12th International Conference on Domain Decomposition Methods Editors: Tony Chan, Takashi Kako, Hideo Kawarada, Olivier Pironneau, © 2001 DDM.org

17. New Interface Conditions for Non-overlapping Domain Decomposition Iterative Procedures

Ohin Kwon^1 Dongwoo Sheen^2

Introduction

A Seidel-type interface condition is considered for non-overlapping domain decomposition iterative methods. With a suitable pseudo-energy defined on interfaces, the convergence speed of the iterative scheme is shown to be as twice fast as that of the Jacobi scheme. Our analysis is entirely independent of the governing model problems of a specific type of partial differential equations, but depends only on the scheme of updating interface data. By this, our analysis covers Seidel-type schemes for a general class of problems, such as elliptic, Helmholtz, Maxwell, and elasticity problems, etc. In order to avoid the sequential nature of Seidel schemes and to implement them on parallel computers, red-black Gauss-Seidel schemes are also considered with equivalent efficiency to Seidel schemes.

Concerning domain decomposition iterative methods, P.-L. Lions [Lio88, Lio90] investigated the convergence properties by taking a suitable pseudo-energy with which he was able to show iterative solutions converge. This idea has been applied to a more difficult Helmholtz problem by Després [Des91, BD97]. An improved variant of Lions’s method is proposed by Q. Deng and its convergence is analyzed in the Sobolev H^1 norm [Den97]. Exploiting the structure of mixed finite element, Douglas et al. obtained a more precise convergence rate by a spectral radius estimation of the iterative solution operator [DPRW93]. More efficient iterative schemes, such as Seidel-type and under-relaxation type domain decomposition iterative methods for elliptic, Helmholtz and electromagnetic problems have been considered in [CGJ98, CDJP97, DM97, Fen97, Gha97], and Seidel-type approaches based on nonconforming finite elements [DSSY99] were used in [HKS99, Kwo99, KS99] with estimations of spectral radii obtained. In this paper we show that the Seidel-schemes are exactly twice faster than the corresponding Jacobi-schemes.

1Department of Mathematics, Seoul National University, Seoul 151–742, Korea; E-mail: oikwon@math.snu.ac.kr

2Department of Mathematics, Seoul National University, Seoul 151–742, Korea; E-mail: sheen@math.snu.ac.kr, http://www.math.snu.ac.kr/~ sheen; This work was partially supported by Lotte Fellowship, and KOSEF 97-0701-01-01-3.

Domain decomposition iterative procedure

A model problem

Let Ω be a domain in R^N , N = 2, 3, with the boundary Γ = ∂Ω. Let us first consider the following model problem:

−∇ · (A∇u) + Bu = f in Ω, ν · A∇u + αu = g on Γ, (1)

where ν is the unit outward normal vector to ∂Ω. The coefficients A = A(x), B = B(x) = B_R + iB_I , and α = α(x) = α_R + iα_I are assumed to satisfy

0 < A_0|ξ|^2 ≤ A_{jk} (x)ξ_kξ̄_j ≤ A_1|ξ|^2 < ∞, |B(x)| < B_1 < ∞, |α(x)| < B_2 < ∞.

Notice that (1) covers the case of Helmholtz equation and (1) may be regarded as a general form of first-order absorbing boundary condition.

Non-overlapping domain decomposition iterative procedure

Let {Ω_j : j = 1, · · · , J} be a non-overlapping decomposition of Ω such that Ω̄ = ∪^J_{j=1}Ω̄_j , Ω_j ∩ Ω_k = ∅, j ≠ k,

and set

Γ_j = ∂Ω ∩ ∂Ω_j , Γ_{jk} = Γ_{kj} = ∂Ω_j ∩ ∂Ω_k.

Denote by v_j := v|_{Ωj} the restriction of a function v to Ω_j for all j, and set

V_j = H^1(Ω_j ) ∀j; V = {v | v|_{Ωj} ∈ V_j , ∀j};

Λ = {w | w|_{Γjk} = T r_{Γjk} (w_j ) ∈ H^{−1/2}(Γ_{jk} ) ∀k ∀j},

where H^s(Ω), H^s(Ω_j ), s ∈ R, are the usual complex-valued Sobolev spaces and T r_{Γjk} is the trace operator to Γ_{jk}.

Then the domain decomposition iterative procedure for solving (1) is as follows. 1. Initialization Step. An initial approximation u^0 ∈ V .

2. Iterative Step. For n = 1, 2, · · · , solve iteratively the subdomain problems for u^n_j , j = 1, · · · , J:

−∇ · (A∇u^n_j ) + Bu^n_j = f_j in Ω_j , (2) ν_j · A∇u^n_j + αu^n_j = g_j on Γ_j , (3) with the interface conditions ν_j · A∇u^n_j + βu^n_j = −ν_k · A∇u^{n−1}_k + βu^{n−1}_k on Γ_{jk} , ∀k, (4)

where ν_j is the unit outward normal vector to ∂Ω_j , and β is a matching parameter such that β|_{Γjk} = β|_{Γkj} ∀k ∀j.

The weak problem for (2) is then to find u^n ∈ V such that

a_j (u^n_j , φ) + ∑ k ⟨βu^n_j , φ⟩_{Γjk} = F_j (φ) + ∑ k ⟨−ν_k · A∇u^{n−1}_k + βu^{n−1}_k , φ⟩_{Γkj} , φ ∈ V_j , (5) where

a_j (u_j , φ) := (A∇u_j , ∇φ)_j + ( Bu_j , φ ) j + ⟨αu_j , φ⟩_{Γj} , F_j (φ) := (f_j , φ) + ⟨g_j , φ⟩_{Γj} ,

with (·, ·)_j and ⟨·, ·⟩_{Γjk} being the L^2(Ω_j ) and L^2(Γ_{jk} ) inner products, respectively.

For each n, denote by λ^n ∈ Λ the oblique normal traces:

λ^n_{jk} := ν_j · A∇u^n_j , Γ_{jk} ∀k.

Then the interface condition (4) can be equivalently written in the form

λ^n_{jk} + βu^n_j = −λ^{n−1}_{kj} + βu^{n−1}_k , Γ_{jk} ∀k, (6)

and the weak formulation (5) takes the form

a_j (u^n_j , φ) + ∑ k ⟨βu^n_j , φ⟩_{Γjk} = F_j (φ) + ∑ k ⟨βu^{n−1}_k + βu^{n−1}_k , φ⟩_{Γjk} , φ ∈ V_j . (7)

Each Iterative Step consists of the following two substeps: Substep 2a. Solve the subdomain problems (7) for u^n ∈ V ; Substep 2b. Update λ^n ∈ Λ by (6).

The updating procedure (6) may be regarded as a Jacobi-type scheme with which subdomain problems (7) for all j can be easily parallelizable. Can we have a Seidel type (Gauss-Seidel or red-black Gausss-Seidel type) scheme for the updating procedure which guarantees faster convergence than the Jacobi-type scheme? The answer is affirmatively given. It will be clear from Remark 1 that Gauss-Seidel schemes will be as twice fast as the corresponding Jacobi ones, and from the next section that, by exploiting the red-black procedure, Gauss-Seidel schemes will guarantee such fast convergence when implemented in parallel.

Seidel-type Domain Decomposition Iterative Method

Gauss-Seidel iteration procedure

The Seidel-type domain decomposition iterative procedure is obtained by replacing the interface condition (4) by

ν_j · A∇u^n_j + βu^n_j = { −ν_k · A∇u^{n−1}_k + βu^{n−1}_k , j < k, −ν_k · A∇u^n_k + βu^n_k , j > k, on Γ_{jk}, ∀k, (8) and hence (7) by a_j (u^n_j , ∇φ)_j + ∑ k ⟨βu^n_j , φ⟩_{Γjk} (9)

= F_j (φ) + { ∑ k⟨−λ^{n−1}_{kj} + βu^{n−1}_k , φ⟩_{Γjk} , j < k, ∑ k⟨−λ^n_{kj} + βu^n_k , φ⟩_{Γjk} , j > k.

Let ũ_j = u|_{Ωj} and λ̃_{jk} = −ν_j · A∇ũ_j |_{Γjk} so that ũ_j and λ̃_{jk} satisfy the local equations a_j (∇ũ_j , ∇φ)_j − ∑ k ⟨λ̃_{jk} , φ⟩_{Γjk} = F_j (φ), φ ∈ V_j , λ̃_{jk} = −λ̃_{kj} − β(ũ_j − ũ_k), Γ_{jk} ∀k.

We will show the convergence of (u^n_j , λ^n_{jk} ) to (ũ_j , λ̃_{jk} ). Set e^n_j = u^n_j − ũ_j , μ^n_{jk} = λ^n_{jk} − λ̃_{jk} .

From (9) and (10), we have the error equations: for all j, a_j (∇e^n_j , ∇φ) − ∑ k ⟨μ^n_{jk} , φ⟩_{Γjk} = 0, φ ∈ V_j , (10)

μ^n_{jk} = { −μ^{n−1}_{kj} − β(e^n_j − e^{n−1}_k ), j < k, −μ^n_{kj} − β(e^n_j − e^n_k ), j > k, on Γ_{jk}, ∀k. (11)

The choice v = e^n_j in (10) gives a_j (∇e^n_j , ∇e^n_j ) − ∑ k ⟨μ^n_{jk} , e^n_j ⟩_{Γjk} = 0. (12)

We rewrite (11) as follows:

μ^n_{jk} = −μ^{n−1}_{kj} − β(e^n_j − e^{n−1}_k ), j < k, μ^n_{jk} = −μ^n_{kj} − β(e^n_j − e^n_k ), j > k, (13) = μ^{n−1}_{jk} + β(e^n_k − e^{n−1}_j ) − β(e^n_j − e^n_k ) = μ^{n−1}_{jk} − βe^n_j + 2βe^n_k − βe^{n−1}_j .

This motivates us to define the pseudo-energy for the Seidel-type iterative procedure by R^n := R(e^n, μ^n) = ∑ j<k | |μ^n_{jk} + βe^n_j | |_{0,Γjk} + ∑ j>k | |μ^n_{jk} + β(e^n_j − 2e^n_k ) | |_{0,Γjk} . (14)

We observe that by (13), for j > k, μ^n_{jk} + β(e^n_j − 2e^n_k ) = −μ^n_{kj} − βe^n_k , which implies that R^n given by (14) can be equivalently put in the simpler form: R^n(e, μ) = ∑ j<k | |μ^n_{jk} + βe^n_j | |_{0,Γjk} + ∑ j>k | |μ^n_{kj} + βe^n_k | |_{0,Γjk} . (15)

Theorem 1 For a given (u^0, λ^0) ∈ V × Λ, if iterative solutions (u^n, λ^n) ∈ V × Λ are

computed by using (9), the pseudo-energy given by (15) satisfies

R^n(e, μ) = R^{n−1}(e, μ) − 8Re ∑ j,k ⟨μ^{n−1}_{jk} , βe^{n−1}_j ⟩_{Γjk} .

Proof. Stating from (15), by suitable swapping of the indices j and k, we have

R^n = 2 ∑ j<k | |μ^n_{jk} + βe^n_j | |_{0,Γjk}

= 2 ∑ j<k | |μ^{n−1}_{kj} − βe^{n−1}_k | |_{0,Γjk} by (13) = 2 ∑ j>k | |μ_{n−1jk} − βe_{n−1j} | | 0,Γ_{jk} = 2 ∑ j>k | | |−μ^{n−1}_{kj} + β(e^{n−1}_k − 2e^{n−1}_j ) | | |_{0,Γjk} by (13) = 2 ∑ j<k | | |μ^{n−1}_{jk} − β(e^{n−1}_j − 2e^{n−1}_k ) | | |_{0,Γjk} = 2 ∑ j<k | | |μ^{n−1}_{jk} + βe^{n−1}_j − 2(e^{n−1}_j − βe^{n−1}_k ) | | |_{0,Γjk}

= R^{n−1} − 8Re ∑ j<k ⟨ μ^{n−1}_{jk} + βe^{n−1}_j , β(e^{n−1}_j − e^{n−1}_k ) ⟩ Γ_{jk} +8 ∑ j<k | |β(e^{n−1}_j − e^{n−1}_k ) | |_{0,Γjk}

= R^{n−1} − 8Re ∑ j<k ⟨ μ^{n−1}_{jk} + βe^{n−1}_k , β(e^{n−1}_j − e^{n−1}_k ) ⟩ Γ_{jk}

= R^{n−1} − 8Re ∑ j,k ⟨ μ^{n−1}_{jk} , βe^{n−1}_j ⟩ Γ_{jk}

since Re ∑ j<k ⟨ −βe^{n−1}_k , β(e^{n−1}_j − e^{n−1}_k ) ⟩ Γ_{jk} + ∑ j<k ⟨ μ^{n−1}_{jk} , βe^{n−1}_k ⟩ Γ_{jk}

= Re ∑ j<k ⟨ βe^{n−1}_k , −β(e^{n−1}_j − e^{n−1}_k ) + μ^{n−1}_{jk} ⟩ Γ_{jk}

= Re ∑ j>k ⟨ βe^{n−1}_j , β(e^{n−1}_j − e^{n−1}_k ) + μ^{n−1}_{kj} ⟩ Γ_{jk}

= −Re ∑ j>k ⟨ βe^{n−1}_j , μ^{n−1}_{jk} ⟩ Γ_{jk}

by (13)

= −Re ∑ j>k ⟨ μ^{n−1}_{jk} , βe^{n−1}_j ⟩ Γ_{jk} .

Remark 1 The reader should observe that the form of pseudo-energy defined in (14) or (15) and both Theorem 1 and its proof are entirely independent of the sesquilinear form a(·, ·), and hence Theorem 1 is independent of governing model problem. (Our result depends only on the interface condition (8).) An implication of this observation is that Theorem 1 is valid for a wide range of problems, such as Maxwell and elasticity problems, obviously extending our model problem introduced in the previous section.

Theorem 2 The energy R^n can be expressed as

R^n(e, μ) = R^0(e, μ) − 8β n−1∑ k=1 J∑ j=1 Rea_j (e^k_j , βe^k_j )_j .

Now, take the real part in (12) to obtain Re ∑ k ⟨μ^n_{jk} , e_j ⟩_{Γjk} = Rea_j (∇e^n_j , ∇e^n_j ).

and choose β = β_R + iβ_I with positive real and nonnegative imaginary parts. Then, under additional assumptions on B_I and α_I such that B_I ≥ 0 and α_I ≥ 0, which are indeed physically valid, we have

Rea_j (e^n_j , βe^n_j )_j = β_R [ (A∇e^n_j , ∇e^n_j )_j + (B_Re^n_j , e^n_j )_j + ⟨α_Re^n_j , e^n_j ⟩_Γ ]

+β_I [ (B_I e^n_j , e^n_j )_j + ⟨α_I e^n_j , e^n_j ⟩_{Γj} ] > 0.

In this case, we can conclude from (2) that e^n_j tends to zero as n → ∞.

Remark 2 For the Jacobi case with the same form of energy as in (15), it is wellknown after Després [Des91] that the corresponding decay relations to Theorems 1 and 2 have the form

R^n(e, μ) = R^{n−1}(e, μ) − 4Re ∑ j,k ⟨μ^{n−1}_{jk} , βe^{n−1}_j ⟩_{Γjk} , and R^n(e, μ) = R^0(e, μ) − 4β n−1∑ k=1 J∑ j=1 Rea_j (e^k_j , βe^k_j )_j .

Therefore we conclude that the Seidel scheme is exactly as twice fast as the Jacobi scheme.

Red-black Gauss-Seidel procedure

Jacobi-type iterative algorithms are easily parallelizable, but Seidel-type are not easily parallelizable. In order to parallelize the introduced Seidel scheme, we propose a redblack Seidel scheme with efficiency equivalent to the Seidel-type one. For this, divide the subdomain indices into the two parts J_R and J_B , so that

Ω̄ = [∪_{j∈JR}Ω̄_j ] ⋃ [ ∪_{j∈JB} Ω̄_j ] , Ω_j ∩_{j≠k} Ω_k = ∅, and every element Ω_j , j ∈ J_R, is not adjacent to any element Ω_k, k ∈ J_B .

With an initialization, the red-black iteration scheme is then the altenations of the following steps

1. ∀j ∈ J_R, solve (7) for u^n ∈ V with

λ^n_{jk} = −λ^{n−1}_{kj} + β ( u^n_j (ξ_{jk} ) − u^{n−1}_k (ξ_{jk} ) )

2. ∀j ∈ J_B , solve (7) for u^n ∈ V with

λ^n_{jk} = −λ^n_{kj} + β ( u^n_j (ξ_{jk} ) − u^n_k (ξ_{jk} ) ) . The pseudo-energy for the red-black Seidel-type iterative procedure takes the similar form as (14) or (15) for errors

R^n := R(e^n, μ^n) = ∑ j∈J_R | |μ^n_{jk} + βe^n_j | |_{0,Γjk} + ∑ j∈J_B | |μ^n_{jk} + β(e^n_j − 2βe^n_k ) | |_{0,Γjk} = ∑ j∈J_R | |μ^n_{jk} + βe^n_j | |_{0,Γjk} + ∑ k∈J_B | |μ^n_{kj} + βe^n_k | |_{0,Γjk}

The same arguments as the Gauss-Seidel case lead the analogous results as Theorems 1 and 2, and Remark 1.

References

[BD97]J. D. Benamou and B. Després. A domain decomposition method for the Helmholtz equation and related optimal control. J. Comp. Phys., 136:68–82, 1997.

[CDJP97]P. Collino, G. Delbue, P. Joly, and A. Piacentini. A new interface condition in the non-overlapping domain decomposition. Comput. Methods Appl. Mech. Engrg., 148:195–207, 1997.

[CGJ98]F. Collino, S. Ghanemi, and P. Joly. Domain decomposition method for harmonic wave propagation: A general presentation. Technical Report N^∘ 3473, INRIA, 1998.

[Den97]Q. Deng. An analysis for a nonoverlapping domain decomposition iterative procedure. SIAM J. Sci. Comput., 18:1517–1525, 1997.

[Des91]B. Després. Méthodes de décomposition de demains pour les problèms de propagation d‘ondes en régime harmonique. PhD thesis, Université Paris IX Dauphine, 1991.

[DM97]J. Douglas, Jr. and D. B. Meade. Second-order transmission conditions for the Helmholtz equation. In P. E. Bjørstad, M. Espedal, and D. Keyes, editors, Ninth International Conference on Domain Decomposition Methods, pages 434–440. ddm.org, 1997.

[DPRW93]J. Douglas, Jr., P. L Paes Leme, J. E. Roberts, and J. Wang. A parallel iterative procedure applicable to the approxiamte solution of second order partial differential equations by mixed finite element methods. Numer. Math., 65:95–108, 1993.

[DSSY99]J. Douglas, Jr., J. E. Santos, D. Sheen, and X. Ye. Nonconforming Galerkin methods based on quadrilateral elements for second order elliptic problems. Mathematical Modelling and Numerical Analysis, M^2AN, 33:747–770, 1999.

[Fen97]X. Feng. A non-overlapping domain decomposition method for solving elliptic problems by finite element methods. In P. E. Bjørstad, M. Espedal, and D. Keyes, editors, Ninth International Conference on Domain Decomposition Methods, pages 222–229. ddm.org, 1997.

[Gha97]S. Ghanemi. A domain decomposition method for Helmholtz scattering problems. In P. E. Bjørstad, M. Espedal, and D. Keyes, editors, Ninth International Conference on Domain Decomposition Methods, pages 105–112. ddm.org, 1997.

[HKS99]T. Ha, O. Kwon, and D. Sheen. Seidel-type nonconforming domain decomposition methods for Maxwell’s equations. to appear, 1999.

[KS99]O. Kwon and D. Sheen. Seidel-type nonoverlapping domain decomposition iterative methods. to appear, 1999.

[Kwo99]O. Kwon. Spectral radius of red-black Gauss-Seidel nonconforming domain decomposition methods for second order elliptic problems. to appear, 1999.

[Lio88]Pierre-Louis Lions. On the Schwarz alternating method. I. In Roland Glowinski, Gene H. Golub, Gérard A. Meurant, and Jacques Périaux, editors, First International Symposium on Domain Decomposition Methods for Partial Differential Equations, pages 1–42, Philadelphia, PA, 1988. SIAM.

[Lio90]Pierre Louis Lions. On the Schwarz alternating method. III: a variant for nonoverlapping subdomains. In Tony F. Chan, Roland Glowinski, Jacques Périaux, and Olof Widlund, editors, Third International Symposium on Domain Decomposition Methods for Partial Differential Equations , held in Houston, Texas, March 20-22, 1989, Philadelphia, PA, 1990. SIAM.