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Multilevel Spectral Partitioning of
Unstructured Grids

TONY F. CHAN', SUSIE GO?, & JUN zZOU?

INTRODUCTION

The graph partitioning problem is an important component of parallel computing
(e.g. for constructing subdomains in domain decomposition methods) and as a result,
many partitioning methods and associated sophisticated software packages have been
developed recently. The goal in partitioning a graph is to find a separator which
bisects the the graph while minimizing the number of edges cut. Such partitioners
include algorithms based on greedy, coordinate, inertial, multilevel spectral and graph
bisection. However, there is usually an unavoidable tradeoff between quality and speed.
Of these, spectral partitioning has the reputation of being the most time consuming,
but it also consistently produces high-quality partitions which for some applications
can offset its costliness with better convergence rates of iterative solvers. We will
show that when the graph is a standard finite element mesh, the graph Laplacian
is spectrally equivalent (up to a diagonal scaling) to the mesh Laplacian. This
equivalence can be exploited to adapt recently developed multilevel elliptic algorithms
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for unstructured grids to solving the graph partitioning problem with a true multigrid
(MG) convergence rate. We also give some preliminary results of such an approach.

In Section 20, the spectral partitioning algorithm is briefly discussed. The main
cost of the spectral method is in solving for the Fiedler vector (the eigenvector
corresponding to the lowest non-trivial eigenvalue of the associated graph Laplacian).
Attempts at accelerating the computation of the Fiedler vector by multilevel methods
encounters the difficulty of adapting standard elliptic multilevel algorithms to
solving the discrete graph Laplacian eigenvalue problem. Many approaches rely on
piecewise constant interpolations to develop multilevel algorithms. Thus, 1t is difficult
to construct algorithms which are optimal for calculating solutions involving the
Laplacian operator.

If the graph is a grid, we can use the spectral equivalence of the mesh and graph
Laplacian to develop efficient ways to find the Fiedler vector. There exist techniques
for dealing with the mesh Laplacian on unstructured grids; we can now apply them to
the case of the graph Laplacian. One possibility is described in Section 20. A multigrid
approach for solving elliptic eigenvalue problems is adapted for use on unstructured
grids and on discrete problems. We give some numerical results which show that the
algorithm, when appropriately defined, yields optimal convergence rates for finding
the Fiedler vector.

SPECTRAL EQUIVALENCE OF THE GRAPH AND MESH
LAPLACIAN

We briefly define the spectral partitioning method for bisecting a graph. For a more
complete description of partitioning algorithms, we refer the reader to Pothen’s
survey [Pot96]. Let G = (V, E) be an undirected graph, where V = {v;}/2; is the
set of vertices of the graph, and £ = {(v;,v;)} is the set of edges. An associated
matrix called the graph Laplacian, L, is defined as:

deg(vi) ifi=]j
LZJ = -1 if (Vi,Vj) €E (1)
0 otherwise,

where deg(v;) is the number of edges in F containing vertex v;.

The spectral bisection method works by solving the discrete Laplacian eigenvalue
problem, Lu = Au, for the eigenvector corresponding to the second smallest eigenvalue,
known as the Fiedler vector. One way of defining a bisection of the graph is found by
sorting the components of the resulting Fielder vector and defining the median value
of the components as the so-called splitting value. This median cut partitioning was
shown to be optimal in [CCS97]. A bisection of the graph is found by assigning those
vertices whose value is less than the splitting value to one subgraph and assigning the
rest to the other subgraph.

We now show that for standard finite element meshes, the graph Laplacian is
spectrally equivalent, up to a diagonal scaling, to the mesh Laplacian. This equivalence
can then be used to show a that multilevel elliptic eigenvalue solver can be used to
solve the graph partitioning problem with true multigrid convergence rates.



192 CHAN, GO, AND 70U

Assume 7" is a shape regular finite element triangulation of a domain Q in R"
(n =2 or 3) and G = (V, E) is the graph induced from 7". Let L be the Laplacian of
the graph G and A be the stiffness matrix arising from the finite element discretization
of the continuous Laplacian operator A on the triangulation 7".

Theorem 1 The graph Laplacian L is spectrally equivalent to the stiffness matriz
defined by the quadratic form:

> by “/ |Vu|? dz. (2)

KeTh

Proof. Let K be any triangle (n = 2) or tetrahedron (n = 3) in 7", hx be the
diameter of K, and K be the reference element with n+1 vertices &;, fori = 1,..., n+1.
Let ' : K — K be the affine mapping defined by F(z) = Bz + b such that
the vertices &;,1 = 1,...,n + 1 of the element K are mapped to the vertices
z;,i=1,...,n+ 1 of the element K. Let u be any linear function on K, with nodal
values u; at ;. Clearly, @ has the same values at its vertices as u. Moreover, we have

(cf. [CiaT8])
[VullZa(x) < CldetB) BTV, (3)

where || - || is the spectral norm of a matrix.
By the definition of the matrix norm and the shape regularity assumption, we can

derive the following bounds [Cia78§]
1B~ < k' 1Bl < Ch, (4)

and

|det(B)| < meas(K) < Chi, |det(B™')| < Chg". (5)
Then from (3), it follows that

IVulliaxy < Chy2IVall7 a4, (6)

Now consider the finite dimensional quotient space Pl(f(_)/R. It is easy to check
that

1/2
def Nl afon
alll= | D (a(@) - a(&;)*
i‘i,i‘jek
is anorm on Py (K)/R. We also know that ||Vu|| 1s anormin P;(K)/R. Therefore,
they are equivalent and from (6), this implies
b "IV ullzagy < CIVElT, gy S C D (ule:) —u(z))? (7)

;i EK

since (2;) = u(z;).
Similarly as (3), we have

IVill7 gy < Cldet(B™HB]*[Vul[f 2y < Chi || Vullfa, (8)
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combining this with (7) gives

WM IVl age <0 D (u(@i) —u(z;)” < AVl s (9)
r,,r]'EK

From (9), we obtain

Z h%{”/K |Vu|2 dr ~ Z (u —Uj)2 (10)

KeTh iLjeE

where each edge is just counted once.
But note that u” Lu = Z(i j)EE(ui — u;)?, hence we have proved the equivalence.

FULL APPROXIMATION SCHEME MULTIGRID
ALGORITHM FOR ELLIPTIC EIGENVALUE PROBLEMS

The spectral equivalence of the graph Laplacian and the mesh Laplacian motivates us
to use the same tools for solving the discrete eigenvalue problem of spectral partitioning
as we use for a continuous elliptic eigenproblem. Two possible alternatives for using
the mesh Laplacian to solve for Fiedler vector would be to:

1. Use the mesh Laplacian A to precondition the graph Laplacian L in
some iterative method (e.g. inverse iteration),

2. Use a multigrid method directly by applying the same interpolants of the
mesh problem to define a hierarchy of coarse problems for the associated
discrete problem.

We adapt an eigensolver which uses the full approximation scheme (FAS) multigrid
method [BMR&3] to develop a multigrid partitioner. The multigrid eigensolver treats
the eigenvalue problem as a non-linear problem, thus FAS is used. The two-level
algorithm for solving for the smallest eigenvalue and corresponding eigenvector of
Aup — dup =0, ||up|| = 1 is given by:

Algorithm 1 Two-level FAS multigrid:

1. Given an initial guess, \° and u”,
2. Do one V-cycle FAS multigrid step:

(a) Presmooths.

(b) Restrict solution and calculate frr.

(¢) Solve coarse problem Agum — Aupg = fu.

(d) Update X using the Rayleigh-quotient modified for the extended
etgenvalue problem and normalize vector.

(e) FAS interpolate solution to fine level.

(f) Postsmooths.

The method can be extended recursively to yield a multigrid algorithm. To solve
for multiple eigenvalues/eigenvectors, Ritz acceleration can be added to the method
after all the values and vectors desired have been found. The algorithm for finding ¢
vector/value pairs:
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spectral partitioning (scaled) eigenvalue problem on unstructured grids
T T T T T

norm residual

6 8 10 12 14
Number of V-cycles

Figure 1 FAS MG for the spectral bisection problem on the unit square with
unstructured grids of varying mesh sizes. Solid line (310 nodes), dashed line
(1064 nodes), and dash-dotted line (4164 nodes). The grid with 1064 nodes is

shown on the left.

Algorithm 2 Multiple eigenvector/value solver:

1. Guven initial guesses, (i;,A;),7=1,...q,
2. While not converged,
(a) Fori=1, toq
i. Call FAS multigrid to solve for (Ui, ;).
(b) Ritz orthogonalize the set of q vector/value pairs.

We can use all the same machinery as the continuous elliptic eigenvalue solver:
the same FAS interpolation and the same coarse grid solution process. Since spectral
partitioning requires computing the Fiedler vector, the FAS MG method is used to
solve the discrete problem, but modified so as to seek only the second eigenvector,
since the first eigenvector/value pair is known to be (T, 0).

We use a grid hierarchy which is generated via maximal independent sets of the
fine grid and then retriangulated to create coarser grids. Interpolation operators are
defined to be piecewise linear in the regions where both fine and coarse grids overlap. In
the case of non-matching boundaries, they can be defined to extend by zero where the
coarse grid exists but the fine grid does not. Where the coarse grid does not cover the
fine grid, they must provide a non-zero extension, for example, by linear interpolation
with respect to a nearby edge or element, or by modifying the coarse grid so that it
covers the fine grid (we refer the reader to [CGZ96] for more details).

Figure 1 shows the FAS MG convergence histories for solving the discrete Laplacian
eigenvalue problem Lu = Au on unstructured grids of varying mesh sizes. It can be
observed that the method is independent of mesh size.

Next, we show a comparison for solving the spectral bisection partitioning problem
using the FAS MG scheme with various interpolants. Since the spectral bisection
problem has Neumann boundary conditions, care must be taken in the definition of
interpolation operators at non-matching boundaries (see [CGZ96, CSZ96] for details).
We observe that using a standard linear interpolant with zero extension cannot
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Figure 2 4-level FAS MG convergence histories for the spectral bisection
problem on an unstructured airfoil grid (left) using different interpolants.

be accurate enough to define Neumann boundary conditions when non-matching
boundaries exist. In addition, note that piecewise constant interpolants also cannot
be used.

The edges cut and times required for bisecting the airfoil using various popular
partitioners [BS93, HL.95, KK97] are compared in Table 1. Options for the partitioners
were set to generate a spectral bisection to an eigentolerance of 1078, with local
refinement turned off. The bisection found by Metis has a different number of cut
edges because spectral bisection is used to generate a coarse bisection which is then
“uncoarsened” to yield a bisection of the original graph. Depending on the type of
maximal matching chosen for the coarsening step, the number of cut edges ranged
from 114 to 153 when the original airfoil grid was coarsened down to 100 nodes.

We should comment that the current FAS MG implementation was not optimized
in any way and that the main objective was in achieving provable optimal multigrid
performance, that is, obtaining a solution process which was grid-size independent. Tt
was also assumed that the interpolation operators are immediately available and the
timings do not include the time to generate the Galerkin coarse operators.

Finally, Table 2 shows the relationship between the tolerance and the number of
V-cycles used, as well as the number of edges cut. It should be noted that there is little
or no advantage to solving the partitioning problem to extremely low tolerance. This
was also observed previously, by the authors of Chaco [HL.95], where they recommend
an eigentolerance of between 1072 and 10=% in most cases, for generating sufficiently
accurate approximations for partitions using spectral methods. Although the edges cut
dropped to 106 for some intermediate tolerances, the algorithm had not yet converged
to the Fiedler vector.
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