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3 The Mortar elementmethod revisited — What arethe
right norms?

D. Braes$, W. Dahmen

Intr oduction

A numberof investigationshave recentlybeendevoted to the mortar methodas a domain
decompositiormethodwith non-overlappingsubdomainsits attractioncomesfrom its great
e xibility dueto the factthat differenttypesof discretizationare possibleon differentsub-
domains.Thebestexperiencds with  -elliptic problems.In contrasto standarcconform-
ing elementstheremay be jumps acrossthe interfacesbetweenadjacentsubdomainsand
the continuity conditionsarereplacedoy weak matchingconditionsthe so called mortaring
conditions.Our guiding questionherewill beto whatextenttherestill remain“interdomain-
constraints”on the discretizationsvhich are possiblyimposedby stability andaccurag re-
guirementsin particular whendealingwith highly non-quasi-uniforrmeshes

Thereis by now almosta standardway to treat mortar elementsin the framework of
nonconformingelementswhereit was originally analyzed,seee.g. [BMP94]. However,
sinceit maybetechnicallycumbersom¢o eliminatethe constraintsmposedby thematching
conditionsandsincefastsolversare by now availablefor mixed formulations,the analysis
asasaddlepoint problemhasrecentlyattractednterest,seee.g. [BB99, BDW99, Woh994.
Moreover, on a principal level the inf-sup conditionis also often hiddenin the analysisof
mortarelementdasedon the nonconformingheory If theinf-sup conditionholds,theerror
of approximatiorby functionswith andwithoutthemortaringconditionsareof thesameorder
[Bra01, Remarkill.4.10]. Thistool is frequentlyusedfor estimatingthetermthatrepresents
theapproximatiorerrorin thelemmaof Berger, Scott,andStrang.Thereforewe believe that
the understandingf the saddlepoint formulationis at the heartof the matterwhich will be
thepoint of view takenin this paper

Thefactthatthe framework for the saddlepoint formulationis still lesswell established
in comparisorwith the nonconformingmethodis dueto the subtledifferencebetween(at
least)two trace spacesn the scaleof Soboles spaceswith index 1/2. To be specic, let

denotethe (typical) interfacebetweerthe subdomains and . Whenthevariational
problemis consideredn the Soboler space or , thenthetracespace
endavedwith thenorm (where isthestandardndicator
function)turnsoutto beanappropriatdunctionspacedor thejumpsovertheinteriorboundary

. In the 2D casethis canberealizedby forcing thetrial functionsto be continuousat the
crosspoints,whichis amild constraint.However, for 3D problemsthe jumpswould have to
vanishalongthe boundarie®f the interfacesandthis would entail severerestrictionson the
discretizationgor neighboringsubdomainsThusjumpsliving in thelargerspace ,
areusuallyadmittedin actualcomputationsvith mortarelements.
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This discrepang (gap) prohibits the use of Brezzi's theory with the standardSoboler
spacesandtheir norms. For a rigoroustreatmenionehadto resortto nonstandaranethods.
One possibility is to introducemesh-dependemibrmsasdone,e.g. in [BDW99, DFG01,
Woh99l. Continuity; ellipticity, and the inf-sup condition as requiredby Brezzi's theory
arethenavailable. Anotherconceptcanbe foundin [BB99, Woh99§ wherethe analysisis
performedin atwo-stageprocess.in a rst stepmerelythe directvariablesare estimatedy
the nonconformingheory In the secondsteponly the inf-sup conditionandno ellipticity is
requiredfor achierzing anerrorestimateof the Lagrangemultipliers.

A principal objective of this paperis to narrowv this gapsomevhat. Speci cally, we will
exploreto whatextentandunderwhat circumstancesnecandispensavith mesh-dependent
norms. Somemesh-dependencgill turnsout to remainbut only for onevariableandin a
wealer form no longerinvolving anexplicit meshsize parameterMoreover, the new norms

canbeboundedby - if appliedto afunctionin thespace . It modelsa

functionspacean which hasa nite codimensionwhile it differsfrom

by anin nite dimensionaspacelt is now easilyunderstandablehy all thedifferentconcepts
have onepointin common.They all make useof thefact— in anopenor hiddenway — that

thesubsebf nite elementfunctionswhosejumpsbelongto , is sufciently thick.

Aside from thesetheoreticalconsiderationghereis the following practical reasonfor
addressingheaboveissue.Nonoverlappingdomaindecompositiorappearso be particularly
suitablefor problemswith complicateddomainsor jumping coefcients so thatone expects
solutionswith singularbehaior. Thereforethe useof highly non-quasi-unifornor adaptvely
re ned meshesn differentsubdomainshouldbe coveredby the theory However, the mesh-
dependenhormsfrom [BDW99, BD98, Woh991 only work well whenusingquasi-uniform
meshes. In fact, in connectionwith error estimateghe meshsizesshouldnot even differ
too much from one subdomainto the other one, see[DFG*01] for an extensionto mesh-
dependenhormswith suitablelocal meshsizefunctions.

So the core questionis how independentlyfrom eachother can the discretizationson
differentsubdomainse chosenso asto retain stability and overall accurag evenwhenthe
individual meshesrehighly non-quasi-uniform.

Recently an error analysishasbeenperformedin [KLPVO01] for the mortarmethodon
mesheghat are only locally quasi-uniform. The price that hasbeenpaid thereis that the
meshe®n adjacensubdomaindave to matd along the boundaryof theinterfacewhich in
the threedimensionakaseseverly imposeson the meshgeneratar Our approachallows us
to aklundonthis constraintto restorefull mortar e xibility . We still obtainerrorestimateof
the sametypeasin [KLPVO01], wherethe constantsiow dependonly on onesidedmeshsize
ratios. Cleary local re nementson or nearaninterfacewould resultfrom a singularbehavior
of the approximatedsolutionon or nearthat interfaceaffecting both adjacentsubdomains.
Thusconditionsof this type (eventwo sidedversions)tendto be satis ed automaticallyby
reasonableneshadaptatiorstratgies.

The paperis organizedas follows. In Section3 we describethe continuousproblem.
Section3 is concernedvith the discretecounterparts Speci cally, we formulateseveral re-
guirementgo be metby the discretizations.Theseare similar in spirit (andin fact closely
related)to thosein [KLPV01] andhave beenrecognizedo play a pivotal role in mary pre-
cedinginvestigation§BB99, BMP94, BDW99, BD98, Woh991. Section3 is devotedto the
stability analysisfor this setting. In contrastto [KLPV01] we work herein a saddlepoint
contet for a choiceof normsthatis differentfrom prior investigationsln Section3 we dis-
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cusserror estimatedrom differentpoint of views. The conceptsarethenappliedin Section
3 to the so calleddual basismortarmethodfrom [BP99, KLPV01, Woh994. In particular
we establishstandardypesof error estimatedor locally quasi-uniformmesheswithout the
above mentionednterfaceboundarymatchingconditionfrom [KLPVO1].

The continuousproblem

Considerthe secondorderelliptic boundaryalueproblem

—diva z gradu x fz in
ar — T on yCd , (1)
u 0 on p 0\ nw,

wherea z is apiecavise sufciently smoothanduniformly positive de nite matrix de ned
for z in theboundeddomain C R?, p is asubsebf theboundary of (with positive

measurgelatveto ), and \ b D denoteghe closurein of all
C*°-functionsvanishingon p.

Supposédhat is decomposeéhto non-overlappingsubdomains ,k  1,..., kmax,
ie.,

g
&

0 fork /1. )

nC
o)

For simplicity we will assumehroughoutthe restof the paperthatthedomain c R? and
thatthe subdomains in (2) arepolyhedral.If the closuresof and havea d—-1 -

dimensionaintersectionwe set ~ N . However, we do notinsiston the partition

to begeometricalljconforming,i.e.,  neednotbeafull commonfaceof bothsubdomains.
The  formtheskeleton

s U

, n~,and p will awaysbeassumedo betheunionof polyhedralsubset®f thebound-
ariesof the

Themortarmethodis basedn avariationalformulationof (1) with respecto theproduct
space

Xs {vel v|

m

k1,00 Jkmax, v| 5, 0},

endavedwith thenorm
o (ZTe )

Thespace | is characterizedisa subspacef X; determinedy appropriatecon-
straintson jumpsacrossnterfaces.
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This suggestshe following weakformulationof (1): For a suitablepair of spacesX, M,
nd u,\ € X x M sudthat

au,v +bv, A f,v + ,v , forallve X, 3)
bu,p 0 forallp € M,
where u,v and ,v , denotetheL innerproductson and u,respectiely.
a u,v > [ axzVuz -Vuzdr,
bo,p s MY

Thejump]v] of afunctionv € X isde nedonSby[v] v|- —v|- on  (seeBDW9Y
for furtherbackgroundnformation).We notethateachinterface ~ appear®nly oncein the
sumoverS.

Discretization

In orderto describenext the mortarmethodasa discreteversionof (3), we choosefor each
subdomain a(conforming)triangulation7 subjectto thefollowing assumptions:
(a) Eachtriangulationis completelyindependenof thoseon neighboringsubdomainsThis
meanghatthenodesin 7 which belongto neednot matchwith ary of thenodesof 7.
(b) The 7 will always be shaperegular but only locally quasi-uniformii.e., the ratios of
maximalandminimal diameterof theelementsn 7 neednotremainbounded.

With each7 we associatea nite elementspaceS 7 C n p . In
principle,this couldhave ary x edpolynomialorder, but for simplicity we will referin most
casego space®f piecaviselinear nite elementon7 . We set

max

Xo J[S T cXs (4)

wheretheindex h indicatesthe dependencen thediscretization.

The next crucial stepis to x the Lagrangemultipliers for each (i.e. the spaceM
in (3)). In this context, we stressthe following implicit notationalcorventionto be used
throughouthe rest. Theindexing of theinterface  (asopposedo ) alwaysexpresses
that  hasbeenchosenasthe non-mortarside. This distinctionis importantbecausehe
Lagrangemultiplierswill only dependonthe non-mortarsidein away thatwill be speci ed
laterin moredetail. Whenever is afull commonfaceof both adjacentsubdomainsthe
choiceof the mortarsideis completelyarbitrary If is strictly containedn atleastoneof
thefacesthefollowing provisionhasto betaken. We will alwaysassumehatd  is covered
by the facesof the cellsin inducedby at leastoneof thetriangulations7” or 7. If only
oneof thesetriangulationshasthis property the correspondingubdomairhasto be chosen
asthenon-mortarsideandhencewill bedenotecby

Meanwhileseveraltypesof Lagrangemultiplier spaceshave beenconsideredn theliter-
ature,seee.g.[BMP94, BD98, KLPV01, Woh994. Insteadof consideringary speci cation
we formulate rst somerequirement®n the multiplier spaceghatcanbe extractedfrom the
above mentionedstudies.To thisend,let 7 denotetherestrictionof themesh7 to and
setS ST n C . GivenS , we will emplgy nite dimensional
spaces C L with thefollowing properties:
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P.1 ThespacesS andM havethesamedimension

dim S dim M . (5)

P.2 WhenererS 7 hasapproximationordern, thenM shouldhave approximatioror-
deratleastn — 1, i.e.,

i - <c h" |l
wlerjllg v—w <c¢ h" |u|n , (6)

whereh is themaximalmeshsizeof 7 . More precisely de ning for every vertex i of
T thelocalmeshsizeh; max{diamr 7€ 7T ,i€ 7}, weset

h  maxh;, h  min h;.
€T €T

Thusfor piecaviselinear nite elementson  onehasn 2 and(6) requires rst
ordercorvergence.

P.3 Thepair S ,M isL -stablei.e.,

v,w
inf sup ————— >¢ (7)
weM veS v w

for some x edconstant (dependingpon ).

P.4 1t is well-known that(7) impliesthat

Q w,v w, v , Yves , (8)
uniquelyde nesaprojector@Q L — M suchthat
Q w <c w , weL i 9)
Herewerequirein additionthattheadjoint@* L — S of@ isalsobounded
on
Qv <c w . (10)

Thepair S ,M iscalledadmissibléf P.1-P.4 hold.

Remark 1 When7 is quasi-uniform,P.4 is a consequencef (9) and the approximation
property (6) in P.2 providedthat the spacesM also satisfya standad inverse property
Onlyif themeshesre meely locally quasi-uniformyequirementP.4 requiresattention.

Thespaceof discretemultipliersis now de ned as

My [ M (11)
cS
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where,again,theindex h indicatesthedependencen7 andshouldnotbeviewedasmesh
sizeparametewhenusedasa subscript. Moreover, the nite elementfunctionsthat satisfy
themortaringconditions form the space

Vi, {Uh € Xp, buop, p 0 Vupe€ Mh}. (12)
Thediscretecounterparto (3) now reads

a Up, Up +b U}“Ah f;vh + , Uh N vp € Xh; (13)
b up, pn 0, fn € My.

We will shaw that, (13) is a stableandaccuratadiscretizatiorof (3), if thepairs S ,M
€ S are(uniformly) admissiblan theabove sense.

Stability

Firstwe addresshe stability of (13). In contrasto [KLPV01] we treat(13) asa saddlepoint
problem.Thus,onehasto shov thatthe operators

L An By Xp x My, — X}, x M| 14
h B, 0 h h = Ap X Mp (14)
inducedby (13) areuniformly boundedandhave uniformly boundednverseswith respecto
the underlyingmeshes.Of course,this dependon the normsfor X, and M}, which have
yet to be speci ed. As explainedin [BDW99], dueto the subtle differencesbetweenthe
tracespaces and , standardbroken Soboler norms)turn out to bein-
appropriate.While for quasi-uniformgrids appropriatemesh-dependemiormsoffer a cure
[BDW99, BD98, Woh99h Woh994 we wish to reducethe mesh-dependenaaf normsin
favor of mesh e xibility .

Ourmaindeviation from previousstudiesherefordiesin thechoiceof thenorms.Recall

thatthejumps|v, ] arenotrequiredto lie in thespaces which naturallyarisein the
analysisof the continuougproblem. However, it will be seenthatit sufces to measureheir
projectioninto thetracespacesS C in thenorm - . In fact,for ary

vy € X, wede ne

Uh p Vh st Z Q" [vn] ) (15)
€S
whieforpe My c M [ s " we take the naturaldualnorm
wo_ >oou g (16)
cS
Notethatany mesh-dependenad - , entersonly implicitly throughtheprojectorsQ* .
First we addresghe continuity of the bilinear formsa -,-, b -,- with respectto these

norms.Sincefor vy, € X anduy, € My

| vn, pn || Q" vn,pn [< Q" vy Bh ,,
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onehas,in view of (15), that

la up,vn | < un hvn b bUmpn | S VR o opR - (17)

holdsfor ary vp, up € Xp, un € My, wherethe constantslependntheconstant in P.3.
The rst steptowardscon rming stability of the discretizatioris to con rm theellipticity
of thebilinearforma -,- onthekernel

Ve {veXy, buou 0 forue My}
of the constraints.
Proposition1 Thebilinearforma -,- isellipticonVy, i.e.,
av,v v forall v € V. (18)

Proof Theinequalitya v,v v ;forv €V}, canbeinferredby the analysisin [BMP94].
Sothe desiredellipticity estimatestatedin the theoremfollows as soonaswe have proved
thatalso). g [v] , < v sforv € V4. But thisis obviously true since
by de nition of Q onehasfor v, € V} andary w € L that Q* [vp],w

[vp], @ w 0. Thus@* [vp] 0 which completeghe proof. |

Sincethe continuity (17) andellipticity (18) have alreadybeenestablishedit remainsto
verify the validity of the LBB-conditionto ensurethe stability of the discretization(13), i.e.,
theuniform boundednvertibility of the mappingsC, from (14); seee.g.[BF91].

Theorem1 Assumehat the pairs S ,M are admissible(i.e., that P.1 — P.4 hold) and
thatthemeshed§ are shaperegular andlocally quasi-uniform.Thenthere existsa constant
B > 0 dependingonly on the meshparametes and on the constants: ,¢ in P.3 and P.4,

respectivelysud thatthe pairs of spacesX;,, My de nedabovesatisfythe LBB-condition

b
inf sup 2Ok > 5. (19)
BEME yex, UV h U —

Themainingredientin the proof of Theoreml is the following obsenration.

Lemmal Underthe hypothesesf Theoem1 ther existsfor everyy € M an element
v* €S sudithat

v, p 20( v* + u ,) (20)

holdsfor someconstant: > 0 independentf v* and .

Proof Givenary u € M , onecan nd, by de nition, av € suchthat
i < g Dk 2@;@# 2@ v,
v v v

Thus,settingv* Q* v € S , weconcludejn view of (10),

e vt 0 < w W ,<20%p ;
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which completeghe proof. |

We arenow readyto completethe
Proof of Theoreml. Givenu € My, lety  denotdts componentorrespondingo C S.

Wede ne asuitablev € X, asfollows.Foreach letv € S bethefunctionconstructed
in Lemmal satisfying(20). Bearingin mind, that,by our notationalcorvention,  denotes
thenon-mortarsideof ,wedene¢ tobetheharmonicextensionof theboundarydata

iz v z ifze |
0 fzed \ ,
andde ne v| >. 0 asthesuperpositiorof theseextensions.In particular v

vanishesdenticallyonary subdomain thatis neveranon-mortarside.Hence
[v], O > w + n - (21)

~

Thisthereforeimpliesalso

Z ['U],/,l/ Z Z 13 + /"L 1
C C
> v +) w . (22)
Sinceclearly Q* v v it followsthat

(Z )z )

Combining(21) and(22), we have

(= )Rz ) (= )Y
SCZS[U],M,

andconcludehatb v,u > v , p _ . Thisestablishethevalidity of theLBB-condition.
|

Err or Estimates

We wish to discussnext the accurayg of the above discretizationsFor simplicity we con ne
the discussiorto piecewise linear trial spacesn the subdomainso that the approximation
orderisn 2. Accordingly the approximationorder of the multipliers is assumedo be
n —1 1. Thehigherordercasecanbetreatedanalogouslyprovidedthe solution of the
continuougproblem(3) hasenoughregularityoneach . Moreover, we will alwaysassume
thatthepairs S ,M areadmissibleandthatthe meshes/” areshaperegularandlocally
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quasi-uniform.Let usdenoteby h the maximalmeshsizein . If u| € , then
onehopeshatthediscretesolutionu;, of (13) satis esanestimateof thetype

maz

U — Up, hchﬁ U . (23)

We wantto identify the essentiabbstructionencountere@vhengoing aboutan estimate
of thetype (24). The usualpoint of departurds Strangs secondemma,seee.g. [Bra01],
p. 107 or [BDW99], which saysthat

—~lvg]d
U — up, h§c<inf u—uvy p+ sup M) (24)

vhEVR vREVS Uh h

Sincev, € Vj, dueto the orthogonalityrelation(12) we may subtractan arbitrary element
ur € My, from theconormalderivative of  in the consisteng errorsothat

Z GS_ZJ[UI’L] ag_::l; _/J'h7[vh]
€S €S
ou
< — — , .
< D an. [on] (25)
€S
We know from the tracetheoremthat [vy] <c w + vy . Moreover,

whenthe M haveapproximatiorordern — 1 1, astandarduality agumentensureghat
wecannd au, € M suchthat

ou -
a— — L <
on h ch

7

a—u <ch Vu <ch u ,
on

wherewe have usedthe tracetheoremagain. Therefore by usingthe Cauchy—Schwarzin-
equality oneobtains

Z a%,[vh] c(Z h u ) v
€s
Z B u ) Vh hs

€S

IA

IN
o
/N

sothatthequotientin (24)is boundedby ¢ (}- .gh u ) .

It remainsto establishan analogousboundfor the approximationerrorinf,, cv, w —
vp  p in (24). To this end, note rst that [u — vp] —[vg] andfor v, € V3 onehas
Q* [u—wp] 0. Hence,

inf wu—wv, 4 inf w-—wv, s (26)
vp€Vh vp€Vh

Theright handsideof (26) hasindeedbeenshowvn in [KLPV01] to be boundedby the right
handside of (23) undera certainassumptiorM1. This conditionrequiresthatthe meshes
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inducedby 7 and7 matd alongthe boundaryd  of theinterface . ConditionM1
allows oneto employ local extensiongrom to dealwith the constraints.

In orderto avoid this constraintwe preferan alternatie andstartwith an unconstrained
approximatiorof » on eachsubdomain . In fact,from theinf-sup conditionin Theoreml
above andFortin's generalargumentBra0l, Remarklll.4.10] we concludethatthe estimate
in X}, yieldsanupperboundfor theapproximatiorin thekernelV},

inf — <c¢ inf w—w . 27

Jof u-wv, p<c inf bk (27)

In this case however, thefull normhasto beused,.e.,theterms Q* [u—vy) have
to beestimatedaswell (in particulay when[u — vy] & ). Sinceu € , there

aremary waysto constructanapproximatiorv, in X suchthat

maz

U — vp, 5§cZﬁ u , (28)

e.g. Lagrangeinterpolantsor Cléments quasi-interpolantsvould do. Thus, it remainsto
estimateheterms Q* [u — vy] which areactuallymore problematic.Of course,

the problemis thatunderthe abose assumptiongu — v] is not necessarilyn SO
that one cannotdirectly bound Q* [u — vp] by [u— vp] (see(10)in
P.4) andusethenthetracetheoremin orderto ensuraultimately that

Q" [u— vg) <c u-—uwy + u—wp , (29)

therebyobtainingagainthe sameboundasin (28) andthuscon rming (23). Thereforewe

will discussext someinstancesvhere(29)is indeedtruewhich incidentallywill shedsome
light onthetypeof obstructionsarisingin the generakase.

Firstof all, since[u] 0 wehave[u —vp] € if andonly if [vs] €

Ford 2 this canalwaysbe arrangedby choosingu;, to interpolateu at the crosspoints
(without requiringthe whole mortardiscretizationto enforcecontinuity at crosspoints!) In

thecased 3 thisis notpossible.Thisis exactly whereconditionM1 in [KLPVO01] comes
into play which requiresthat the meshesn and matchalongd  sothat[v] can

indeedbe arrangedo bein , €.9.,by choosingu;, asthe nodalinterpolant.in this
case(10) in P.4 canbeinvokedto estimate

Q" [u — vp] <c [u—uvp)

which indeedleadsto (29) andthusis an instancewhere(23) canbe con rmed. Hencein
summary oneway to ensurean estimateof thetype (23) is to sacri ce someof the mortar
exibility by enforcinginterfaceboundarymatchingconditionM1.

Ontheotherhand,onecould hopethat[u — v,] failsto bein by sucha small
deviationsothatthesmoothingcausedy theapplicationof Q* keeps Q* [u—wp]
comparabldo [u — vp] whichwould againleadto (29). Oneway to pursuethisline
is to applyaninverseinequality

h SCh'7 h ) hES, (30)
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whichis to be understoodisfollows. Following [DFG*01] we denoteby h a meshfunction
namelythe uniquepieceavise linearfunctionthatinterpolateghe maximaldiameterof all tri-
anglessharingthecorrespondingiodalpoint. Thenestimate®f theform (30) areestablished
in [DFGT01]. Now denotingby h ,h the meshsizefunctionsinducedon by the mesh
on and ,respectiely, wehave

Q" [u — vg) <ch QF[u—wp] . (31)

Now if @* weresufciently localin thesensehatthefollowing condition
P.5:

h™2Q" v <e¢ hPv , (32)

holds,this combinedwith (32) would allow usto infer from (31) that

Q" [u— vp) <ch [u-—up] . (33)
We recall that is the non-mortarside. Arranging now for v vp| v vp|
thattherestrictionsv | ,v| to  aresuitablelocal Clémentapproximationsstandard
argumentsyield
W fu— o < e {n, B, -+
TET

e ¥ oKLl } (34)
T'ET |r 7'NT#0D

wheref7 is theunionof supportof basisfunctionsoverlappingr. Thusintroducing
p zcnelax/ m, (35)
we obtainfrom (34) by summingover r
Bofu—wl  <p (b +h) u,
This estimatecombinedwith thetracetheorem
QF [u — vp) <cp (h u +h wu ), (36)
alsoyieldsthe estimatg23) uponsummingover k.

Theorem2 Supposthatall themeshe§™ areshapeegularandlocally (notglobally) quasi-
uniform. If P.5 holds,thenthe matding conditionM1 from [KLPV01] canindeedbe abun-
donedto obtainstill an estimateof theform (23), providedthat there exist a uniformbound

p <ec (37)

Of coursejf themeshearequasi-uniformtheabove agumentsimpli es andonearrives
at the situationconsideredn [BDW99, BD98]. Note alsothat (37) is a weak constraint
thattendsto be satis ed automaticallywhenthe meshesre determinecby reasonablerror
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estimatorssincea possiblesingularityon or nearaninterfacewill affect a neighborhoodn
bothsides.

Finally, it shouldbe notedthat estimateof the form (23) areultimately of limited value
whendealingwith highly non-quasi-unifornmeshesin fact,they would beonly usefulwhen
the solution » hasde cient regularity so that the local norms(or even *-normsfor
s < 2) arenotappropriate This issueis beyondthe scopeof the presendiscussiorandwill
beaddressedlsavhere.

Dual Bases

We wish to apply our approactto the so calleddual basesmortar methodthat hasbeenpro-
posedin [KLPVO01] for d 3 andin [Woh993 for d 2, seealso[BP99] for a similar
approachin the wavelet context. Note thatthe assumptionsn [KLPVO01] are phrasedn a
someavhatdifferentway but Lemma3.2in [KLPVO01] relatesthe requirementshereclosely
to the presentformulationP.4. Speci cally, in [KLPVO01] two typesof Lagrangemultiplier
spacedVf;, arediscussedor piecaviselineartrial functionsin X,. Finite volumediscretiza-
tionson dualmeshesareshown to satisfyP.1 — P.4 where,however, P.4 canonly be ensured
to hold undercertainrestrictionson local meshsizeratios.

In contrastthesocalleddualbasesnortarmethodrealizesP.1— P.4 for anylocally quasi-
uniform shaperegularmeshesvithout any quantitatve meshconstraintsLet usbrie y recall
themainingredients.

Themultiplier spacelM is mostcorvenientlyde ned with theaid of thefollowing map-
ping F' . Let7 beary trianglein 7 andletforaryv € S thevaluesof v atthe nodes;
of 7 bedenotedby v;. ThenF v  w is de ned asthe uniquepiecaviselinear functionon
T whoserestrictionto 7 is determinedy its nodalvaluesw;, ford 3 asfollows:

() w;  3v; —v,. —vs forallverticesi / r / s of - whennoneof theseverticesbelongs
tod ;

(i) If exactlyonevertex, sayz; liesond  setw; vp + U [2, W, 5v, — 3us /2,
Wg 5vs — v, [2;

(iii) If exactlytwo verticesz,,xz, belongtod  letw; w, ws  v;

(iv) If all verticesof 7 belongto &  setw; w, ws v, Wherez, is the nearest
interior nodeto 7.

Now let us denoteby ¢;, z; € N , the standardpiecawise linear basisfunctionsfor S
normalizedby ¢;x d; », whereN s thesetof interior nodesof 7 . Let

Yi F ¢y, €N
andde ne M span{y; =z; € N }. Thisyields

. . T
¢iad}j Oa ? / s ¢zad}z T %; T €T, (38)

sothat

dim M dim S (39)
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whichis P.1. More precisely oneconcludedrom theabove relations

1 _
b, Y5 aidij, ai 3 S rl~ni. (40)

T:Z;ET

Thusonehasthe explicit representations

Q w Z w, ¢; a; v, Qv Z v, a; ¢;. (41)

T, EN ziEN

Since constantsare easily seento be locally reproducedn M , it is now easyto verify
the approximationpropertyP.2. Likewise biorthogonality(40) easilyleadsto P.3, seealso
[KLPVO1] while P.4 hasalsobeenestablishedlreadyin Lemma3.2 of [KLPVO01]. Henceall
therequirement®.1 — P.4 hold in this case.Thusto applytheabove reasoningve only have
to discusq32). Forany r € T onehasforo;  supp¢; supp;, 7 U{oi z; € 7}

h™ Q* T S Ch; Z ai_ o; Q,[}z o; ¢i T S Ch; T

T;ET

wherewe have usedthat, in view of the L., normalizationof the basisfunctions¢;, v¥;, the
local quasi-uniformityof 7 and(40),a;, ;i o ¢;i o; ~ 1. Hence(32)followsfrom
summingoverT € 7 . Thiscon rms thatP.5 holdsaswell.

Corollary 1 Theerror estimate(23) holdsfor the dual basismortar methodprovided the
meshesatisfy(37).

If the Lagrangemultiplier spacedid not have local dual baseseither ¢; or v; in (40)
would have global supportbut would, by Demko's theorem,exhibit a certainexponential
decay Thiswould still entailthevalidity of conditionP5 but undercertainconstrainton the
local meshsizeratios,asexpected.
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