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3 The Mortar elementmethod revisited – What are the
right norms?

D. Braess1, W. Dahmen2

Intr oduction

A numberof investigationshave recentlybeendevoted to the mortarmethodasa domain
decompositionmethodwith non-overlappingsubdomains.Its attractioncomesfrom its great
�e xibility dueto the fact that differenttypesof discretizationarepossibleon differentsub-
domains.Thebestexperienceis with ��� -elliptic problems.In contrastto standardconform-
ing elements,theremay be jumpsacrossthe interfacesbetweenadjacentsubdomains,and
thecontinuityconditionsarereplacedby weakmatchingconditionsthesocalledmortaring
conditions.Our guidingquestionherewill beto whatextenttherestill remain“interdomain-
constraints”on thediscretizationswhich arepossiblyimposedby stability andaccuracy re-
quirements,in particular, whendealingwith highly non-quasi-uniformmeshes.

Thereis by now almosta standardway to treat mortar elementsin the framework of
nonconformingelements,whereit was originally analyzed,seee.g. [BMP94]. However,
sinceit maybetechnicallycumbersometo eliminatetheconstraintsimposedby thematching
conditionsandsincefastsolversareby now availablefor mixed formulations,the analysis
asa saddlepoint problemhasrecentlyattractedinterest,seee.g. [BB99, BDW99, Woh99b].
Moreover, on a principal level the inf-sup condition is alsooften hiddenin the analysisof
mortarelementsbasedon thenonconformingtheory. If theinf-supconditionholds,theerror
of approximationby functionswith andwithoutthemortaringconditionsareof thesameorder
[Bra01, RemarkIII.4.10]. This tool is frequentlyusedfor estimatingthetermthatrepresents
theapproximationerrorin thelemmaof Berger, Scott,andStrang.Thereforewe believe that
theunderstandingof thesaddlepoint formulationis at theheartof thematterwhich will be
thepoint of view takenin thispaper.

Thefact that the framework for thesaddlepoint formulationis still lesswell established
in comparisonwith the nonconformingmethodis due to the subtledifferencebetween(at
least) two tracespacesin the scaleof Sobolev spaceswith index 1/2. To be speci�c, let
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denotethe(typical) interfacebetweenthesubdomains	

�

and 	�
 . Whenthevariational
problemis consideredin theSobolev space����
�	�� or ���

�


�	�� , thenthetracespace�

�����

���




�����

�

endowedwith thenorm �������! �"$#

%�%'&)(+*-,/.�021

��3

(+*-,

�4�

�-���65 798

*

(where3
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is thestandardindicator
function)turnsoutto beanappropriatefunctionspacefor thejumpsovertheinteriorboundary

�����

. In the2D casethis canberealizedby forcing thetrial functionsto becontinuousat the
crosspoints,which is a mild constraint.However, for 3D problemsthejumpswould have to
vanishalongtheboundariesof theinterfaces,andthis would entailsevererestrictionson the
discretizationsfor neighboringsubdomains.Thusjumpsliving in thelargerspace�:�����+


�
���

� ,
areusuallyadmittedin actualcomputationswith mortarelements.
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This discrepancy (gap) prohibits the useof Brezzi's theory with the standardSobolev
spacesandtheir norms. For a rigoroustreatmentonehadto resortto nonstandardmethods.
Onepossibility is to introducemesh-dependentnormsasdone,e.g. in [BDW99, DFG

�

01,
Woh99b]. Continuity, ellipticity, and the inf-sup condition as requiredby Brezzi's theory
arethenavailable. Anotherconceptcanbe found in [BB99, Woh99a] wheretheanalysisis
performedin a two-stageprocess.In a �rst stepmerelythedirectvariablesareestimatedby
thenonconformingtheory. In thesecondsteponly the inf-supconditionandno ellipticity is
requiredfor achieving anerrorestimateof theLagrangemultipliers.

A principalobjective of this paperis to narrow this gapsomewhat. Speci�cally, we will
exploreto whatextentandunderwhatcircumstancesonecandispensewith mesh-dependent
norms. Somemesh-dependencestill turnsout to remainbut only for onevariableandin a
weaker form no longerinvolving anexplicit meshsizeparameter. Moreover, thenew norms
canbeboundedby ��� � �  �"$#

%�% &)(+*-,/.
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byanin�nite dimensionalspace.It is now easilyunderstandablewhyall thedifferentconcepts
haveonepoint in common.They all makeuseof thefact— in anopenor hiddenway— that
thesubsetof �nite elementfunctionswhosejumpsbelongto �

�-���
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� ���

� , is suf�ciently thick.
Aside from thesetheoreticalconsiderationsthere is the following practical reasonfor

addressingtheaboveissue.Nonoverlappingdomaindecompositionappearsto beparticularly
suitablefor problemswith complicateddomainsor jumpingcoef�cients so thatoneexpects
solutionswith singularbehavior. Thereforetheuseof highly non-quasi-uniformor adaptively
re�ned meshesin differentsubdomainsshouldbecoveredby thetheory. However, themesh-
dependentnormsfrom [BDW99, BD98, Woh99b] only work well whenusingquasi-uniform
meshes.In fact, in connectionwith error estimatesthe meshsizesshouldnot even differ
too much from onesubdomainto the other one,see[DFG

�

01] for an extensionto mesh-
dependentnormswith suitablelocalmeshsizefunctions.

So the core questionis how independentlyfrom eachother can the discretizationson
differentsubdomainsbe chosensoasto retainstability andoverall accuracy evenwhenthe
individualmeshesarehighly non-quasi-uniform.

Recently, an error analysishasbeenperformedin [KLPV01] for the mortarmethodon
meshesthat are only locally quasi-uniform. The price that hasbeenpaid thereis that the
mesheson adjacentsubdomainshave to match alongtheboundaryof the interfacewhich in
the threedimensionalcaseseverly imposeson the meshgenerator. Our approachallows us
to abundonthis constraintto restorefull mortar�e xibility . We still obtainerrorestimatesof
thesametypeasin [KLPV01], wheretheconstantsnow dependonly on onesidedmeshsize
ratios. Cleary, local re�nementsonor nearaninterfacewould resultfrom asingularbehavior
of the approximatedsolutionon or nearthat interfaceaffecting both adjacentsubdomains.
Thusconditionsof this type (even two sidedversions)tendto be satis�ed automaticallyby
reasonablemeshadaptationstrategies.

The paperis organizedas follows. In Section3 we describethe continuousproblem.
Section3 is concernedwith thediscretecounterparts.Speci�cally, we formulateseveral re-
quirementsto be met by the discretizations.Thesearesimilar in spirit (andin fact closely
related)to thosein [KLPV01] andhave beenrecognizedto play a pivotal role in many pre-
cedinginvestigations[BB99, BMP94, BDW99,BD98, Woh99b]. Section3 is devotedto the
stability analysisfor this setting. In contrastto [KLPV01] we work herein a saddlepoint
context for a choiceof normsthat is differentfrom prior investigations.In Section3 we dis-
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cusserrorestimatesfrom differentpoint of views. Theconceptsarethenappliedin Section
3 to the so calleddual basismortarmethodfrom [BP99, KLPV01, Woh99a]. In particular,
we establishstandardtypesof error estimatesfor locally quasi-uniformmesheswithout the
abovementionedinterfaceboundarymatchingconditionfrom [KLPV01].

The continuousproblem

Considerthesecondorderelliptic boundaryvalueproblem� �������
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Themortarmethodis basedonavariationalformulationof (1) with respectto theproduct
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This suggeststhefollowing weakformulationof (1): For a suitablepair of spaces
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for furtherbackgroundinformation).Wenotethateachinterface
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Discretization

In orderto describenext themortarmethodasa discreteversionof (3), we choosefor each
subdomain	

�

a(conforming)triangulation� �

subjectto thefollowing assumptions:
(a) Eachtriangulationis completelyindependentof thoseon neighboringsubdomains.This
meansthatthenodesin � �

whichbelongto
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neednotmatchwith any of thenodesof � �

.
(b) The � �

will always be shaperegular but only locally quasi-uniform,i.e., the ratios of
maximalandminimal diametersof theelementsin � �
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wheretheindex � indicatesthedependenceon thediscretization.
The next crucial stepis to �x the Lagrangemultipliers for each
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in (3)). In this context, we stressthe following implicit notationalconvention to be used
throughoutthe rest. The indexing of the interface
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hasbeenchosenas the non-mortarside. This distinction is importantbecausethe
Lagrangemultiplierswill only dependon thenon-mortarsidein a way thatwill bespeci�ed
later in moredetail. Whenever
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Meanwhileseveraltypesof Lagrangemultiplier spaceshavebeenconsideredin theliter-

ature,seee.g. [BMP94, BD98, KLPV01, Woh99a]. Insteadof consideringany speci�cation
we formulate�rst somerequirementson themultiplier spacesthatcanbeextractedfrom the
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Remark 1 When � ���

is quasi-uniform,P.4 is a consequenceof (9) and the approximation
property (6) in P.2 provided that the spaces

�
���

also satisfya standard inverse property.
Only if themeshesaremerely locally quasi-uniform,requirementP.4 requiresattention.
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where,again,theindex � indicatesthedependenceon � ���

andshouldnotbeviewedasmesh
sizeparameterwhenusedasa subscript.Moreover, the �nite elementfunctionsthat satisfy
themortaringconditions,form thespace
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We will show that,(13) is a stableandaccuratediscretizationof (3), if thepairs 
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Stability

First we addressthestability of (13). In contrastto [KLPV01] we treat(13)asa saddlepoint
problem.Thus,onehasto show thattheoperators
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appropriate.While for quasi-uniformgrids appropriatemesh-dependentnormsoffer a cure
[BDW99, BD98, Woh99b, Woh99a] we wish to reducethe mesh-dependenceof normsin
favor of mesh�e xibility .
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onehas,in view of (15), thatT � 
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Sincethecontinuity(17) andellipticity (18) have alreadybeenestablished,it remainsto
verify thevalidity of theLBB-conditionto ensurethestability of thediscretization(13), i.e.,
theuniformboundedinvertibility of themappings

� � from (14); see,e.g.[BF91].
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whichcompletestheproof.

We arenow readyto completethe
Proof of Theorem1. Given � P � � let � ���

denoteits componentcorrespondingto
� ���7� K

.

Wede�ne asuitableO P L � asfollows.For each
�����

let O ��� P  �

��� bethefunctionconstructed
in Lemma1 satisfying(20). Bearingin mind, that,by our notationalconvention, 	

�

denotes
thenon-mortarsideof

� ���

, we de�ne
�O ���

to betheharmonicextensionof theboundarydata�O ���
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asthe superpositionof theseextensions.In particular, O
vanishesidenticallyonany subdomain	
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thatis neveranon-mortarside.Hence
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This thereforeimpliesalso]
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andconcludethat ��
 O ��� �

�� � O �

��5

�
� � � �4�����

. Thisestablishesthevalidity of theLBB-condition.

Err or Estimates

We wish to discussnext theaccuracy of theabove discretizations.For simplicity we con�ne
the discussionto piecewise linear trial spaceson the subdomainsso that the approximation
order is �

1 � . Accordingly the approximationorderof the multipliers is assumedto be
� � - 1 - . Thehigherordercasecanbetreatedanalogouslyprovidedthesolution

�
of the

continuousproblem(3) hasenoughregularityoneach	

�

. Moreover, wewill alwaysassume
thatthepairs 
� �

��� � �:��� � areadmissibleandthatthemeshes� �

areshaperegularandlocally
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quasi-uniform.Let usdenoteby
:� �

themaximalmeshsizein 	

�

. If
� T

8

* P � �+
�	

�

� , then
onehopesthatthediscretesolution

� � of (13)satis�esanestimateof thetype
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We wantto identify theessentialobstructionsencounteredwhengoingaboutanestimate
of the type (24). The usualpoint of departureis Strang's secondlemma,seee.g. [Bra01],
p. 107or [BDW99], whichsaysthat

�
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Since O � P � � , dueto the orthogonalityrelation(12) we may subtractan arbitraryelement
� � P � � from theconormalderivativeof

�
in theconsistency errorsothat]
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We know from the tracetheoremthat � � O � � �
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� . Moreover,
whenthe
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haveapproximationorder � � - 1 - , astandarddualityargumentensuresthat
we can�nd a � � P �:���
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wherewe have usedthe tracetheoremagain. Therefore,by usingthe Cauchy–Schwarz in-
equality, oneobtains
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It remainsto establishan analogousboundfor the approximationerror

� �#� $ � ��� �
�

� �O � �

��5

� in (24). To this end, note �rst that � � � O � � 1

� � O � � and for O � P � � one has
( /��� � � � O � � 1D� . Hence, � ���
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� � O � �
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Theright handsideof (26) hasindeedbeenshown in [KLPV01] to beboundedby theright
handsideof (23) undera certainassumptionM1. This conditionrequiresthat the meshes
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inducedby � �

and � �

match along the boundary
� �����

of the interface
�����

. ConditionM1
allowsoneto employ local extensionsfrom �

�����

���




�����

� to dealwith theconstraints.
In orderto avoid this constraintwe preferanalternative andstartwith an unconstrained

approximationof
�

oneachsubdomain	

�

. In fact,from theinf-supconditionin Theorem1
aboveandFortin's generalargument[Bra01, RemarkIII.4.10] we concludethattheestimate
in

L
� yieldsanupperboundfor theapproximationin thekernel

� � ,�����
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In thiscase,however, thefull normhasto beused,i.e.,theterms �1( /��� � � � O � � �6�! �"$#

%�% & (+*-,/.

have

to beestimatedaswell (in particular, when � � � O � � EP �
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e.g. Lagrangeinterpolantsor Clément's quasi-interpolantswould do. Thus, it remainsto
estimatethe terms �-( /��� � � � O � � �

�! �"$#

%�% & (+*-,/.

which areactuallymoreproblematic.Of course,

theproblemis thatundertheabove assumptions� � � O � � is not necessarilyin �

�-���
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� so
that onecannotdirectly bound �1(0/��� � � � O � � �
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(see(10) in
P.4) andusethenthetracetheoremin orderto ensureultimatelythat
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therebyobtainingagainthe sameboundasin (28) andthuscon�rming (23). Thereforewe
will discussnext someinstanceswhere(29) is indeedtruewhich incidentallywill shedsome
light on thetypeof obstructionsarisingin thegeneralcase.

First of all, since � � �41D� wehave � � � O � �#P �
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For I

1 � this canalwaysbe arrangedby choosingO � to interpolate
�

at the crosspoints
(without requiringthewholemortardiscretizationto enforcecontinuityat crosspoints!) In
thecaseI

1

�
this is not possible.This is exactly whereconditionM1 in [KLPV01] comes

into play which requiresthat the meshesin 	

�

and 	

�

matchalong
� �����

so that � O � � can
indeedbearrangedto bein �
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� , e.g.,by choosingO � asthenodalinterpolant.In this
case(10) in P.4 canbeinvokedto estimate
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which indeedleadsto (29) andthusis an instancewhere(23) canbe con�rmed. Hencein
summary, oneway to ensurean estimateof the type (23) is to sacri�ce someof the mortar
�exibility by enforcinginterfaceboundarymatchingconditionM1.

On theotherhand,onecouldhopethat � � � O � � fails to bein �
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whichwouldagainleadto (29). Oneway to pursuethis line
is to applyaninverseinequality
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which is to beunderstoodasfollows. Following [DFG
�

01] we denoteby � a meshfunction,
namelytheuniquepiecewiselinearfunctionthatinterpolatesthemaximaldiameterof all tri-
anglessharingthecorrespondingnodalpoint. Thenestimatesof theform (30)areestablished
in [DFG

�

01]. Now denotingby � � ��� �

themeshsizefunctionsinducedon
� ���

by themesh
on 	

�

and 	

�

, respectively, wehave
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Now if ( /��� weresuf�ciently local in thesensethatthefollowing condition
P.5:
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holds,this combinedwith (32)wouldallow usto infer from (31) that
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We recall that 	
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where
�� is theunionof supportsof basisfunctionsoverlapping� . Thusintroducing
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Thisestimatecombinedwith thetracetheorem
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alsoyieldstheestimate(23)uponsummingover , .

Theorem2 Supposethatall themeshes� �

areshaperegularandlocally (notglobally)quasi-
uniform. If P.5 holds,thenthematching conditionM1 from[KLPV01] can indeedbeabun-
donedto obtainstill anestimateof theform (23),providedthat thereexist a uniformbound� ��� 
2� / (37)

Of course,if themeshesarequasi-uniform,theaboveargumentsimpli�es andonearrives
at the situationconsideredin [BDW99, BD98]. Note also that (37) is a weak constraint
that tendsto besatis�ed automaticallywhenthemeshesaredeterminedby reasonableerror
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estimatorssincea possiblesingularityon or nearan interfacewill affect a neighborhoodon
bothsides.

Finally, it shouldbenotedthatestimatesof theform (23) areultimatelyof limited value
whendealingwith highly non-quasi-uniformmeshes.In fact,they wouldbeonly usefulwhen
the solution

�
hasde�cient regularity so that the local � � norms(or even �

�
-normsfor

� � � ) arenot appropriate.This issueis beyondthescopeof thepresentdiscussionandwill
beaddressedelsewhere.

Dual Bases

We wish to applyour approachto thesocalleddual basesmortar methodthathasbeenpro-
posedin [KLPV01] for I

1

�
and in [Woh99a] for I

1 � , seealso [BP99] for a similar
approachin the wavelet context. Note that the assumptionsin [KLPV01] arephrasedin a
somewhatdifferentway but Lemma3.2 in [KLPV01] relatestherequirementsthereclosely
to thepresentformulationP.4. Speci�cally, in [KLPV01] two typesof Lagrangemultiplier
spaces

� � arediscussedfor piecewiselineartrial functionsin

L
� . Finite volumediscretiza-

tionson dualmeshesareshown to satisfyP.1 – P.4 where,however, P.4 canonly beensured
to hold undercertainrestrictionson localmeshsizeratios.

In contrast,thesocalleddualbasesmortarmethodrealizesP.1– P.4 for anylocally quasi-
uniformshaperegularmesheswithoutany quantitativemeshconstraints.Let usbrie�y recall
themainingredients.

Themultiplier space
�

���

is mostconvenientlyde�ned with theaidof thefollowing map-
ping

�
���

. Let � beany trianglein � ���

andlet for any O P  �

��� thevaluesof O at thenodes� �
of � bedenotedby O � . Then

�
��� O 1

� is de�ned astheuniquepiecewiselinear functionon
� ���

whoserestrictionto � is determinedby its nodalvalues� � , for I
1

�
asfollows:

(i) � �
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(ii) If exactlyonevertex, say � � lieson
� �����

set � �
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�� O � � � O�� ��� � ;
(iii) If exactly two vertices� � �W� � belongto

� �����

let � �
1
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1
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0 1DO � ;

(iv) If all verticesof � belongto
� �����

set � �
1

� �
1

� �
1 O	� where � � is the nearest

interiornodeto � .

Now let us denoteby 
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, the standardpiecewise linear basisfunctionsfor  �
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normalizedby 
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1
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is thesetof interior nodesof � ���

. Let
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which is P.1. More precisely, oneconcludesfrom theaboverelations
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Sinceconstantsare easily seento be locally reproducedin
� ���

, it is now easyto verify
the approximationpropertyP.2. Likewise biorthogonality(40) easily leadsto P.3, seealso
[KLPV01] while P.4 hasalsobeenestablishedalreadyin Lemma3.2of [KLPV01]. Henceall
therequirementsP.1 – P.4 hold in this case.Thusto applytheabovereasoningwe only have
to discuss(32). For any � P � ���

onehasfor � �
021 �! "#" 
�� 1 �  #"#"

� � , ��
021

� N � � 0
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wherewe have usedthat, in view of the R ) normalizationof thebasisfunctions 
 �W� � � , the
local quasi-uniformityof � ���

and(40),
� �4�� �

� ��� �

5 �
�

� 
 ��� �

5 �
� � - . Hence(32) follows from

summingover � P � ���

. Thiscon�rms thatP.5 holdsaswell.

Corollary 1 The error estimate(23) holds for the dual basismortar methodprovided the
meshessatisfy(37).

If the Lagrangemultiplier spacesdid not have local dual baseseither 
 � or
� � in (40)

would have global supportbut would, by Demko's theorem,exhibit a certainexponential
decay. This would still entailthevalidity of conditionP5 but undercertainconstraintson the
localmeshsizeratios,asexpected.
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