50 A FETI Solver for Corotational Nonlinear Problems

Kendall H. Pierson , Michel Lesoinne^1

Introduction

Corotational Finite Element Methods (CFEM) are a way of approaching structural problems where geometric nonlinearities are involved due to large rotations and displacements but small deformations. Such problems are of particular importance to the aerospace industry where structures may exhibit large rotations and flexions, but all components remain within the realm of small deformations. CFEM is nonlinear by design and solution of a single problem requires solving many linear systems with an evolving tangent stiffness matrix. Large systems lead naturally to using the Finite Element Tearing and Interconnecting (FETI) method to solve them. The FETI method is a robust and efficient domain decomposition method for linear structural problems and its use for the resolution of some other classes of nonlinear problems has already been examined by several investigators [Rou95, RR98].

Specific issues to CFEM are related to an unsymmetric tangent stiffness matrix and associated null space which evolves during the nonlinear analysis. We have approached this problem by symmetrizing the tangent stiffness matrix as it was shown to not destroy convergence [Hau94]. Investigations into efficient preconditioning strategies have dealt with reuse of previous Krylov spaces and freezing the preconditioner from one outer iteration to another. Finally, we present a large scale wing type structure undergoing large rotations and flexions.

1 Department of Aerospace Engineering and Sciences and Center for Aerospace Structures University of Colorado at Boulder Boulder, CO 80309-0429, U.S.A.

Eleventh International Conference on Domain Decomposition Methods Editors Choi-Hong Lai, Petter E. Bjørstad, Mark Cross and Olof B. Widlund © 1999 DDM.org

Figure 1 Base and corotated configurations

The Corotational Formulation

The corotational formulation (CR) of geometrical nonlinear structural problems separates rigid body motions from purely deformational motions. Conceptually, in a finite element framework, CR decomposes total displacements into pure rigid body motions and deformational motions at each configuration of nonlinear structural analysis. This can be expressed in vector form for translation degrees of freedom (dofs) and in rotation matrix form for rotation dofs

v = v_D + v_R R = R_DR_R (1)

where v_D is deformational motion, v_R is rigid body motion, R_D is the deformational rotation matrix, and R_R is the rigid body rotation matrix. The non-additive behavior of rotation dofs when the rotation axis changes and other geometrical nonlinearities associated with large displacements leads to the nonlinear equilibrium equation

F_{int}(x) + F_{ext} = 0 (2)

where x contains both v and R, F_{int}(x) is the internal force vector which is dependent on the state of the structure x, and F_{ext} is the external force vector. Eq. (1) are written on an element by element basis. For each element, a reference configuration C_0 is created, and the v_R, R_R displacements express the passage from this configuration to a corotated configuration C_R (also called shadow element) [dV76]. The element corotated configuration is calculated as a rigid body motion of the element base configuration C_0. From this shadow configuration, the deformational displacements v_d, R_d are used to evaluate the elemental contribution to the internal force vector. As these deformations are small, the usual linear elemental matrices can be used to compute the forces in a frame attached to C_R. After obtaining these local forces, they are transformed back to the global frame (to which C_0 is attached) before summation (see Figure 1). Benefits of using CR over other nonlinear structural analysis description such as the Total Lagrangian method are

• Effective for large rotation/small-strain problems • Re-use of existing small-strain finite element libraries • Ability to decouple material nonlinearities from geometric nonlinearities

Maneuvering aircraft undergo large rotations while experiencing small deformational motions. Structural material properties remain linear while nonlinearities are geometric in nature. Adopting CR to model geometrical nonlinear behavior of maneuvering aircraft offers the extra advantage of correctly modeling control surfaces.

Overview of FETI

To keep this paper self-contained, we begin with an overview of the original FETI method [FR94, Far91, FR92]. The general problem to be solved is

Ku = F (3)

where K is an an n×n symmetric positive semi-definite sparse matrix arising from the finite element discretization of a second- or fourth-order elastostatic (or elastodynamic) problem defined over a domain Ω, and F is a right hand side n-long vector representing generalized forces. Let Ω be partitioned into a set of N_s disconnected subdomains Ω^{(s)}, then the FETI method replaces Eq. (3) with the following equivalent system of subdomain equations

K^{(s)}u^{(s)} = F^{(s)} − B^{(s)T} λ s = 1, ..., N_s Δ = N_s∑

s=1 B^{(s)}u^{(s)} = 0 (4)

where K^{(s)} and F^{(s)} are the unassembled restrictions of K and F to subdomain Ω^{(s)}, λ is a vector of Lagrange multipliers introduced to enforce the constraint Δ = 0 on the subdomain interface boundary Γ^{(s)}_I , u^{(s)} is the local solution vector, and B^{(s)} is a signed Boolean matrix that describes the subdomain interconnectivity. A detailed derivation of (4) can be found in [FR94, FMR94]. An arbitrary mesh partition may contain N_f ≤ N_s floating subdomains — that is, subdomains lacking the necessary number of essential boundary conditions needed to prevent the subdomain matrices K^{(s)} from being singular. Therefore N_f of the local Neumann problems

K^{(s)}u^{(s)} = F^{(s)} − B^{(s)T} λ s = 1, ..., N_f (5)

are ill-posed. Solvability is guaranteed based on the following condition

R^{(s)T} (F^{(s)} − B^{(s)T} λ) = 0 s = 1, ..., N_f (6)

where R^{(s)} is the null space of K^{(s)}. The solution of Eq. (5) is then given by

u^{(s)} = K^{(s)+} (F^{(s)} − B^{(s)T} λ) + R^{(s)}α^{(s)} (7)

where K^{(s)+} is a generalized inverse of K^{(s)} that need not be explicitly computed [FR92] and α^{(s)} is a vector of six or fewer constants. The extra unknowns α^{(s)} are compensated by additional equations resulting from Eqs. (6) Substituting Eq. (7) into Eq. (4) and using Eq. (6) leads to the FETI interface problem [ F_I −G_I −G_I^T 0 ] [ λ α ] = [ d −e ] (8) where

F_I = N_s∑

s=1 B^{(s)}K^{(s)+} B^{(s)T} ; G_I = [ B^{(1)}R^{(1)} ... B^{(Nf )}B^{(Nf )} ] ; α^T = [ α^{(1)T} ... α^{(Nf )T} ] ; d = N_s∑

s=1 B^{(s)}K^{(s)+} F^{(s)};

e^T = [ F^{(1)T} B^{(1)} ... F^{(Nf )T} B^{(Nf )} ] (9)

K^{(s)+} = K^{(s)−1} if Ω^{(s)} is not a floating subdomain K^{(s)+} = a generalized inverse of K^{(s)}, if Ω^{(s)} is a floating subdomain

(10)

For structural mechanics and structural dynamics problems, F_I is symmetric since the subdomain stiffness matrices K^{(s)} are symmetric. The objective is to solve by a Preconditioned Conjugate Gradient (PCG) algorithm the interface problem (8) instead of the original problem (3). The PCG algorithm is modified by a projection that enforces iterates λ^k satisfy Eq. (6). The projector P is defined as

P = I − G_I (G^T_I G_I )^{−1}G^T_I (11)

and the FETI algorithm can be written as

1. Initialize

λ^0 = G_I (G_I^T G_I )^{−1}e r^0 = d − F_I λ^0 2. Iterate k = 1, 2, ... until convergence w^{k−1} = P^T r^{k−1} z^{k−1} = F^{−1}_I w̄^{k−1} y^{k−1} = P z̄^{k−1} ζ^k = y^{k−1T} w^{k−1}/y^{k−2T} w^{k−2} (ζ^1 = 0) p^k = y^{k−1} + ζ^kp^{k−1} (p^1 = y^0) ν^k = y^{k−1T} w^{k−1}/p^{kT} F_I p^k λ^k = λ^{k−1} + ν^kp^k r^k = r^{k−1} − ν^kF_I p^k

(12)

The reader can check that the FETI algorithm results in applying PCG to:

Aλ = d (13)

where A = P^T F_I P .

Use of FETI for Corotational Problems

We wish to solve Eq. (4) using a Newton-Raphson approach which leads us to solving the following set of successive linear systems

K_T (x_0)Δu_1 = f_1 K_T (x_{i−1})Δu_i = f_i K_T (x_{n−1})Δu_n = f_n

(14) where K_T (x_{i−1}) is the i^{th} configurations tangent stiffness matrix, x_{i−1} is the previous structural state, Δu_i is the i^{th} incremental displacement vector, f_i is the i^{th} right hand side vector which depends on the solution strategy [Rik72], and n is the number of iterations for convergence. After each linear solve, x_i is updated using the incremental displacement. Convergence of Newton-Raphson is based on reaching these criteria ||Δu||_2 < tolerance_{disp} ||f||_2 < tolerance_{residual} (15) The tangent stiffness matrices are generally unsymmetric before convergence is reached. In this work we used a symmetrized version of the tangent matrices, as it is required by the FETI method and has been shown not to harm convergence [Hau94].

Solution of Nearby Linear Systems

Multiple Left Hand Sides (MLHS)

We will refer to the method described in the previous paragraph as the Full Newton (FN) method. The tangent stiffness matrix is rebuilt at each nonlinear iteration, resulting in a robust geometrical nonlinear structural solution algorithm.

The use of FETI to solve Eqs. (14) creates a set of systems similar to Eq. (13). Solving each system by PCG can be viewed as a minimization problem of the form:

min_λ (Φ_i) = 1/2λ^T A_iλ − d^T_i λ i = 1, . . ., n (16)

To solve each system, a Krylov space is generated by the PCG algorithm. This space is spanned by the set of search directions. Let us denote the set of search directions for the linear system i by

S_i = { s^1_i , s^2_i , . . ., s^k_i , . . . , s^{ri}_i } i = 1, . . . , n (17) The search directions computed within a Newton iteration are orthogonal with respect to A_i. However, since the tangent stiffness matrix is changing over successive Newton iterations, the search directions are not orthogonal across Newton iterations. Nonetheless, the successive A_i matrices can be expected to be spectrally close one to another. This observation suggests that at step i we can make use of the previous sets S_i to define a preconditioner [Rou95]. The approach is to replace the usual preconditioned residual vector P r by a modified vector P̂ r given by: P̂ r = P r +^{i−1} ∑ j=1 S_j y_j (18)

where the vectors y_j are successively chosen to satisfy the minimization problem

min_{yj} (Φ_j ) = 1/2λ^T A_jλ − r^T λ (19)

with λ = P r +^j ∑ l=1 S_l y_l. Note that the function being minimized in this case is similar

to that given in Eq. (16) when A_i is replaced with A_j and d_i is replaced by the current

Figure 2 V-22 Wing Panel, Parallel Speedup for M1, M2 and M3

PCG residual r. All computations performed, we obtain the expression for y_j :

y_j = (S^T_j A_jS_j )^{−1}(S^T_j r − S^T_j A_j(P r + j−1∑ l=1 S_l y_l)) j = 1, . . . , i − 1 (20)

The assumption is that successive tangent stiffness matrices are similar in some sense and thus the preconditioner will be of benefit. Due to the corotational formulation, the null space of the subdomain tangent matrices K^{(s)}_T evolves in time. This implies that the projector must be correctly recomputed at each iteration and the space of search directions must contain projected vectors.

Multiple Right Hand Sides (MRHS)

An alternative approach to solve Eq. (14) is to use a Newton Like (NL) Method where the tangent stiffness matrix may be “frozen” and reused for subsequent nonlinear iterations. In the extreme case, the initial tangent stiffness matrix may be used for the entire simulation but then convergence of the outer Newton iterations is not guaranteed. The effect of using a NL method versus a FN method is to slow down convergence and possibly increase the number of linear solutions.

In contrast to the FN method, we now solve with a fixed A_f matrix for a set of varying right hand sides. Therefore, as has been done for linear dynamic problems [Far95], the set of search directions S_i can be kept A_f orthogonal to all previous sets. The initial λ^0_i must now be modified to include the contribution of all previous sets and then orthogonality of the search directions with respect to A_f enforced at each FETI iteration.

We can of course combine the MRHS approach with the Krylov Space preconditioning of MLHS. In this case, the matrix A_f is changed every m iteration, and we can apply the preconditioning of Eqs. (18) in which case the sets S_i are the union of all sets generated by the same tangent matrix A_f .

Numerical Example: Composite Wing Panel

The composite wing panel from a V-22 tilt-rotor aircraft [Dav91] considered here contains design features such as ply drop-offs, ply interleaves, axial stiffeners, transverse ribs, clips, brackets and a large elliptical access hole. The panel is clamped at one end and loaded on the opposite end by prescribed displacements. The finite element models, designated M1, M2, and M3 have 56916, 223620, and 885924 d.o.f. respectively (see Figure 2). Each model is composed of 47 composite materials and discretized with three node ANS shell elements.

The results in Table 1 were generated with the 2-Level FETI Method [FM98] for fourth order elastostatic problems on a SGI Onyx 2000 using 16 processors. FETI convergence was monitored using a tolerance of 1.0E-3 while Newton’s convergence was checked using 1.0E-5. These values were chosen due to quadratic convergence properties of Newton’s method. The optimal Dirichlet FETI preconditioner was selected for this problem. Using a NL method, this problem requires two load steps and eight Newton iterations while FN requires one load step and four iterations to converge. Both methods were tested with and without Krylov acceleration methods to compare iteration counts, CPU, and memory requirements. For FN, K_T , and FETI preconditioner F^{−1}_D are rebuilt at each Newton iteration while for NL method, rebuilding occurs at the start of a load step. The most evident conclusion is the

Table 1 Composite Panel Model, M3 (885924 d.o.f., 250 Subdomains)

Load Step Newton Itr. NL-KLR NL-KR FN-KL FN 1 1 143 itr. 143 itr. 143 itr. 143 itr. 2 72 itr. 72 itr. 171 itr. 198 itr. 3 36 itr. 36 itr. 108 itr. 198 itr. 4 19 itr. 19 itr. 46 itr. 198 itr.

2 5 124 itr. 168 itr. - itr. - itr. 6 57 itr. 64 itr. - itr. - itr. 7 36 itr. 33 itr. - itr. - itr. 8 16 itr. 14 itr. - itr. - itr.

Total 503 itr. 549 itr. 468 itr. 737 itr. FETI CPU 940 sec. 1078 sec. 979 sec. 1513 sec. FETI Mem. 3710 Mb. 3417 Mb. 3657 Mb. 3307 Mb.

approximately 40% decrease in CPU when a Krylov acceleration technique is applied. The other conclusion is a small 10% increase in memory requirements associated with the Krylov acceleration methods over the FN method. This can be attributed to the number of stored search direction vectors for each algorithm. The FN with Krylov left hand side acceleration (KL) had the lowest total iteration count and was roughly the same CPU time as NL with Krylov right hand side acceleration (KR). When both Krylov accelerators (KLR) are applied to the NL method, there is a slight improvement in total iteration count and CPU time. Figure 2 shows almost linear parallel speedup for each model. This trend suggests that larger problems will gain greater speedups with increasing numbers of processors. Optimal mesh decompositions of 40 (M1), 140 (M2), and 250 (M3) subdomains were used to compute these speedups [LP98].

Conclusion

We have shown the FETI method in conjunction with CFEM concept to be efficient in solving large scale geometrical nonlinear problems undergoing large rotations and small deformations. Future research will involve implementing the FETI solver and CFEM in a nonlinear dynamic algorithm to solve time-dependent geometrical nonlinear problems such as maneuvering aircraft.

REFERENCES

[Dav91] Davis D. D. (1991) Detailed analysis and test correlation of a stiffened composite wing panel. Technical report and memo, U.S. Army, Aerostructures Directorate, NASA Langley Research Center, Hampton VA.

[dV76] de Veubeke F. (1976) The dynamics of flexible bodies. Int. Jnl. Engrg.

Sci 1: 895–913.

[Far91] Farhat C. (1991) A lagrange multiplier based divide and conquer finite element algorithm. J. Comput. Sys. Engrg. 2: 149–156.

[Far95] Farhat C. (1995) Optimizing substructuring methods for multiple right hand sides. SIAM, Domain-Based Parallelism and Problem Decomposition Methods in Computational Science and Engineering 1: 141–160.

[FM98] Farhat C. and Mandel J. (1998) The two-level feti method for static and dynamic plate problems - part i: an optimal iterative solver for biharmonic systems. Computer Methods in Applied Mechanics and Engineering 155: 129– 152.

[FMR94] Farhat C., Mandel J., and Roux F. (1994) Optimal convergence properties of the feti domain decomposition method. Comput. Meths. Appl. Mech. Engrg. 115: 367–388.

[FR92] Farhat C. and Roux F. (1992) An unconventional domain decomposition method for an efficient parallel solution of large-scale finite element systems. SIAM J. Sc. Stat. Comput. 13: 379–396.

[FR94] Farhat C. and Roux F. (1994) Implicit parallel processing in structural mechanics. Computational Mechanics Advances 2: 1–124.

[Hau94] Haugen B. (1994) Buckling and Stability Problems for Thin Shell Structures using High-Performance Finite Elements. PhD dissertation, University of Colorado, Boulder, CO.

[LP98] Lesoinne M. and Pierson K. (1998) An efficient feti implementation on distributed shared memory machines with independent numbers of subdomains and processors. Contemporary Mathematics 218: 318–324.

[Rik72] Riks E. (1972) The application of newton’s method to the problem of elastic stability. Journal of Applied Mechanics 39: 1060–1066.

[Rou95] Roux F. (1995) Parallel implementation of a domain decomposition method for nonlinear elasticity problems. SIAM, Domain-Based Parallelism and Problem Decomposition Methods in Computational Science and Engineering 1: 161–175.

[RR98] Risler F. and Rey C. (1998) On the reuse of ritz vectors for the solution of nonlinear elasticity problems by domain decomposition methods. Contemporary Mathematics 218: 334–340.