15 Subspace Correction Methods for Convex Optimization Problems

Xue-Cheng Tai,^1 Jinchao Xu^2

Introduction

Domain decomposition and multigrid methods have been intensively studied for linear partial differential equations. Recent research, see for example [Xu92], reveals that domain decomposition and multigrid methods can be analysed using a same framework, see also [BPWX91], [SBG96], [GO95]. The present work uses this framework to analyse the convergence of two algorithms for convex optimization problems. Our emphasis is on nonlinear problems instead of linear problems. The algorithms reduce to the standard additive and multiplicative Schwarz methods when used for linear partial differential equations.

Researches for domain decomposition and multigrid methods have been mostly concentrating on linear elliptic and parabolic partial differential equations. Extension to more difficult problems have been considered by some recent works. In this work, a general nonlinear convex minimization problems is considered. The proposed algorithms can be used for nonlinear partial differential equations, optimal control problems related to partial differential equations and eigenvalue problems [CSar] [Sha97]. The space decomposition can be a domain decomposition method, a multigrid

1 Department of Mathematics, University of Bergen, Johannes Brunsgate 12, 5007, Bergen, Norway. Email: tai@mi.uib.no and URL: http://www.mi.uib.no/t̃ai.

2 Center for Computational Mathematics and Applications and Department of Mathematics, Pennsylvania State University, University Park, Pennsylvania 16802. Email: xu@math.psu.edu.

The work of the first author was partially supported by the Norwegian Research Council by Project SEP-115837/431 and by ELF Petroleum Norge AS. The work of the second author was partially supported by NSF DMS-9706949 through Penn State.

Eleventh International Conference on Domain Decomposition Methods Editors Choi-Hong Lai, Petter E. Bjørstad, Mark Cross and Olof B. Widlund © 1999 DDM.org

method or some other decomposition techniques.

Domain decomposition methods and multigrid methods have been studied for nonlinear partial differential equations by some earlier works, see [AL96], [Ban82], [DH97], [FG97], [HR89], [TE98], [Tai92], [Tai94], [Tai95a], [Tai95b], [Tai95c], [Xu94], [Xu96], etc. In comparison with the existing works, our approach has several features. For example, the proposed algorithms can be used for certain degenerated or singular nonlinear diffusion problems, i.e the nonlinear diffusion coefficient can be zero or infinity and our approach do not need extra assumption on the smoothness of the solutions. The methods work for natural domain decomposition and multigrid meshes. Moreover, only small size nonlinear problems need to be solved on the decomposed subspaces. We also emphasis that our approach is valid for general space decomposition techniques. So the applications is not restricted to domain decomposition and multigrid methods. Other space decomposition techniques can also be considered, see [SBG96], [XZ98].

The two algorithms given in this work were first proposed in [Tai92], see also [Tai94], [Tai95a], [Tai95c] and [TE98], where the qualitative convergence of the algorithms was proved, but the uniform rate of convergence was not given there.

Optimization problems and subspace correction methods

Consider the nonlinear optimization problem

min_{v∈V} F (v) . (1)

Here V is a reflexive Banach space and F : V → R is a convex functional. This problem has different applications, see §1

We shall use a space decomposition method to solve (1). A space decomposition method refers to a method that decomposes the space V into a sum of subspaces, i.e. there are subspaces V_i, i = 1, 2, · · ·, m, such that

V = V_1 + V_2 + · · · + V_m . (2)

Following the framework of [Xu92] for linear problems, we consider two types of subspace correction methods based on (2), namely the parallel subspace correction (PSC) method and the successive subspace correction (SSC) method.

Algorithm 1 [A parallel subspace correction method].

1. Choose initial value u^0 ∈ V and relaxation parameters α_i > 0 such that ∑_m i=1 α_i ≤ 1.

2. For n ≥ 0, if u^n ∈ V is defined, then find e^n_i ∈ V_i in parallel for i = 1, 2, · · ·, m such that

F (u^n + e^n_i ) ≤ F (u^n + v_i) , ∀v_i ∈ V_i . (3)

3. Set u^{n+1} as in (4) and go to the next iteration.

u^{n+1} = u^n + m∑ i=1 α_ie^n_i , (4)

Algorithm 2 [A successive subspace correction method].

1. Choose initial values u^0_i = u^0 ∈ V .

2. For n ≥ 0, if u^n ∈ V is defined, find u^{n+i/m} = u^{n+(i−1)/m} + e^n_i with e^n_i ∈ V_i sequentially for i = 1, 2, · · ·, m such that F ( u^{n+(i−1)/m} + e^n_i ) ≤ F ( u^{n+(i−1)/m} + v_i ) , ∀v_i ∈ V_i . (5) 3. Go to the next iteration.

When p = q = 2, some asynchronous algorithms are proposed in [TTed] and [TT98] for nonlinear variational inequalities and corresponding rate of convergence was also analysed in [TT98].

Global convergence of the algorithms

In the following, the notation ⟨·, ·⟩ is used to denote the duality pairing between V and V^′, here V^′ is the dual space of V . The functional F is assumed to be Gateaux differentiable (see [ET76]) and there are constants K, L > 0, p ≥ q > 1 such that ⟨F^′(w) − F^′(v), w − v⟩ ≥ K‖w − v‖^p_V , ∀w, v ∈ V , ‖F^′(w) − F^′(v)‖_V ′ ≤ L‖w − v‖^{q−1}_V , ∀w, v ∈ V , (6) and from which it is easy to deduce that F (w) − F (v) ≥ ⟨F^′(v), w − v⟩ + K p ‖w − v‖^p_V , ∀v, w ∈ V , (7) F (w) − F (v) ≤ ⟨F^′(v), w − v⟩ + L q ‖w − v‖^q_V , ∀v, w ∈ V . (8) Under assumption (6), problem (1) and subproblems (3) and (5) have unique solutions, see [ET76]. For some nonlinear problems, the constants K and L depend on v and w. However, just under the condition that F is strictly convex, it has been proved in [Tai92] and [Tai95c] that the iterative solutions of Algorithm 1 and Algorithm 2 converge to the true solution. Thus, one can assume that the computed solutions are in a neighbourhood of the true solution and so the constants K and L can be assumed to be independent of v and w. In case that the functional F is only locally convex in a neighbourhood of the true solution, by choosing the initial value close enough to the true solution, it can be proved that the computed solutions stay always inside the neighbourhood that the functional F is convex (the essential techniques of the proof is contained in the proof of Lemma 4.2 and 4.3 of [KT97]), and so the results given in this work are also applicable to this kind of problems.

For simplicity, we define σ = p p − q + 1 , σ^′ = p q − 1 , which satisfy 1 σ + 1 σ^′ = 1.

Note that σ ≤ p. We shall use u to denote the unique solution of (1) which satisfies ⟨F^′(u), v⟩ = 0, ∀v ∈ V . It is an easy consequence of (7) and (8) that K p ‖v − u‖^p_V ≤ F (v) − F (u) ≤ L q ‖v − u‖^q_V , ∀v ∈ V . (9)

Therefore, in the following, we shall use

d_n = F (u^n) − F (u), ∀n ≥ 0 , (10)

as a measure of the error between u^n and the true solution u. For the decomposed spaces, we assume that there exits a constant C_1 > 0 such that for any v ∈ V , we can find v_i ∈ V_i to satisfy:

v = m∑ i=1 v_i , and (_m ∑ i=1 ‖v_i‖^σ_V ) 1_σ ≤ C_1‖v‖_V . (11)

Moreover, assume that there is a C_2 > 0 such that there holds m∑ i=1 m∑ j=1 ⟨F^′(w_{ij} + u_i) − F^′(w_{ij} ), v_j⟩

≤ C_2 (_m∑ i=1 ‖u_i‖^p_V )^{q−1}_p (_m∑ j=1 ‖v_j‖^σ_V ) 1_σ , ∀ w_{ij} ∈ V, u_i ∈ V_i and v_j ∈ V_j .

The rate of convergence for Algorithm 1 can be estimated as in the following:

Theorem 1 Assume that the space decomposition satisfies (11), (12) and the functional F satisfies (6). Set r = p(p − 1) q(q − 1) , C^∗ = [ C_1C_2 ( α (p−1)(q−1) p max + α^− q−1 p min ) K^{−1} ]^p_{q−1} pK^{−1} ( Lq^{−1} )_r . Then for Algorithm 1 and d_n given by (10), we have:

1. If r = 1 (namely p = q),

d_{n+1} ≤ C^∗ 1 + C^∗ d_n, ∀n ≥ 1 . (12) 2. If r > 1, then there exists an ξ_0 = ξ_0(d_0, C^∗, r) ∈ [0, 1] such that

d_{n+1} ≤ ( r − 1 C^∗ ξ_0 + d_n^{1−r} ) 1_{1−r} ≤ ( r − 1 C^∗ (n + 1)ξ_0 + d^{1−r}_0 ) 1_{1−r} , ∀n ≥ 1 . (13)

See [TX98] for the details of the proofs. The estimate implies that when r = 1, the convergence is uniform. In case that r > 1, the convergence can be slow, i.e. d_n = O ( (rn)^{− 1r−1} ) . Especially, when r is very big,^1_{1−r} ≈ 0 and the convergence can be very slow. Using that fact that σ ≤ p, we see that it is impossible to have r < 1. In order to have r = 1, we must require p = q. The analysis given in [TE98] and [AL96] was done for p = q = 2.

The convergence of Algorithm 2 is similar to Algorithm 1.

Theorem 2 Let the space decomposition satisfies (11), (12) and the functional F satisfies (6). Define r = p(p − 1) q(q − 1) , C^∗ = [ C_1C_2 K ]^p_{q−1} p K ( L q )_r . (14)

1. If r = 1, we have

d_{n+1} ≤ C^∗ 1 + C^∗ d_n, ∀n ≥ 1 . (15) 2. If r > 1, then there exists an ξ_0 = ξ_0(d_0, C^∗, r) ∈ [0, 1] such that

d_{n+1} ≤ ( r − 1 C^∗ ξ_0 + d_n^{1−r} ) 1_{1−r} ≤ ( r − 1 C^∗ (n + 1)ξ_0 + d^{1−r}_0 ) 1_{1−r} , ∀n ≥ 1 . (16)

Overlapping domain decomposition for W^{1,p}(Ω)

Let {Ω_i}^M_{i=1} be a shape-regular finite element division, or a coarse mesh, of Ω and Ω_i has diameter of order H. For each Ω_i, we further divide it into smaller simplices with diameter of order h. In case that Ω has a curved boundary, we shall also fill the area between ∂Ω and ∂Ω_H , here Ω̄_H = ∪^M_{i=1}Ω̄_i, with finite elements with diameters of order h. We assume that the resulting elements form a shape regular finite element subdivision of Ω, see Ciarlet [Cia78]. We call this the fine mesh or the h-level subdivision of Ω with mesh parameter h. We denote Ω_h = ∪{T ∈ T_h} as the fine mesh subdivision. Let S^H_0 ⊂ W^{1,p}_0 (Ω_H ) and S^h_0 ⊂ W^{1,p}_0 (Ω_h) be the continuous, piecewise r^{th} order polynomial finite element spaces, with zero trace on ∂Ω_H and ∂Ω_h, over the H-level and h-level subdivisions of Ω respectively. More specifically,

S^H_0 = { v ∈ W^{1,p}_0 (Ω_H ) | v|_{Ωi} ∈ P_r(Ω_i), ∀i } , S^h_0 = { v ∈ W^{1,p}_0 (Ω_h) | | v|_T ∈ P_r(T ), ∀T ∈ T_h } . For each Ω_i, we consider an enlarged subdomain Ω^δ_i = {T ∈ T_h, dist(T , Ω_i) ≤ δ}. The union of Ω^δ_i covers Ω̄_h with overlaps of size δ. Let us denote the piecewise r^{th} order polynomial finite element space with zero traces on the boundaries ∂Ω^δ_i as S^h_0 (Ω^δ_i ). Then one can show that S^h_0 = S^H_0 + ∑ S^h_0 (Ω^δ_i ) . (17)

For the overlapping subdomains, assume that there exist m colors such that each subdomain Ω^δ_i can be marked with one color, and the subdomains with the same color will not intersect with each other. For suitable overlaps, one can always choose m = 2 if d = 1; m ≤ 4 if d = 2; m ≤ 8 if d = 3.Let Ω^′_i be the union of the subdomains with the ith color, and V_i = {v ∈ S^h_0 | v(x) = 0, x ∉ Ω^′_i} . By denoting subspaces V_0 = S^H_0 , V = S^h_0 , we find that decomposition (17) means

V = V_0 + m∑ i=1 V_i, (18) and so the two-level method is a way to decompose the finite element space. Similar as in [Wid92], let {θ_i}^m_{i=1} be a partition of unity with respect to {Ω^′_i}^m_{i=1}, i.e. θ_i ∈ C^∞_0 (Ω^′_i ∩ Ω), θ_i ≥ 0, ∑_m i=1 θ_i = 1 and |∇θ_i| ≤ C/δ. Let I_h be an interpolation operator which uses the function values at the h-level nodes. For any v ∈ V , let v_0 ∈ V_0 be the solution of (v_0, ϕ_H) = (v, ϕ_H ), ∀ϕ_H ∈ V_0, and v_i = I_h(θ_i(v − v_0)). They satisfy v = ∑_m i=0 v_i, and ( ‖v_0‖^s_{1,p} + m∑ i=1 ‖v_i‖^s_{1,p} ) 1_s ≤ C(m + 1)^{1s} ( 1 + ( H δ )^{p−1}_p ) ‖v‖_{1,p}, ∀s > 1. (19) See [TX98] for the details of proofs. Using the Cauchy-Schwarz inequality, it is easy to prove by using (6) that: m∑ i=1 m∑ j=1 ⟨F^′(w_{ij} + u_i) − F^′(w_{ij}), v_j⟩ ≤ m∑ i=1 m∑ j=1 L‖u_i‖^{q−1}_V ‖v_i‖_V

≤ Lm^{s−1s} (_m∑ i=1 ‖v_i‖^s_V ) 1_s m^{1σ} (_m∑ i=1 ‖u_i‖^p_V )^{q−1}_p (20) ∀u_i ∈ V_i, w_{ij} ∈ V and v_j ∈ V_j , ∀s > 1 . Estimates (19) and (20) show that for the constants in (11) and (12) only depend on the number of colors m and the ratio H/δ, i.e.

C_1 = C(m) ( 1 + ( H δ )^{p−1}_p ) , C_2 = C(m).

Multilevel decomposition for W^{1,p}(Ω)

From the space decomposition point of view, a multigrid algorithm is built upon the subspaces that are defined on a nested sequence of finite element partitions. We assume that the finite element partition T is constructed by a successive refinement process. More precisely, T = T_J for some J > 1, and T_j for j ≤ J are a nested sequence of quasi-uniform finite element partitions, i.e. T_j consist of finite elements T_j = {τ^i_j } of size h_j such that Ω = ∪_iτ^i_j for which the quasi-uniformity constants are independent of j (cf. [Cia78]) and τ^l_{j−1} is a union of elements of {τ^i_j }. We further assume that there is a constant γ < 1, independent of j, such that h_j is proportional to γ^{2j}.

Corresponding to each finite element partition T_j, a finite element space M_j can be defined by M_j = {v ∈ W^{1,p}(Ω) : v|_τ ∈ P_1(τ ), ∀ τ ∈ T_j}. Each finite element space M_j is associated with a nodal basis, denoted by {ϕ^i_j}^{nj}_{i=1} satisfying ϕ^i_j(x^k_j ) = δ_{ik}, where {x^k_j }^{nj}_{k=1} is the set of all nodes of the elements of T_j. Associated with each such a nodal basis function, we define a one dimensional subspace as follows M^i_j = span (ϕ^i_j).

On each level, the nodes can be colored so that the neighboring nodes are always of different colors. The number of colors needed for a regular mesh is always a bounded constant; call it m_c. Let V^k_j , k = 1, 2, · · ·m_c be the sum of the subspaces M^i_j associated with nodes of the k^{th} color on level j. Letting V = M_J , we have the following trivial space decomposition: V = J∑ j=1 m_c∑

k=1 V^k_j . (21)

Each subspace V^k_j contains some orthogonal one dimensional subspaces M^i_j and so the minimization problems (3) and (5) for each V^k_j can be done in parallel over the one dimensional subspaces M^i_j . Under the assumption that ⟨F^′(w + u) − F^′(w), v⟩ ≤ L‖u‖^{q−1}_{1,p,supp(u)∩supp(v)} ‖v‖_{1,p,supp(u)∩supp(v)}, (22) it was proved in [TX98] that C_1 ∼= J^{1σ} ∼= | log h|^{1σ} , C_2 = C.

1 Some Applications The algorithms can be used for linear second order equation −∇ · (a∇u) = f in Ω ⊂ R^d , u = 0 on ∂Ω , and linear fourth order equation Δ(aΔu) = f in Ω ⊂ R^d , u = 0, ∂u ∂n = 0, on ∂Ω .

If we use Algorithm 2 for a general symmetric positive define linear problem a(u, v) = (f, v), ∀v ∈ V. then the implementation can be divided into the following steps: Algorithm 3 (Application to linear problems) 1. Choose initial values u^0 ∈ V and compute the initial residual r^0 such that (r^0, v) = (f, v) − a(u^0, v), ∀v ∈ V. 2. For i = 1, 2, · · ·, m, if r^{n+ (i−1)m} is known, compute e^n_i ∈ V_i such that a(e^n_i , v_i) = (r^{n+ (i−1)m} , v_i) , ∀v_i ∈ V_i . (23) 3. Update the residual r^{n+ im} such that (r^{n+ im} , v) = (r^{n+ (i−1)m} , v) − a(e^n_i , v), ∀v ∈ V . (24)

4. Update the solution as in (25) and go to the next iteration.

u^{n+ im} = u^{n+ (i−1)m} + e^n_i . (25)

The implementation for Algorithm 1 is similar. If the subspaces V_i are associated with the overlapping domain decomposition, then equation (23) is the solving of the subdomain problems. Equations (24) and (25) are just the simple updatings of the residual and the solution in the subdomains. If the subspaces V_i are associated with the multigrid method, then equation (23) is to compute the correction value for the nodal bases at different levels. Equations (24) and (25) are the updatings for the residual and solution corresponding to the nodal bases.

For applications to nonlinear problems, consider

−∇ · (|∇u|^{s−2}∇u) = f in Ω ⊂ R^d (1 < s < ∞) , u = 0 on ∂Ω . (26)

We assume f ∈ W^{−1,s′} (Ω),^1_s +^1_{s′} = 1. By standard techniques, it can be shown, see [ET76], that (26) possesses a unique solution which is the minimizer of min v∈W 1^{,s}0 (Ω) [ 1 s ∫ Ω |∇v|^s − ⟨f, v⟩ ] . For the functional F associated with (26), it is true that conditions (6) and (22) are valid with

p = s, q = 2 if s ≥ 2; p = 2, q = s if 1 < s ≤ 2.

See Ciarlet [Cia78], Glowinski and Marrocco [GM75] and [TX98] for the details. The full potential equation considered in [CGKT94] is of a similar type to equation (26).

For more general problem min v∈W 1^{,s}0 (Ω) ∫ Ω 1 2 a(|∇v|^2) + f(v) , (27)

we assume that a is strictly convex and f is convex and both are differentiable. If we use Algorithm 2 for (27), then we obtain

Algorithm 4 (Application to nonlinear problems) 1. Choose initial values u^0 ∈ V .

2. For i = 1, 2, · · ·, m, if u^{n+ (i−1)m} is known, compute e^n_i ∈ V_i such that ∫ Ω [ a^′(|∇(u^{n+ (i−1)m} + e^n_i )|^2)∇(u^{n+ (i−1)m} + e^n_i ) · ∇v_i

+f^′(u^{n+ (i−1)m} + e^n_i )v_i ] dx = 0 , ∀v_i ∈ V_i . (28)

3. Update the solution as in (29) and go to the next iteration.

u^{n+ im} = u^{n+ (i−1)m} + e^n_i . (29)

If V_i are the domain decomposition subspaces, then problem (28) is a nonlinear problem in each subdomain, which has a smaller size than the original problem. For some minimization methods, the convergence and the computing time depend on the size of the problem. Thus by first reducing the problem into smaller size problems and then minimize, we may gain efficiency. If V_i are the multigrid nodal basis subspaces, then (28) is equivalent to some one dimensional nonlinear problems and we can use efficient minimization routines to solve the one dimensional problems.

REFERENCES

[AL96] Axelsson A. and Layton W. (1996) A two-level method for the discretization of nonlinear boundary value problems. SIAM J. Numer. Anal. 33: 2359–2374.

[Ban82] Bank R. (1982) Analysis of a multilevel iterative method for nonlinear finite element equations. Math. Comp. . 39: 453–465.

[BPWX91] Bramble J. H., Pasciak J. E., Wang J., and Xu J. (1991) Convergence estimates for product iterative methods with applications to domain decomposition. Math. Comp. 57: 1–21.

[CGKT94] Cai X.-C., Groop W. D., Keyes D. E., and Tidriri M. D. (1994) Parallel implicit methods for aerodynamics. In Keyes D. E. and Xu (eds) Proceeding of the seventh international conference on domain decomposition methods in Science and scientific computing (Penn. state Univ.), pages 465–470. AMS, Providence.

[Cia78] Ciarlet P. G. (1978) The Finite Element Method for Elliptic Problems.

North-Holland, Amsterdam.

[CSar] Chan T. F. and Sharapov I. (To appear) Subspace correction multilevel methods for elliptic eigenvalue problems. In Bjørstad P., Espedal M., and Keyes D. (eds) Proceedings of the 9th international domain decomposition methods. John Wiley and Sons.

[DH97] Dryja M. and Hackbusch W. (1997) On the nonlinear domain decomposition method. BIT 37: 296–311.

[ET76] Ekeland I. and Temam R. (1976) Convex analysis and variational problems. North–Holland, Amsterdam.

[FG97] Ferguson R. C. and Graham I. G. (1997) Multilevel adaptive methods for semilinear equations with applications to device modelling. In Bjøstard P., Espedal M., and Keyes D. (eds) Proceedings of the 9th international domain decomposition conference, Norway. John Wiley and Sons.

[GM75] Glowinski R. and Marrocco A. (1975) Sur l’approximation paréléments finis d’ordre un, et lan résolution par pénalisation-dualité, d’une classe de problémes de Dirichlet non linéaires. Rev. Fr. Autom. Inf. Rech. Oper. Anal. Numér. R-2 pages 41–76.

[GO95] Griebel M. and Oswald P. (1995) On the abstract theory of additive and multiplicative schwartz algorithms. Numer. Math. 70: 163–180.

[HR89] Hackbusch W. and Reusken A. (1989) Analysis of a damped nonlinear multilevel method. Numer. Math. 55: 225–246.

[KT97] Kunisch K. and Tai X.-C. (1997) Sequential and parallel splitting methods for bilinear control problems in Hilbert spaces. SIAM J. Numer. Anal. 34: 91– 118.

[SBG96] Smith B. F., Bjørstad P. E., and Gropp W. D. (1996) Domain decomposition: Parallel multilevel algorithms for elliptic partial differential equations. Cambridge Univ. Press, Cambridge.

[Sha97] Sharapov I. (1997) Multilevel subspace correction for large scale optimization problems. Technical Report cam-97-31, University of California at Los Angeles.

[Tai92] Tai X.-C. (1992) Parallel function decomposition and space decomposition methods with applications to optimisation, splitting and domain decomposition. Preprint No. 231–1992, Institut für Mathematik, TechnischeUniversität Graz See also http://www.mi.uib.no/~tai.

[Tai94] Tai X.-C. (1994) Parallel function and space decomposition methods.

In Neittaanmäki P. (ed) Finite element methods, fifty years of the Courant element, Lecture notes in pure and applied mathematics, volume 164, pages 421–432. Marcel Dekker inc. See also http://www.mi.uib.no/~tai.

[Tai95a] Tai X.-C. (1995) Domain decomposition for linear and nonlinear elliptic problems via function or space decomposition. In Keyes D. and Xu J. (eds) Domain decomposition methods in scientific and engineering computing (Proc. of the 7th international conference on domain decomposition, Penn. State University, 1993), pages 355–360. American Mathematical Society.

[Tai95b] Tai X.-C. (1995) Parallel function and space decomposition methods – part I. function decomposition. Beijing Mathematics 1, part 2: 104–134. See also http://www.mi.uib.no/~tai.

[Tai95c] Tai X.-C. (1995) Parallel function decomposition and space decomposition methods: Part II. Space decomposition. Beijing Mathematics 1, part 2: 135–152. See also http://www.mi.uib.no/~tai.

[TE98] Tai X.-C. and Espedal M. (1998) Rate of convergence of some space decomposition method for linear and nonlinear elliptic problems. SIAM J. Numer. Anal. 35: 1558–1570.

[TT98] Tai X.-C. and Tseng P. (August, 1998) Convergence rate analysis of an asynchronous space decomposition method for convex minimization. Technical Report 120, Department of Mathematics, University of Bergen. See also http://www.mi.uib.no/~tai.

[TTed] Tai X.-C. and Tseng P. (Submitted) An asynchronous space decomposition method. In Proceedings of the 11th international conference on domain decomposition method, London, 1998.

[TX98] Tai X.-C. and Xu J. (1998) Global convergence of subspace correction methods for convex optimization problems. Report no. 114, Department of Mathematics, University of Bergen, Norway. See also http://www.mi.uib.no/~tai.

[Wid92] Widlund O. (1992) Some Schwarz methods for symmetric and nonsymmetric elliptic problems. In Proceedings of the fifth international sympsium on domain decomposition methods for partial differential equations, Norfolk, May, 1991. SIAM, Philadelphia.

[Xu92] Xu J. (1992) Iteration methods by space decomposition and subspace correction. SIAM Rev. 34: 581–613.

[Xu94] Xu J. (1994) A novel two-grid method for semilinear elliptic equations.

SIAM J. Sci. Comp. . 15: 231–237.

[Xu96] Xu J. (1996) Two-grid discretization techniques for linear and nonlinear pde. SIAM J. Numer. Anal. 27: 1759–1777.

[XZ98] Xu J. and Zou J. (1998) Nonoverlapping domain decomposition methods.

SIAM Rev. pages 857–914.