12th International Conference on Domain Decomposition Methods Editors: Tony Chan, Takashi Kako, Hideo Kawarada, Olivier Pironneau, © 2001 DDM.org

25. A Parallel Interface Preconditioner for the Mortar Element Method in Case of Jumping Coefficients

Yu. Vassilevski^1

Introduction

The paper is devoted to designing an interface preconditioner for the mortar element method. After brief overview of the problem in Introduction, we discuss the mortar element method with different types of the Lagrange multiplier spaces. Next, we consider the domain decomposition technique for the solution of mortar element systems and outline the general framework of the solution of saddle-point systems which result from the mortar element system. In the last two sections, we constuct the interface preconditioner for the saddle-point Schur complement, which is the goal of the paper, and we present numerical experiments illustrating the basic properties of the interface preconditioner.

Designing the interface preconditioner is one of the most difficult problems in the mortar element method. In this paper we continue development of the Dirichlet- Dirichlet preconditioner [DA99, KV99]. We extend the method to the case of arbitrary type of Lagrange multiplier space and large jumps of coefficients. The proposed algorithm possesses natural parallelism. It is illustrated on a set of numerical experiments.

The mortar element method with Lagrange multipli- ers We consider a macro-hybrid P_1 finite element method with respect to a decomposition of the computational domain Ω ⊂ R^3 into m nonoverlapping regular shaped polyhedral subdomains Ω_i, 1 ≤ i ≤ m, i.e., Ω̄ = ∪^m_{i=1}Ω̄_i, Ω_i ∩ Ω_j = ∅, 1 ≤ i ≠ j ≤ m. We assume this decomposition to be geometrically conforming in the sense that if Θ̄_{ij} = Ω̄_i ∩Ω̄_j ≠ ∅, i ≠ j, then Θ̄_{ij} is either a common vertex, a common edge, or a common face of Ω_i and Ω_j . We refer to S := � {Θ̄_{ij} : | Θ_{ij} |≠ 0, 1 ≤ i ≠ j ≤ m} as the skeleton of the decomposition. We further decompose the skeleton, according to S = K� k=1 γ̄_k = K� k=1 δ̄_k, (1)

into the so-called mortars γ_k and non-mortars δ_k, 1 ≤ k ≤ K, where each mortar is the entire open face of two adjacent subdomains Ω_{M(k)} and Ω¯_{M(k)}, 1 ≤ M(k) ≠ M̄(k) ≤ m, i.e., γ_k = Θ_{M(k),}¯_{M (k)}. The non-mortars δ_k denote the corresponding opposite side

1Institute of Numerical Mathematics, Gubkina 8, 117333, Moscow, Russia, vasilevs@dodo.inm.ras.ru. This work was supported in part by the Russian Foundation for Basic Research Grant 99-01-01189, by the French-Russian A.M.Lyapounov Institute of Informatics and Applied Mathematics, and CNRS (France)

of the mortars γ_k. Choosing H^{1/2}(δ_k) as the trace space of H^1(Ω¯_{M(k)}) on δ_k, we introduce

V := m� i=1 H^1(Ω_i), Λ := K� k=1 H^{−1/2}(δ_k).

We consider an elliptic problem in the macro-hybrid primal variational formulation [BF91]: Find (u, λ) ∈ V × Λ such that

a(u, v) + b(λ, v) = l(v), v ∈ V, (2) b(μ, u) = 0, μ ∈ Λ.

Here, the bilinear forms a(·, ·) : V × V → R, b(·, ·) : Λ × V → R and the functional l(·) : V → R are given by

a(v, w) := m� i=1 a_i(v, w), a_i(v, w) := � Ω_i

[ρ∇v · ∇w + εvw]dx,

b(μ, v) := K� k=1 b_k(μ, v), b_k(μ, v) :=< μ, [v]_J >_{δk} , l(v) := m� i=1 � Ω_i

fvdx,

where [v]_J |_{δk} := v|_{ΩM̄ (k)} − v|_{ΩM (k)} , and < ·, · >_{δk} refers to the dual pairing between H^{−1/2}(δ_k) and H^{1/2}(δ_k), f ∈ L_2(Ω). For simplicity we assume that ε(x) = ε_i ≡ const_i > 0, ρ(x) = ρ_i ≡ const_i > 0 in Ω_i, i = 1, . . . , m.

Let Ω^h_i be a conformal simplicial triangulation of Ω_i, i = 1, . . . , m. We denote by V^h_i the space of P_1 conforming finite elements on Ω_i associated with triangulation Ω^h_i . It is obvious that the traces of V^h_{M̄ (k)} and V^h_{M(k)} on δ_k are, generally speaking, different.

We denote δ^h_k = Ω^h_{M̄ (k)} ∩ δ_k and consider three choices of the discrete Lagrange multiplier space associated with continuous piecewise linear [BM94, Kuz95], piecewise constant [AT95] and the Dirac functions, respectively:

Λ^h(δ_k) := � v = � i∈{N (δ^h_k )}

β_iψ_i, ψ_i = � j∈{B(δ^h_k )}

(φ_i, φ_j )_{L2(δk )} � l∈{N (δ^h_k )}

(φ_l, φ_j )_{L2(δk )} φ_j + φ_i � (3)

Λ^h(δ_k) := � v|_σ ∈ P_0(σ), σ ∈ D(δ^h_k ) � (4)

Λ^h(δ_k) := � v = � i∈{N (δ^h_k )}

β_iδ(x_i) � (5)

Here N (δ^h_k ) is the set of inner nodes of δ^h_k , B(δ^h_k ) is the set of the nodes of δ^h_k lying on ∂δ_k, and D(δ^h_k ) is the mesh dual to δ^h_k [Fei93]. The element σ of D(δ^h_k ) with a center node x_i is defined via the baricentric coordinates on elements e of δ^h_k surrounding x_i, λ_j (e), j = 1, 2, 3 : σ = {x|λ_j (x) ≥ max_{l≠j} λ_l, λ_j (x_i) = 1}. Notation δ(x) stands for the Dirac function and φ_i stands for the standard Courant basis function, while {A} denotes the set of indexes for nodes belonging to A.

Setting

V^h := m� i=1 V^h_i and Λ^h := K� k=1 Λ^h(δ_k),

the mortar finite element approximation of (2) requires the computation of (u, λ) ∈ V^h × Λ^h such that

a(u, v) + b(λ, v) = l(v), v ∈ V^h, (6) b(μ, u) = 0, μ ∈ Λ^h.

We note that in contrast to (3),(4), in case (5) Λ^h/⊂ Λ and the mortar finite elements are nonconforming ones. Since the paper is addressing a solution procedure for (6), we do not discuss approximation properties of (6) here.

In the sequel, we denote by A ∼ B the spectral equivalence between the matrices A and B or proportionality between values A and B, and by c or C, with or without subscripts, positive constants.

Domain decomposition solver

General framework

The finite element problem (6) results in the system of linear algebraic equations in the saddle-point form:

� A B^T B 0 � � u λ � = � f 0 � , or

� � � � � � �

A_1 0 B^T_1 · · · · · · 0 A_m B^T_m B_1 . . . B_m 0

� � � � � � �

� � � � � � � u_1 · · · u_m λ

� � � � � � � =

� � � � � � � f_1 · · · f_m 0

� � � � � � � ,

(7) where the block representations of the matrices A and B are associated with the definition of the spaces V^h and Λ^h, while the matrix A and the vector f are specified by the bilinear form a(u, v) and the functional l(v), respectively. Under the assumptions made, matrices A_i are symmetric positive definite and the whole matrix of system (7) is nonsingular.

The linear problem (7) may be solved by several iterative techniques (the reader is referred to [HIK^+98, Kuz95] and references therein). The construction of a preconditioner R_λ for the matrix BA^{−1}B^T is one of the most important issues. Usually R_λ is called to be an interface preconditioner, or a Lagrange multiplier preconditioner. One of possible constructions is the Dirichlet-Dirichlet preconditioner [DA99, KV99]. The goal of this paper is to develop the parallel version of the Dirichlet-Dirichlet preconditioner which is robust to both the types of Lagrange multipliers spaces and the jump of coefficients.

Interface preconditioner

Let Γ_i := ∂Ω_i \ ∂Ω, n_{Γi} be the number of nodes of Γ^h_i := ∂Ω^h_i ∩ Γ_i, M_{Γi} ∈ R^{nΓi ×nΓi} be the boundary mass matrix, d_i be the diameter of Ω_i, i = 1, . . . , m.

We introduce the matrix P_{Γi} = w_{1,Γi} w^T_{1,Γi} , where w_{1,Γi} =^1√_{|Γi|} e_{Γi} , e_{Γi} = [1 . . . 1]^T ∈ R^{nΓi} . We note that (M_{Γi} w_{1,Γi} , w_{1,Γi} ) = 1, and P_{Γi} M_{Γi} are the M_{Γi}-orthogonal projectors, i = 1, . . . , m. Let ε_i ≤ cρ_i/d^2_i and let Ā_i be a matrix generated on Ω^h_i by the bilinear form a_i(u, v) with ε = ρ_i/d^2_i . The matrices A_i and Ā_i have the block forms

A_i = � A_{Γi} A_{Γi Ii} A_{Ii Γi} A_{Ii} � and Ā_i = �¯ A_{Γi} Ā_{ΓiIi} Ā_{Ii Γi} Ā_{Ii} � , where A_{Γi} , Ā_{Γi} ∈ R^{nΓ}i^{×nΓ}i .

Lemma 1 [HIK^+98, Kuz95] Under the assumptions made �¯ A_{Γi} − Ā_{Γi Ii}Ā^{−1}_{Ii} Ā_{Ii Γi}

�_{−1} + 1 ε_id_i

P_{Γi} ∼ � A_{Γi} − A_{Γi Ii} A^{−1}_{Ii} A_{Ii Γi}

�_{−1} . (8)

The spectral equivalence takes place with constants independent of ρ_i, ε_i, d_i.

The above Lemma is used for the construction of a preconditioner to BA^{−1}B^T , since B_iA^{−1}_i B^T_i = B_{Γi} (A_{Γi} − A_{Γi Ii} A^{−1}_{Ii} A_{Ii Γi} )^{−1}B^T_{Γi} , where matrix B_{Γi} is the interface subblock of B_i, B_i = (B_{Γi} , O). Using (8) we have

BA^{−1}B^T = m� i=1 B_iA^{−1}_i B^T_i ∼ m� i=1 1 ε_id_i

B_{Γi} P_{Γi} B^T_{Γi} + Ḡ, (9)

Ḡ =^m � i=1 B_{Γi} �¯ A_{Γi} − Ā_{Γi Ii}Ā^{−1}_{Ii} Ā_{Ii Γi}

�_{−1} B^T_{Γi} . (10)

Theorem 1 [KV99] Let the symmetric positive definite matrix D be such that the spectrum of DḠ belongs to the interval [c_1, c_2], 0 < c_1 < c_2 and let

R_λ := m� i=1 1 ε_id_i

B_{Γi} P_{Γi} B^T_{Γi} + D^{−1}. (11)

Then

R_λ ∼ BA^{−1}B^T . (12)

The spectral equivalence takes place with constants independent of ρ_i, ε_i, d_i, m and dependent on c_1, c_2.

Matrix R_λ is a modification of D^{−1} by a low rank matrix XX^T =^m � i=1 1 ε_id_i BΓ^i PΓ^i B T Γ_i

with X = � . . . ,^1√_{εi di|Γi|} B_{Γi} e_{Γi} , . . . � . The solution of a system with matrix R_λ may be found by evaluations of matrix D:

R^{−1}_λ = D − DX(I^{−1}_m + X^T DX)^{−1}X^T D, where I_m ∈ R^{m×m} is the identity matrix. Thus, in order to construct a good preconditioner for BA^{−1}B^T we have to find a preconditioner D to Ḡ such that DḠ ∼ I and D is easily multiplied by a vector.

In order to motivate our further constructions, we briefly review already developed ones. Let us suppose for a moment that ρ_i = 1, i = 1, . . . , m. In [KV99] and in [DA99] the following constructions were investigated, respectively:

~D =^m � i=1 B_{Γi} �¯ A_{Γi} − Ā_{Γi Ii}Ā^{−1}_{Ii} Ā_{Ii Γi} � B^T_{Γi} , (13)

~D = (BB^T )^{−1}BĀB^T (BB^T )^{−1}. (14)

The choice (13) provides an easy parallel implementation, while (14) is not well parallelized, since the global matrix BB^T is to be factorized. A parallel iterative inversion of BB^T seems to be too expensive in view of large condition number of BB^T (of order of 100 in cases (3),(4)). On the other hand, the choice (13) yields the small ratio c_2/c_1 only in the case (5), in contrast to (14) providing satisfactory results in the case (3). The main reason for that is a mutual annihilation of the jump matrices in the product ~DḠ = (BBT )−1BĀBT (BBT )−1BĀBT .

A natural compromise between (13) and (14) is an approximation of (BB^T )^{−1} by a block diagonal matrix whose blocks are associated with interfaces. The construction of this matrix will be considered later.

Another important modification stems from the properties of the Neumann-Neu-mann preconditioner [DRLT91, MB96]. Preconditioning the interface Schur complement by assembling Neumann problems requires certain weights for the Neumann problems [KMV93]. By analogy with the Neumann-Neumann preconditioner we weight the Dirichlet problems in (13) by diagonal matrices w_{Γi} . The entries of w_{Γi} are reciprocal to the number of host subdomains Ω_i, for any interface node.

We return to construction of block diagonal approximation of (BB^T )^{−1}. Let B_{Γi ,j} be the j-face block of matrix B_{Γi} , then

BB^T = m� i=1 B_{Γi} B^T_{Γi} = m� i=1

� � � B_{Γi,1}B^T_{Γi ,1} B_{Γi,1}B^T_{Γi,2} · · · B_{Γi,2}B^T_{Γi ,1} B_{Γi,2}B^T_{Γi,2} · · · . . . . .. .

� � � = (15)

m� i=1

� � � B_{Γi,1}w_{Γi} B^T_{Γi,1} B_{Γi,2}w_{Γi} B^T_{Γi,2} . . .

� � �+ m� i=1

� � � B_{Γi ,1}(1 − w_{Γi} )B^T_{Γi,1} B_{Γi,1}B^T_{Γi,2} · · · B_{Γi ,2}B^T_{Γi,1} B_{Γi ,2}(1 − w_{Γi} )B^T_{Γi ,2} · · · . . . . .. .

� � �.

Such a decomposition of matrix BB^T turns out to be numerically reasonable in the sense that the inverse of the first term in (15) is a suitable substitution for (BB^T )^{−1}, according to numerical evidence.

Taking into account the above observations we present the parallel version of Dirichlet-Dirichlet preconditioner, in the case ρ_i = 1, i = 1, . . . , m: D = m� i=1 F^{−1}_{Γi} B_{Γi} ω_{Γi} �¯ A_{Γi} − Ā_{Γi Ii}Ā^{−1}_{Ii} Ā_{Ii Γi} � ω_{Γi} B^T_{Γi} F^{−1}_{Γi} , (16)

F_{Γi} = blockdiag{F_{Γi,j} }, F_{Γi ,j} = B_{Γi ,j} ω_{Γi} B^T_{Γi ,j} + B_{Γi⋆ ,j}⋆ ω_{Γi⋆} B^T_{Γi⋆ ,j}⋆ .

Here, Ω_i⋆ is the neighbor-subdomain to Ω_i with shared faces j and j^⋆. We note the

factorization of F_{Γi} is feasible since F_{Γi} is a sparse matrix.

Now let ρ_i > 0 be arbitrary. Then

Ḡ =^m � i=1 B_{Γi} �¯ A_{Γi} − Ā_{ΓiIi}Ā^{−1}_{Ii} Ā_{Ii Γi}

�_{−1}

B^T_{Γi} ≡ (17)

≡ m� i=1 1 √ ρ_i

B_{Γi} � ρ^{−1}_i Ā_{Γi} − ρ^{−1}_i Ā_{Γi Ii}Ā^{−1}_{Ii} Ā_{Ii Γi}

�_{−1}

B^T_{Γi} 1 √ ρ_i , and the problem of construction D is reduced to the case ρ_i = 1 by substitutions

B_{Γi} → B_{Γi} / √ ρ_i, Ā_i → Ā_i/ρ_i. Thus, the general form of the Dirichlet-Dirichlet

preconditioner is D = m� i=1 F^{−1}_{Γi} 1 √ ρ_i

B_{Γi} ω_{Γi} � ρ^{−1}_i Ā_{Γi} − ρ^{−1}_i Ā_{Γi Ii}Ā^{−1}_{Ii} Ā_{Ii Γi} � ω_{Γi} B^T_{Γi} 1 √ ρ_i

F^{−1}_{Γi} ,

F_{Γi} = blockdiag{F_{Γi,j} },

F_{Γi ,j} = 1 √ ρ_i

B_{Γi,j} ω_{Γi} B^T_{Γi,j} 1 √ ρ_i + 1 √ ρ_i⋆

B_{Γi⋆ ,j}⋆ ω_{Γi⋆} B^T_{Γi⋆ ,j}⋆ 1 √ ρ_i⋆ , which may be rewritten as: D = m� i=1 F^{−1}_{Γi} B_{Γi} ω^ρ_{Γi} �¯ A_{Γi} − Ā_{Γi Ii}Ā^{−1}_{Ii} Ā_{Ii Γi} � ω^ρ_{Γi} B^T_{Γi} F^{−1}_{Γi} , (18)

F_{Γi,j} = B_{Γi,j} ω^ρ_{Γi} B^T_{Γi,j} + B_{Γi⋆ ,j}⋆ ω^ρ_{Γi⋆} B^T_{Γi⋆ ,j}⋆ , ω^ρ_{Γi} = ω_{Γi} /ρ_i.

It is clear that (18) differs from (16) only in the scaled count matrices w^ρ_{Γi} .

Remark. The presence of Dirichlet boundary conditions for the original problem

reduces the rank of XX^T since subdomains with a Dirichlet part of the boundary do

not contribute to XX^T [Kuz95].

Numerical experiments

We present the effect of the Dirichlet-Dirichlet preconditioner for the model operator

−∇ · ρ∇ + ε with Neumann boundary conditions. The domain Ω is a union of four

similar tetrahedra Ω_i sharing one common edge: Ω = � x | 3� i=1 |x_i| < 1 2 , x_1 > 0 � , m = 4,

Ω_1 = {x ∈ Ω, x_2 < 0, x_3 < 0} , Ω_2 = {x ∈ Ω, x_2 < 0, x_3 > 0} ,

Ω_3 = {x ∈ Ω, x_2 > 0, x_3 < 0} , Ω_4 = {x ∈ Ω, x_2 > 0, x_3 > 0} .

We compare the Dirichlet-Dirichlet preconditioner R_λ for BA^{−1}B^T in three cases of Lagrange multiplier spaces, (3), (4), (5). The comparison will be done for different types of tetrahedral meshes: quasi-uniform, shape-regular, and anisotropic. We distinguish the above types of meshes by the metric H = diag{H_1, H_2, H_3} in which the meshes Ω^h_i become quasi-uniform, i.e. consist of the given number N_T of shape-regular (in metric H) tetrahedra of the same size (in metric H). In the tables below we show the estimated condition number of preconditioned Schur complement BA^{−1}B^T and the number of PCG iterations applied to a system with BA^{−1}B^T in order to reduce the Euclidean norm of residual by a factor of 10^6.

Coef. Mesh quasi-uniform isotropic anisotropic ρ_i N_T 800 6000 39000 800 6000 800 6000 Λ^h(δ_k) from (3) ρ_{1,2,3,4} = 1 cond(#it) 29(19) 45(25) 29(26) 37(17) 44(20) 26(17) 32(22) ρ_{1,2} = 1, ρ_{3,4} = 10^4 cond(#it) 36(13) 18(11) 17(12) 81(23) 170(24) 59(18) 18(13) ρ_{1,3} = 1, ρ_{2,4} = 10^4 cond(#it) 52(19) 83(23) 41(21) 91(21) 81(22) 44(17) 69(22) Λ^h(δ_k) from (4) ρ_{1,2,3,4} = 1 cond(#it) 29(20) 36(25) 28(24) 34(16) 36(17) 23(16) 29(19) ρ_{1,2} = 1, ρ_{3,4} = 10^4 cond(#it) 32(13) 19(12) 17(12) 74(20) 170(22) 51(19) 18(12) ρ_{1,3} = 1, ρ_{2,4} = 10^4 cond(#it) 49(19) 83(24) 35(21) 83(20) 81(22) 35(15) 65(23) Λ^h(δ_k) from (5) ρ_{1,2,3,4} = 1 cond(#it) 17(16) 18(20) 20(26) 17(14) 18(18) 16(13) 18(18) ρ_{1,2} = 1, ρ_{3,4} = 10^4 cond(#it) 20(12) 41(19) 22(20) 20(11) 36(17) 23(12) 20(17) ρ_{1,3} = 1, ρ_{2,4} = 10^4 cond(#it) 18(13) 19(15) 21(19) 18(10) 19(12) 18(10) 19(13)

Table 1: Condition number of R^{−1}_λ BA^{−1}B^T and #PCG iteration, ε = 1.

In Table 1 the quasi-uniform mesh is obtained on the basis of the metric H_1 = H_2 = H_3 = 1, and the isotropic and anisotropic refinements to the common edge are defined by H_1 = H_2 = H_3 = 0.5/( � y^2 + z^2 + 0.01) and H_1 = 1, H_2 = H_3 = 0.5/( � y^2 + z^2+0.025), respectively. The meshes are generated in such a way that they do not match on the interfaces. It implies that the number of tetrahedra in Ω^h_i is equal to N_T only approximately. We consider three different distributions of coefficients ρ_i in Ω: no jump, two simply connected subdomains with constant coefficient, and the chess pattern.

In the next example we consider the effects of small value of coefficient ε_i and large number of subdomains m. The domain Ω = (0, 1)^3 is split into m = 6 (resp. 48 or 384) tetrahedron subdomains Ω_i of the same diameter d_i = √ 3 (resp. √ 3/2 or √ 3/4), i = 1, . . . , m. We consider the Helmholtz operator −Δ + ε with homogeneous Neumann boundary condition on ∂Ω and restrict the set of possible triangulations by quasi-uniform ones and take the Lagrange multiplier space (3). The number of tetrahedra N_T in Ω^h_i is chosen to be equal to 800. Slightly worse performance in the cases m = 48, 384 is due to presence of the crosspoints.

In Table 3 we present the parallel properties of the method in terms of the execution time of PCG iterations measured on different sets of processors. The measurement was obtained using a DEC TruCluster with Dec alpha processors running at 400 MHz.

ε \ m m = 6 m = 48 m = 384 ε = 1 cond (# it) 26(26) 64(44) 84(45) ε = 10^{−2} cond (# it) 35(20) 61(33) 62(28) ε = 10^{−4} cond (# it) 29(15) 40(18) 19(7)

Table 2: Condition number of R^{−1}_λ BA^{−1}B^T and #PCG iteration, quasi-uniform meshes, ρ_{1,2,3,4} = 1, Λ^h(δ_k) from (3).

The Fortran code uses MPI library for interprocessor communications.

N_T #Processors 2 4 8 800 time of PCG it. 3.0 1.5 0.9 2000 time of PCG it. 7.7 3.8 1.9

Table 3: Execution time of PCG iterations (sec), m = 48, quasi-uniform meshes, ε = 1, ρ_{1,2,3,4} = 1.

Conclusions

The paper is addressing the construction of parallel interface preconditioner for the mortar element method. The new version of the Dirichlet-Dirichlet method is discussed. It is easy to parallel and it is robust to such ”bad” parameters of an elliptic boundary value problem as the number of subdomains, the mesh refinement, the jump of the diffusion coefficient, the small value of perturbation parameter. Numerical experiments exhibited the basic properties of the method.

References

[AT95]A. Agouzal and J.-P. Thomas. Une méthode d’élement finis hybridesen décomposition de domaines. RAIRO M^2AN, 29:749–764, 1995.

[BF91]F. Brezzi and M. Fortin. Mixed and Hybrid Finite Element Methods. Springer- Verlag, New-York, 1991.

[BM94]Faker Ben Belgacem and Yvon Maday. The mortar element method for three dimensional finite elements. Technical Report 94-16, Université Paul Sabatier, 1994.

[DA99]D.Stefanica and A.Klawonn. The FETI method for mortar finite elements.

In C.-H. Lai, P.E. Bjorstad, M. Cross, and O.Widlund, editors, Proceedings of 11th International Conference on Domain Decomposition Methods, pages 121–129. DDM.org, 1999.

[DRLT91]Yann-Hervé De Roeck and Patrick Le Tallec. Analysis and test of a local domain decomposition preconditioner. In Roland Glowinski, Yuri Kuznetsov, Gérard Meurant, Jacques Périaux, and Olof Widlund, editors, Fourth International Symposium on Domain Decomposition Methods for Partial Differential Equations, pages 112–128. SIAM, Philadelphia, PA, 1991.

[Fei93]Miloslav Feistauer. Mathematical Methods in Fluid Dynamics. Longman Scientific & Technical, Harlow, England, 1993.

[HIK^+98]R. Hoppe, Yu. Iliash, Yu. Kuznetsov, Yu. Vassilevski, and B. Wohlmuth.

Analysis and parallel implementation of adaptive mortar element methods. East West J. Num. An., 6(3):223–248, 1998.

[KMV93]Yuri Kuznetsov, Petri Manninen, and Yuri Vassilevski. On numerical experiments with Neumann-Neumann and Neumann-Dirichlet domain decomposition preconditioners. Technical report, University of Jyväskylä, 1993.

[Kuz95]Yuri A. Kuznetsov. Efficient iterative solvers for elliptic problems on nonmatching grids. Russ. J. Numer. Anal. Math. Modelling, 10(3):187–211, 1995.

[KV99]Yu. Kuznetsov and Yu. Vassilevski. A Dirichlet-Dirichlet preconditioner for the mortar element method. Technical Report B 12/1999, University of Jyvaskyla, Dprt. of MIT, University of Jyvaskyla, Finland, 1999.

[MB96]J. Mandel and M. Bresina. Balancing domain decomposition for problems with large jumps in coefficients. Math.Comp., 65(216):1387–1401, 1996.