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16 Substructuring techniquesand Waveletsfor Domain
Decomposition

Silvia Bertoluzzat

Intr oduction

We considerin this papera substructuringapproachfor preconditioningthe linear system
arisingfrom thereductionto theinterfaceunknown of the discretethree elds formulationof
domaindecompositionlIn particularwe concentrat@n choosingthe stabilizationtechnique,
neededo circumwentthe otherwisevery restrictive inf-sup conditionsrequiredfor stability
and corvergence,in sucha way that the stabilizedmethodfalls in the rangefor which the
estimateon the preconditioneholds. For suchpreconditioneto work, it is in factnecessary
that the stabilizedbilinear form veri es continuity and coercvity with respectto the same
norm This leadsus to choosea stabilizationtechniquebasedon addinga residualterm
on the subdomairboundariesmeasuredn the naturalnorm of type H'/2. The H'/? type
scalarproductcan be cheaplyrealizedin termsof a wavelet decomposition. Remarkthat
waveletsareemployed hereasatool for implementingstabilizationandthey do not needto
beemployedasdiscretizatiorspace.

A substructuring preconditioner for the three elds domain
decompositionmethod

Let © C R? bea corvex polygonaldomain. We will considerthe following simple model
problem:given f € L?(Q), nd v satisfying

—Au = finQ, u=00nof. Q)
In this paperwe considerthe three elds domaindecompositiorformulation of sucha
problem[BM94]. More precisely consideringfor simplicity a geometricallyconforming

decompositior) = U, with ; quadranglesegularin shapel';, = 99Q, andletting
¥ = Ui Ik, we introducethefollowing functionalspaces

v=[[H' %), A=][H T,
k k
® = {p € L*(T) : thereexistsu € H}(Q), u=ponZ} = Hy(Q)|s,
respectrely equippedvith thenorms:

lally =Dl s IR = Do IN F-1/2ry
k k
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and(see[Ber004g)

2 .
= inf u
R - U D DIC AT

We remarkthat hereandin the following we will usethe notationc andC to indicate
several positive constantsndependenbf ary relevant parameterlik e the meshsize or the
sizeof thesubdomainsTheexpressiond ~ B will standfor cA < B < CA.

Leta® : HY(Qy) x H'(Qx) — R denotethebilinearform correspondingo the Laplace
operator:

a*(w,v) = VwVu.
Qg

The continuousthree elds formulationof equation(1) is the following ([BM94]): nd
(u, N\, ) € V x A x & suchthat

(Vk, Yok € H'(Qy), Vuk € H-V/2(Ty) :
ak (uk,vk) — frkvb‘k — kaka,
{ —Jputut + fp e =0, @)
andvy € & :
\ Zk frk ’\k¢ = 0.

It is known that this problemadmitsa uniquesolution (u, A, ¢), wherew is indeedthe
solutionof (1) andsuchthat \* = du*/0v* onTy, andey = u on X, wherev* denotes
the outernormalderiative to the subdomairf);,. After choosingdiscretizatiorspaced/, =
[1, V¥ c I1, H* (%), Ap = [1, AF c I1, H~'/?(T%) and®;, C &, equation(2) canbe
discretizedby a Galerkinscheme.Thelinear systemstemmingfrom suchan approximation

takestheform
A BT 0 Uy i
B o0 C¢T |-l XN |=|0], 3)
0o C 0 @, 0

(up, Ap, and<p beingthe vectorsof the coefcients of uy, A, andyy in the baseshosen
for Vi, Ay, and<I>h respectiely). By a Schurcomplemenargumentthe solutionof (3) canbe
reducedo asystemin theunknowvn @y whichtakestheform

ABT>

B 0 (4)

—1~T _ -1 i — —
CA™C p, =-CA (0>, CcC=[0 C], A_<
The matrix S = CA~!'CT doesnot needto be assembled.The system(4) canratherbe
solvedby aniterative techniquglik e for instancea conjugategradientmethod)andtherefore
only theactionof S onagivenvectorneedgo beimplementedMultiplying by S impliesthe
needfor solving alinear systemwith matrix A. This reducespy a properreorderingof the
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unknowns, to independentlysolving a discreteDirichlet problemwith Lagrangemultipliers
in eachsubdomain.

Existenceuniquenessindstability of the solutionof the discretizedoroblemrely onthe
validity of two inf-supconditions,

ek Ak
inf  sup 7219 fr’“ h_h > fp1 >0, inf  sup 7216 fr’“ hh

>pB2>0 (5
M EAR up eV, [[unllv || Anlla en€®n aneh, llenllellAnlla

respectiely couplingV;, with Ay, andA, with ®;. Provided(5) holds,it is possibleto prove

thatthe bilinearform s : ®, x ®, — R correspondindo the Schurcomplemenmmatrix S
andde ned by

T
8(un, vn) = vp Suy,
is continuousandcoercive with respecto the® norm;

s(¢n, ¥n) < Mollenllallvnlle, s(on,on) > aollenllds (6)

(M, anday positive constants).

Theproblemariseghento preconditiorthe Schurcomplemeninatrix.S. Thiscanbedone
by a substructuringapproach([BPS86 Ber00H). To this endwe introducea decomposition
of the skeletonX \ 99 = U;e; asthedisjoint union of M macro-edges;, (eachbeingthe
edgeof two adjacensubdomains)andwe split the discretespace®;, asthedirectsumof a
coarsespacel g of functionslinearon eachmacro-edgef X,

‘CH = {30 € CO(E) : Vi = 17-'- JMJ Ple; € H'Dl(ei)a (p=00n80},

(P, denotingthe spaceof polynomialsof degreeat mostone)plussomelocal spacegoneper
macro-edge®)”,

‘I’?{i = {on € ®n: @uls\e; = 0},

consistingin thosefunctionsin ®; vanishingoutsidethe macro-edge;. Correspondindo
sucha decompositiorwe will considera block-Jacobtype preconditionerMore precisely it
is possibleto prove thefollowing theorem.

Theorem1 Letsy : Lg x L — Rand3; : @) x &Y' — R besymmetricilinear forms
satisfying
Sulen, o) ~ leulls Vou € Lu, and  $i(en,on) =~ llonll3, Veon € )7,

andlet 5 : &, x &, — R be the bilinear form which, for ¢, = g + Zf‘il (pg"' and

Yn = Yu + X, 0, is de nedby
M . .
5(on,Yn) = 8u(pm, vm) + Z NSRS

i=1

Thenfor all ¢ € @4, it holds

R Hi\?
clgnlls < (on,on)  max (1108 7 )l

wheee hy, and H;, are respectivelythe smallestmeshsizeof ®|r, and the diameterof the
subdomairf,,.
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Thanksto (6), by awell knowvn argument, Theoreml impliesthatwe canderive the fol-
lowing corollary, wherewe denoteby S the matrix correspondingo the Galerkindiscretiza-
tion of thebilinearforms §, which hasa block diagonalstructure.

Corollary 1 If (5) holds,then

. H.\?
cond(S™'S) < max (1 + log —k) .
k hk

Wavelet stabilization

The needfor the two inf-sup conditions(5) to hold, leadsto discardseveral otherwisede-
sirable choicesfor the three discretizationspacesl;,, A, and ®,. A possibleremedyin
this directionis to advocatea suitablestabilizationtechnique allowing to circumventoneor
bothinf-sup conditions. Several proposalshave beenmadein this respect(seefor instance
[BFMR97)). In this particularcontext, we wanthoweverto choosehe stabilizationtechnique
in suchaway thatthe substructuringrreconditionebrie y describedn the previoussection
still applies.Therefore the bilinearform correspondingo the Schurcomplemenmatrix de-
riving from the stabilizedmethodneeddo satisfy(6). A choicethatful lls suchrequirement
is the waveletstabilizationproposedn [BK0O]. This consistsn introducingsymmetricbi-
linearforms|[-, -]y o : HY/?(Ty) x H'/(T';) — R satisfyingthe following boundsfor all
©hn, ¥y € ®p|r, andfor two suitablepositive constants”; ande;:

[ons Ynli2e < Crlenlmz@g [¥nlmew,), [ons nlijan = C1|<Ph|ip/2(u)- (7)
Thestabilizedthree elds formulationof problem(1) reads: nd wy, Ay, andyy, suchthat
(VEk, Yub € ViF, Vuk e Ak -

ak(uﬁavili) + W[Uﬁavﬁ]l/zk - frk U;’i)\ﬁ - ’Y[‘Pm“;’ﬂl/zk = kaf/U}I;:v
\ —Jr ke + fooubon =0, (8)
andVyy, € @, :

=26l Ynlijan + 2k Jo M + v len Yrlien =0,

wherey > 0 is a parameteiindependendbf the choiceof the discretizationspaces.Such
formulationis consistentith the original continuousproblem,thatis by substitutingin (8)
the solution (u, A, ) of (2) at the placeof (up, An, @r) we obtainanidentity. The linear
systemstemmingfrom sucha problemtakesthis time the following form:

A BT —’VDT Up i
B 0 cT A =10 ], (9)
—D C ~vE o 0

with A = A + vF, thematricesD, E andF deriving from the stabilizingterms. Again, the
solutionof (9) canbereducedo a systemin theunknavn @y thistime takingtheform

Sv'gh = (DA_IDT —}—ny') o, = _DA! ( % )
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with

. A BT
A_<B 0), D=[—-D C]

Onceagainwe Igté : &, x &, — R bethebilinear form correspondindo the Schur
complemenmatrix S

g((pha d}h) = ﬁthfh;

and,if thespacéelV},, andA, satisfythe rst of thetwo inf-sup conditions(5), alsothe bilinear
form § is continuousandcoercize with respecto the ® norm:

5(on, ¥n) < Mi|lonllallYnlle, (n, on) > aillenlls-

Also for thebilinearform 3, Theoreml yieldsthenthe corollary

Corollary 2 It holds
s H,\2
cond(S™1S) < max (1 + log —k> .
k hk

We needat this pointto provide bilinearforms|-, -], /2 » with therequiredcharacteristics.
Following the proposalof [BKOOQ], thesearedesignedy meansof a waveletdecomposition.
For simplicity, let us assumehatthe subdomainsare squaregotherwisewe would needto
mapthemontoa square) Sincethe H'/2(T;) seminormis invariantunderchangef scale,
we canrescalethe subdomairin suchawaythat|T'y| = 1 (thatis H = 1/4). For simplicity,
let us concentrateon the casein which the skeletonX is discretizedby meansof P1 nite
elementsandlet usassumehaton eachmacro-edge; thegrid is uniform,with L; elements,
L; beinga power of two:

L; =2%  forsomej; > 1,

sothatfor all k, |, C Vj, y2, With j; = max;.|e,ur,|>0 Ji» Where,for j > 0, \Z denotes
the spaceof 1-periodicP1 nite elementsntheuniform grid with meshsize1/27.

The sequence(V;};>o forms a so called multiresolutionanalysisof L?(T') andit is
well known (seefor example[CDF92)) thatthereexistsseseralwaveletbasesssociatedvith
sucha multiresolutionanalysis. More preciselythereexist several P1 compactlysupported
functionsd € C°(R) de ned ontheuniformgrid of meshsize1 andintegernodessuchthat,
if we de ne waveletsd,,, ¢ by 8, = 3.1 _2m/29(2™(x — n) — £), all functionsy € V;
canbewrittenas

j—1 2™
n=m+ > > Tmibme 70 cONStant
m=0 (=1
andsuchthat

j—1 2m

ne€V; = lpecy = D Y 2" mel
m=0 {=1
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If, for ¢,& € L%(T}), we expressin termsof the wavelet basis{6,, .} the respectie
L%(T,) projectionslI(¢) andIl (€) ontoVj, 42,

Je+1 2™ Je+1 2™
Q) =C+ Y D Cmtbmes (&) =&+ DD &mibms,
m=0 {=1 m=0 (=1

we cande ne thebilinearform[-,-]; 5, as

Je+1 2™

[ 2k = D Y 2 Cm tlmot-

m=0 {=1

It is possibleto prove ([BKO0Q]) thatthebilinearformsthusde ned satis es(7).

With this de nition, the computationof [uf — ¢x,vF — ¥4]1 /2, essentiallyreducesto
rst computingthe nodalvaluesof IT;, (uf), II;, (vF), IL;, (r) andIL;, (1) respectiely
andthenapplyinga FastWaveletTransform

Numerical results

We will considerproblem(1) with f = 1 andQ =]0, 1[2. We consideran uniform decom-
positionof 2 in K = 4 x 4 equalsquaresubdomain®f size H x H, H = 1/4. In each
subdomairf?;, we take an uniform meshcomposedyy Ny, x N;, equalsquareelementsof
sizedy X O, 0 = H/Ny = 1/(4N}). We thende ne Vh’c to bethe correspondingpaceof
Q1 nite elements.Thevalueof Ny is randomlyassignedn sucha way thatfor aboutone
third of the subdomaingV, = 5, for aboutanotherthird N, = 10, andfor the remaining
subdomaingV, = 15. The multiplier spaceA’g is thende ned asthetraceon T’y of V,f.
With suchachoiceit is possibleto prove thatthe spaces\;, andV}, satisfythe rst of thetwo
inf-supconditionsneededor stability. Thespaced,, is choserto beaP1 nite elementspace
correspondingo a uniform grid on ¥ with meshsize1/(4 - 27). As J increasesthe second
inf-sup condition— coupling®; and A, — fails. The consequeninstability clearly appears
in Figure 1, whereon top we plot the solution;, obtainedby the unstabilizedformulation
(2) for J = 3 (ontheleft) andJ = 5 (ontheright). On the bottom,we plot the solution
o, obtainedby the stabilizedformulation(8) for the samevaluesof J andfor v = .05. The
stabilizing effect of the correctionis evident. We next shaw, for differentvaluesof the sta-
bilization parametery, the performanceof the block Jacobitype preconditionetintroduced
in Section??, wherethebilinearforms sy ands; arechoseraccordingto [BPS86,Ber004.
While the stabilizedsystemis betterpreconditioned¢henthe unstabilizedone( rst column
in thetable),apparenththe stabilizationparametein uencesits performancesoits correct
choiceis important.
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Figurel: Effectof thestabilization:ontop we displaytheresultsof the plainformulationand
atthebottomthe onesobtainedby addingthe stabilizationterm

27 | y=0 4=.00125 y=.05 ~v=.25
4 11 11 11 11
8 40 44 15 16
16| — 57 17 25
32| — 59 21 41

Tablel: Numberof CG iterationsneededo reducethe residualof afactor10—°. Fory = 0
andJ > 4 the conjugategradientproceduredid not corverge in the maximumnumberof
iteration(which wassetto 100).
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