25 FETI-H: a scalable domain decomposition method for high frequency exterior Helmholtz problems

Charbel Farhat, Antonini Macedo and Radek Tezaur^1

Introduction

The finite element discretization of the exterior Helmholtz problem leads to a system of equations that can be written as

~Ku = f , where (1)

~K = K − k^2M + ikM_S

Matrices K and M are the so-called stiffness and mass matrix of the problem, and f its right-hand side vector. Matrix M_S is induced by the Sommerfeld radiation condition and is non zero only at the degrees of freedom lying on the outer boundary of the computational domain. In the absence of the Sommerfeld condition — that is, for the interior Helmholtz problem — ~K = K − k^2M is usually an indefinite matrix. In this sense, ~K = K − k^2M + ikM_S is also often called an indefinite matrix. The large scale systems of equations resulting from realistic acoustic scattering applications have led to a great interest in the development of Krylov-subspace, multigrid and domain decomposition (DD) based iterative methods [1, 2, 3, 4, 19, 20, 24] for solving problem

1 Department of Aerospace Engineering Sciences, and Center for Aerospace Structures, University of Colorado at Boulder, Boulder, CO 80309-0429, U. S. A.; e-mail: charbel@colorado.edu, antonini@colorado.edu, radek.tezaur@colorado.edu Eleventh International Conference on Domain Decomposition Methods Editors Choi-Hong Lai, Petter E. Bjørstad, Mark Cross and Olof B. Widlund © 1999 DDM.org

(1).

Here, we present a Lagrange multiplier based two-level DD method for solving iteratively large-scale systems of equations arising from the finite element discretization of high-frequency exterior Helmholtz problems. The proposed method, which is introduced in Section 25 and presented in its simplest form in Section 25 of this paper, is essentially an extension of the regularized version [11] of the FETI (Finite Element Tearing and Interconnecting) method [13, 14, 15, 21] to indefinite problems. Its two key ingredients are the regularization of each subdomain matrix by a complex interface mass matrix, and the preconditioning of the interface problem by an auxiliary coarse problem constructed in Section 25 to enforce at each iteration the orthogonality of the residual to a set of carefully chosen planar waves. In Section 25, we show numerically that the proposed method is scalable with respect to the subdomain size, and the wavenumber.

Domain decomposition with Lagrange multipliers

The DD method presented in this paper is based on the two-level FETI method [13, 9]. Our focus on FETI is motivated by our experience with dual domain decomposition algorithms, and justified by the optimal convergence properties of the FETI method for second-order elasticity and fourth-order plate and shell problems [9, 13, 22, 21]. More specifically, our objective is the extension of the FETI method to exterior Helmholtz problems.

For the sake of clarity, we consider first the case where Ω is partitioned into two non-overlapping subdomains Ω^1 and Ω^2, and the formulation of the problem does not include the Sommerfeld condition (i.e., the interior Helmholtz problem). In Section 25, we generalize the proposed method to the case of arbitrary mesh decompositions and the exterior Helmholtz problem. (In practice, it is the mesh associated with Ω that is decomposed into subdomains, and therefore in this paper we consider only subdomains with matching interfaces).

Let K^s, M^s, K̂^s = K^s − k^2M^s, and f^s denote respectively the stiffness matrix, mass matrix, problem matrix, and right-hand side vector associated with subdomain Ω^s, s = 1, 2, and let u^s denote the restriction to Ω^s of the solution of problem (1). We partition each vector u^s into two components

u^s = [ u^s_i u^s_b ] (2) where the subscripts i and b designate the internal and interface boundary unknowns of a given subdomain, respectively.

Given an interface matrix S_{bb} — that is, a matrix defined on the interface between subdomains Ω^1 and Ω^2 — we construct the following modified Lagrangian [11].

L(v^1, v^2, λ) =^1_2 v^{1T} K̂^1v^1 − f^{1T} v^1 +^1_2 v^{2T} K̂^2v^2 − f^{2T} v^2

+λ^T (B^1v^1 + B^2v^2) +^1_2 (v^{1T}_b S_{bb}v^1_b − v^{2T}_b S_{bb}v^2_b )

= L(v^1, v^2, λ) +^1_2 (v^{1T}_b S_{bb}v^1_b − v^{2T}_b S_{bb}v^2_b ) where each of B^1 and B^2 is a signed Boolean matrix that extracts from a subdomain vector its interface boundary component, λ is a vector of discrete Lagrange multipliers defined on the interface between Ω^1 and Ω^2, and the superscript T designates the transpose of a quantity.

Solving problem (1) is equivalent to finding the stationary points u^1 and u^2 of the modified Lagrangian L. Indeed, L(v^1, v^2, λ) is the classical Lagrangian function of a two-subdomain problem, and the quantity^1_2 (v^{1T}_b S_{bb}v^1_b − v^{2T}_b S_{bb}v^2_b ) depends only on the traces of v^1 and v^2 on the interface between Ω^1 and Ω^2. Since the vector of Lagrange multipliers λ enforces the continuity equation B^1v^1 + B^2v^2 = 0 on the interface between Ω^1 and Ω^2, it follows that the stationary points u_1 and u_2 of L are independent of the choice of the interface matrix S_{bb}.

Let S^s_I denote the subdomain matrix defined as zero inside Ω^s and as S_{bb} on the interface boundary between Ω^1 and Ω^2. Using the same partitioning as in (2), S^s_I can be written as

S^s_I = [ 0 0 0 S_{bb} ] s = 1, 2

The Euler equations associated with the modified Lagrangian L are then given by

(K̂^1 + S^1_I )u^1 = (K^1 − k^2M^1 + S^1_I )u^1 = f^1 − B^{1T} λ

(K̂^2 − S^2_I )u^2 = (K^2 − k^2M^2 − S^2_I )u^2 = f^2 − B^{2T} λ (3) B^1u^1 + B^2u^2 = 0

The role of the interface matrix S_{bb} is now clear. For some given discretization of both subdomains Ω^1 and Ω^2, the prescribed wavenumber k may correspond to a resonant frequency of Ω^1 and/or Ω^2. In other words, k^2 may coalesce with an eigenvalue of either or both pencils (K^1, M^1) and (K^2, M^2). In such an event, either or both local problems described in (3) become ill-posed when S_{bb} = 0. Hence, the purpose of a carefully constructed S_{bb} is to prevent the singularity of the subdomain matrix problems. We note that this issue has already been addressed in the literature, albeit with a different perspective (for example, see [1, 4]).

However, we would like to emphasize that as far as the design of a DD based iterative solver is concerned, it is not the potential singularity of a subdomain matrix problem that is problematic as much as the characterization of this singularity. In fact, for ill-posed Helmholtz subdomain problems, the solution of (3) can be written using the generalized inverse of the local problems. For elasticity problems (k = 0), the subdomain matrices can be singular, and as shown in [7, 13, 14, 21, 15], the illposed nature of the subdomain problems can be exploited to construct an auxiliary coarse problem. This “coarse grid” can then be used to propagate the error globally, accelerate convergence, and ensure scalability with respect to the subdomain size H.

However, for Helmholtz problems, the null space of the local matrices cannot be easily determined. Indeed, given a subdomain discretization, it is practically impossible to determine whether k^2 is a true eigenvalue of the pencil (K^s, M^s), or whether it is numerically “close” to an eigenvalue of that pencil. It is not easy either to determine the multiplicity of that eigenvalue. And most importantly, whether k^2 coalesces or not with an eigenvalue of the pencil (K^s, M^s) depends on the size of the mesh h, which complicates the issues further. For all these reasons, for Helmholtz problems, it is preferable to regularize the subdomain matrices K^s with an interface matrix S_{bb} as proposed once in the regularized FETI method [11], rather than attempt to compute a general form of the subdomain solutions using null spaces of subdomain matrices. It remains to address the issue of how to construct a regularizing interface matrix S_{bb}.

The regularized FETI method for complex problems

Previous work on stabilized finite element methods for the discretization of the Helmholtz equation [16, 17] suggests that a good choice for S_{bb} is the complex interface mass matrix [S_{bb}]_{lm} = ik[M_{bb}]_{lm} = ik ∫ Ω1∩Ω2 ϕ_lϕ_mdξ where i = √ −1, and ϕ_l and ϕ_m are the finite element shape functions associated with node l and node m on the interface between subdomains Ω^1 and Ω^2. Indeed, M_{bb} is positive definite, and it can be shown (see Theorem 1 in [12]) that

K^s − k^2M^s ± ikM^s_I where (4)

M^s_I = ik [ 0 0 0 M_{bb} ]

is non singular for any value of k and independently of the value of the mesh size h.

We now extend our consideration to multiple subdomains and the exterior problem. For s = 1, . . ., N_s, we define ~K^s = K̂^s if the subdomain Ω_s does not touch the external artificial boundary and ~K^s = K̂^s + ikM^s_S otherwise, where K̂^s is defined as in the previous section. The modified Lagrangian formulation presented here can be related to alternative transmission conditions for the subdomain interfaces (see [12]) both within a FETI framework [3] and other approaches [1, 4]. For the case of N_s subdomains, this formulation becomes

L(v^s, λ) = s=N_s∑

s=1 ( 1 2 v^{sT} ~K^sv^s − f^{sT} v^s) + λ^T s=N_s∑

s=1 B^sv^s

+ s=N_s∑

s=1 ∑ Ω^s∩Ω^q≠{∅} 1 2 (v^{sT}_b S^{s,q}_{bb} v^s_b − v^{qT}_b S^{s,q}_{bb} v^q_b )

where S^{s,q}_{bb} is an interface matrix with nonzero values only on Ω^s ∩Ω^q, and constructed as the mass matrix associated with the degrees of freedom lying on Ω^s ∩ Ω^q S^{s,q}_{bb} = ϵ^{s,q}ikM^{s,q}_{bb} [M^{s,q}_{bb} ]_{lm} = ∫ Ω^s∩Ω^q ϕ_lϕ_mdξ ϵ^{q,s} = −ϵ^{s,q} = ±1 Using a notation similar to that of Eq. (4), the Euler equations associated with the above modified Lagrangian can be written as

( ~K^s + ikM^s_I )u^s = f^s − B^{sT} λ (5)

s=N_s∑

s=1 B^su^s = 0 (6)

where

M^s_I = [ 0 0 0 ∑ Ω^s∩Ω^q≠{∅} ϵ^{s,q}M^{s,q}_{bb} ] (7) From Eqs. (5,7) and Theorem 1 in [12], it follows that, if M^s_I has a constant sign — that is, if ∀q / Ω^s ∩ Ω^q ≠ ∅ ϵ^{s,q} = 1, or ∀q / Ω^s ∩ Ω^q ≠ ∅ ϵ^{s,q} = −1 — the subdomain problem matrix ~K^s +ikM^s_I is non singular for any value of k and any value of the mesh size h. Also, in [12] an algorithm is proposed to determine the signs of the interfaces for arbitrary partitions that, in conjunction with Theorem 1 in [12], ensures that the resulting subdomain problem matrices ~K^s + ikM^s_I are always non singular.

From (6), we find that the interface problem associated with the regularized subdomain equations (5) is given by

F_I λ = d (8) where

F_I = s=N_s∑

s=1 B^s( ~K^s + ikM^s_I )^{−1}B^{sT}

d = s=N_s∑

s=1 B^s( ~K^s + ikM^s_I )^{−1}f^s

Note that F_I is symmetric even if not Hermitian. For this reason, we choose the generalized conjugate residuals method (GCR) (cf. [23]) to solve the interface problem (8).

The FETI-H method

The methodology we follow here for preconditioning the regularized FETI method for exterior Helmholtz problems is based on the ideas proposed in [8] and [10]. Essentially, we propose to precondition at each iteration the interface residual generated by the GCR algorithm, by solving an auxiliary second-level problem obtained by projecting the interface problem (8) onto a suitable coarse space.

Let r^k denote the k-th residual associated with the solution by the GCR algorithm of the interface problem (8) r^k = d − F_I λ^k

The convergence of the regularized FETI method can be accelerated by modifying the GCR algorithm so that, at every iteration k, the interface residual r^k is orthogonal to a subspace represented by an interface matrix Q

Q^T r^k = 0 (9)

Indeed, condition (9) is a weighted-residual weak form of r^k = 0, and therefore its effect at each iteration k is to reduce the error until r^k → 0. For example, if n_I denotes the size of the interface problem, constructing an interface matrix Q with n_I linearly independent columns guarantees that after modification to enforce at every iteration Q^T r^k = 0, the regularized FETI method converges in one iteration. However, the subspace represented by the interface matrix Q must be chosen “coarse” enough to keep the overhead associated with enforcing Q^T r^k = 0 affordable. Eq. (9) is called in reference [10] an “optional admissible solution” constraint.

A straightforward approach to enforce this condition is to introduce the additional Lagrange multiplier μ = Qγ, where γ is a vector of additional unknowns, and modify the GCR algorithm to compute

λ̃^k = λ^k + μ^k = λ^k + Qγ^k (10)

Substituting Eq. (10) into Eq. (9) gives

Q^T F_I Qγ^k = Q^T (d − F_I λ^k) (11)

which shows that at each iteration k, γ^k can be obtained from the solution of an auxiliary “second-level coarse FETI” problem, which represents the projection of the regularized FETI interface problem (8) onto the “coarse” subspace represented by Q.

From Eqs. (10,11), it follows that λ̃^k can be computed as

λ̃^k = Pλ^k + λ^0

where P is the projector given by

P = I − Q(Q^T F_I Q)^{−1}Q^T F_I

and λ^0 is given by λ^0 = Q(Q^T F_I Q)^{−1}Q^T d (12)

which transforms the original regularized FETI interface problem into

P^T F_I Pλ = F_I Pλ = P^T d (13)

as P^T F_I P = F_I P. We solve this problem by a projected generalized conjugate residuals method with the initial approximation given by (12). We note that this can also be interpreted as the GCR method for the interface problem (8) with a right preconditioner P.

The coarse problem represented by Q is chosen in the form Q = [ B^1Q^1 · · · B^sQ^s · · · B^{Ns} Q^{Ns} ] where Q^s is a matrix of local coarse vectors in subdomain Ω^s. In each subdomain, motivated by the fact that the solution can be approximated by a superposition of planar waves, we define column j of the matrix Q^s as

Q^s_j(−) = e^{ikΘTj x(−)},

where − indicates a degree of freedom corresponding to a given interface point, x(−) its nodal coordinates and Θ_j is the unitary “coarse direction” vector. In 2D, we choose the coarse directions as

Θ_j = [cos θ_j, sin θ_j], where θ_j = (j − 1) × 2π N_θ

, j = 1, . . ., N_θ;

Figure 1 The guided wave problem

We choose N_θ among even integers in order to include opposite directions.

The 3D coarse directions are generated using the following algorithm. At each mesh node of coordinates [x_n, y_n, z_n], we consider a cube centered at this node and uniformly discretize its surface by points of coordinates [x_j, y_j, z_j ], j = 1, . . ., N_θ. The coarse direction vectors Θ_j are then obtained by normalizing the vectors [x_j − x_n, y_j − y_n, z_j − z_n]. In this case, the choice of N_θ is given by the number of points on the surface of the cube.

We note that Q has N_s ×N_θ columns. Depending on the parameters of the problem, some of them may be linearly dependent, in which case they are filtered out during the factorization of the second-level problem matrix Q^T F_I Q.

We refer to the regularized FETI method for complex problems equipped with the preconditioner presented herein as the FETI-H method.

Numerical results

To demonstrate the numerical scalability of the FETI-H method, we consider a guided wave problem in two and three dimensions. The 2D version of this problem is depicted in Fig. 25. The 3D version corresponds to a cube where one face is subjected to the Dirichlet boundary condition, the opposite face to the Sommerfeld condition, and the other faces to the Neumann boundary condition. We consider various configurations of this problem and demonstrate numerically the scalability of the FETI-H method with respect to the subdomain size H and the wavenumber k. Results concerning the scalability with respect to the mesh size h can be found in [12].

ka Nθ NS Size of the coarse problem Number of iterations 20 4 25 88 33 20 4 49 180 31 20 4 81 304 28 20 8 25 176 19 20 8 49 354 20 20 8 81 600 18 20 16 25 262 18 20 16 49 471 19 20 16 81 713 18 40 4 25 88 70 40 4 49 180 56 40 4 81 304 61 40 8 25 176 25 40 8 49 354 25 40 8 81 600 22 40 16 25 262 19 40 16 49 471 22 40 16 81 713 22 60 4 25 88 148 60 4 49 180 141 60 4 81 304 110 60 8 25 176 50 60 8 49 354 42 60 8 81 600 22 60 16 25 262 18 60 16 49 471 18 60 16 81 713 18

Table 1 The guided wave problem in 2D – h = 1/315, total size of the problem = 99225 dofs

In both cases, we perform the same computations but for three different values of the wavenumber corresponding to ka = 20, 40, and 60 in 2D, and ka = 5, 10, and 15 in 3D. We also consider several 1/H × 1/H mesh partitions with 25, 49 and 81 subdomains. We report the obtained performance results in Table 1 for the 2D case, and Table 2 for the 3D one. Note that in these tables, the size of the coarse problem is computed as the number of linearly independent columns found during the factorization of the second-level problem matrix Q^T F_I Q. Hence, this size is less or equal to N_θ × N_s.

The results summarized in both Table 1 and Table 2 confirm the scalability of the FETI-H method with respect to both the wavenumber and the number of subdomains.

ka Nθ NS Size of the coarse problem Number of iterations 5 0 25 0 42 5 0 64 0 99 5 0 125 0 73 5 2 27 178 26 5 2 64 450 26 5 2 125 908 27 5 3 27 428 26 5 3 64 579 27 5 3 125 1211 29 5 4 27 461 28 5 4 64 602 28 5 4 125 1269 34 10 0 27 0 67 10 0 64 0 151 10 0 125 0 116 10 2 27 178 31 10 2 64 450 30 10 2 125 908 33 10 3 27 597 22 10 3 64 1276 31 10 3 125 2537 41 10 4 27 823 29 10 4 64 1441 36 10 4 125 2835 41 15 0 27 0 112 15 0 64 0 331 15 0 125 0 251 15 2 27 178 47 15 2 64 450 38 15 2 125 908 42 15 3 27 598 24 15 3 64 1471 27 15 3 125 2993 26 15 4 27 1067 23 15 4 64 1626 44 15 4 125 3118 47

Table 2 The guided wave problem in 3D – h = 1/60, total size of the problem = 226981 dofs

Acknowledgements

The first and third authors acknowledge the partial support by the Office of Naval Research under Grant N-00014-95-1-0663. The second author acknowledges the financial support by a Brazilian CAPES Fellowship, Process No. 1233/95-2.

REFERENCES

J. Benamou and B. Desprès. A domain decomposition method for the Helmholtz equation and related optimal control problems. Rapport de recherche INRIA No. 2791, Février 1996.

X.-C. Cai, M. A. Casarin Jr., F. W. Elliott Jr., and O. B. Widlund. Two-level algebraic multigrid for the Helmholtz problem. In Contemporary Mathematics 218 (1998), pages 390–398.

A. de La Bourdonnaye, C. Farhat, A. Macedo, F. Magoulès, and F. X. Roux.

A non-overlapping domain decomposition method for the exterior Helmholtz problem. In Contemporary Mathematics 218 (1998), pages 42–66.

B. Desprès. Décomposition de domaine et problème de Helmholtz. Compte Rendu de l’Académie des Sciences, No 311 (Série I):313–316, 1990.

Q. V. Dihn, R. Glowinski, and J. Periaux. Solving elliptic problems by domain decomposition methods with applications. In A. Schoenstadt, editor, Elliptic Problem Solvers II. Academic Press, 1984.

M. R. Dorr. A domain decomposition preconditioner with reduced rank interdomain coupling. Appl. Numer. Math., 8:333–352, 1991.

C. Farhat. A Lagrange multiplier based divide and conquer finite element algorithm. J. Comput. Sys. Engrg., 2:149–156, 1991.

C. Farhat, P. S. Chen, and J. Mandel. A scalable Lagrange multiplier based domain decomposition method for implicit time-dependent problems. Internat. J. Numer. Meths. Engrg., 38:3831–3854, 1995.

C. Farhat, P. S. Chen, J. Mandel, and F. X. Roux. The two-level FETI method for plate problems - Part II: extension to shells, parallel implementation and performance results. Comput. Meths. Appl. Mech. Engrg., 155:153–180, 1998.

C. Farhat, P. S. Chen, F. Risler, and F. X. Roux. A unified framework for accelerating the convergence of iterative substructuring methods with Lagrange multipliers. Internat. J. Numer. Meths. Engrg., 42:257–288, 1998.

C. Farhat, P. S. Chen, and F. X. Roux. The dual Schur complement method with well-posed local Neumann problems: regularization with a perturbed Lagrangian formulation. SIAM J. Sc. Stat. Comput., 14:752–759, 1993.

C. Farhat, A. Macedo, and M. Lesoinne. A two-level domain decomposition method for the iterative solution of high frequency exterior Helmholtz problems. Technical Report CU-CAS-98-06, Center for Aerospace Structures, University of Colorado, 1998. Numerische Mathematik, in press.

C. Farhat and J. Mandel. The two-level FETI method for static and dynamic plate problems - Part I: an optimal iterative solver for biharmonic systems. Comput. Meths. Appl. Mech. Engrg., 155:129–152, 1998.

C. Farhat, J. Mandel, and F. X. Roux. Optimal convergence properties of the FETI domain decomposition method. Comput. Meths. Appl. Mech. Engrg., 115:367–388, 1994.

C. Farhat and F. X. Roux. An unconventional domain decomposition method for an efficient parallel solution of large-scale finite element systems. SIAM J. Sc. Stat. Comput., 13:379–396, 1992.

L. Franca, C. Farhat, M. Lesoinne, and A. Russo. Unusual stabilized finite element methods and residual-free bubbles. Internat. J. Numer. Meths. in

Fluids, 27:159–168, 1998.

L. Franca, C. Farhat, A. Macedo, and M. Lesoinne. Residual-free bubbles for the Helmholtz equation. Internat. J. Numer. Meths. Engrg., 40:4003–4009, 1997.

R. Glowinski and M. F. Wheeler. Domain decomposition and mixed finite element methods for elliptic problems. In R. Glowinski, G. Golub, G. Meurant, and J. Périaux, editors, Proc. First SIAM Conference on Domain Decomposition Methods for Partial Differential Equations, pages 144–172. SIAM, 1988.

B. Lee, T. Manteuffel, S. McCormick, and J. Ruge. Multilevel first-order system least squares for Helmholtz equation. In Procs. of 2nd International Conf. on Approx. and Num. Meths. for the Solution of the Maxwell Equations, Washington, D.C, 1993, John Wiley and Sons.

M. Malhotra, R. Freund, and P. M. Pinsky. Iterative solution of multiple radiation and scattering problems in structural acoustics using a block quasi-minimal residual algorithm. Comp. Meths. Appl. Mech. Engrg., 146:173–196, 1997.

Jan Mandel and Radek Tezaur. Convergence of a substructuring method with Lagrange multipliers. Numerische Mathematik, 73:473–487, 1996.

Jan Mandel, Radek Tezaur, and Charbel Farhat. A scalable substructuring method by Lagrange multipliers for plate bending problems. SIAM J. Numer. Anal., to appear.

Y. Saad. Iterative methods for sparse linear systems. PWS Publishing Company, Boston, 1995.

P. Vaněk, J. Mandel, and Marian Brezina. Two-level algebraic multigrid for the Helmholtz problem. In Contemporary Mathematics 218 (1998), pages 349–356.