stead compressible
flo s ne plicit formulation as presented based on a for ard uler time inte ration
scheme and a full unstructured nite volume scheme for the spatial variables

umerical results obtained on a distributed memor parallel computer ere reported
for a transonic flo passin a 12 in e have also laid do n the bac round
to full e tend this formulation for multiple flo models and for di erent numerical



approaches e have not investi ated the reduction in computation time because
the fastest solvers are based on implicit approaches The ne t step is to e pand this
formulation to the implicit approach and address the evaluation of computation time
reduction as ell as other parallel implementation issues

Cc no d nt
The or  assupported in part b the rants - 3 - 21 and
- 2
e than e es and oun for man stimulatin discussions
ndi rn ro r tor

To carr out our multi model formulation e do not re uire the transfer operator
from uler to potential nl the massflu  ivenb isre uired

to update the potential in each control volume e de ne the full potential to uler
transfer operator as



ecall that  has ve components To obtain its rst component e appeal to

1
2

The ne t three components can be computed ith relation 3 The last component

here the pressure









