12th International Conference on Domain Decomposition Methods Editors: Tony Chan, Takashi Kako, Hideo Kawarada, Olivier Pironneau, © 2001 DDM.org

40. Domain Decomposition Method Applied to Radiation Problems

T. Kako^1, T. Kano^2, X.-J. Liu^3, T. Yamashita^4

Introduction

The main purpose of this paper is to investigate some typical problems of wave motion in unbounded region which are related to radiation or scattering phenomena. The Helmholtz equation is one of the most important mathematical models which is used to describe the time harmonic behavior of various vibration and wave propagation phenomena.

The motivation of research is to understand main characteristics of wave propagation phenomena in obstacle scattering and/or wave radiation process through its numerical computation based on its mathematical analysis.

The importance of the wave propagation resides in the fact that it transmits information and transports energy. Some examples of research fields related to the wave propagation include acoustics, elasticity, electromagnetism with various applications such as sound emission from a speaker, human speech production, sound production of musical instruments, noise reduction, diagnostics or detection by ultrasonic wave, propagation of waves in optical fiber scope, heating by wave for various kinds of materials and others. Some of the characteristic quantities to be calculated in these problems include scattering amplitudes, transmission and reflection coefficients and resonance frequencies.

To investigate numerically the wave propagation phenomena in unbounded region using computers, we have to approximate the original problem which is formulated in some infinite dimensional function space by the one in an appropriate finite dimensional linear space. For this purpose, we first use the knowledge of the analytical properties of the solution to the original problem such as the radiation condition at infinity and/or the expression of the solution by a series of special functions or by an integral involving Green’s function. We then reduce the problem into the boundary value problem in a bounded region with some truncation error for its solution and apply a finite element discretization method to get the linear equation in a finite dimensional approximation space.

Especially, we will show the effectiveness of the radiation condition at infinity which describes the asymptotic behavior of the solution and singles out the physical solution. We then use the domain decomposition method which divides the original problem in an unbounded region into the problem in a bounded region and the one in an outer region with simple shape.

1Department of Computer Science, The University of Electro-Communications, Chofu, Tokyo 182-8585, JAPAN. email: kako@im.uec.ac.jp 2Address same as above. 3Address same as above 4Hitachi, Ltd., JAPAN

More specifically, we treat the following three types of problems in different shapes of spatial regions.

The first one is a two-dimensional obstacle scattering problem, where we introduce a (higher order) radiation condition and the corresponding artificial boundary condition on the circular boundary of a truncated bounded disk region. The outer region is then the complement of the disk.

The second one is a two-dimensional half space problem where we consider a two component elastic wave propagation. There is a difficulty in this problem that the analytical asymptotic behavior at infinity is much more complicated than that in the scalar case due to the existence of the Rayleigh wave which propagates along the surface on the half space.

The third one is a two-dimensional wave-guide problem where we use the exact boundary condition given by the Diriclet to Neumann map on the boundary between a bounded region and an outer unbounded region which is cylindrical with a bounded cross section. We also consider a one-dimensional problem related to this original two-dimensional problem.

We will show some numerical examples in each case. In particular, in the second case, we discuss the relationship between 2D and 1D cases and show some numerical examples which indicate the efficiency of the 1D model as the good approximation of the 2D problem in the sense that it gives similar frequency response curves.

Mathematical Formulation

The main mathematical framework of the study consists of the scattering theory based on the perturbation theory for linear operators and the finite element method for partial differential equations.

The first difficulty in studying the radiation or scattering problem comes from the unboundedness of the region where we consider the partial differential equation and we have to choose an appropriate function space. The second problem we have to treat appropriately is the indefiniteness of the bilinear form which appears in the weak formulation used for the finite element method in the artificial bounded region and we have to consider the problem with non-real variables as well.

In this paper, we restrict our study to the two-dimensional case although the real physical phenomena occur in three-dimensional space. However, at least the theoretical part of our study can be extended to the three-dimensional case without any essential difficulty. The main problem we may have to solve is the practical computational complexity due to the large number of unknowns in 3D case and the shortage of memory and speed of the present computers together with the human resources in programming.

Two-dimensional wave propagation problem

The wave propagation phenomena in two-dimensional space R^2 can be described by the following mathematical model of the wave equation in Ω ⊂ R^2: ( ∂^2 ∂t^2

− Δ)u(t, x, y) = f(t, x, y) in (−∞, ∞) × Ω, Δ =

∂^2 ∂x^2 + ∂^2 ∂y^2

, (1) (α ∂ ∂n + β)u(t, x, y) = g(t, x, y) on (−∞, ∞) × ∂Ω, (2)

where^∂_{∂n} denotes the outward normal derivative on the boundary ∂Ω of Ω.

In the following, we consider a stationary time harmonic solution of the problem: u(t, x, y) = e^{iωt}u(x, y) for inhomogeneous data: f(t, x, y) = e^{iωt}f(x, y) and g(t, x, y) = e^{iωt}g(x, y) from which we can calculate almost every important quantity. Then u satisfies the Helmholtz equation:

(−Δ − ω^2)u(x, y) = f(x, y) in Ω, (3) (α ∂ ∂n + β)u(x, y) = g(x, y) on ∂Ω (4)

with some radiation condition at infinity ( r = (x^2 + y^2)^{1/2} → +∞). For the existence and uniqueness of this problem, see [Wil75] or [ST70].

We assume that the boundary ∂Ω consists of two mutually distinct parts: ∂Ω = Γ_H ∪ Γ_S where g = g_S on the source boundary Γ_S and g = 0 on the homogeneous boundary Γ_H . The existence and uniqueness of the solution to this radiation or scattering problem can be proved by the limiting absorption principle which claims that the physical solution is the limit of the solution for the problem with positive absorption when the absorption tends to zero. In case that we know Green’s function of the corresponding free space problem which satisfies the radiation condition at infinity, we can construct the solution solving the integral equation on the boundary.

Reduction to a problem in a bounded region

We introduce an artificial boundary in Ω which includes the source boundary Γ_S and we assume that the shape of the outside the boundary is simple. For example, it is the outside of a disk or a cylindrical region. The, using the knowledge of the solution outside the boundary we impose the boundary condition on the artificial boundary which may the Diriclet to Neumann (DtN in short) map or its approximation. We sometimes call it a radiation boundary condition (or artificial boundary condition).

The artificial boundary condition on the artificial boundary was introduced by B. Engquist - A. Majda [EM77], C. Goldstein [Gol81], T.Kako [Kak81], G.A. Kriegsman - C.S. Morawetz [KM80] and others. M. Masmoudi [Mas87] used the DtN map and there are several researches to this direction ( see a book by D. Givoli [Giv92].

In the followings, we show more concretely three cases where we introduce different artificial boundary conditions for respective problems.

Radiation boundary conditions in obstacle scattering

In this section, using the analytic expression of solutions, we introduce a higher order radiation condition. We assume that Ω^c has a non-empty interior and includes the origin: 0 ∈ Ω^c. Choosing a number R_0 with the property: Ω^c⊂B_{R0} ≡{x | | |x|≤R_0} and a smooth function χ_{R0} (x) such that

χ_{R0} (x) = { 1 (|x|≤R_0) 0 (|x|≥R_0 + 1), (5)

we define a function f ≡ (−Δ−k^2)(1−χ_{R0} (x))u(x). The zeroth order Hankel function of the first kind,^i_4 H^{(1)}_0 (k|x − x^′|) is Green’s function of (H_t). Hence the solution of (H_t) has the expression:

v(x) = ∫ B_{R0+1}\B_{R0} i 4 H^{(1)}_0 (k|x − x^′|)f(x^′)dx^′. (6)

Using the asymptotic expansion formula for the Hankel function, putting B(0) ≡ 1 and defining the operators L(p) and B(p), p = 1, 2, ..., as L(p) ≡^1_{2ikp} {Λ_θ +p(p−1)+^1_4 } and B(p) ≡ L(p)L(p−1)...L(1), we have the following expression of the solution u(r, θ) an asymptotic expansion as r tends to infinity:

u(r, θ) = 1 √ r e^{ikr} ( N∑ p=0 B(p) r^p

)a_0(θ) + O(r^{−N−1−1/2}), (7)

and we also have the asymptotic expansion: ∂u ∂r = iku − 1 2r u + 1 √ r e^{ikr} ( N∑ p=1 −p r^{p+1}

B(p))a_0(θ) + O(r^{−N−2−1/2}). (8)

In particular, we have, for N = 1,

u(r, θ) = 1 √ r e^{ikr} (1 + 1 r B(1))a_0(θ) + O(r^{−2−1/2}) (9) and ∂u ∂r − iku + 1 2r u + 1 √ r e^{ikr} 1 r^2

B(1)a_0(θ) = O(r^{−3−1/2}). (10)

We define an operator T_r ≡^1_r B(1)(1 +^1_r B(1))^{−1}. Since B(1) is skew-selfadjoint, the operator T_r is bounded in L^2(S^1) with norm ||T_r||_L2_{(S}1_) ≤ 1. Using this operator and eliminating a_0(θ) from the equations (9) and (10), we have the following theorem:

Theorem 2.1( [LK98a]) There exists one and only one solution of the Helmholtz equation (1) and (2) which satisfies the followings:

−Δu(x) − k^2u(x) = 0 in Ω^c, u(x) = −φ_0 on ∂Ω, ||^{∂u}_{∂r} − iku +^1_{2r} u +^1_r T_ru||_L2_{(S}1_) = O(r^{−7/2}), r → ∞.

(11)

The equation (1) is considered in an unbounded region, which causes some difficulty to find approximate numerical solutions. To resolve this problem, we introduce a sequence of problems in bounded region. Put R ≫ 1, and let u_R be the solution of the boundary value problem:

−Δu_R − k^2u_R = 0 in Ω^c_R ≡ Ω^c ∩ B_R, u_R = −φ_0 on ∂Ω,

∂u_R

∂r − iku_R +^1_{2R} u_R +^1_R T_Ru_R = 0 on S_R = ∂B_R.

(12)

If we introduce the operators H_R and Q_R as H_Ru = −Δu with D(H_R) ≡ {u| u ∈ H^2(Ω^c_R), u|_{∂Ω} = 0 and^{∂u}_{∂r} |_{SR} = 0 on S_R} and Q_Ru = (^2_R T_R +^1_r −2ik)^{∂u}_{∂r} −{(^1_R T_R)^2 + 1 4r^2 − 2ik 1 R T_R}u − u with D(Q_R) = D(H_R), the equation (1) becomes an operator equation:

(H_R + 1)w_R + Q_Rw_R = f_R. (13)

We have the following theoretical result for the unique existence of the solution:

Theorem 2.2( [LK98a]) The equation (13) has a unique solution in L^2(Ω^c_R) which is given as

w_R = (H_R + 1)^{−1}(1 + Q_R(H_R + 1)^{−1})^{−1}f_R. (14)

The proof of this theorem is given by using Rellich’s compactness theorem and the Fredholm alternative theorem. We can estimate the difference e_R ≡ u − u_R as follows:

Theorem 2.3( [LK98a]) When R ≫ 1, for a fixed R_0, the following estimates hold with some constant C which is independent of R: ∫ S_R

|e_R|^2dS_R ≤ CR^{−6} and sup_{x∈BR} 0 |e_R(x)| ≤ CR^{−3}. (15)

Radiation boundary condition for seismic wave

In the case of the elastic wave in half space which describes the seismic wave, we have to treat correctly the Rayleigh wave which propagate along the boundary surface. As far as we know, the asymptotic behavior of wave motion at infinity is not well investigated. This makes it difficult to introduce the reasonable artificial boundary and the boundary condition on it. In [YT97] , T. Yamashita and the present author proposed the artificial boundary condition on the half circle and the radiation boundary condition which is the linear combination of those for bulk P and S waves and that for the Rayleigh wave.

The basic time harmonic governing equation is written as

ρω^2u = (λ + 2μ) grad div u − μ rot rot u in Ω\S, (16) u = f(x) in S, (17) σ(u) = 0 on Γ_F , (18) where Γ_F is a boundary surface and we imposed the free traction condition with surface traction force σ(u).

We need, in this time independent case, some asymptotic condition at infinity. Using this condition, we might get the artificial boundary condition on the artificial boundary which we take the half circle with radius R. The heuristic radiation boundary condition which we impose on this half circle is given as

Du = 0 on Γ_R, (19)

Du ≡ iρω ( n_1 n_2 n_2 −n_1 ) ( V_{RP} (x) 0

0 V_{RS} (x ) ( n_1 n_2 n_2 −n_1 ) u + σ(u),

where

V_{RP} (x) ≡ V_P − (V_P − V_R) exp ( −ωx_2(1 − V^2_R/V^2_P )^{1/2}/V_R ) , V_{RS} (x) ≡ V_S − (V_S − V_R) exp ( −ωx_2(1 − V^2_R/V^2_S )^{1/2}/V_R ) . where V_P , V_S and V_R are the wave speeds of the primary, the secondary and the Rayleigh waves respectively. The main idea of this condition is to mix up the transparent conditions for respective waves in case of a plain wave with the ratio of the amplitude of the Rayleigh wave which decreases exponentially to the perpendicular direction to the free surface. The theoretical as well as numerical analysis for this approximation method is a future work.

Dirichlet to Neumann map in 2D wave-guide

In the case of 2D wave-guide problem with a cylindrical unbounded semi-infinite channel, the radiation condition in the cylindrical is written as: ∂p ∂n (= ∂p ∂x ) = Λp onΓ_R, (20)

where Γ_R is an artificial boundary which is a cross section of the cylindrical region and Λ is the Dirichlet to Neumann map in the outer cylindrical region given as

Λp = ∞∑ n=0 γ_nC_n(p) cos( nπ L y) (21)

with

C_n(p) = 1 L ∫_L 0 p(x, y)dy (n = 0) 2 L ∫_L 0 p(x, y) cos( nπ L y)dy (n ≥ 1),

(22)

γ_n { iζ_n, ζ_n = {ω^2 − (^{nπ}_L )^2}^{1/2}, 0 <^{nπ}_L < ω

−η_n, η_n = {(^{nπ}_L )^2 − ω^2}^{1/2}, ω ≤^{nπ}_L .

(23)

Then the Helmholtz equation in the inner domain Ω_i is given as:

(−ω^2 − Δ)p = 0 in Ω_i, (24) ∂p ∂n = 0 on Γ_H , ∂p ∂n = g_S on Γ_S , ∂p ∂n = Λp on Γ_R.

Related to this 2D wave-guide problem, we can consider the corresponding 1D Webster’s horn equation given as: − ∂v ∂t A(x) ρ ∂p ∂x , − ∂p ∂t ρc^2 A(x) ∂v ∂x , (25)

where p is the pressure and v is the velocity, and A(x) denotes the area of the cross section. Eliminating v, we have the 1D approximation model called Webster’s horn equation:

∂^2p ∂t^2 − 1 A(x) c^2 ∂ ∂x (A(x) ∂p ∂x ) = 0. (26)

Week Formulation and Discretization

In this paper, we use the finite element method to dicretize the problem in the artificially truncated region with an artificial boundary condition. We start with a weak formulation of the problem in an appropriate closed subspace V of the Sobolev space H^1(Ω_i) defined through the boundary condition and then restrict the problem into a finite dimensional subspace of V which is a set of all piece-wise linear continuous functions in V with respect to a regular triangulation of Ω_i. We note that we have to introduce an appropriate approximation of the boundary integral which corresponds to the non-local boundary condition such as the higher order radiation boundary condition or the Dirichlet to Neumann map. In the following, we show the case of the 2D wave-guide problem in some detail.

Application to 2D wave-guide problem

The weak formulation for the Helmholtz problem (3) and (4) with the artificial boundary condition is given as:

Find p ∈ V ⊂ H^1(Ω) :

a(p, q) = (f, q)(= a_0(g, q)) ∀q ∈ V

where, together with its approximation a_N (·, ·),

a(p, q) = a_0(p, q) + b_1(p, q) + b_2(p, q), a^N (p, q) = a_0(p, q) + b_1(p, q) + b^N_2 (p, q) with a_0(p, q) = ∫ Ω ∇p · ∇q + pqdxdy,

b_1(p, q) = −(ω^2 + 1) ∫ Ω pqdxdy, b_2(p, q) = −(Λp(x_R, ·), q(x_R, ·)) = b_{2,i}(p, q) + b^∞_{2,r}(p, q), b_{2,i}(p, q) = −iωLC_0(p)C_0(q) − i ∑ 0<^{nπ}_L <ω

ζ_n( L 2 )C_n(p)C_n(q),

b^∞_{2,r}(p, q) = ∑ ω≤^{nπ}_L

η_n( L 2 )C_n(p)C_n(q),

where ζ_n and η_n are all nonnegative constants in (23), and b^N_2 (p, q) = −(Λ^N p(x_R, ·), q(x_R, ·)) = b_{2,i}(p, q) + b^N_{2,r}(p, q), b^N_{2,r}(p, q) = ∑ L π ω≤n≤N

η_n( L 2 )C_n(p)C_n(q).

Now the finite element method is formulated as:

Find p_h ∈ V_h ⊂ H^1(Ω) :

a(p_h, q_h) = (f, q_h)(= a_0(g, q_h)) ∀q_h ∈ V_h.

Error Analysis

We develop the error analysis for the finite element discretization for the Helmholtz equation with the DtN boundary condition. We give rather abstract results which is essentially known but in an operator theoretical formulation. In application to 2D wave-guide problem, we use the result of Mikhlin (see [Mik64] ) and the results of compact perturbation theory as well as the uniqueness of the analytic solution.

Abstract results for error analysis of finite element method

We consider the following four problems: 1: (E)_w: Find u ∈ V such that a(u, v) = (f, v) for all v ∈ V.

2: (E_h)_w: Find u_h ∈ V_h such that a(u_h, v_h) = (f, v_h) for all v_h ∈ V_h.

3: (E^N)_w: Find u^N ∈ V such that a^N (u^N , v) = (f, v) for all v ∈ V.

4: (E^N_h )_w: Find u^N_h ∈ V_h such that a^N (u^N_h , v_h) = (f, v_h) for all v_h ∈ V_h.

Then, we have the above four equations are equivalent to the following operator equations respectively: 1. (E)_{op} : Au = f.

2. (E_h)_{op} : A_hu_h = f_h with A_h = P_hA, f_h = P_hf. 3. (E^N)_{op} : A^N u^N = f.

4. (E^N_h )_{op} : A^N_h u^N_h = f_h with A^N_h = P_hA^N , f_h = P_hf. By Riesz’s representation theorem, two operators A and A_N are defined as: a(u, v) = (Au, v) and a^N (u, v) = (A^N u, v) for all v ∈ V.

Using the relations Au = A^N u^N = f and P_hAu_h = A_hu_h = f_h = A^N_h u^N_h = P_hf = P_hAu = P_hA^N u^N , we can transform the expression of the error u − u^N_h as follows:

u − u^N_h = u − v_h + v_h − u^N_h = u − v_h + (A^N_h )^{−1}A^N_h v_h − u^N_h = u − v_h + (A^N_h )^{−1}A^N_h v_h − (A^N_h )^{−1}f_h = u − v_h + (A^N_h )^{−1}A^N_h v_h − (A^N_h )^{−1}P_hf = u − v_h + (A^N_h )^{−1}A^N_h v_h − (A^N_h )^{−1}P_hAu = u − v_h + (A^N_h )^{−1}{A^N_h v_h − P_hAu} = u − v_h + (A^N_h )^{−1}{P_hA^N v_h − P_hAu} = u − v_h + (A^N_h )^{−1}{P_hA^N (v_h − u) + P_hA^N u − P_hAu} = {I − (A^N_h )^{−1}P_hA^N )}(u − v_h) + (A^N_h )^{−1}P_h(A^N − A)u.

Hence we can estimate the above difference as:

‖u − u^N_h ‖ ≤ (I + ‖(A^N_h )^{−1}‖‖A^N ‖) inf_{vh ∈Vh} ‖u − v_h‖ + ‖(A^N_h )^{−1}‖‖(A^N − A)u‖. Therefore, our next task is to prove the followings:

1. The uniform boundedness of ‖(A^N_h )^{−1}‖: ‖(A^N_h )^{−1}‖ ≤ M < +∞ with respect to h and N.

2. The truncation error estimate: ‖(A^N − A)u‖ ≤^C_{N α} ‖u‖_W under the regularity condition for u: u ∈ W ⊂ V.

Actually, we have proved these conditions for the obstacle scattering case in [LK98a]. In the next section, we treat the case of wave-guide.

Application to the wave-guide problem

We can apply the abstract error estimation based on the following observations:

1. The sesquilinear form b^∞_{2,r}(p, q) is bounded and nonnegative in V. Hence a_{0,DN} (p, q) ≡ a_0(p, q) + b^∞_{2,r}(p, q) is an inner product in V

2. The form b_1(p, q) + b_{2,i}(p, q) is compact with respect to a_{0,DN} (p, q) in V.

3. We can then apply the results by Mikhlin [Mik64] (see also Kako [Kak81]) and we can prove the convergence of the finite element method under some additional condition on the non-existence of a positive eigenvalue.

4. The difference between a(p, q) and a^N (p, q) is written as:

a(p, q) − a^N (p, q) = ∑ N<n η_n( L 2 )C_n(p)C_n(q) = ({Λ − Λ^N }p, q).

and ‖{Λ − Λ^N }p‖_L2_{(0,L)} tends to zero exponentially with respect to N or estimated from above by^C_{N α} ‖u‖_W with any α and a corresponding higher order Sobolev space W.

Some Numerical Examples

In this section, we show some numerical examples calculated by using the methods introduced in the previous sections.

Obstacle scattering (by X.-J. Liu)

Fig.1 shows a typical wave profile computed by the method introduced in [XJK96], [LK98a] and [LK98b].

Figure 1: Wave profile of 2D obstacle scattering

Seismic wave in 2D foundation (by T. Yamashita)

We show two numerical results in Fig.2 where a single source

is placed inside the foundation [YT97]). The left figure is the case of the artificial boundary with radius R = 1 and the right one is the case with R = 1, 25. There is a good coincidence between these two results and the Rayleigh wave is well captured.

Figure 2: Stationary 2D elastic wave propagation

Voice generation problem (by T. Kano)

Lastly, we show an numerical example of 2D wave propagation in the vocal tract open to an infinite cylinder. The Fig.3 shows a wave profile with a time frequency 7.5 kHz. The source is placed on the left edge and the right side is a radiation boundary. The figure on the right shows a frequency response curve measured at the mid point on the radiation boundary. We can see that, as the shape of the vocal tract becomes flatter, the response curve approaches nearer to the one of 1D model.

Figure 3: Comparison between 1D and 2D frequency response curves

Concluding Remarks

We have developed a methodology to calculate problems in several unbounded regions by use of the DtN mapping or its approximations. Error analysis is given as an extension of the standard method. Application to problems having resonance phenomena is presented and some typical phenomena have been captured in these numerical experiments. Applications to more realistic industrial problems are future subject.

References

[EM77]B. Engquist and A. Majda. Absorbing boundary conditions for the numerical simulation of waves. Math. Comp., 31(139):629–651, 1977.

[Giv92]D. Givoli. Numerical methods for problems in infinite domains. Elsevier, 1992. [Gol81]C. Goldstein. The finite element method with non-uniform mesh sizes applied to the exterior Helmholtz problem. Numer. Math., 1981.

[Kak81]T. Kako. Approximation of the scattering state by means of the radiation boundary condition. Math. Meth. in the Appl. Sci., 3:506–515, 1981.

[KM80]G.A. Kriegsman and C.S. Morawetz. Solving the Helmholtz equation for exterior problems with variable index of refraction. SIAM J. Sci. Stat. Comput., 1980.

[LK98a]X.-J. Liu and T. Kako. Higher order radiation boundary condition and finite element method for scattering problem. Advances in Mathematical Sciences and Applications, 8:801–819, 1998.

[LK98b]X.-J. Liu and T. Kako. Iteration algorithm for the Helmholtz equation by means of domain decomposition method. Transaction of Japan SIAM, 8(4):435– 446, 1998.

[Mas87]M. Masmoudi. Numerical solution for exterior problems. Numer. Math., 51:87– 101, 1987.

[Mik64]S.G. Mikhlin. Variational Methods in Mathematical Physics. Pergamon, Oxford, 1964.

[ST70]N. Shenk and D. Thoe. Outgoing solutions of (−δ + q − k^2)u = f in an exterior region. J. Math. Anal. Appl., 31:81–96, 1970.

[Wil75]C. Wilcox. Scattering Theory for the d’Alembert Equation in Exterior Domains, volume 442 of Lecture Notes of Mathematics. Springer, Berlin, 1975.

[XJK96]X.-J. Liu X.-J and T. Kako. Numerical calculation of scattering state by means of higher order radiation boundary condition. RIMS Kokyuroku (Kyoto University), 944:68–76, 1996.

[YT97]T. Yamashita and T.Kako. Finite element method for elastic wave in 2- dimensional semi-infinite region, in japanese. Proceedings of the Conference on Computational Engineering Science, Vol.2., May 1997.