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Radiation Problems
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Introduction

The main purpose of this paper is to investigate some typical problems of wave motion
in unbounded region which are related to radiation or scattering phenomena. The
Helmholtz equation is one of the most important mathematical models which is used
to describe the time harmonic behavior of various vibration and wave propagation
phenomena.

The motivation of research is to understand main characteristics of wave propa-
gation phenomena in obstacle scattering and/or wave radiation process through its
numerical computation based on its mathematical analysis.

The importance of the wave propagation resides in the fact that it transmits infor-
mation and transports energy. Some examples of research fields related to the wave
propagation include acoustics, elasticity, electromagnetism with various applications
such as sound emission from a speaker, human speech production, sound production
of musical instruments, noise reduction, diagnostics or detection by ultrasonic wave,
propagation of waves in optical fiber scope, heating by wave for various kinds of ma-
terials and others. Some of the characteristic quantities to be calculated in these
problems include scattering amplitudes, transmission and reflection coefficients and
resonance frequencies.

To investigate numerically the wave propagation phenomena in unbounded region
using computers, we have to approximate the original problem which is formulated
in some infinite dimensional function space by the one in an appropriate finite di-
mensional linear space. For this purpose, we first use the knowledge of the analytical
properties of the solution to the original problem such as the radiation condition at
infinity and/or the expression of the solution by a series of special functions or by
an integral involving Green’s function. We then reduce the problem into the bound-
ary value problem in a bounded region with some truncation error for its solution
and apply a finite element discretization method to get the linear equation in a finite
dimensional approximation space.

Especially, we will show the effectiveness of the radiation condition at infinity
which describes the asymptotic behavior of the solution and singles out the physical
solution. We then use the domain decomposition method which divides the original
problem in an unbounded region into the problem in a bounded region and the one in
an outer region with simple shape.
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More specifically, we treat the following three types of problems in different shapes
of spatial regions.

The first one is a two-dimensional obstacle scattering problem, where we introduce
a (higher order) radiation condition and the corresponding artificial boundary condi-
tion on the circular boundary of a truncated bounded disk region. The outer region
is then the complement of the disk.

The second one is a two-dimensional half space problem where we consider a two
component elastic wave propagation. There is a difficulty in this problem that the
analytical asymptotic behavior at infinity is much more complicated than that in the
scalar case due to the existence of the Rayleigh wave which propagates along the
surface on the half space.

The third one is a two-dimensional wave-guide problem where we use the exact
boundary condition given by the Diriclet to Neumann map on the boundary between
a bounded region and an outer unbounded region which is cylindrical with a bounded
cross section. We also consider a one-dimensional problem related to this original
two-dimensional problem.

We will show some numerical examples in each case. In particular, in the second
case, we discuss the relationship between 2D and 1D cases and show some numerical
examples which indicate the efficiency of the 1D model as the good approximation of
the 2D problem in the sense that it gives similar frequency response curves.

Mathematical Formulation

The main mathematical framework of the study consists of the scattering theory based
on the perturbation theory for linear operators and the finite element method for
partial differential equations.

The first difficulty in studying the radiation or scattering problem comes from
the unboundedness of the region where we consider the partial differential equation
and we have to choose an appropriate function space. The second problem we have
to treat appropriately is the indefiniteness of the bilinear form which appears in the
weak formulation used for the finite element method in the artificial bounded region
and we have to consider the problem with non-real variables as well.

In this paper, we restrict our study to the two-dimensional case although the
real physical phenomena occur in three-dimensional space. However, at least the
theoretical part of our study can be extended to the three-dimensional case without
any essential difficulty. The main problem we may have to solve is the practical
computational complexity due to the large number of unknowns in 3D case and the
shortage of memory and speed of the present computers together with the human
resources in programming.
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Two-dimensional wave propagation problem

The wave propagation phenomena in two-dimensional space R2 can be described by
the following mathematical model of the wave equation in Ω ⊂ R2:

(
∂2

∂t2
− ∆)u(t, x, y) = f(t, x, y) in (−∞,∞) × Ω, ∆ =

∂2

∂x2
+

∂2

∂y2
, (1)

(α
∂

∂n
+ β)u(t, x, y) = g(t, x, y) on (−∞,∞) × ∂Ω, (2)

where ∂
∂n denotes the outward normal derivative on the boundary ∂Ω of Ω.

In the following, we consider a stationary time harmonic solution of the problem:
u(t, x, y) = eiωtu(x, y) for inhomogeneous data: f(t, x, y) = eiωtf(x, y) and g(t, x, y) =
eiωtg(x, y) from which we can calculate almost every important quantity. Then u
satisfies the Helmholtz equation:

(−∆ − ω2)u(x, y) = f(x, y) in Ω, (3)

(α
∂

∂n
+ β)u(x, y) = g(x, y) on ∂Ω (4)

with some radiation condition at infinity ( r = (x2 +y2)1/2 → +∞). For the existence
and uniqueness of this problem, see [Wil75] or [ST70].

We assume that the boundary ∂Ω consists of two mutually distinct parts: ∂Ω =
ΓH ∪ ΓS where g = gS on the source boundary ΓS and g = 0 on the homogeneous
boundary ΓH . The existence and uniqueness of the solution to this radiation or
scattering problem can be proved by the limiting absorption principle which claims
that the physical solution is the limit of the solution for the problem with positive
absorption when the absorption tends to zero. In case that we know Green’s function
of the corresponding free space problem which satisfies the radiation condition at
infinity, we can construct the solution solving the integral equation on the boundary.

Reduction to a problem in a bounded region

We introduce an artificial boundary in Ω which includes the source boundary ΓS and
we assume that the shape of the outside the boundary is simple. For example, it is
the outside of a disk or a cylindrical region. The, using the knowledge of the solution
outside the boundary we impose the boundary condition on the artificial boundary
which may the Diriclet to Neumann (DtN in short) map or its approximation. We
sometimes call it a radiation boundary condition (or artificial boundary condition).

The artificial boundary condition on the artificial boundary was introduced by B.
Engquist - A. Majda [EM77], C. Goldstein [Gol81], T.Kako [Kak81], G.A. Kriegsman
- C.S. Morawetz [KM80] and others. M. Masmoudi [Mas87] used the DtN map and
there are several researches to this direction ( see a book by D. Givoli [Giv92].

In the followings, we show more concretely three cases where we introduce different
artificial boundary conditions for respective problems.

Radiation boundary conditions in obstacle scattering

In this section, using the analytic expression of solutions, we introduce a higher order
radiation condition. We assume that Ωc has a non-empty interior and includes the
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origin: 0 ∈ Ωc. Choosing a number R0 with the property: Ωc⊂BR0≡{x∣∣ |x|≤R0} and
a smooth function χR0(x) such that

χR0(x) =
{

1 (|x|≤R0)
0 (|x|≥R0 + 1), (5)

we define a function f ≡ (−∆−k2)(1−χR0(x))u(x). The zeroth order Hankel function
of the first kind, i

4H
(1)
0 (k|x − x′|) is Green’s function of (Ht). Hence the solution of

(Ht) has the expression:

v(x) =
∫

BR0+1\BR0

i

4
H

(1)
0 (k|x− x′|)f(x′)dx′. (6)

Using the asymptotic expansion formula for the Hankel function, putting B(0) ≡ 1
and defining the operators L(p) and B(p), p = 1, 2, ..., as L(p) ≡ 1

2ikp{Λθ+p(p−1)+ 1
4}

and B(p) ≡ L(p)L(p−1)...L(1), we have the following expression of the solution u(r, θ)
an asymptotic expansion as r tends to infinity:

u(r, θ) =
1√
r
eikr(

N∑
p=0

B(p)
rp

)a0(θ) +O(r−N−1−1/2), (7)

and we also have the asymptotic expansion:

∂u

∂r
= iku− 1

2r
u+

1√
r
eikr(

N∑
p=1

−p
rp+1

B(p))a0(θ) +O(r−N−2−1/2). (8)

In particular, we have, for N = 1,

u(r, θ) =
1√
r
eikr(1 +

1
r
B(1))a0(θ) +O(r−2−1/2) (9)

and

∂u

∂r
− iku+

1
2r
u+

1√
r
eikr 1

r2
B(1)a0(θ) = O(r−3−1/2). (10)

We define an operator Tr ≡ 1
rB(1)(1 + 1

rB(1))−1. Since B(1) is skew-selfadjoint, the
operator Tr is bounded in L2(S1) with norm ||Tr||L2(S1) ≤ 1. Using this operator and
eliminating a0(θ) from the equations (9) and (10), we have the following theorem:

Theorem 2.1( [LK98a]) There exists one and only one solution of the Helmholtz
equation (1) and (2) which satisfies the followings:


−∆u(x) − k2u(x) = 0 in Ωc,

u(x) = −ϕ0 on ∂Ω,
||∂u

∂r − iku+ 1
2ru+ 1

rTru||L2(S1) = O(r−7/2), r → ∞.
(11)

The equation (1) is considered in an unbounded region, which causes some difficulty
to find approximate numerical solutions. To resolve this problem, we introduce a
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sequence of problems in bounded region. Put R � 1, and let uR be the solution of
the boundary value problem:


−∆uR − k2uR = 0 in Ωc

R ≡ Ωc ∩BR,
uR = −ϕ0 on ∂Ω,

∂uR

∂r − ikuR + 1
2RuR + 1

RTRuR = 0 on SR = ∂BR.
(12)

If we introduce the operators HR and QR as HRu = −∆u with D(HR) ≡ {u| u ∈
H2(Ωc

R), u|∂Ω = 0 and ∂u
∂r |SR = 0 on SR} and QRu = ( 2

RTR+ 1
r −2ik)∂u

∂r −{( 1
RTR)2+

1
4r2 − 2ik 1

RTR}u − u with D(QR) = D(HR), the equation (1) becomes an operator
equation:

(HR + 1)wR +QRwR = fR. (13)

We have the following theoretical result for the unique existence of the solution:

Theorem 2.2( [LK98a]) The equation (13) has a unique solution in L2(Ωc
R) which

is given as

wR = (HR + 1)−1(1 +QR(HR + 1)−1)−1fR. (14)

The proof of this theorem is given by using Rellich’s compactness theorem and the
Fredholm alternative theorem. We can estimate the difference eR ≡ u−uR as follows:

Theorem 2.3( [LK98a]) When R � 1, for a fixed R0, the following estimates hold
with some constant C which is independent of R:∫

SR

|eR|2dSR ≤ CR−6 and sup
x∈BR0

|eR(x)| ≤ CR−3. (15)

Radiation boundary condition for seismic wave

In the case of the elastic wave in half space which describes the seismic wave, we have to
treat correctly the Rayleigh wave which propagate along the boundary surface. As far
as we know, the asymptotic behavior of wave motion at infinity is not well investigated.
This makes it difficult to introduce the reasonable artificial boundary and the boundary
condition on it. In [YT97] , T. Yamashita and the present author proposed the artificial
boundary condition on the half circle and the radiation boundary condition which is
the linear combination of those for bulk P and S waves and that for the Rayleigh
wave.

The basic time harmonic governing equation is written as

ρω2u = (λ+ 2µ) grad div u− µ rot rot u in Ω\S, (16)
u = f(x) in S, (17)

σ(u) = 0 on ΓF , (18)
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where ΓF is a boundary surface and we imposed the free traction condition with
surface traction force σ(u).

We need, in this time independent case, some asymptotic condition at infinity.
Using this condition, we might get the artificial boundary condition on the artifi-
cial boundary which we take the half circle with radius R. The heuristic radiation
boundary condition which we impose on this half circle is given as

Du = 0 on ΓR, (19)

Du ≡ iρω

(
n1 n2

n2 −n1

) (
VRP (x) 0

0 VRS(x

) (
n1 n2

n2 −n1

)
u + σ(u),

where

VRP (x) ≡ VP − (VP − VR) exp
(
−ωx2(1 − V 2

R/V
2
P )1/2/VR

)
,

VRS(x) ≡ VS − (VS − VR) exp
(
−ωx2(1 − V 2

R/V
2
S )1/2/VR

)
.

where VP , VS and VR are the wave speeds of the primary, the secondary and the
Rayleigh waves respectively. The main idea of this condition is to mix up the trans-
parent conditions for respective waves in case of a plain wave with the ratio of the
amplitude of the Rayleigh wave which decreases exponentially to the perpendicular
direction to the free surface. The theoretical as well as numerical analysis for this
approximation method is a future work.

Dirichlet to Neumann map in 2D wave-guide

In the case of 2D wave-guide problem with a cylindrical unbounded semi-infinite chan-
nel, the radiation condition in the cylindrical is written as:

∂p

∂n
(=

∂p

∂x
) = Λp onΓR, (20)

where ΓR is an artificial boundary which is a cross section of the cylindrical region
and Λ is the Dirichlet to Neumann map in the outer cylindrical region given as

Λp =
∞∑

n=0

γnCn(p) cos(
nπ

L
y) (21)

with

Cn(p) =




1
L

∫ L

0

p(x, y)dy (n = 0)

2
L

∫ L

0

p(x, y) cos(
nπ

L
y)dy (n ≥ 1),

(22)

γn

{
iζn, ζn = {ω2 − (nπ

L )2}1/2, 0 < nπ
L < ω

−ηn, ηn = {(nπ
L )2 − ω2}1/2, ω ≤ nπ

L .
(23)
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Then the Helmholtz equation in the inner domain Ωi is given as:

(−ω2 − ∆)p = 0 in Ωi, (24)
∂p

∂n
= 0 on ΓH ,

∂p

∂n
= gS on ΓS ,

∂p

∂n
= Λp on ΓR.

Related to this 2D wave-guide problem, we can consider the corresponding 1D Web-
ster’s horn equation given as:

−∂v
∂t

A(x)
ρ

∂p

∂x
, −∂p

∂t

ρc2

A(x)
∂v

∂x
, (25)

where p is the pressure and v is the velocity, and A(x) denotes the area of the cross
section. Eliminating v, we have the 1D approximation model called Webster’s horn
equation:

∂2p

∂t2
− 1
A(x)

c2
∂

∂x
(A(x)

∂p

∂x
) = 0. (26)

Week Formulation and Discretization

In this paper, we use the finite element method to dicretize the problem in the arti-
ficially truncated region with an artificial boundary condition. We start with a weak
formulation of the problem in an appropriate closed subspace V of the Sobolev space
H1(Ωi) defined through the boundary condition and then restrict the problem into
a finite dimensional subspace of V which is a set of all piece-wise linear continuous
functions in V with respect to a regular triangulation of Ωi. We note that we have to
introduce an appropriate approximation of the boundary integral which corresponds
to the non-local boundary condition such as the higher order radiation boundary con-
dition or the Dirichlet to Neumann map. In the following, we show the case of the 2D
wave-guide problem in some detail.

Application to 2D wave-guide problem

The weak formulation for the Helmholtz problem (3) and (4) with the artificial bound-
ary condition is given as:

Find p ∈ V ⊂ H1(Ω) :

a(p, q) = (f, q)(= a0(g, q)) ∀q ∈ V

where, together with its approximation aN (·, ·),

a(p, q) = a0(p, q) + b1(p, q) + b2(p, q),
aN(p, q) = a0(p, q) + b1(p, q) + bN2 (p, q)
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with

a0(p, q) =
∫

Ω

∇p · ∇q + pqdxdy,

b1(p, q) = −(ω2 + 1)
∫

Ω

pqdxdy,

b2(p, q) = −(Λp(xR, ·), q(xR, ·)) = b2,i(p, q) + b∞2,r(p, q),

b2,i(p, q) = −iωLC0(p)C0(q) − i
∑

0< nπ
L <ω

ζn(
L

2
)Cn(p)Cn(q),

b∞2,r(p, q) =
∑

ω≤nπ
L

ηn(
L

2
)Cn(p)Cn(q),

where ζn and ηn are all nonnegative constants in (23), and

bN2 (p, q) = −(ΛNp(xR, ·), q(xR, ·)) = b2,i(p, q) + bN2,r(p, q),

bN2,r(p, q) =
∑

L
π ω≤n≤N

ηn(
L

2
)Cn(p)Cn(q).

Now the finite element method is formulated as:

Find ph ∈ Vh ⊂ H1(Ω) :

a(ph, qh) = (f, qh)(= a0(g, qh)) ∀qh ∈ Vh.

Error Analysis

We develop the error analysis for the finite element discretization for the Helmholtz
equation with the DtN boundary condition. We give rather abstract results which
is essentially known but in an operator theoretical formulation. In application to 2D
wave-guide problem, we use the result of Mikhlin (see [Mik64] ) and the results of
compact perturbation theory as well as the uniqueness of the analytic solution.

Abstract results for error analysis of finite element method

We consider the following four problems:

1: (E)w: Find u ∈ V such that

a(u, v) = (f, v) for all v ∈ V .
2: (Eh)w: Find uh ∈ Vh such that

a(uh, vh) = (f, vh) for all vh ∈ Vh.

3: (EN)w: Find uN ∈ V such that

aN (uN , v) = (f, v) for all v ∈ V .
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4: (EN
h )w: Find uN

h ∈ Vh such that

aN (uN
h , vh) = (f, vh) for all vh ∈ Vh.

Then, we have the above four equations are equivalent to the following operator equa-
tions respectively:

1. (E)op : Au = f.

2. (Eh)op : Ahuh = fh with Ah = PhA, fh = Phf.

3. (EN)op : ANuN = f.

4. (EN
h )op : AN

h u
N
h = fh with AN

h = PhA
N , fh = Phf.

By Riesz’s representation theorem, two operators A and AN are defined as:

a(u, v) = (Au, v) and aN (u, v) = (ANu, v) for all v ∈ V .
Using the relations Au = ANuN = f and

PhAuh = Ahuh = fh = AN
h u

N
h = Phf = PhAu = PhA

NuN ,

we can transform the expression of the error u− uN
h as follows:

u− uN
h = u− vh + vh − uN

h

= u− vh + (AN
h )−1AN

h vh − uN
h

= u− vh + (AN
h )−1AN

h vh − (AN
h )−1fh

= u− vh + (AN
h )−1AN

h vh − (AN
h )−1Phf

= u− vh + (AN
h )−1AN

h vh − (AN
h )−1PhAu

= u− vh + (AN
h )−1{AN

h vh − PhAu}
= u− vh + (AN

h )−1{PhA
Nvh − PhAu}

= u− vh + (AN
h )−1{PhA

N (vh − u) + PhA
Nu− PhAu}

= {I − (AN
h )−1PhA

N )}(u− vh) + (AN
h )−1Ph(AN −A)u.

Hence we can estimate the above difference as:

‖u− uN
h ‖ ≤ (I + ‖(AN

h )−1‖‖AN‖) inf
vh∈Vh

‖u− vh‖ + ‖(AN
h )−1‖‖(AN −A)u‖.

Therefore, our next task is to prove the followings:

1. The uniform boundedness of ‖(AN
h )−1‖: ‖(AN

h )−1‖ ≤M < +∞ with respect to
h and N .

2. The truncation error estimate: ‖(AN − A)u‖ ≤ C
Nα ‖u‖W under the regularity

condition for u: u ∈ W ⊂ V .

Actually, we have proved these conditions for the obstacle scattering case in [LK98a].
In the next section, we treat the case of wave-guide.
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Application to the wave-guide problem

We can apply the abstract error estimation based on the following observations:

1. The sesquilinear form b∞2,r(p, q) is bounded and nonnegative in V . Hence a0,DN (p, q) ≡
a0(p, q) + b∞2,r(p, q) is an inner product in V

2. The form b1(p, q) + b2,i(p, q) is compact with respect to a0,DN(p, q) in V .

3. We can then apply the results by Mikhlin [Mik64] (see also Kako [Kak81]) and
we can prove the convergence of the finite element method under some additional
condition on the non-existence of a positive eigenvalue.

4. The difference between a(p, q) and aN(p, q) is written as:

a(p, q) − aN (p, q) =
∑
N<n

ηn(
L

2
)Cn(p)Cn(q) = ({Λ − ΛN}p, q).

and ‖{Λ − ΛN}p‖L2(0,L) tends to zero exponentially with respect to N or es-
timated from above by C

Nα ‖u‖W with any α and a corresponding higher order
Sobolev space W .

Some Numerical Examples

In this section, we show some numerical examples calculated by using the methods
introduced in the previous sections.

Obstacle scattering (by X.-J. Liu)

Fig.1 shows a typical wave profile computed by the method introduced in [XJK96],
[LK98a] and [LK98b].

Figure 1: Wave profile of 2D obstacle scattering
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Seismic wave in 2D foundation (by T. Yamashita)

We show two numerical results in Fig.2 where a single source
is placed inside the foundation [YT97]). The left figure is the case of the artificial

boundary with radius R = 1 and the right one is the case with R = 1, 25. There is a
good coincidence between these two results and the Rayleigh wave is well captured.
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Figure 2: Stationary 2D elastic wave propagation

Voice generation problem (by T. Kano)

Lastly, we show an numerical example of 2D wave propagation in the vocal
tract open to an infinite cylinder. The Fig.3 shows a wave profile with a time

frequency 7.5 kHz. The source is placed on the left edge and the right side is a radiation
boundary. The figure on the right shows a frequency response curve measured at the
mid point on the radiation boundary. We can see that, as the shape of the vocal tract
becomes flatter, the response curve approaches nearer to the one of 1D model.
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Figure 3: Comparison between 1D and 2D frequency response curves

Concluding Remarks

We have developed a methodology to calculate problems in several unbounded re-
gions by use of the DtN mapping or its approximations. Error analysis is given as an
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extension of the standard method. Application to problems having resonance phenom-
ena is presented and some typical phenomena have been captured in these numerical
experiments. Applications to more realistic industrial problems are future subject.

References

[EM77]B. Engquist and A. Majda. Absorbing boundary conditions for the numerical
simulation of waves. Math. Comp., 31(139):629–651, 1977.

[Giv92]D. Givoli. Numerical methods for problems in infinite domains. Elsevier, 1992.
[Gol81]C. Goldstein. The finite element method with non-uniform mesh sizes applied

to the exterior Helmholtz problem. Numer. Math., 1981.
[Kak81]T. Kako. Approximation of the scattering state by means of the radiation

boundary condition. Math. Meth. in the Appl. Sci., 3:506–515, 1981.
[KM80]G.A. Kriegsman and C.S. Morawetz. Solving the Helmholtz equation for exte-

rior problems with variable index of refraction. SIAM J. Sci. Stat. Comput., 1980.
[LK98a]X.-J. Liu and T. Kako. Higher order radiation boundary condition and finite

element method for scattering problem. Advances in Mathematical Sciences and
Applications, 8:801–819, 1998.

[LK98b]X.-J. Liu and T. Kako. Iteration algorithm for the Helmholtz equation by
means of domain decomposition method. Transaction of Japan SIAM, 8(4):435–
446, 1998.

[Mas87]M. Masmoudi. Numerical solution for exterior problems. Numer. Math., 51:87–
101, 1987.

[Mik64]S.G. Mikhlin. Variational Methods in Mathematical Physics. Pergamon, Ox-
ford, 1964.

[ST70]N. Shenk and D. Thoe. Outgoing solutions of (−δ+ q− k2)u = f in an exterior
region. J. Math. Anal. Appl., 31:81–96, 1970.

[Wil75]C. Wilcox. Scattering Theory for the d’Alembert Equation in Exterior Domains,
volume 442 of Lecture Notes of Mathematics. Springer, Berlin, 1975.

[XJK96]X.-J. Liu X.-J and T. Kako. Numerical calculation of scattering state by means
of higher order radiation boundary condition. RIMS Kokyuroku (Kyoto University),
944:68–76, 1996.

[YT97]T. Yamashita and T.Kako. Finite element method for elastic wave in 2-
dimensional semi-infinite region, in japanese. Proceedings of the Conference on
Computational Engineering Science, Vol.2., May 1997.


