
ThirteenthInternationalConferenceonDomainDecompositionMethods
Editors:N. Debit,M.Garbey, R. Hoppe,J.Périaux,D. Keyes,Y. Kuznetsov c

�
2001DDM.org

16 Substructuring techniquesand Waveletsfor Domain
Decomposition

Silvia Bertoluzza1

Intr oduction

We considerin this papera substructuringapproachfor preconditioningthe linear system
arisingfrom thereductionto theinterfaceunknown of thediscretethree�elds formulationof
domaindecomposition.In particularwe concentrateon choosingthestabilizationtechnique,
neededto circumvent the otherwisevery restrictive inf-sup conditionsrequiredfor stability
andconvergence,in sucha way that the stabilizedmethodfalls in the rangefor which the
estimateon thepreconditionerholds.For suchpreconditionerto work, it is in factnecessary
that the stabilizedbilinear form veri�es continuity andcoercivity with respectto the same
norm. This leadsus to choosea stabilizationtechniquebasedon addinga residualterm
on the subdomainboundaries,measuredin the naturalnorm of type ������� . The ���	��� type
scalarproductcan be cheaplyrealizedin termsof a wavelet decomposition.Remarkthat
waveletsareemployedhereasa tool for implementingstabilizationandthey do not needto
beemployedasdiscretizationspace.

A substructuring preconditioner for the thr ee�elds domain
decompositionmethod

Let 
���
 � be a convex polygonaldomain. We will considerthe following simplemodel
problem:given ����� ��� 
�� , �nd � satisfying

��� ����� in 
 � ���"! on #$
 % (1)

In this paperwe considerthe three �elds domaindecompositionformulationof sucha
problem[BM94]. More precisely, consideringfor simplicity a geometricallyconforming
decomposition
&�('*)�
�) , with 
�) quadranglesregular in shape,+,)-�.#$
�) , and letting/ �"'*)0+1) , we introducethefollowing functionalspaces

2 �43 ) � � � 
 ) �5� 67�43 ) �-8 �	��� � + ) �5�9 �;:=<>�?� � � / �A@ thereexists ����� �B � 
��5�,���C< on
/�D �C� �B � 
��FE GH�

respectively equippedwith thenorms:

I � I � J �4K )
I � ) I �L�MONQPSR5T � IVU1I �W �"K )

IVU ) I �L�X MZY\[ N^]_R5T �
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and(see[Ber00a])

I < I �� � �������� L M	 NQP T�
 �
��� on G
I � I �L M NQP T�� K ) E <�E �L MZY\[ N^] R T %

We remarkthat hereand in the following we will usethe notation � and � to indicate
several positive constantsindependentof any relevant parameter, like the meshsizeor the
sizeof thesubdomains.Theexpression� ��� will standfor ����� � ����� .

Let � ) @_� � � 
�) ���?� �0� 
�) � � 
 denotethebilinearform correspondingto theLaplace
operator: � ) �"! �$# �H� % P R'& ! & #S%

The continuousthree�elds formulationof equation(1) is the following ([BM94]): �nd� �1� U ��<*�A� 2 ��6(� 9 suchthat)*********+ *********,
-/. � - # ) ��� �0� 
 ) � � -10 ) ��� 8 ������� + ) �A@� ) � � ) �2# ) � �43 ] R # ) U ) � 3 PSR �1# ) �
� 3 ] R � ) 0 ) 5 3 ] R 0 ) <;� ! �
and

-76 � 9 @ 8
) 3 ] R U ) 6 � ! %

(2)

It is known that this problemadmitsa uniquesolution � � � U ��<,� , where � is indeedthe
solutionof (1) andsuchthat

U ) � # � ):9 #<; ) on + ) , and <��(� on
/

, where ; ) denotes
theouternormalderivative to thesubdomain
�) . After choosingdiscretizationspaces

2<= �> ) 2 )= � > ) � � � 
�) � , 6 = � > ) 6 )= � > ) � 8 ������� + ) � and
9?= � 9 , equation(2) canbe

discretizedby a Galerkinscheme.Thelinearsystemstemmingfrom suchanapproximation
takestheform @A � �CB !� ! � B! � !

DEGF @A � =U =
< =

DE
�

@A �
!!

DE
� (3)

( � = , U = , and < = beingthe vectorsof the coef�cients of � = , U = and < = in the baseschosen
for
21=

, 6 = and
9?=

respectively). By aSchurcomplementargumentthesolutionof (3) canbe
reducedto asystemin theunknown < = , which takestheformHCI 8 � H B < = � � HCI 8 �KJ � !�L � H �NM !O�QP � I � J � �CB� ! L % (4)

The matrix R�� HSI 8 � H B doesnot needto be assembled.The system(4) can ratherbe
solvedby aniterative technique(like for instancea conjugategradientmethod)andtherefore
only theactionof R onagivenvectorneedsto beimplemented.Multiplying by R impliesthe
needfor solvinga linearsystemwith matrix

I
. This reduces,by a properreorderingof the
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unknowns,to independentlysolving a discreteDirichlet problemwith Lagrangemultipliers
in eachsubdomain.

Existence,uniquenessandstability of thesolutionof thediscretizedproblemrely on the
validity of two inf-supconditions,� ������ � W � ������ � � J �

8
) 3 ] R U )= � )=I � = I J IFU = I W �
	 ��� ! � � ���� � � � � ������ � � W �

8
) 3 ] R U )= < =I < = I � IVU = I W �
	 ��� ! (5)

respectively coupling
2 =

with 6 = , and 6 = with
9 =

. Provided(5) holds,it is possibleto prove
that thebilinear form ��@ 9 = � 9 = � 
 correspondingto theSchurcomplementmatrix R
andde�ned by

� � � = �2# = �H��# B= R,� = �
is continuousandcoercivewith respectto the

9
norm:

� � < = � 6 = �?��� B I < = I � I 6 = I � � � � < = ��< = � � � B I < = I �� � (6)

( � B and
� B positiveconstants).

Theproblemarisesthento preconditiontheSchurcomplementmatrix R . Thiscanbedone
by a substructuringapproach([BPS86, Ber00b]). To this endwe introducea decomposition
of theskeleton

/�� #$
 � '������ asthedisjoint union of � macro-edges��� , (eachbeingthe
edgeof two adjacentsubdomains),andwe split thediscretespace

9 =
asthedirectsumof a

coarsespace� L of functionslinearoneachmacro-edgeof
/

,

� L �4: <>� � B � / �A@ -�� �����V%F%V%$���4� <�E  "!A�$# � � ���\� �,<��"! on #$
 D �
( # � denotingthespaceof polynomialsof degreeatmostone)plussomelocalspaces(oneper
macro-edge)

9 B&% �= ,
9 B&% �= � :=< = � 9 = @7< = E G�'  ! �C! D �

consistingin thosefunctionsin
9 =

vanishingoutsidethe macro-edge��� . Correspondingto
sucha decompositionwe will considera block-Jacobitypepreconditioner. More precisely, it
is possibleto provethefollowing theorem.

Theorem1 Let (� L @)� L �$� L � 
 and (�*� @ 9 B&% �= � 9 B&% �= � 
 besymmetricbilinear forms
satisfying

(� L � < L ��< L � � I < L I �� - < L �+� L � and (� � � < = ��< = � � I < = I �� � - < = � 9 B&% �= �
and let (� @ 9?= � 9?= � 
 be the bilinear form which, for < = � < L 5 8-,

� � � < B&% �= and6 = � 6 L 5 8 ,� � � 6 B&% �= , is de�nedby

(� � < = � 6 = � �.(� L � < L � 6 L � 5 ,
K � � � (�*� � < B/% �= � 6 B/% �= � %

Thenfor all < = � 9?= it holds� I < = I �� �0(� � < = ��< = �214365�7) J � 598;:=< � )> ) L � I < = I �� �
where

> ) and � ) are respectivelythe smallestmeshsizeof
9 = E ] R and the diameterof the

subdomain
 ) .
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Thanksto (6), by a well known argument,Theorem1 impliesthatwe canderive thefol-
lowing corollary, wherewe denoteby (R thematrix correspondingto theGalerkindiscretiza-
tion of thebilinearforms (� , whichhasa blockdiagonalstructure.

Corollary 1 If (5) holds,then� ����� � (R 8 � R � 1�365)7) J � 5 8;:=< � )> ) L � %
Waveletstabilization

The needfor the two inf-sup conditions(5) to hold, leadsto discardseveral otherwisede-
sirablechoicesfor the threediscretizationspaces

2 =
, 6 = and

9 =
. A possibleremedyin

this directionis to advocatea suitablestabilizationtechnique, allowing to circumventoneor
both inf-sup conditions. Several proposalshave beenmadein this respect(seefor instance
[BFMR97]). In thisparticularcontext, wewanthoweverto choosethestabilizationtechnique
in sucha way thatthesubstructuringpreconditionerbrie�y describedin theprevioussection
still applies.Therefore,thebilinearform correspondingto theSchurcomplementmatrix de-
riving from thestabilizedmethodneedsto satisfy(6). A choicethatful�lls suchrequirement
is thewaveletstabilizationproposedin [BK00]. This consistsin introducingsymmetricbi-
linear forms M F � F P �	��� % ) @ � ������� +1) � � � ����� � +1) � � 
 satisfyingthefollowing boundsfor all< = � 6 = � 9?= E ] R andfor two suitablepositiveconstants� � and � � :M < = � 6 = P ����� % ) � � � E < = E L M Y [ N^]_R T E 6 = E L MZY\[ N^] R T � M < = ��< = P �	��� % ) � � � E < = E �L MZY\[ NQ] R T % (7)

Thestabilizedthree�elds formulationof problem(1) reads:�nd � = , U = and < = suchthat)*********+ *********,
-<. � - # )= � 2 )= � -10 )= ��6 )= @� ) � � )= �$# )= � 5�� M � )= �$# )= P �	��� % ) � 3 ] R # )= U )= � � M < = �2# )= P ����� % ) � 3 PSR �1# )= �
� 3 ] R � )= 0 )= 5 3 ] R 0 )= < = ��! �

and
-16 = � 9?= @

�
8
) � M � )= � 6 = P ����� % ) 5 8 ) 3 ] R U )= 6 = 5 8 ) � M < = � 6 = P ����� % ) �C! �

(8)

where � � ! is a parameterindependentof the choiceof the discretizationspaces.Such
formulationis consistentwith theoriginal continuousproblem,that is by substitutingin (8)
the solution � � � U ��<,� of (2) at the placeof � � = � U = ��< = � we obtainan identity. The linear
systemstemmingfrom suchaproblemtakesthis time thefollowing form:@A �� �CB � �	� B� ! � B� �
� � �	�

DE F @A � =U =
< =

DE
�

@A �
!!

DE
� (9)

with
�� ��� 5��

 , thematrices� , � and 
 deriving from thestabilizingterms.Again, the

solutionof (9) canbereducedto asystemin theunknown < = , this time takingtheform

�R*< = @ ����� �I 8 � � B 5��
��� < = � � � �I 8 � J � ! L
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with

�I � J �� �SB� ! L � � �NM � �
� � P %
Onceagainwe let

���@ 9 = � 9 = � 
 be the bilinear form correspondingto the Schur
complementmatrix

�R
�� � < = � 6 = � � 6 = B �R*< = �

and,if thespace
21=

and 6 = satisfythe�rst of thetwo inf-supconditions(5), alsothebilinear
form

�� is continuousandcoercivewith respectto the
9

norm:

�� � < = � 6 = �?�
� � I < = I � I 6 = I � � �� � < = ��< = � �
� � I < = I �� %
Also for thebilinearform

�� , Theorem1 yieldsthenthecorollary

Corollary 2 It holds � ����� � (R 8 � �R*�21�365)7) J � 5 8;:=< � )> ) L � %
We needat this point to providebilinearforms M F � F P ����� % ) with therequiredcharacteristics.

Following theproposalof [BK00], thesearedesignedby meansof a waveletdecomposition.
For simplicity, let us assumethat the subdomainsaresquares(otherwisewe would needto
mapthemontoa square).Sincethe � �	����� + ) � seminormis invariantunderchangesof scale,
we canrescalethesubdomainin sucha way that E +*) E_�0� (that is � �0� 9 � ). For simplicity,
let us concentrateon the casein which the skeleton

/
is discretizedby meansof P1 �nite

elements,andlet usassumethatoneachmacro-edge� � thegrid is uniform,with � � elements,� � beinga powerof two:

�2� ���
� ! for some�*� � ���

sothatfor all
.
,
9 = E ] R � 2 � R�� � , with � ) ��365�7 � 
��  !
	 ] R�� � B �&� , where,for � � ! , 2 � denotes

thespaceof 1-periodicP1�nite elementson theuniformgrid with meshsize � 9 � � .
The sequence: 2 � D ��
 B forms a so called multiresolutionanalysisof � ��� + ) � and it is

well known (seefor example[CDF92]) thatthereexistsseveralwaveletbasesassociatedwith
sucha multiresolutionanalysis.More preciselythereexist severalP1 compactlysupported
functions� � � B � 
 � de�ned on theuniformgrid of meshsize � andintegernodes,suchthat,
if we de�ne wavelets��� % � by ��� % � �

8
���
��� 8 ��� � ��� � � � � ��� � � � ��� � � all functions��� 2 �

canbewrittenas

� ��� B 5 � 8 �K
� � B ���K � � � � � % � � � % � � � B constant�

andsuchthat

� � 2 � � � E � E �L MZY\[ N^] R T � � 8 �K
� � B ���K � � � � � E �!� % � E � %
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If, for
� ���4� � ��� +1) � , we expressin termsof the wavelet basis :��!� % � D the respective� � � +1) � projections� ) � � � and � ) � ��� onto

2 � R�� � ,
� ) � � � � � B 5 � R � �K

� � B � �K � � � � � % � � � % � � � ) � ���H��� B 5 � R � �K
� � B ���K � � � � � % � ��� % � �

we cande�ne thebilinearform M F � F P ����� % ) asM � ��� P ����� % ) � � R � �K
� � B ���K � � � � � � � % � � � % � %

It is possibleto prove([BK00]) thatthebilinearformsthusde�ned satis�es(7).
With this de�nition, the computationof M � )= � < = �$# )= � 6 = P ����� % ) essentiallyreducesto

�rst computingthe nodalvaluesof � � R � � )= � , � � R � # )= � , � � R � < = � and � � R � 6 = � respectively
andthenapplyingaFastWaveletTransform.

Numerical results

We will considerproblem(1) with � � � and 
 � P ! �&� M � . We consideran uniform decom-
positionof 
 in � � � � �

equalsquaresubdomainsof size � �-� , � � � 9 � . In each
subdomain
�) we take an uniform meshcomposedby � ) ��� ) equalsquareelementsof
size 	=) �
	=) , 	F) � � 9 � ) � � 9 � � � ) � . We thende�ne

2 )= to bethecorrespondingspaceof
Q1 �nite elements.Thevalueof � ) is randomlyassignedin sucha way that for aboutone
third of the subdomains� ) ��� , for aboutanotherthird � ) � �=! , andfor the remaining
subdomains� )�� �
� . The multiplier space6 )= is thende�ned as the traceon +,) of

2 )= .
With suchachoiceit is possibleto provethatthespaces6 = and

21=
satisfythe�rst of thetwo

inf-supconditionsneededfor stability. Thespace
9�=

is chosento beaP1�nite elementspace
correspondingto a uniform grid on

/
with meshsize � 9 � � F ��� � . As � increases,thesecond

inf-sup condition– coupling
9 =

and 6 = – fails. The consequentinstability clearly appears
in Figure1, whereon top we plot the solution < = obtainedby the unstabilizedformulation
(2) for �4��� (on the left) and �4��� (on the right). On the bottom,we plot the solution< = obtainedby thestabilizedformulation(8) for thesamevaluesof � andfor � ��% !�� . The
stabilizingeffect of thecorrectionis evident. We next show, for differentvaluesof the sta-
bilization parameter� , the performanceof the block Jacobitype preconditionerintroduced
in Section??, wherethebilinearforms (� L and (� � arechosenaccordingto [BPS86,Ber00b].
While the stabilizedsystemis betterpreconditionedthenthe unstabilizedone(�rst column
in thetable),apparentlythestabilizationparameterin�uencesits performance,so its correct
choiceis important.
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Figure1: Effectof thestabilization:ontopwedisplaytheresultsof theplain formulationand
at thebottomtheonesobtainedby addingthestabilizationterm

� � � �"! � � % ! !�� � � � � % ! � � � % � �
4 11 11 11 11
8 40 44 15 16
16 — 57 17 25
32 — 59 21 41

Table1: Numberof CG iterationsneededto reducetheresidualof a factor �F! 8 �

. For � �;!
and � � �

the conjugategradientproceduredid not converge in the maximumnumberof
iteration(which wassetto �=!�! ).
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