Thirteenth International Conference on Domain Decomposition Methods Editors: N. Debit, M.Garbey, R. Hoppe, J. Périaux, D. Keyes, Y. Kuznetsov © 2001 DDM.org

34 A Nonlinear Additive Schwarz Preconditioned Inexact Newton Method for Shocked Duct Flows

Xiao-Chuan Cai^1, David E. Keyes^2, David P. Young^3

Introduction

A nonlinearly preconditioned inexact Newton algorithm (PIN) was recently introduced, in [CK00], for solving large sparse nonlinear system of equations arising from the discretization of nonlinear partial differential equations. In PIN the nonlinear system F (u) = 0 is transformed into a new nonlinear system F(u) = 0, which has the same solution as the original system. For certain applications the nonlinearities of the new function F(u) are more balanced and, as a result, the inexact Newton method converges more rapidly. In this paper, we shall use the nonlinear additive Schwarz algorithm as the preconditioner and focus on the performance of PIN for a compressible shock tube problem, which is known to be a difficult test case for inexact Newton type algorithms.

A motivating problem

We consider a one-dimensional compressible flow problem described by the full potential equation in a variable-area duct [BBH+93]. The problem is to determine the solution potential u(x) satisfying

(Aρu_x)_x = 0, (1)

for 0 < x < 2 and u(0) = 0 and u(2) = u_R given. The duct area

A = A(x) = 0.4 + 0.6(x − 1)^2,

and the density ρ is given by

ρ = ρ(v) = (c^2)^{1/(γ−1)} = ( 1 + γ − 1 2 (1 − v^2) )_{1/(γ−1)} . Here v = u_x is the velocity, γ = 1.4 is the ratio of specific heat and c is the speed of sound. The flow is supersonic at each point of the interval (0, 2) where the Mach number M = |v|/c exceeds 1. We use a standard finite difference method to discretize (1) on a uniform mesh

0 = x_0 < x_1 < · · · < x_n < x_{n+1} = 2.

1Department of Computer Science, University of Colorado, Boulder, CO 80309-0430 (cai@cs.colorado.edu). The work was supported in part by the NSF grants ASC-9457534, ECS-9725504, and ACI-0072089, and by Lawrence Livermore National Laboratory under subcontract B509471.

2Department of Mathematics & Statistics, Old Dominion University, Norfolk, VA 23529-0077; ISCR, Lawrence Livermore National Laboratory, Livermore, CA 94551-9989; and ICASE, NASA Langley Research Center, Hampton, VA 23681-2199 (keyes@icase.edu). This work was supported in part by NASA under contract NAS1-19480 and by Lawrence Livermore National Laboratory under subcontract B347882.

3The Boeing Company, Seattle, WA 98124. (dpy6629@cfdd51.cfd.ca.boeing.com).

Let u^h = (u^h_1 , . . . , u^h_n)^T be the solution vector of the finite difference problem, and

v_i = (u^h_{i+1} − u^h_i )/(x_{i+1} − x_i).

The discrete nonlinear problem is of the form:

A_jρ̃_j v_j = A_{j+1}ρ̃_{j+1}v_{j+1}, j = 1, . . . , n, (2)

where A_j denotes the midpoint value A((x_j + x_{j+1})/2), and ρ̃_j is an approximation of ρ_j = ρ(x_j ) defined using the so-called first order density biasing [BBH+93, HMS78],

ρ̃_j = ρ_j − μ_j Δ_−ρ_j ,

where Δ_− denotes the undivided upwind difference operator, i.e., Δ_−ρ_j = ρ_j − ρ_{j−1}, and where the switching function μ_j is defined as

μ_j = max j−k<m<j+k max { 0, 1 − M^2_c M^2_j } . (3)

In (3), M_j is the local Mach number at (x_j + x_{j+1})/2 and M_c is a given cutoff Mach number taken to be 0.95 in this paper. k is the level of the switching function, which is taken to be 2 in our numerical experiments. This means that μ_j is replaced by the maximum of the 5 values centered around x_j . The switching function μ_j controls the amount of artificial viscosity. At points where M_j < M_c, no upwinding is applied therefore ρ̃_j = ρ_j . As M_j increases above M_c, ρ̃_j provides an increasing amount of upwinding. In the following discussion, we denote the nonlinear system (2) in the form of a standard equation:

F (u^∗) = 0, (4)

where F = (F_1, . . . , F_n)^T , F_i = F_i(u_1, . . . , u_n), and we drop the superscript h and simply use u = (u_1, . . . , u_n)^T to denote vectors in the space R^n. The problem looks rather simple; however, it is quite a challenging equation for the inexact Newton algorithm (IN), which is commonly used for solving such systems ([DS83, DES82, EW94]), and can briefly be described here. Suppose u^{(k)} is the current approximate solution; a new approximate solution u^{(k+1)} can be computed through the following steps: Find the inexact Newton direction p^{(k)} such that

‖F (u^{(k)}) − F^′(u^{(k)})p^{(k)}‖ ≤ η_k‖F (u^{(k)})‖, (5)

and then the new approximate solution

u^{(k+1)} = u^{(k)} − λ^{(k)}p^{(k)}.

Here η_k is a scalar that determines how accurately the Jacobian system needs to be solved using, for example, Krylov subspace methods [BS90, BS94, EW94, EW96]. λ^{(k)} is another scalar that determines how far one should go in the selected inexact Newton direction [DS83]. IN has two well-known properties. First, if the initial guess is close enough to the desired solution then the convergence is very fast. Second, such a good initial guess is generally very difficult to obtain, especially for nonlinear equations that have unbalanced nonlinearities [LRW96]. The step length λ^{(k)} is often determined by the components with the worst nonlinearities, and this may lead to an extended period of stagnation in the nonlinear residual curve; see Fig.2 for a typical picture and more in the references [CGK+98, GKM+00, JF95, PCS+99, YMB+90, YMB+91].

Descriptions of algorithms

Let us recall the nonlinearly preconditioned inexact Newton algorithms [CK00]: Find the solution u^∗ ∈ R^n of (4) by solving a preconditioned system

F(u^∗) = 0. (6)

Note that F and F may have different forms, but we require that they have the same solution. In general, F is a function of both F and u, and we do not expect to know explicitly how F depends on F or u. As an example, F may take the form of a composite function F(u^∗) ≡ G(F (u^∗)), which makes G look like a preconditioner and some desirable properties of G include:

1. If G(x) = 0, then x = 0.

2. G ≈ F^{−1} in some sense.

3. G(F (w)) is easily computable for w ∈ R^n.

4. If a Newton-Krylov type method is used for solving (6), then the matrix-vector product (G(F (w)))^′v should also be easily computable for w, v ∈ R^n.

As in the linear equation case, the definition of a preconditioner can not be given precisely, nor is it necessary. Also as in the linear equation case, preconditioning can greatly improve the robustness of the iterative methods, since the preconditioner is designed so that the new system (6) has more uniform nonlinearities. Note that the Jacobian of the preconditioned function can be computed, at least in theory, using the chain rule; i.e.,

F^′(u) = ∂G ∂v ∂F ∂u . (7)

If G is close to F^{−1} in the sense that G(F (u)) ≈ u, then^{∂G}_{∂v}^{∂F}_{∂u} ≈ I, i.e., F^′(u) ≈ I. In this case, the algorithm converges in one iteration, or few iterations, depending on how close is G to F^{−1}. Most of the current research has been on the case of linear G; see, for example, [CGK+98, GKM+00, PW98]. In this paper, we shall focus on the case when G is the single-level nonlinear additive Schwarz method [CD94, DH97].

Let S = (1, . . . , n) be an index set; i.e., one integer for each unknown u_i and F_i. We assume that S_1, . . . , S_N is a partition of S in the sense that

∪^N_{i=1}S_i = S, and S_i ⊂ S.

Here we allow the subsets to have overlap. Let n_i be the dimension of S_i; then, in general, ∑_N i=1 n_i ≥ n. Using the partition of S, we introduce subspaces of R^n and the corresponding restriction and extension matrices. For each S_i we define V_i ⊂ R^n as V_i = {v|v = (v_1, . . . , v_n)^T ∈ R^n, v_k = 0, if k ∉ S_i} and a n × n restriction (also extension) matrix I_{Si} whose kth column is either the kth column of the n × n identity matrix I_{n×n} if k ∈ S_i or zero if k ∉ S_i. Similarly, let s be a subset of S; we denote by I_s the restriction on s. Note that the matrix I_s is always symmetric and the same matrix can be used as both restriction and extension operator. Many other forms of restriction/extension are available in the literature; however, we only consider the simplest form in this paper.

Using the restriction operator, we define the subdomain nonlinear function as F_{Si} = I_{Si} F. We next define the major component of the algorithm, namely the nonlinearly preconditioned function. For any given v ∈ R^n, define T_i(v) ∈ V_i as the solution of the following subspace nonlinear system

F_{Si} (v − T_i(v)) = 0,

for i = 1, . . . , N. We introduce a new function

F(u) = N∑ i=1 T_i(u), (8)

which we will refer to as the nonlinearly preconditioned F (u) and the corresponding algorithm additive Schwarz preconditioned inexact Newton method (ASPIN).

We remark that the evaluation of the function F(v), for a given v, involves the calculation of T_i, which in turn involves the solution of nonlinear systems on S_i. If the overlap is zero, then this is simply a block nonlinear Jacobi preconditioner. Assuming that all the subdomain problems are uniquely solvable, it is proved in [CK00] that the nonlinear systems (4) and (6) are equivalent in the sense that they have the same solution.

If (6) is solved using a Newton type algorithm, then the Jacobian is needed in one form or another. Let

J = F^′ = ( ∂F_i ∂u_j ) n×n and J_{Si} = (I_{Si} JI_{Si} )_{n×n} be the Jacobians of the original nonlinear system and subdomain nonlinear system, respectively. Then, as shown in [CK00], the Jacobian of the preconditioned nonlinear system can be approximated by

J ≈ N∑ i=1 J^{−1}_{Si} J. (9)

(9) is an extremely interesting formula since it corresponds exactly to the additive Schwarz preconditioned linear Jacobian system of the original un-preconditioned equation. This fact implies that, first of all, we know how to solve the Jacobian system of the preconditioned nonlinear system, and second, the Jacobian itself is already well-conditioned. In other words, nonlinear preconditioning automatically offers a linear preconditioning for the corresponding Jacobian system.

Numerical experiments

We show a few numerical experiments in this section using ASPIN. In all the experiments, the subdomain Jacobian matrices J_{Si} are formed using a finite difference scheme. The implementation is done using PETSc [BGM+01] on a cluster of workstations. In the tests, we always set u_R = 1.15 and the corresponding Mach distribution of the solution is given in Fig.1. The level number k in the switching function is set to 2.

We stop the global ASPIN iterations if

‖F(u^{(k)})‖ ≤ 10^{−10}‖F(u^{(0)})‖.

The global linear iteration for solving the global Jacobian system is stopped if

‖F(u^{(k)}) − F^′(u^{(k)})p^{(k)}‖ ≤ 10^{−3}‖F(u^{(k)})‖.

At the kth global nonlinear iteration, nonlinear subsystems

F_{Si} (g^{(k)}_i ) = 0,

have to be solved. We use the standard inexact Newton with a cubic line search for such systems with initial guess g^{(k)}_{i,0} = 0. The local nonlinear iteration in subdomain S_i is stopped if ‖F_{Si} (g^{(k)}_{i,l} )‖ ≤ 10^{−2}‖F_{Si} (g^{(k)}_{i,0} )‖.

For comparison purposes, we first solve the problem using the regular inexact Newton’s method. The Jacobian problems are solved with GMRES, and the nonlinear residual history are shown in Fig.2 for two mesh sizes h = 1/128 and h = 1/256. It can be seen clearly the convergence degenerates as the mesh is refined. In general, The finer the mesh, the longer the plateau period lasts. This happens no matter how accurately one solves the Jacobian problems. We next solve the same discrete nonlinear systems using ASPIN. We use 8 subdomains with the overlapping size equals to 5h. The numbers of ASPIN iterations are shown in Fig.1. The iteration numbers are much smaller than that of the regular inexact Newton’s method (Fig.2), and the nonlinear iteration numbers do not change that much as we refine the mesh from h = 1/128 to h = 1/256 to get a better resolution of the shock wave.

References

[BGM+01]S. Balay, W. Gropp, L. McInnes, and B. Smith. The Portable, Extensible Toolkit for Scientific Computing, version 2.1.0. http://www.mcs.anl.gov/petsc, code and documentation, 2001.

[BBH+93]M. Bieterman, J. Bussoletti, C. Hilmes, F. Johnson, R. Melvin, and D. Young.

Second order upwinding for full potential aerodynamics problems. BCSTECH-93-013, The Boeing Company, 1993.

[BS90]P. N. Brown and Y. Saad. Hybrid Krylov methods for nonlinear systems of equations.

SIAM J. Sci. Stat. Comput., 11 (1990), pp. 59–71.

[BS94]P. N. Brown and Y. Saad. Convergence theory of nonlinear Newton-Krylov algorithms.

SIAM J. Optimization, 4 (1994), pp. 297–330.

[CD94]X.-C. Cai and M. Dryja. Domain decomposition methods for monotone nonlinear elliptic problems. Contemporary Math., 180 (1994), pp. 21–27.

Figure 1: Mach distribution and the shock location.

Figure 2: Nonlinear residual history of the inexact Newton’s algorithm for the flow problem with mesh sizes h = 1/128 and h = 1/256.

Figure 3: Nonlinear residual history of the additive Schwarz preconditioned inexact Newton’s algorithm for the flow problem with mesh sizes h = 1/128 and h = 1/256.

[CGK+98]X.-C. Cai, W. D. Gropp, D. E. Keyes, R. G. Melvin, and D. P. Young. Parallel Newton–Krylov–Schwarz algorithms for the transonic full potential equation. SIAM J. Sci. Comput., 19 (1998), pp. 246–265.

[CK00]X.-C. Cai and D. E. Keyes. Nonlinearly preconditioned inexact Newton algorithms.

SIAM J. Sci. Comput., 2000. (submitted) [DS83]J. E. Dennis and R. B. Schnabel. Numerical Methods for Unconstrained Optimization and Nonlinear Equations. Prentice-Hall, NJ, 1983.

[DES82]R. S. Dembo, S. C. Eisenstat, and T. Steihaug. Inexact Newton methods. SIAM J.

Numer. Anal., 19 (1982), pp. 400–408.

[DH97]M. Dryja and W. Hackbusch. On the nonlinear domain decomposition method. BIT, (1997), pp. 296-311.

[EW94]S. C. Eisenstat and H. F. Walker. Globally convergent inexact Newton methods. SIAM J. Optimization, 4 (1994), pp. 393–422.

[EW96]S. C. Eisenstat and H. F. Walker. Choosing the forcing terms in an inexact Newton method. SIAM J. Sci. Comput., 17 (1996), pp. 16-32.

[GKM+00]W. D. Gropp, D. E. Keyes, L. C. McInnes and M. D. Tidriri. Globalized Newton- Krylov-Schwarz algorithms and software for parallel implicit CFD. Int. J. High Performance Computing Applications, 14 (2000), pp. 102-136.

[HMS78]M. Hafez, E. Murman, and J. South. Artificial compressibility methods for numerical solution of the transonic full potential equation. AIAA Paper 78-1148, 1978.

[JF95]H. Jiang and P. A. Forsyth. Robust linear and nonlinear strategies for solution of the transonic Euler equations. Computer and Fluids, 24 (1995), pp. 753-770.

[LRW96]P. J. Lanzkron, D. J. Rose, and J. T. Wilkes. An analysis of approximate nonlinear elimination. SIAM J. Sci. Comput., 17 (1996), pp. 538–559.

[PCS+99]M. Paraschivoiu, X.-C. Cai, M. Sarkis, D. P. Young, and D. Keyes. Multi-domain multimodel formulation for compressible flows: Conservative interface coupling and parallel implicit solvers for 3D unstructured meshes. AIAA Paper 99-0784, 1999.

[PW98]M. Pernice and H. Walker. NITSOL: A Newton iterative solver for nonlinear systems.

SIAM J. Sci. Comput., 19 (1998), pp. 302–318.

[YMB+90]D. P. Young, R. G. Melvin, M. B. Bieterman, F. T. Johnson, and S. S. Samant.

Global convergence of inexact Newton methods for transonic flow. Int. J. Numer. Meths. Fluids, 11 (1990), pp. 1075-1095.

[YMB+91]D. P. Young, R. G. Mervin, M. B. Bieterman, F. T. Johnson, S. S. Samant and J. E. Bussoletti. A locally refined rectangular grid finite element method: Application to computational fluid dynamics and computational physics. J. Comput. Phys., 92 (1991), pp. 1-66.