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sk��g�fhv�f|q�jkm��¤�ai�l[�

ô�\/W0õ¨\�ö@TôZ�\~÷0W4WFb¤W@ø ]
\Â]�÷:b�W ]�TH`a\�]NWF\6VXb�Y[bc\
Wù]�T�Y�Y�\
]�V
¶¡�Jlw�us��ueJl�lr�afhg���ln}J�rl-sk����eJl�iJea�ag�fh�zjkq_f|}a�ulrm¤� jk�rl�jk}Jo>�ueJl�eJlr�ulrm�sX�[lr}Jlns[�Jg�}8jx�u�Jm�l�sx�L��eJliJmus[{Jqhlrv�¯Hfh��fhg�}8jx�u�JmSjkq,�us-g�sXqhp[l���etlw�rsX�JiJqhlro�g��agu��lrv �Jg�fh}J��j�}Js[} ~�sxp[lnm�q�jxiJitf|}t�woJsXv�jxfh}oJlr�ns[vwi�s[gufh��fhs[}
vwlr�ueJsao:�Fd_eJl>�Xs�jkq@sx����eJfhg-gulr�r�uf|sX} fhg-�us�iJm�lng�lr}a��g�s[v�l�i8jxmCjxqhqhlrqhfhyzjx{Jqhlfh��lrmCjx�uf|pXl,itm�sa�rlroJ�tm�lrg/��s[m£��eJl_itm�s[{tq|lnv {8jxgulro�s[}@}ts[}a~asxp[lrmuq¢jkiJiJfh}J�_oJsXv�jkf|}LoJln�rs[v�i8sXg�fh��fhs[}£�¼�lLg�eJs � ��etl@�J��fhqhfh�¤��sk�
��eJlrgul�fh�ulrmSjk��fhp[l@jxqh�Xs[m�fh�ueJvwg
{a��lrgu�Sjk{Jqhf|gueJfh}J����etlrfhm��rsX}�pXlrm��Xlr}J�rl�fh}��etl�ln}Jlrm��X��g�i8jk�rl@sx�¨��eJlR�J}JoJlrmuqh��fh}J�R�8�Jfhoa~ag�sXq|fho�f|}a�ulrmSjk�r��fhs[}�iJmus[{Jqhlrv��¸�g�fh}���etl��rsXvwi8jkmSjk{Jqhl�v�lr��ets�otg�sk�rI�² ³_°¨º[µa¯_¶¡lrgSº G ¯_°tlr}8ºXµn½~J�¯F��etl�v�jxfh}©f|otlzj�eJlnm�lfhg���s�m�lritq¢jk�rl-�ueJl�s[m�fh�Xf|}�jxqFiJea��gufh�zjxq_fh}a��lrm�� jx�nl-�rs[}toJfh��fhs[}JgRI G Q}J ~pI G �eJ � fh��e>�ueJl���sXqhq|s � fh}J�lr�a�Jfhp[jxqhlr}a��ú_sX{Jfh}w�¤�ai8lLfh}a��lrm�� jx�nl@�rs[}toJfh��fhs[}Jg
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y�¿y�{ | �'ü1¹�jxg�À4Á s m�µ,��� t giü v@I µ J � t �;� t o sX}�� o I G HeJ
v@I µ J � t ��� t �¾ý�µ,��� t jþg�¹#g ÿ¸ b�� | y�¿y�{ | o sX}�� o I G µeJ

v@I µ J � t ��� t j F o sX}�� o I G ´eJ
��sXm�jx}a���rs[}tg��Sjk}a� ü4o�ý g��J�Ce-�ue8jx� ü�ý �j¾À4Á s m �³¥jkg�lro�s[}���etl,}Jl � ��sXm�v sx����eJl_fh}a��lrm�� jx�nl,�rsX}JoJfh��fhsX}Jgz¯ � l,iJmus[i�s[gul_��eJl/��s[qhqhs � fh}J�Ff|�ulrmSjk��fhp[ljxqh�Xs[m�fh�ueJvwg��[¸¡q|�Xs[muf|�ueJv G �zjk}-{8l�m�ln��jxmuoJlro�jxgLj���jx�ns[{Jf¨�¤�ai8l�jxqh�Xs[m�fh�ueJv�¯ajx}Jo�¸¡q|�Xs[muf|�ueJvU jxg�j�¹@jk�Jg�g�� ?alnf|otlrq:�¤�ai�l®jkqh�[s[mufh��eJv��	�
 ¼ È�É
����Æ@Ê Ë
?a�ulri G � ¹ � ë�í ` I�q m Jr¯ µ � ë�î ` IKq t Jn�?a�ulri U °JsXm�� ¬ FJ¯aoJlã=8}Jl�I ¹��
� ` ocµ��
� ` JFg��t�Se��ue8jx�

g ¸ ba b2¹ �
� ` gihD¹ �
� ` j'ºem1o fh}Rq m�o¤>¸a ¹���� ` � y�¿
�����y�{�| j F o sX}r� m oy�¿
�����y�{}| �'ü1¹��
� ` jxg�À4Á s m µ��D��� t g&ü v@I µ�� J � t �;� t o sX}r�ÂL
g�À4Á s t µ���� ` g oJfhp�IKv@I µ��
� ` JcJ jN¼ t o fh}Rq t o¥ À � t µ��
� ` � v@I µ��
� ` J � t j F o sX}r� t ov@I µ��
� ` J � t ��� t �iý�µ���� ` ��� t jxg�¹��Dg ÿ¸ b�� | y�¿ �y�{ | o sX}r� ov@I µ���� ` J � t ��� t j F o sX}r�Â�

	�
 ¼ È�É
����Æ@Ê! 
?a�ulri G � µ � ëPî ` I�q t Jr�?a�ulri U °JsXm�� ¬ FJ¯aoJlã=8}Jl�I ¹��Go�µ��
� ` JFgu�J�Ce��ue8jx�

g ¸ ba b2¹��DgihD¹��_j'ºem1o f|}Pq m1o¤»¸a6¹��!� y�¿ �y�{ | j F o s[}P� m�oy�¿ �y�{�| �'ü1¹��Djxg�À4Á s m�µ��_�;� t g&ü v@I µ�� J � t ��� t o s[}P��L
g�À4Á s t µ���� ` g oJfhp�IKv@I µ��
� ` JcJ jN¼ t o f|}Pq t o¥ À � t µ��
� ` � v@I µ��
� ` J � t j F o s[}P� t ov@I µ��
� ` J � t ��� t �iý�µ���� ` ��� t jxg�¹��Dg ÿ¸ b � | y�¿ �y�{�| o s[}P� ov@I µ���� ` J � t ��� t j F o s[}P���

d_eJlLv�jkf|}�mulrg��tq|�_sk�
��eJfhgFg�lr�r�ufhs[}-fhg_��etl��±s[qhqhs � f|}t�@�rs[}apXlrm��Xlr}J�rl@�ueJlrsXm�lrv��
ÅDÆ@Ç�È�É)Ç�Ê" $#�Ò ÜeÜGÑ)æ;Ï üij ¥ À&%ü ð ý,j ¥ À %ý(' ÎGÏ�×cÏ %ü ª FPÖ2ÓGÔ %ý ª FGò�Í�ÎÕÏ�Óiê´ÎGÏ æ;Ï�è�Ò�Ï�Ó�)�Ï* I ¹ � o�µ � J,+.-2Ï�ÓGÏ�×cÖ2êKÏ�Ô Ð�Ø�/ÄÚ -2Ñe×;ç�ê´ÎGÝ¶àìÖeÓGÔ�/ÄÚ -2Ñe× ç�êÛÎÕÝ10�æ;Ö2êKç´æ32�Ï æ
Þ�à�âeò ¹��#g54 ¹ æ;ê�×cÑ2Ó6-)Ú´Ø�ç�Ó�í ` IKq m J�ð Þ�0;âeò µ��#g54 µ æ;ê�×cÑ2Ó6-)Ú´Ø�ç�Ó�î ` IKq t J ò



987©: +¢-4����7~8!£� n%48��'"��08�£9DÉ)È�È�:�;�»7lr�=< { j&¹ìgr¹ { jk}JoRÇ { j½µPgiµ { �Jd_eJlLiJmus�sk�¨��s[qhqhs � g,�ueJlLgSjkvwlLfhoJlzj��Jgulro-fh}I�² ³_°¨º[µJ¯J¶¡lrgCº G ¯J°Jlr}�º[µ�½KJn�a��lrmul@��eJl?>�iJgulr�JoJsk~�lr}Jlnm��[��@BA { �±s[mF¸�qh�[sXm�fh��eJv G fhg_oJl�=�}Jlro�jkg
A { j CCCC � < {�1�1m �'ü

< { CCCC ÁD b,EGFIH � J À4Á s m
ýLK ÁNM v@I�Ç { J � t �;� t �¾ý Ç { ��� t M ÁD b EOFIH o

jx}tow�±s[mF¸�qh�[sXm�fh��eJv U fhg_�[fhpXlr}�{��
A { j CCCC � < {�P `���1m �'ü < {�P ` CCCC ÁD b EOFIH � J À4Á s m

ýLK ÁQM v@I~Ç { J � t ��� t �iý Ç { �;� t M ÁD b EOF�H �
¬¤�@fhg@}JsX�Le8jxmuo���s-gueJs � ��e8jk�@��eJlR>uiJg�ln�JoJsx~alr}Jlrmu�[��@RA { f|gRoJlr�rmulzjxguf|}t�8¯¨jx}Jo�fh�@oJln�rm�lzjkg�lrg� jkg��_lr}JsX�J�[e���s��[��jxmSjk}a��lrl@�ueJl@oJlng�fhm�lro��rsX}�pXlrm��Xlr}J�rl�sx�
�ueJl@fh��lrmCjx�ulrg * I ¹ { ocµ { JS+ � eJln}-��eJlm�lnq¢jk�Jjx��fhsX}�i8jxmCjxvwln��lrmug¥jkm�l��CeJsXg�lr}-jkiJiJm�sXiJm�f�jk��lrqh�a�e?alrl�² ³¥°¨ºXµn½H��s[m
�ueJl�otlr�Sjkf|qhgFsx��jRg�fhvwfhq�jxmjxmu�[�Jv�lr}a�z�d_eJl jx{�sxp[l jxqh�[sXm�fh��eJv�g�e8j�p[l j otmSj � {8jk�©² � f|�ue�mulrg�i�lr�r� �us fhvwitq|lnvwlr}a�Sjk��fhs[}£�@°JsXmfh}Jg��Cjx}J�nl[¯xg�sXqhp�fh}J�F�±s[m4I ¹��Go�µ���� ` J£fh}^?a��lni U sk�8¸�qh�[sXm�fh��etv U m�lr�a�Jfhm�lng��ueJlF}Js[muv�jxqxotlrm�fhp[jx�ufhp[lrgv@I µ�� J � t �K� t jx}Jo y�¿ �y�{ | s[}���etl�fh}a��lrm�� jx�rlX� Ã s[}Jgulr�a�Jlr}a��qh�a¯xs[}tl_f|g£��sXm��rlno���s@�Jgul_}Js[} ~�g��Cjx}Jo�jxm�os[m�ea��{tm�fho'=8}Jfh�ul-lrqhlrvwln}���vwlr�ueJsaoJg�fh}�s[muoJlrm���s�fhvwiJqhlrv�lr}a�@¸�qh�[sXm�fh��etv G jx}Jo U �
d_eJfhgoJmCj � {8jx��²��zjk} {8l�l�jxg�fhqh�$j�pXs[fhoJlro
��eJmus[�J�XeNj�guf|v�iJqhl-vwsaoJf>=8��jx��fhsX}:�,°ts[m�lr�Jjxv�iJqhl[¯F��eJlvwsaoJf>=8��jx��fhsX}���s�¸�qh�[sXm�fh��eJv U f|gF�[fhpXlr}-jxgF��sXq|qhs � g��	�
 ¼ È�É
����Æ@Ê!T
?a�ulri G �VU �m ë�ï Á IK��Jr�?a�ulri U °JsXm�� ¬ FJ¯aoJlã=8}Jl�I ¹��Go�µ��
� ` JFgu�J�Ce��ue8jx�

g ¸ ba b�¹��Äg&hD¹���jZºem�o f|}Pq m1o¤»¸a@¹���� y�¿ �y�{ | j F o s[}P� m oy�¿ �y�{}| �¾ü�¹��_j U �m o s[}P� oU � t j I g G � W ÿ¸ b � | J ¹���g ÿ¸ b � | U �m L s[}P��L
g4À4Á s}t µ���� ` g otf|p�I�v@I µ���� ` JcJ j½¼ t o f|}Pq t o¥ À � t µ��
� ` � v@I µ��
� ` J � t j F o s[}P� t ov@I µ���� ` J � t ��� t �¾ý�µ���� ` ��� t j U � t o s[}P� ov@I µ��
� ` J � t �X� t j F o s[}P� oU ��� `m j I g�À4Á s m��'ü�ý J µ��
� ` ��� t g&ü U � t o s[}P���

d_eJl-lr�a�Jfhp[jkq|ln}J�rl�sx��¸¡q|�Xs[muf|�ueJv U jx}tokO��zjk}�{�l�gulrlr}
��sXm�v�jkqhq|����mus[v���etl-��sXqhq|s � fh}J�fhoJlr}a��fh�¤�
v@I µ ��� ` J � t ��� t �iý�µ �
� ` ��� t j U � t j J

g G � ü�ý
À Á s m�K ¹ � g ý

À Á s m
U m �

j
J
g G � ü0ý

À Á s mYK ¹ � g ý
À Á s m

J �2¹��
�1�1m �'ü1¹ � K jxg�¹ � g ý

À Á s m
�e¹��
���1m

�
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d_eJlLvwsaoJf>=8�zjk��fhs[}���s�¸¡q|�Xs[muf|�ueJv G �zjx}�{�l@�rs[}tg���mu�J�r�ulro�g�fhvwfhq�jxmuqh���[°ts[qhqhs � fh}J�L��eJl�iJmus�sk�sx��d_eJlrs[mulrv U ¯�fh�¨�zjx}�{8lFg�ets � }��ue8jx�¨��etl_g��Sjk��lrv�lr}a�¨sx�8d_eJlns[m�lnv U jxqhg�s¡eJs[qhoJg£��sXm¨vwsaoJf>=8lrojxqh�Xs[m�fh�ueJvwg��

ô©^�]'TôZab±`�÷0\\[^]4W�THZab ]'T£W:YeV
¬¤}
��eJfhgwgulr�r�uf|sX} � l�iJmulrg�lr}a�-�ueJl�}��tvwlrmuf|��jxq�mulrg��tq|�ug-sx��� � s���lrgu�-iJm�sX{Jqhlrvwg�fh}�s[muoJlrm���sp[jxqhfho8jk��l¨��eJl_�ueJlrsXm�lr�uf|��jxq8jk}8jxqh�ag�fhgHlrgu�Sjx{tq|fhgueJlro�fh}@��etl,iJmulrpafhs[�Jg¨g�ln�r��fhs[}�jx}to��us�oJlrv�s[}Jgu��mCjx��l��etl�lC§Hlr�r��fhpXlr}Jlrgug�sx�-��etl�iJm�sXi8sXg�lro oJs[v�jxfh} oJlr�rsXvwi�s[guf|�ufhs[} jkqh�[s[mufh��eJv�gz�¡d�s
��lng��©��eJloJsXv�jxfh}�otlr�rs[v�i8sXg�fh��fhsX}Njkq|�Xs[muf|�ueJv�¯ � l�i8lnm¤��sXm�v � � s�g�ln��g�sx��}a�Jvwlnm�fh�zjxqRlr�ai8lrmufhvwlr}a��g��¬¤}©��eJl =8mug���gulr�z¯/��eJl���mu�Jl-gus[qh�J��fhsX}�f|g�²a}Js � }�L:fh}>�ueJl�g�lr�ns[}Jo:¯F�ueJl���m��tl�gus[qh�J�uf|sX}>fhg�}Js[�²a}Js � }
lr�aiJqhf|�nf|�uqh���/¬¤} jxqhqLlr�ai8lrmufhvwlr}a��g�¯�q m j ²BF o G ½�¯$²BF o G ½�¯4q t j ² G o U ½�¯$²BF o G ½@jx}Jo��etl>vwlng�e
g�fhyrl>fhg�jxiJitm�sx�afhv�jx�ulrqh��FÕ� G �_¼�l��Jgul>¸�qh�Xs[m�fh�ueJv O©�us��[ln}JlrmSjk��l©jxqhq@oJsXv�jxfh}oJlr�ns[vwi�s[gufh��fhs[}�g�sXqh�J��fhs[}tgz¯Hjx}Jo���eJl�iJfhlr�rl � fhgul�q|fh}Jl�jxm�=�}Jfh��l�lrqhlrvwlr}a�¡vwlr�ueJsao�fhgLlrv�iJqhsx�[lrojxg_�ueJlLoJfhg��rmulr��fhyzjk��fhs[}�vwlr�ueJsaowfh}wlzjk�Ce-lr�ai8lnm�fhvwlr}a���°JsXm,�ueJlÄ=8m�gu��gulr��sk��lr�ai�lrm�fhvwln}��ugz¯ � lL�CeJs[gul@��etl��±s[qhqhs � f|}t�@g�sX�Jm��rl®���J}J�r�ufhs[}Jg

¼ t`_ FG�
ºem^j g�fh} Á Iba��1Jag�fh} Á I�adceJ I�QIa Á«gUÀ4Á J g U a Á ² gufh} Á Iba��1Ja�rsXg Á I�adceJ � �rsXg Á Iba��1Jag�fh} Á Ibadc2J±½c�

¹Lfhp[ln} �ueJl-jx{�sxp[l�g�sX�Jm��nlrgz¯_fh��fhg�lzjkg��©��s�gueJs � �ue8jx���ueJl-�um��Jl-gus[qh�J�uf|sX}©f|g µ I�� o ceJ j FJ¯
¹ I�� o ceJ j guf|} Á Iba��1Jag�fh} Á Ibadc2J
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Domain Decomposition Solution, 20 Iterations
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Exact Solution: p=sin2 (pi x) sin2 (pi y) , u =0

eQfhg�idj,k&l �nm
oZp,qNrtsXuwv�q�xOsXy{z
r,|�}6sZ~\oXxwy�}���p,sZ~���sZr�xOq�xOs�y�rts�uwvIq�xOs�y
°£f|�X�Jm�l G gueJs � g@�ueJl��um��Jl�gus[qh�J�uf|sX}�jx}to��ueJl�ots[v�jkfh}�otlr�rs[v�i8sXg�fh��fhsX}-g�sXq|�t��fhs[}:�td
jx{Jqhl Gg�ets � g_��eJl_ïN�R~a}Js[muv�jx}Jo���eJl_ï Á ~�}JsXm�v3sk����etl�lnm�m�sXmz�a¬¤}��Sjk{Jqhl G ¯�I ¹0o�µ J/oJlr}ts[��lng_��eJlL��mu�Jlg�sXqh�J��fhs[}�sx��I G F2J±~�I G �2Jr�Xd_eJl@}a�Jv�lrm�fh�zjkq8mulrg��Jqh�ug�fh}JoJfh�zjk��l��ue8jx��jû����lnm�jx{�s[�J���Rfh��lrmCjx��fhsX}Jg_��eJloJsXv�jxfh}�oJlr�rsXvwi�s[g�fh�uf|sX}�g�s[qh�J�ufhs[}-jxqhm�l�jxoJ��e8jkg��ueJl�jx�r�r�tmSjx�n�-sx�,�ueJl��[qhs[{8jkq1=8}Jfh��l�lrqhlrv�lr}a�g�sXqh�J��fhs[}UI�gulrlw²Î°¨»x¼$ºXµ[jn½¢Jn�
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} M ¹ { gr¹ M D b M ¹ { g�¹ M D5� M µ { giµ M D b M µ { giµ M D5�
� �BFeFXµ[µ�Q�µ G O �BFeF G �2FeF[º2F �BFeFXµeOXµeO)Q�F � F2F G ´)Q�´�Q}�G F �BFeFXµe�2Fe�[º2H �BFeF G � G ºeO2� �BFeFXµeO G µ[µ2� � F2F G µ U[U Q UU F �BFeFXµe�2F[´e� U �BFeF G � U[UJG O �BFeFXµeO G ´ G H � F2F G µ U Q U µ�Y�I�d��k&lÌ���t��sX��r`sX�d}6sZ~\oXxwyB}6�,p,s�~���sZr�xOq�xOsXy{rts�uwvIq�xOs�y

¬¤}w�ueJl@g�ln�rs[}Jo�lr�ai8lrmufhvwlr}a�z¯ � lL�CeJsas[g�lR��eJlLg�sX�Jm��nl@���t}J�r��fhsX}Jg

º m I�� o ceJ j � Á ·�� o ¼ t I�� o ceJ j�� GF�� �
¬¤}���eJfhg_�ulrg���¯8{�lr�zjk�Jg�l���etl@��mu�Jl@g�sXqh�J��fhs[}�sx�¨��eJl@itm�s[{tq|lnv�fhg_}JsX��²�}ts � }wlr�aiJqhfh�rfh��qh��jk}Jo���eJl� eJsXq|l¡oJs[v�jxfh} =8}Jfh��l¡lrqhlrvwlr}a�Fg�sXq|�t��fhs[}�fhgF}Js[�Flzjxgufhq|��s[{t�Sjxfh}Jlno:¯ � l¡��lrgu��lro���eJl@jx�n�r�JmSjk�r�wsk�s[�tmwoJsXv�jxfh}�oJlr�rsXvwi�s[g�fh�uf|sX}©g�s[qh�J�ufhs[}Jg�{a�©�zjxqh�r�tq¢jk��fh}J���ueJl�mulrq�jx�uf|pXl-lrmum�s[m�sx��gu�J�r�rlng�g�fhpXlfh��lrmCjx�ulrgz��°:fh�X�Jm�l U[U g�eJs � g���eJl©oJsXv�jkf|}
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Domain Decomposition Solution, 30 Iterations
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