12th International Conference on Domain Decomposition Methods Editors: Tony Chan, Takashi Kako, Hideo Kawarada, Olivier Pironneau, © 2001 DDM.org

11. Domain Decomposition and Splitting Methods for Mortar Mixed Approximations to Parabolic Problems

I. Faille^1, S. Gaiffe^1, R. Glowinski^2, P. Lemonnier^1, R. Masson^1

Introduction

Mixed Finite Element (MFE) methods have become popular for the numerical simulation of single phase flow in porous media due to their good approximation of the flux variable and their local and global mass conservation properties. In many situations such as flow around wells or through conductive faults, the complexity of the geometry, the heterogeneities of the media, or the singularities of the data may require the use of flexible meshes including hybrid meshes or local refinements to capture the spatial behavior of the solution. In that case, non-overlapping domain decomposition techniques with Mortar elements at the interfaces of the decomposition have proven to be efficient since they enable to define the grids independently in the subdomains regions (see [GW88], [Yot96]), [ACWY96]).

On the other hand, the transient behavior of the solution may also warrant the use of different time steps in the different subdomains.

The idea of the domain decomposition method introduced in this paper is to combine Mortar Mixed Finite Element methods for the space discretization with operator splitting techniques for the time discretization in order to obtain (1) a fully parallel algorithm and (2) the possibility to use flexible meshes and local time steppings in the subdomains.

We consider a domain Ω ⊂ R^d of boundary Γ and the parabolic equation { ∂_tp + ∇ · u = f, u = −K∇p in Ω, p = g on Γ, p|_{t=0} = p_0, (1)

where K is a symmetric matrix, positive definite uniformly in Ω.

Most domain decomposition algorithms for such parabolic problems involve, at each time step, the solution of an elliptic problem, using classical domain decomposition iterative algorithms for elliptic equations. The present domain decomposition approach takes advantage of the parabolic structure of the problem to obtain, through operator splitting, a non-iterative method in the sense that the subdomains problems are solved only once at each time step. Other related non-iterative domain decomposition and splitting methods for parabolic problems can be found in [MPW98], [CL96], and [Dry91], and the references therein. The main originality of our method is to allow

1Division Informatique Scientifique et Mathématiques Appliquées, Institut Français du Pétrole, 92852 Rueil Malmaison Cedex, France, e–mail:isabelle.faille@ifp.fr, stephanie.gaiffe@ifp.fr,

patrick.lemonnier@ifp.fr, roland.masson@ifp.fr

2Dept. of Mathematics, University of Houston, 4800 Calhoun Rd, Houston, TX 77204-3476, USA, e–mail: roland@math.uh.edu

by construction non-matching grids at the interfaces of the domain decomposition.

Notation: for two positive functions A(v) and B(v), the notation A <∼ B means that there exists a constant C, independent of the various parameters, such that for all v one has A(v) ≤ CB(v).

Mixed Finite Element Domain Decomposition Method

Let us consider a domain decomposition of Ω into N non-overlapping subdomains Ω_i, i = 1, . . . , N such that Ω_i ∩ Ω_j = ∅ for all i ≠ j, and Ω =

⋃_N i=1 Ω_i. We set Γ_i := ∂Ω_i/Γ. For i, j ∈ I := {i, j s.t. i ≠ j and mes_{d−1}∂Ω_i ∩ ∂Ω_j ≠ 0}, we denote by Γ_{i,j} := ∂Ω_i ∩ ∂Ω_j the interface between two subdomains, and by γ := ⋃ i,j∈I Γi,j , the

skeleton of the domain decomposition.

On each subdomain Ω_i, we introduce the function spaces M_i := L^2(Ω_i) and V_i = H(Ω_i; div) := {v ∈ L^2(Ω_i)^d s.t. ∇ · v ∈ M_i}, endowed with their usual norms denoted

by ‖q_i‖_{0,i} and ‖v_i‖_{Vi} := ( ‖v_i‖^2_{0,i} + ‖∇ · v_i‖^2_{0,i}

)_{1/2}

. On the domain Ω, we define the

product spaces M :=

⨁_N i=1 M_i and V :=

⨁_N

i=1 V_i endowed with their Hilbertian product norms ‖q‖_0 and ‖v‖_V .

In the non-overlapping domain decomposition framework, the smoothness assumptions on the solution will be as usual measured in the broken norms ‖ · ‖_Hr_{(Ω)} related to the product spaces H^r(Ω) :=

⨁_N i=1 H^r(Ω_i), r ≥ 0. On the skeleton γ, we define the

norm ‖μ‖ 1_{2 ,γ} := sup_{v∈V}

∑_N i=1 ∫ Γi (v·n_i)μdγ ‖v‖_V , and we shall denote by H 1 2 (γ), the subspace of L^2(γ) of functions μ such that ‖μ‖ 1_{2 ,γ} < ∞.

We consider, on the domain decomposition (Ω_i)_{i=1,...,N} , a Mortar Mixed Finite Element (MMFE) discretization of (1), introduced in [GW88] for matching grids, and extended in [Yot96], [ACWY96] to the case of non-matching grids at the interfaces between the subdomains Ω_i. In that case, a so called Mortar space Λ_h ⊂ L^2(γ) is introduced on the skeleton γ. Then, equation (1) is discretized on each subdomain by a Mixed Finite Element Method, and the matching at the interfaces is written in the weak sense through the continuity of the orthogonal projection on Λ_h of the normal fluxes defined on each sides of Γ_{i,j} .

Let T_{i,h} be a quasi-uniform mesh of Ω_i. We consider, on these grids, MFE approximation spaces V_{i,h} ⊂ V_i, M_{i,h} ⊂ M_i of order k + 1, that can be either the RT_k or BDF_k or BDFM_k MFE discretizations (see [RT91] or [BF91]). In addition we shall assume in the sequel that ∇ · V_{i,h} = M_{i,h}.

On the domain Ω, we define the product spaces M_h :=

⨁_N i=1 M_{i,h} ⊂ M and V_h :=

⨁_N i=1 V_{i,h} ⊂ V . The dual space of V_h (resp. M_h) is denoted by V^′_h (resp. M^′_h) endowed with the dual norm ‖·‖_V ′_h (resp. ‖·‖_M ′_h ). We shall denote by ⟨·, ·⟩ the duality pairing.

We reproduce the choice of the Mortar space Λ_h as described in [Yot96]. Let T_{i,j,h}, i, j ∈ I be a quasi-uniform mesh of Γ_{i,j} and Λ_{i,j.h} a finite element space on T_{i,j,h}, either continuous or discontinuous, and of order k + 2. The Mortar space on the skeleton γ is the product space Λ_h := ⨁ i,j∈I Λi,j,h ⊂ L

2(γ).

In order to write the MMFE variational formulation of (1), we define the operators S_h, A_h : V_h → V^′_h, B^t_h : Λambda_h → V^′_h, div_h : V_h → M^′_h, T^t_h : H^{1/2}(Γ) → V^′_h such that for all v_h = (v_{i,h})_{i=1,...,N} , w_h = (w_{i,h})_{i=1,...,N} ∈ V_h, q_h = (q_{i,h})_{i=1,...,N} ∈ M_h, μ_h ∈ Λambda_h, φ ∈ H^{1/2}(Γ):

⟨S_hv_h, w_h⟩ :=

∑_N i=1 ∫ Ω_i K

−1v_{i,h} · w_{i,h}dx, ⟨A_hv_h, w_h⟩ :=

∑_N i=1 ∫ Ω_i (∇ · vi,h)(∇ · wi,h)dx,

⟨div_hv_h, q_h⟩ :=

∑_N i=1 ∫ Ω_i (∇ · vi,h)qi,hdx,

⟨B^t_hμ_h, v_h⟩ :=

∑_N i=1 ∫ Γ_i μh(vi,h · ni)dγ, ⟨T t hφ, v_h⟩ := ∫ Γ φ(v_h · n)dσ. (2)

Then, the MMFE spatial discretization of (1) looks for (p_h, u_h, p_{γ,h}) ∈ M_h × V_h × Λ_h such that

∂_tp_h + div_hu_h = i^t_{Mh} f, S_hu_h = div^t_hp_h − B^t_hp_{γ,h} − T^t_hg, B_hu_h = 0, p_h|_{t=0} = p_{0,h}. (3)

The stationnary MMFE approximation (3) is analysed in [Yot96] and [ACWY96]. In order to obtain a well posed problem, one has to assume that the Mortar space Λ_h verifies a compatibility condition with the normal traces on γ of V_h. In particular this condition ensures that the operator B^t_h is into as well as the property

{q_h, t. q. ⟨div_hv_h, q_h⟩ = 0, for all v_h ∈ W_h := KerB_h} = {0},

which all together guarantees existence and uniqueness of the solution. We refer to [Yot96] for the proof, under this assumption, of optimal error estimates for the solutions u_h, p_h, p_{γ,h} of the stationnary problem.

An equivalent flux formulation

As a preliminary step towards the time discretization by an operator splitting technique, it is useful to introduce an equivalent flux formulation of (3) obtained by elimination of the discrete pressure unknown in (3). This formulation will also be crucial to analyse the stability and the error estimates of our method.

Proposition 1 Let us define λ_h := ∂_tp_{γ,h} and g_0 := g|_{t=0}. Then problem (3) is equivalent to the following flux formulation:

S_h∂_tu_h + A_hu_h + B^t_hλ_h + T^t_h∂_tg = div^t_hf, B_hu_h = 0, u_h|_{t=0} = u^0_h, (4)

given the initialization { S_hu^0_h = div^t_hp_{0,h} − B^t_hp^0_{γ,h} − T^t_hg_0, B_hu^0_h = 0, (5) and the pressure equation

∂_tp_h + div_hu_h = i^t_{Mh} f, ∂_tp_{γ,h} = λ_h, p_h|_{t=0} = p_{0,h}, p_{γ,h}|_{t=0} = p^0_{γ,h}. (6) proof: the proof relies on elementary algebra using the assumption on the MFE spaces that ∇ · V_h = M_h, and assuming enough regularity on the trace g.

Time discretization by operator splitting

The flux formulation (4) is a mixed problem formally equivalent to the Stokes equation. The idea of the time discretization by operator splitting is then to apply to the flux formulation (4) a projection scheme introduced by Chorin [Cho68] and analysed in [Ran92] in the framework of the Navier-Stokes equations.

In the framework of the MMFE method, the projection scheme splits the system (4) into two successive steps: (i) advance in time with a fixed λ_h given by the previous time step, (ii) orthogonal projection (with respect to the scalar product ⟨S_h·, ·⟩) of the flux onto W_h, and updating of λ_h. The initialization of the flux is still given by equation (5). This scheme requires to be given an approximation λ^0_h ∈ Λ_h of λ|_{t=0}. At first order accuracy in time, we shall see that it is sufficient to set λ^0_h = 0. However, in order to expect second order accuracy, a first order accurate approximation of λ^0_h has to be obtained by one time step calculation of the fully coupled system.

(i) S_h^{ũn+1h −unh}_{Δt} + A_hũ^{n+1}_h + B^t_hλ^n_h + T^t_h^{gn+1−gn}_{Δt} = div^t_hf^{n+1},

(ii) { S_h^{un+1h −ũn+1h}_{Δt} + B^t_h(λ^{n+1}_h − λ^n_h) = 0, B_hu^{n+1}_h = 0, (7)

The pressures p^n_h and p^n_{γ,h} are obtained by discrete integration in time. {_{pn+1h −pnh}

Δt + div_hũ^{n+1}_h = i^t_{Mh} f^{n+1}, p^0_h = p_{0,h},

p^{n+1}_{γ,h} −p^n_{γ,h}

Δt = λ^{n+1}_h , p^0_{γ,h} given by (5). (8) As for the semi-discrete formulation, the space-time discretization (7)-(8) admits an equivalent mixed pressure-flux formulation which, from elementary algebra, writes: (i) {_{pn+1h −pnh} Δt + div_hũ^{n+1}_h = i^t_{Mh} f^{n+1}, S_hũ^{n+1}_h = div^t_hp^{n+1}_h − B^t_h(2p^n_{γ,h} − p^{n−1}_{γ,h} ) − T^t_hg^{n+1},

(ii) { S_hu^{n+1}_h = div^t_hp^{n+1}_h − B^t_hp^{n+1}_{γ,h} − T^t_hg^{n+1}, B_hu^{n+1}_h = 0, (9)

with p^0_h := p_{0,h} and p^{−1}_{γ,h} := p^0_{γ,h} −Δtλ^0_h. We note that (9) corresponds, at step (i), to a second order linear extrapolation in time of the interface pressure p^{n+1}_{γ,h} ≃ 2p^n_{γ,h} −p^{n−1}_{γ,h} .

The main advantage of the projection scheme is that the prediction step (i) can be solved in a fully parallel way on each subdomain independently, while the projection step (ii) reduces to inverse the interface problem related to the operator B_hS^{−1}_h B^t_h.

Let us restrict ourselves to the assumption that only RT_0 mixed finite elements are used in the neighborhood of the skeleton γ. Then, a mass condensation of the matrix representing the operator S_h in the nodal basis can be locally performed, preserving the order of approximation of the discretization. It results that the interface operator matrix in the nodal basis of Λ_h is diagonal and can be readily inverted in O(N_{Λh} ) operations where N_{Λh} is the dimension of Λ_h.

More generally, the interface problem can be efficiently solved by a conjugate gradient iterative algorithm preconditioned by the approximate interface matrix obtained by mass condensation of S_h in the neighborhood of γ.

Stability analysis

Let Z_h := B_hS^{−1}_h B^t_h denote the interface operator related to the projection step (ii). For any μ ∈ L^2(γ), we set ‖μ‖_{Zh} := ⟨Z_hμ, μ⟩^{12} , which defines a semi-norm on L^2(γ) and

a norm on Λ_h. On the other hand, we define ‖B^t_hμ‖_V ′_h := sup_{vh∈Vh}

∑_N i=1 ∫ Γi (v_h ·n_i)μdγ ‖v_h‖_V ,

semi-norm on L^2(γ) (and norm on Λ_h).

The stability analysis of the incremental scheme is done in its equivalent flux formulation (7)-(8) in order to avoid to deal with the three steps equations (9). It is then formally similar to the analysis performed for Navier Stokes equations (see [She92], [GQ98]) with necessary adaptations to the framework of domain decomposition and MMFE.

Theorem 1 Let t_n := nΔt, and assume ∂_tg ∈ L^2(0, t_m; H^{12} (Γ)),

∑_{m−1} n=0 Δt‖f^{n+1}‖^2_0 <∼ 1, then the incremental projection scheme (7)-(8) or (9) is unconditionally stable in the sense that for all Δt

‖u^m_h ‖^2_0 + Δt^2‖λ^m_h ‖^2_{Zh} +

∑_{m−1}

n=0 Δt‖∇ · ũ^{n+1}_h ‖^2_0 <∼ ‖u^0_h‖^2_0 + Δt^2‖λ^0_h‖^2_{Zh} + Δt

∑_{m−1} n=0 ‖f^{n+1}‖^2_0 +

∫_{tm} 0 ‖∂_tg(s)‖^2_{H 12 (Γ)}ds,

‖p^m_h ‖^2_0 <∼ ‖p_{0,h}‖^2_0 +

∑_{m−1} n=0 Δt‖∇ · ũ^{n+1}_h ‖^2_0 + Δt

∑_{m−1} n=0 ‖f^{n+1}‖^2_0, ‖B^t_hp^m_{γ,h}‖_V ′_h <∼ ‖u^m_h ‖_0 + ‖p^m_h ‖_0 + ‖g^m‖_H 1_{2 (Γ)},

(10)

with constants independent of h, Δt, N and depending only on t_m and K.

Error estimates

We denote by (u, p) ∈ C^0(0, t_m; H(Ω; div)) × C^0(0, t_m; M) the weak solution of (1) on the interval [0, t_m]. We shall assume that the pressure p and its derivative ∂_tp are globally in H^1(Ω) in order to define the interface pressure p_γ := p|_γ and its derivative λ := ∂_tp|_γ = ∂_tp_γ in H^{1/2}(γ). We set t_n = nΔt and u^n := u(t_n), p^n := p(t_n), λ^n := λ(t_n), p^n_γ := p_γ (t_n).

The dependence of the semi-norm ‖·‖_{Zh} on the mesh size h, as given by the estimate ‖μ‖_{Zh} <∼ h^{− 12} ‖μ‖_L2_{(γ)} ∀μ ∈ L^2(γ), deteriorates the convergence of the method. We can prove the following theorem.

Theorem 2 Let (u, p) ∈ C^0(0, t_m; H(Ω; div)) × C^0(0, t_m; M), be the weak solution of (1) such that p ∈ C^1(0, t_m; H^1(Ω)). Pour 1 ≤ r ≤ k + 1 et u ∈ H^1(0, t_m; H^r(Ω)^d),

Figure 1: Convergence history of the pressure error in l^∞(L^2(Ω)) norm: (A) first order incremental and coupled schemes, (B) second order incremental and first order coupled schemes.

∂_t2 u ∈ L^2(0, t_m; V^′), ∂_tλ ∈ L^2(0, t_m; L^2(γ)), ∂_t2 g ∈ L^2(0, t_m; H^{12} (Γ)), ∂_t2 p ∈ L^2(0, t_m; L^2(Ω)), p ∈ W^{1,∞}(0, t_m; H^{r+1}(Ω)),

∑_{m−1} n=0 Δt‖∇ · u^{n+1}‖^2_{Hr (Ω)} <∼ 1, we have

‖u^m − u^m_h ‖_0 + ‖p^m − p^m_h ‖_0 + ‖B^t_h(p^m_γ − p^m_{γ,h})‖_V ′_h + (∑_{m−1} n=0 Δt‖∇ · (u^{n+1} − ũ^{n+1}_h )‖^2_0

) 1_2 <∼ Δt(1 + h^{− 1}2 ) + h^r,

(11)

with a constant depending only on t_m, K. To obtain these estimates, it suffices to choose for p_{0,h} the orthogonal projection of p_0 onto M_h and λ^0_h = 0.

Numerical example

Let us consider in dimension d = 1, the interval Ω =] − 1, 1[ splitted into two subdomains Ω_1 =] − 1, 0[ and Ω_2 =]0, 1[, and equation (1) for g = 0 and K = 1 with exact solution p(x, t) = cos^{πx}_2 (cos 6t + 2). This problem is discretized on a uniform mesh of size h = 2^{−j} , j ∈ N using RT_0 MFE with mass condensation. Figure 1 reports the convergence history of the error p^n_h − p^n in l^∞(L^2(Ω)) norm for 3 different time discretizations: (a) the incremental scheme (9), (b) the incremental scheme with second order Crank-Nicholson time discretization in the subdomains at step (i), (d) the first order Euler backward fully coupled discretization.

From the numerical results displayed Figures 1, we see that the error behaves like min(^{Δt}_{h1/2} ,^{Δt2}_h ) for the incremental projection scheme (a), like min(^{Δt}_{h1/2} ,^{Δt2}_h ) +Δt for the incremental projection scheme (b). The same results can be observed for the flux u and the interface pressure p_γ .

These results suggest that the error is the sum of the error produced by the coupled scheme and the splitting error (between the coupled scheme and the projection scheme) of order min(^{Δt}_{h1/2} ,^{Δt2}_h ).

Conclusion

The method introduced in this paper combines Mortar Mixed Finite Element domain decomposition spatial discretization with projection schemes, in order to obtain a fully parallel algorithm for parabolic equations. In addition this method enables the use of hybrid meshes and local time steppings.

Although the scheme is shown to be unconditionally stable, the convergence is obtained only if the condition Δt <∼ h^{12} is verified. This is the price to pay to decouple the interface problem from the computation of the subdomain solutions.

This strategy has proven to be efficient to solve single phase Darcy flows around 2D wells and faults with high physical heterogeneities and complex geometries, and we refer to [Gai00] where such numerical tests are reported.

References

[ACWY96]T. Arbogast, L.C. Cowsar, M.F. Wheeler, and I. Yotov. Mixed finite element methods on non-matching multiblock grids. SIAM J. Numer. Anal., 1996. submitted.

[BF91]F. Brezzi and M. Fortin. Mixed and Hybrid Finite Element Methods. Springer- Verlag, New-York, 1991.

[Cho68]A.J. Chorin. Numerical solutions of Navier-Stokes equations. Math. Comp., 22:49–73, 1968.

[CL96]H. Chen and R.D. Lazarov. Domain splitting algorithms for mixed finite element. East-West J. Numer. Math., 4:121–135, 1996.

[Dry91]Maksymilian Dryja. Substructuring methods for parabolic problems. In Roland Glowinski, Yuri A. Kuznetsov, Gérard A. Meurant, Jacques Périaux, and Olof Widlund, editors, Fourth International Symposium on Domain Decomposition Methods for Partial Differential Equations, Philadelphia, PA, 1991. SIAM.

[Gai00]S. Gaiffe. Maillages hybrides et décomposition de domaine pour la modélisation des réservoirs pétrolier. PhD thesis, Université Pierre et Marie Curie - Paris VI, 2000. to appear.

[GQ98]J. L. Guermond and L. Quartapelle. On the approximation of the unsteady Navier-Stokes equations by finite element projection methods. Numer. Math., 80:207–238, 1998.

[GW88]Roland Glowinski and Mary F. Wheeler. Domain decomposition and mixed finite element methods for elliptic problems. In Roland Glowinski, Gene H. Golub, Gérard A. Meurant, and Jacques Périaux, editors, First International Symposium on Domain Decomposition Methods for Partial Differential Equations, Philadelphia, PA, 1988. SIAM.

[MPW98]T.P. Mathew, P.L. Polyakov, and G. Russo J. Wang. Domain decomposition operator splittings for the. SIAM J. Sci. Comput., pages 912–932, 1998.

[Ran92]R. Rannacher. On Chorin’s projection methods for Navier-Stokes equations.

Lecture Notes in Mathematics. Springer, Berlin, 1992.

[RT91]J.E. Roberts and J.M Thomas. Handbook of Numerical Analysis, Mixed and hybrid methods, volume II. Elsevier Science Publishers B.V., North-Holland, Amsterdam, 1991.

[She92]J. Shen. On error estimates of projection methods for Navier-Stokes equations:

first order schemes. SIAM J. Numer. Anal., 1:49–73, 1992.

[Yot96]I Yotov. Mixed Finite Element Methods for Flow in Porous Media. PhD thesis, TICAM, University of Texas at Austin, 1996.