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Parallel Solution of General Sparse
Linear Systems using PSPARSLIB

Yousef Saad', Sergey Kuznetsov?, Gen-Ching Lo?

Distributed Sparse Linear Systems

PSPARSLIB [SM95] is a portable package for solving sparse linear systems on parallel
platforms. The package adapts a number of methods based on domain decomposition
concepts to general sparse irregularly structured linear systems. It is implemented
in FORTRAN 77 with a few C functions and uses the MPI communication library
for message passing. This paper describes some of the methods implemented in the
package and examines a number of strategies used to improve their performance.

Given a large sparse nonsymmetric real matrix A of size n, we consider the linear
system

Ax = b, (1)

that can arise, for example, from a finite element discretization of a partial differential
equation. To solve this system on a distributed memory computer, it is common
to partition the finite element mesh and assign a cluster of elements representing
a physical subdomain to each processor. Each processor assembles only the local
equations associated with the elements assigned to it. When the system is already in
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Figure 1 A local view of a distributed sparse matrix.

assembled form, subsets of equations-unknowns are assigned to processors. In either
case, each processor will wind up with a set of equations (rows of the linear system)
and a vector of the variables associated with these rows. A distributed linear system
is a set of linear equations that are assigned in this fashion to a distributed memory
computer.

This paper presents the general principles used in a parallel iterative sparse linear
system solver with an emphasis on defining preconditioners for distributed sparse
linear systems. These (global) linear systems of equations are regarded as distributed
objects and solution methods must be developed by exploiting the local data structures
associated with the distributed linear system. The first step of any parallel sparse
iterative solver is to set up these local data structures. In this preprocessing phase,
the local equations are represented along with the dependencies between the local
variables and external variables, and any other information needed during the iteration
phase. We will give a brief overview of the local representation of the linear system
and discuss how the solution package is built around this representation. A number
of variations of some known preconditioning techniques will then be presented.

The Local Sys e

Figure 1-(a) shows a physical domain viewpoint of a sparse linear system which is akin
to that used in the domain decomposition literature. A point (node) in a subdomain
is actually a pair representing an equation along with an associated unknown. It is
common to distinguish between three types of unknowns (1) Interior variables which
are coupled only with local variables by the equations (2) Local interface variables
which are those coupled with non-local (external) variables as well as local variables
and (3) External interface variables which are variables in other processors that are
coupled with local variables. We can also represent the related local equations as
shown in Figure 1-(b). Note that these equations are not contiguous in the original
system. The matrix represented in the figure can be viewed as a reordered version of
the equations associated with a local numbering of the equations unknowns pairs.
As can be seen in Figure 1-(b), the rows of the matrix assigned to a certain processor
have been split into two parts a local matrix A which acts on the local variables and
an e ace matrix  which acts on remote variables. These remote variables must
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be received from other processor(s) each time that a matrix-vector product with the
matrix A is performed. It is common to list the interface nodes last, after the interior
nodes. This local ordering of the data leads to e cient interprocessor communication,
and reduces local indirect addressing during matrix-vector products. The zero blocks
shown are due to the fact that local internal nodes are not coupled with external
nodes.

Each local vector of unknowns z consists of the subvector of internal nodes
followed by the subvector of local interface variables. The right-hand side b is
conformally split into the subvectors and |, and the local matrix A residing in

processor as defined above is block-partitioned according to this splitting. The local
equations can therefore be written as follows.

= (2)

The block matrix on the left side is the local matrix A . ere, is the set of
subdomains that are neighbors to subdomain . Each term in the sum in the
left-hand side is the contribution to the local equation from neighboring subdomain
number

The subvectors of external interface variables are grouped into one vector called

and the notation

will be used to denote the contributions from external variables to the local system (2).
In effect, this represents a local ordering of the external variables. With this notation,
the left-hand side of (2) becomes

=Az (3)

The vector  is the local part the matrix-by vector product Az in which z is a vector
which has the local vector components . , =1, |
To facilitate matrix operations and communication, an important task is to gather
the data structure representing the local part of the linear matrix as was just
described. In this preprocessing phase it is also important to form any additional
data structures required to prepare for the intensive communication that will take
place during the solution phase. In particular, each processor needs to know (1) the
processors with which it must communicate, (2) the list of interface points and (3) a
break-up of this list into pieces of data that must be sent and received to from the
neighboring processors . A complete description of the data structure associated with
this boundary information is given in [SM95] along with additional implementation
details.

a eco oea oS

The matrix-vector product is carried out according to equation (3). First, the external
data needed in each processor is obtained. The matrix-vector product with
the matrix A on the local data  can be carried out at the same time that this
communication step is being performed. Then the matrix-vector product with the



PSPARSLIB 46

matrix on the external data can be carried out and the result is added to
the result obtained from A z . The following is a code segment for performing this
operation as it is implemented in PSPARSLIB.

ere _ and _ are subroutines that invoke the proper MPI calls for
sending and receiving the interface data to and from neighboring processors. The send
is non-blocking. The set of parameters , . , , contains precisely
the data structure needed for the interface variables.

Distributed ry Subspa e S ers

The main operations in a standard rylov subspace acceleration are (1) vector
updates, (2) dot-products, (3) matrix-vector products and ( ) preconditioning
operations. If we exclude the matrix-vector products (discussed above) and
preconditioning steps (to be seen later), the rest of the operations in an algorithm
such as CG or GMRES are mainly dot-products and vector updates. Since vector
quantities are split in the same fashion, a global SA P of two vectors across
processors, consists of  independent SA P s. In contrast, a global dot product
requires a global sum of the separate dot products of the subvectors in each processor.
The dot products are mainly used in orthogonalizing sets of rylov vectors and this
constitutes one of the potential bottlenecks in a parallel implementation of rylov
subspace procedures. Experience shows however, that in most practical situations the
loss of e ciency due to inner products is usually minor unless the sub-problems become
relatively small[ TLS97].

One of the main rylov accelerator used in PSPARSLIB is the exible variant of
GMRES [SS ] known as FGMRES [Saa93]. This is a right-preconditioned variant that
allows the preconditioning to vary at each step. Since the preconditioning operations
require solving systems associated with entire subdomains it becomes important to
allow the preconditioner itself to be an iterative solver. This means that the GMRES
iteration should allow the preconditioner to vary from step to step within the inner
GMRES process. A variant of GMRES which allows this is called the exible variant
of GMRES (FGMRES), see [Saa93] for details.

It is important to implement the accelerators (e.g. FGMRES) with reverse
communication , a mechanism whose goal is to avoid passing data structures to the
accelerator. When calling a standard FORTRAN subroutine implementation of an
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el A example of splitti el t domai so t e pla ei to two roups

iterative solver, we normally need to pass a list of arguments related to the matrix A
and to the preconditioner. This can be a burden on the programmer because of the
rich variety of existing data structures. The solution is not to pass the matrices in any
form. When a matrix vector product or a preconditioning operation is needed, the
subroutine exits and the calling routine performs the desired operation and then calls
the subroutine again, after placing the desired result in one of the vector arguments

of the subroutine. For details, see [SW95, Saa95, Saa9 ].

a a so e Sch a eco 0o e€s

The additive Schwarz procedure is a form of block acobi iteration, in which the blocks
refer to systems associated with entire domains. Each iteration of the process consists

of the following steps (1) Obtain external data (2) Compute (update) local
residual = (b Az) =b A= (3) Solve A = and () pdate
solution z = =z . To solve the systems in step 3, a standard (sequential) IL T

preconditioner [Saa9 ] combined with GMRES or one step of an II.  preconditioner
is used. Of particular interest in this context are the overlapping additive Schwarz
methods. In the domain decomposition literature, see e.g., [Bj 9, BW 9, SBGY ]
among others it is known that overlapping is a good strategy to reduce the number
of steps. There are however several different ways of implementing overlapping block

acobi iterations, for example, we can replace the data in the overlapping subregions
by its external version or use some average of the data.

It is sometimes possible to reduce the number of outer iterations required by
block acobi preconditioners by using a 2-level clustering of the subdomains. The
subdomains are split into groups , , , . The assignment of the subdomains to
groups can be determined from knowledge of neighboring subdomains. Figure 1 shows
an example in which  subdomains are split into two groups. Consider a certain group
of subdomains, say |, and the set of equations-unknowns corresponding to all the
subdomains belonging to . The local system for subdomain can be rewritten
in the form

Aa ( )=

where is a part of the vector corresponding to remote variables in the same
group as subdomain ,  is a part of the interface matrix ~ which acts on the remote
variables . Thus the solution of the linear system

Ax =

will provide a preconditioner for the (outer) block acobi iteration. This nested two-
level form of the block acobi iteration, can be described as follows.



PSPARSLIB 46

= 1’ )
A =
r ==z
The number of inner iteration  depends on the problem. Often, the choice =2

achieves a good compromise between accuracy for the local block solver and overall
performance. The hierarchical block acobi iteration presents several advantages over
the traditional block acobi iteration. It allows to reduce the number of outer iterations
due to increased accuracy in the preconditioning step. On the other hand, this
approach increases communication costs which can be reduced by using small groups.

a a so Il lca eSch a eco 0 es

The multiplicative Schwarz preconditioner uses the same extended domains as the
additive Schwarz method, but the subdomain solves are sequential every processor
uses interface variables defined by preceding local solves. The simplest form of
the multiplicative Schwarz is the block Gauss-Seidel algorithm used in domain
decomposition techniques [BW | SBG9 | CM9 ].

A partial remedy to the sequential nature of the multiplicative Schwarz technique
is to use multi-coloring. Thus, if the domains are colored, the multiplicative Schwarz
as executed in each processor would involve a color loop through all the colors - and
execution of the loop is performed only when the color variable equals the color of
the processor, see [SBGY9 , Saa9 ]. The rest of the iteration is identical with that of
Additive Schwarz. A problem with multicoloring is that as the domain associated with
the given color is active, all other colors will be inactive. As a result it 1s typical to
obtain only 1 n e ciency where numcol is the number of colors. To reduce this
effect, one can further block the local variables into two blocks interior and interface
variables. Then the global SOR iteration is performed with this additional blocking.
In effect, each local matrix A is split as

A= - ()

where the part corresponds to internal mnodes. The resulting segregated
multiplicative Schwarz is as follows,

r ==z
coll= , cols
(col e ycol)
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The advantage of this procedure is that the bulk of the computational work in each
domain is done in parallel. Loss of parallelism comes from the color loop which involves
only solves with interface variables, which are of lower complexity.

umeri a periments

In this section, we report on some results obtained when solving distributed sparse
linear systems on an IBM SP2 with 1 nodes, an IBM cluster of workstations,
and an SGI Challenge cluster and a processor CRA -T3E. The SGI challenge
workstation cluster consists of three -processor Challenge L servers and one -
processor Challenge L server. The processors on the Challenge L. and L are the
same (R1 , ) but the memory sizes are different. Communication between different
SGI cluster workstations (respectively, IBM RS workstations) can be performed
viaa iPPI ( igh Performance Parallel Interface) switch or a Fibre-Channel switch.
On the IBM cluster, an ATM switch is used. The MPI communication library is used
for all communication calls. The ATM and 1PPI are high speed interfaces and can
transfer data at 155 Mbps and Mbps, respectively. The IBM RS Model 59
workstations are based on the Power2 architecture. The SP2 nodes communicate with
an internal switch which achieves a bandwidth of 32 Mbps bandwidth and has a
latency of about  microseconds. The CRA -T3E has  nodes and 12 Megabytes
of memory per node. The processors are connected in a 3- torus by a network capable
of Mbps in each direction for each link.

First, we compare the three
different overlapping options mentioned at the end of Section 51, when they are used
in conjunction with the block acobi iteration using. The results are summarized in
Figure 2. In the figures, ac o stands for block acobi with no overlapping, aco_a
for block acobi with overlapping and averaging of the overlapping data, ac for block

acobi with overlapping and exchange of overlapped data.

A standard II. T preconditioner combined with GMRES was used as a local solver
and the number of inner iterations was equal to = 11. We select = 11 because
it minimizes the execution time for a small number of processors if preconditioned
GMRES is used as a local solver. Note that the optimal set of parameters depends
on the number of processors and the problem considered. It is sometimes reasonable
to use a smaller number for the level of fill or a smaller number of inner iterations
if the number of processors is large. The results are for the matrix EN AT 1 of
dimension 2, 2 with 1,717,792 non-zero entries on the CRA -T3E, using a relative
tolerance of =1 | a rylov subspace dimension of =5 and a fill-in of 25
for the IL T preconditioner. The comparison shows that overlapping can reduce the
number of outer iterations and ac usually requires fewer iterations.
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Number of processors 1 3 10 16 2
preconditioned MRES time 16.3 9.6 .9 ] 296 | 2.3 1.66
speed-up 1.69 | 2.92 . 2| 6.9 9.8

its 13 16 17 18 19 19

TLU solver time 8.8 3.78 | 2.9 139 | 1.0 0.77
speed-up 2.3 3. 6.37 | 8 1 [ 11. 9

its 1 18 20 21 21 21

e xecutio times i seco ds speed up a d umber of outer iteratio s

for t e bloc acobi preco ditio er wit two di ere t local solvers

PHs 8 10 16 20
Matvecs 399 93 89 727
Seconds 308.21 2 .38 170.8 16 .66

e umber of matrix vector multiplicatio s a d executio times
seco ds for t e BAR S matrix.

The IL T factorization is often more economical. Table 2 gives timing results, speed-
ups and iteration counts for the block acobi preconditioner with overlapping using
two different local solvers. Table sshows the number of FGMRES steps. These results
are given for the EN AT 1 matrix on the CRA -T3E, using a relative tolerance
of =1 [ a rylovsubspace dimension of =15 and a level of fill of 25 for the
IL T preconditioner. These tests and others, indicate that using IL. T as a local solver
(without any acceleration) is faster than using preconditioned GMRES preconditioned
with L. T.

Several approaches can be used to improve the load balance among processors. One
approach is to adapt the number of inner iterations for each processor based on the
time consumed by the preconditioning step for a few first iterations. Numerical tests
on the SP2 and on the IBM RS show that this forced load balancing approach
canyieldal to25 reduction in the execution time when the number of processors
is small, see [ LS97] for details.

The next matrix, referred to as BART 1S, was supplied by T. Barth of NASA Ames,
see [CSW9 ]. It models a 2 high Reynolds number airfoil problem, with turbulence.
The matrix has a 5x5 block structure and has 1 9,37 rows and ,2 ,23 nonzero
entries. This linear system is very ill-conditioned (see [CSW9 ]) and very hard to solve
iteratively. We had to use a de ated version of GMRES [CS97]. The local systems are
solved using one step of an I, solve, where the I factors are obtained from a block
IL (k) preconditioner (see [CSW9 ]) where denotes a level of fill. Table 3 gives
the timing results, and the number of matrix-vector multiplications. The following
parameters have been used the level of fill was | the number of de ated eigenvectors
was , the rylov subspace dimension was 5 , and the tolerance threshold was 1.E-5.
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Method its 1 its 2 [ its 3 | its 1L U sol
Matvecs 238 108 127 106 238
Seconds 1 .23 9.88 1 .08 18.02 1.17
e Performa ce of t e ierarc ical acobi preco ditio er wit di ere t

umber of i er steps a d for t e [L  solve.

We now compare the overlapping
acobi preconditioner with the forward-backward I.  solver and the hierarchical
acobi preconditioner for 2- elliptic problems. It is assumed that all processors

have been split into groups by means of the following function () defined by

()= ( 1) b 1, where b is a blocking factor for processors. Table shows
performance results for the hierarchical block acobi preconditioner using four different
numbers of inner iterations. The results are for a Poisson equation on the unit square.

The number of processors is , the problem size 18 9 , . A standard forward-
backward local IL.  solver was used. The blocking factor for processors is 2, the
tolerance is 1 | the level of fill is 5, and the rylov subspace dimension is 3 .

An increase in the number of inner iterations leads to a significant reduction in the
number of outer iterations. owever, the execution time increases as the number of
inner iterations increases from 2 to 5 due to higher computational costs of each step.
The number of inner iterations of 2 seems to give the best compromise in this case.

Figure 3 shows a comparison of
multiplicative Schwarz for four different types of local solution strategies on the CRA -
T3E for the EN AT 1 matrix. As was already explained, the Multicolor SOR, scheme
used here involves substantial idle time for each processor since only one color is active
at any given time. It is therefore much less e cient than the other methods. The
figure shows once again that requiring more accuracy for the IL  local solves leads to
a reduction in the total time. Also the use of a single IL.  solve leads to good savings
in computational time.

S
B B rstad P. . ultiplicative a d Additive Sc war et ods
overecei te domal case. | a . lowi s i R. Periaux

ad idlu d . eds . SIA P iladelp ia
PA.

B 6B rstad P. .ad idlud . B. 6 lterative met ods for t e
solutio of elliptic problems o re io s partitio ed i to substructures.

6 .
B B rstadP. .ad idlu d .B. o overlap or ot to overlap A

ote o a domai decompositio met od for elliptic problems.

5 5 6 .



44 SAA S

Multicolor SOR preconditioning. Matrix VENKATO1.

25 T T T T T
- — 0 - — multicolor segregated SOR, ILU solver and GMRES
20 — — x = — multicolor SOR with ILU solver ,
.................. multicolor segregated SOR, ILU solver
Q . multicolor SOR
B 15+ N\
g AN
o N\
& ~ N
£ ~..x
] S < N
g 10+ * - ﬁi\
sl T i
T
O 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16
Number of processors
Figure ompariso of 4 di ere t multiplicative Sc war al orit ms.
4 a . .ad atew .P 4 omai decompositio al orit ms.
paes6 4.
S apma A.a dSaad . e ateda d au me ted r lov subspace
tec 1 ues. 4 4 66.
S 6 apma A. Saad . a d ito L. 6 i order IL
preco ditio ers for problems. ec ical Report SI 6 4 i esota
Supercomputer | stitute.
LS u etsov S. Lo . . ad Saad . Parallel solutio of
e eral sparse li ear s stems. ec ical Report Sl i esota
Supercomputer | stitute iversit of 1 esota 1 eapolis
Saa  Saad . A exible i er outer preco ditio ed R S al orit m.
4 46 46 .
Saa 5 Saad . 5 r lov subspace met ods i distributed computi
e viro me ts. | afe . ed pa es 4 55.
Saa 6 Saad . 6 . P S
publis i ew or .
SB 6 Smit B. B rstad P. ad ropp . 6
ambrid e
iversit Press ew or .
S 5 Saad . ad alevs A. 5 PSPARSLIB A portable librar of
distributed memor sparse iterative solvers. I etal. . . . ed
SS 6 Saad .a dSc ult - 6 R S a e erali ed mi imal residual
al orit m for solvi o s mmetric i ear s stems.
56 6 .
S 5 8Saad .ad u . 5 esi  of a iterative solutio module

for a parallel sparse matrix librar P_SPARSLIB. | Sc o auer . ed



PSPARSLIB

45



