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19 TheMortar Element Method for the Rotated )1
Element

Jinru Chent, Xuejun Xu ?

I ntroduction

Many authors have made significant contributions to the so-called mortar element method
(see [4] [5] [7] [8] [10] [11], and references therein). The mortar element method is a non-
conforming domain decomposition method with non-overlapping subdomains. The meshes
on different subdomains need not align across subdomain interfaces, and the matching of dis-
cretizations on adjacent subdomains is only enforced weakly. This offers the advantages of
freely choosing highly varying mesh sizes on different subdomains and is very promising to
approximate the problems with abruptly changing diffision coefficients or local anisotropies.

The rotated (21 element is an important nonconforming element. It was first proposed and
analysed in [12] for numerically solving the Stokes problem. The rotated (1 element provides
the simplest example of discretely divergence-free nonconforming element on quadrilaterals.
Due to its simplicity, the rotated Q1 element is used to simulate the deformation of martensitic
crystals with microstructure in [9]. Independently, it also was derived within the framwork of
mixed element method (see [2]). In [2] it was proven that Raviart-Thomas mixed rectangle
element method is equivalent to rotated (1 nonconforming element method.

The purpose of this paper is to study the rotated 21 mortar element method. A mortar
element version for rotated Q1 element is proposed. By constructing some relations between
rotated 1 mortar element and bilinear element, the optimal error estimate for rotated Q1
mortar element method is proven.

For convenience, the symbols <, >, and = will be used in this paper, and z; < yi,
Ty > Y3, and T3 X ys3 mean that 1 < Cly]_, Ty > C2Y2, and c3r3 <y < Csxs for some
constants C'y, ¢z, c3, and C3 that are independent of mesh parameters. For any subdomain
D c Q, we use usual L2 inner product (-,-)p, Sobolev space H*(D) with usual Sobolev
norm || - || = (py and seminorm | - | g« (py. If D = €2, we denote the usual L? inner product by
(+,-), the Sobolev norm by || - || s and seminorm by | - | 5, where s may be fractional (for details
see [1]).

Preliminaries

Consider the following model problem: find v € Hg (2) such that

a(u,v) = f(v), Vv € Hy(9), )
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where
a(u,v) = (vu7 VU); f(’l)) = (f7 ’U),
f € L?(Q), Qis arectangular or L-shape bounded domain.

N
Divide Q into geometrically conforming rectangular substructures, i.e., Q@ = |J Q with
k=1
Q. N Q; being empty set or a vertex or an edge for & # 1. With each Q;, we associate a quasi-
uniform triangulation 73 (2 ) made of elements that are rectangles whose edges are parallel to
x-axis or y-axis. The mesh parameter hy, is the diameter of the largest element in 7, (). Let
T'x; denote the open edge that is common to Qj, and €2;. Denote by T the set of all interfaces
between the subdomains, i.e., I' = |J 09;\0€2. Each edge inherits two triangulations made
of segments that are edges of elements of the triangulations of 2, and Q; respectively. In this
way each T'y; is provided with two independent and different one dimensional meshes, which
are denoted by 7;*(T'x;) and 7;(T's;) respectively. Let Qy, , and 9,5, be the sets of vertices
of the triangulation 77 () that are in € and 89, respectively.
For each triangulation 7 (2 ), the rotated ()1 element space is defined by

Xp(%) ={v e L*(Q) | vlp=ak+ahz +ahy +ak(z® —y?),

alp €R, vlsads =0, YE € Tr(Q);
8ENAQ
for E,E> € E(Qk); if 0E1NOEy = e, then

/U|3E1d$ = /U|3E2d$},
e e
with norm and seminorm

ollz@n =C D ole)”? Plamey =0 > vl
E€Th() Ec€Th(%)

Introduce the global discrete space
N
Xn(©) = H Xn (%),
k=1

N N
with norm ||v||1,n = (k; ”U”%}L(Qk))l/2 and seminorm |v|1,p = (kX_:I |U|§J}L(Qk))1/2'

Define one of the sides of T'y; as mortar denoted by -,,(x) and the other as nonmortar
denoted by d,,(;y. Assume that the mortar for ., (xy = d,;y = ['xs is chosen by the condition
hi < hy, i.e., the fine side is chosen as mortar. Based on this assumption, the two elements
of the slave triangulation ﬁ(ém(l)) that touch the ends of d,,,(;y are longer than the respective
elements of the mortar triangulation 7,* (7,,(x)). Define an auxiliary test space M " (8,,;))
to be a subspace of the space L2(T'y;) such that its functions are piecewise constants on
ﬁ(dm(,)). The dimension of A" (0m(ry) is equal to the number of elements on the &,,(;.
For each nonmortar é,,,;) = I'x;, we define an L2-orthogonal projection Q,,, : L?(Ty;) —

M (8mr)) by

(Qmv, w) 25,0y = (0, W) 125, Yw € MM (8,0)). 2
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Now we define rotated (21 mortar element space
V= {1) € Xh(Q) | Qmur = Qmur, V(Sm(l) = Ym(k) C F},

where v, = v|, ., and v; = v|5,,,. The condition of the equality of the L*-orthogonal
projection of traces onto the test space for each interface is called the mortar condition. The
rotated (21 mortar element approximation of problem (1) is: find u, € V}, such that

an(un,vn) = (f,vn), Voun € Vp, 3)

where

r(Un; vn) Zahk Un,Vh),  Ghk(Un,Vn) = Z (Vun, Von)E-
E€Th()

Some Technical Lemmas

In this section we present some auxiliary technical lemmas that are necessary to prove our
results.
Let 7,2 (S2) be the partition which is constructed by connecting midpoints of the oppo-

site edges of elements of 75 (), V"/2(Q) be piecewise bilinear conforming element space
defined on 7y, /»(Q%), and ffoh/Q(Qk) be the subspace of V"/2(£);,) consisting of functions

with zero traces on 9Q,. Define operator My, : X, (Q) — 17"/2(Qk) as follows:

Definition 1 Given v € X, (€;), we define Myv € V"/2(Q;) by the values of M at
the vertices of the partition 7, 2(Q2x). The vertices are divided into four sets of points:

o If Pisacentral pointof E, E € Th(Qk), then

(My)(P) = ds;
K 663E| A/“ i

o If P is a midpoint of one dege e € OF, E € T (), then

(Mpv)(P Tel /vds

olf P e Qk,h\aﬂk,h, then

(Myv)(P 42 |€z|/ vds,

where the sum is taken over all edges e; with the common vertex P, e; € 0F;, E; € Tn(Q);
o If P € 0Qy, 1, then

el 1 lex| 1

M) (P _ ds) + ———(—
M) P) = e el Yl L Y% el v el el L,

vds),
where ¢; € OFE; N 9Qy and e, € dE> N 08Yy, are the left and right neighbor edges of P, E1,
E5 € Tp(Qy). If Pis avertex of Qy, then By = Es.

The above operator M, has the following properties.
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Lemmal For anyv € Xp(Q), we have

IMivlar ) X [0lmg o)

||Mk?v||L2(Qk) = ||U||L2(Qk)7

Myvds = / vds,
BQk 8Qk

Mrv = vl|L2(0y) = Pelvla; @)

1/2
IMiv = vllz2ge) % B [0l o)
where ¢ is an edge of (2.

We now introduce a subspace X ;, (Q) of X (£2;) for each open edge € of €2, as follows:

XE(Q) = {v € Xn(Q) | /vds —0, Veed\e)

Define an operator M5, : X5 (%) — V/2(Q;) by

Definition 2 Given v € X (Q), we define M5v € V*/2(Q;) by the values of M5 at
the vertices of the partition 7y, /2 ().

e If P is a central point of E or a midpoint of one edge of E, E € T,(Q), or P €
Q]“h\aﬂk,h, then ( iv)(P) = (MkU)(P),

oIfP e 3Qk,h\6, then ( ;:c’l))(P) =0;

o If P € 0QrpNe, then

lex] 1 €] 1

M) (P) = et Gar L)+ s en el L.

= i vds
led] + lex| e Je, -

where ¢; € OE; N 0Ny and e, € OFE> N 0§, are the left and right neighbor edges of P,
Ei,Es € T(Qy). If Pisavertex of Q, Ey = Ep.
Define the pseudo-inverse map (M)t : V*/2(Qy) = X5, (Q) by

%/(Mk)ﬂ}ds =v(P), Yve V"?(Qy),

where e € E, E € Tp(Q4), P is the midpoint of e. Obviously, we have
M)t Mo =v, (Mp)TMiw =w, Yve X,(Q), Yw € X5 (Q).
Using the discrete norms, we can prove the following Lemma holds.
Lemma 2 For anyw € V"/2(,), we have
(M) 0l @) = olmy@us 1OMR) ollz@e) = 0lz2@,)-

Let Ay be a special set of edges which belong to 99y, or are the edges of rectangles which
have one side on a mortar +,, (). We introduce a special subspace X[ (Qx) C X5(€%) as
follows:

XE() = {v € Xn(%) | /vds —0, Vee )
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Define a discrete harmonic part Hyv of v € X, (Qy) by
apk(Hpv,w) =0, Ywe X,’f(Qk),
/Hkvds = /Uds, Ve € Ay.

Also we define a projection operator Py, : X5 () — XF () by
apk (Prv,w) = apk(v,w), Yw € Xﬁ(Qk)

Lemma3 Lete = d,,(x) beanonmortar edge of €2, and v be discrete harmonic in 2, with
J, vds =0 for anye € Ag\dp(x). Then

[Vl ) 2 MRl g5, 0

Let 0,,,(;y be a nonmortar edge of €, Wg“ (dm 1)) be the continuous function space whose
elements are piecewise linear over all segments that have the midpoints of edges belonging to
dm(ry as their nodals and equal zero at the ends of d,,;). Let 5773(1) be the set of midpoints of

edges in T} (8,,(z)). Define an auxiliary operator IL,,, : L*(8,,(;)) — W(f“ (0m(1)) as follows:
(IInv)(P) = (@mv)(P), VP e 6m(l)

Lemma 4 ”HmU”LQ(z?m(l)) < ”’U”sz ) Yv € Lz(ém(l))

m(l)

By interpolation estimate [6] and operator interpolation theory in Chapter 12 in [3], we
can derive the following result.

Lemma’5 [[v — Qmvllz2(s,.4)) = hl1/2|v|H1/2(5m(l)), Yo € HY2(8,,0)).

Error Estimate
The following result is the well-known second Strang Lemma.

Lemma 6 Let u» and u; bethe solutions of (1) and (3) respectively, if g—g € L2(0F), then

fBE 94 oyds - @

U — Up| o) 2 1nf u —v|giq) + sup
| |2 (@) | |1 (2) S |Z > ||H1(Q)

b k=1 E€Th(Q4)

The first term in (4) is known as the approximation error, while the second term is called
the consistency error.
Using Lemmas 1-5, arguing as in [11], we can prove the following two Lemmas.

Lemma 7 Letu and uy, be the solution of (1) and (3) respectively. Assume u|q, € H?(Qy),
then we have

N
|Z Z /8E —wds| =< ( Zh |U|H2(Qk) / |w|H1(Q)7 Y € V.
k=1

k=1 E€Tn ()
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Lemma 8 For anyu € H(Q) with ulg, € H?(Q), we have

N

) 2 12 1/2
Jnf Ju—vlmy@) 2 (,; hilulizs )"

From Lemmas 6-8 we obtain the following optimal error estimate.

Theorem 1 Let u and uy, be the solution of (1) and (3) respectively, u|q, € H?(), then

N
lu—unl i) 2 O hilulin )
k=1
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