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Why DDM for basinmodeling ?

Basin modelingaims at reconstructingthe time evolution of a sedimentarybasinin order
to make quantitative predictionsof geologicalphenomenaleadingto oil accumulations.It
accountsfor porousmediumcompaction,heattransfer, hydrocarbonformationandmigration.
Recentevolutionsof basinsimulatorshavecontributedto improvethetreatmentof geological
discontinuitiessuchasfaultsandsaltdomes.Faultsdivide thebasininto blockswhich slide
betweenthemselves.They maybeapreferentialpathor in oppositeabarrierfor hydrocarbons
migration. A salt is an imperviousmediumandbecomesa trapfor hydrocarbon.CERESis
anadvancedprototypeof ��� sedimentarybasintool that canhandlenon-vertical faultsand
saltor mudtectonics(�gure 1). Domaindecompositionmethodsprovide a way to solve the
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Figure1: CERES2D realbasin

equationsonthecomplex geometriesconsidered,naturallyde�ned asasetof adjacentsliding
blocksandfaults.
Following thework of [NR95], [NRdS94], [JNR01], we usenonoverlappingtechniquesand
studyseveralinterfaceconditions,namelyRobintypeconditions.
The paperis organizedas follows. First, the physicalmodelsand the governingequations
taken into accountare reviewed. Then the DDM are presentedon a simpler equationin
which we �nd the main characteristicsof the problem. The optimizedinterfaceconditions
aredetailedfor this equation.Finally, numericalresultsareshown.
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Modelsand governing equations

In theblocks,themodelaccountsfor theporousmediumcompaction,erosion,heattransfer,
hydrocarbonformationandmigration.Theequationsaremassconservationof solidand�uids
(water,oil,gas)coupledwith theDarcy'slaw andacompactionlaw. Thefaultshaveaconstant
porosity, but thepermeabilityof thefaultsevolvesin time. We consideronly incompressible
multiphase�o ws.
To presentthe DD methodwe considera simpli�ed basinmodelwheregeometrydoesnot
evolve in time. Using an IMPES (IMplicit Pressure,Explicit Saturation)scheme,we �rst
solveaparabolicpressureequationandthenupdateexplicitly thephasesaturations.
After timediscretization,thepressureequationis thenroughlywrittenasfollows :

���������
	�
� ��������������� ������ �"! �#���$�&%
(1)

where
�

is the pressure,	 the compressibilityof the porousmediumand
�

the intrinsic
permeabilitytensorof the porousmediumdivided by the �uid viscosity. The permeability
dependsheavily on the lithology underconsideration.The contrastin the lithologies can
inducea discontinuityof the permeabilitytensorof several ordersof magnitude(up to six
orders).
Moreoverwehaveto dealwith subdomainsof varioussize,blockwidth is about ')(+*-, while
faultwidth is about '.(/, .

The DDM for the pressureequation

Our goal is to �nd a domaindecompositionmethodrobustenoughto dealwith thestrongdis-
continuitiesthat canarisealongandacrossan interfacebetweentwosubdomainsandwhose
behavioris not ruined by small subdomains.To copewith thesedif�culties, we introduce
a Robin type interfaceconditionwhosecoef�cients arecomputedin order to optimize the
convergencerateof theAdditiveSchwarzmethod(ASM for short).
We considertheparaboliclinearequation(1) with stronglydiscontinuouscoef�cients

�
. We

cutthedomaininto nonoverlappingsubdomains021 andsolvetheequationin eachsubdomain.
In theframework of this paper, weweighuponly matchinggrid but theapproachis extended
to non-matchinggrid asseeon �gure 1.
Pressureand �ux continuity betweentwo subdomains0/3 and 054 are expressedas Robin
conditionson theinterface6 :

	 4 � 3 �87 4 ���
���"�� �"! ����� 3"9;:< 3 � 	 4 � 4 �=7 4 ���

� �"�� �>! � ��� 4�9;:< 4 on 6 (2)

	 3 � 4 �87 3 ���
���"�� �"! ����� 4 9;:< 4 � 	 3 � 3 �=7 3 ���

� �"�� �>! � ��� 3 9;:< 3 on 6 (3)

where	 1 , 7 1 arerealsuchthat 	 3 7 4 � 	 4 7 3
?� ( and 	 1 7 1A@B( .
The idea is to �nd the coef�cients

� 	 1DC 7 1 � which allow a fast convergenceof DD algo-
rithm, namelyASM with theboundarycondition(2) in 0 3 andboundarycondition(3) in 0 4 .
Thishasbeenintroducedby Natafandco-authorfor convection-diffusionequation[NRdS94]
[NR95].

To computetheRobincoef�cients, we successively addresstwo maindif�culties. First, we
considerthecaseof two subdomainswith a jump of permeabilityacrossthe interface. Sec-
ondly, we dealwith two subdomainsseparatedby a smallfault.
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Robin conditions for two unboundedsubdomains

We considertwo unboundedsubdomains0 3 , 0 4 with an interface 6 . Thesubdomainshave
homogeneouspermeability

� 3 in subdomain0 3 and
� 4 in 0 4 . Thecomputationof Robinco-

PSfragreplacements

0�3 0 4
6 :<

��
� 3

�#������"! ��� 3�9;:< 3 � � 4�� 4 ��� 3 ��� ��� 4
���"�� �>! ��� 4#9;:< 4 � � 4�� 4 ��� 4 �� 4

������ �"! �#� 4 9;:< 4 ��� 3 � 3 � � 4 � � ��� 3
�#������"! �#� 3 9 :< 3 ��� 3 � 3 � � 3 �

Figure2: Optimalinterfaceconditionfor 2 domains

ef�cients is basedontheapproximationof theOptimalInterfaceCondition.OptimalInterface
Conditionsareconditionswhich ensureconvergenceof ASM in 2 iterationsfor a decompo-
sition into 2 subdomains.They extendtheArti�cial BoundaryConditionandkeepthe idea
of “packingtheneighboringdomainproblemon the interface 6 ”. To do so,let usde�ne the
classicalSteklov-Poincaŕeoperator� 1 associatedto 0 1 :

� 1�� ��� 	 � � �#������"! �#� 1 9#:< 1 � 	 where
� 1


 � 1 ��� 1 � � ( in 0 1� 1 � �
on 6

We canwrite theOptimalInterfaceConditionasfollows,for 0�3 :

� 3
�#������"! ��� 3 9;:< 3 � � 4 � 4 ��� 3 ��� ��� 4

���"�� �>! ��� 4 9;:< 4 � � 4 � 4 ��� 4 �
For 054 , wehave :

� 4
�#������"! ��� 4 9;:< 4 � � 3 � 3 ��� 4 ��� ��� 3

���"�� �>! ��� 3 9;:< 3 � � 3 � 3 ��� 3 �
Thecontributionof subdomain0 4 appearsthrough � 4 . Thejumpof permeability

�
is found

in thetwo terms
� 3 , � 4 .

To �nd the OIC, we needto make explicit the Steklov-Poincaŕe operator. Thereforewe
performaFouriertransformwith respectto � of equation(1)andwesolveexactlytheobtained
equationwhich only dependson the � variable.Theexpressionof ��1 , symbolof � 1 , arenot
polynomial in * , dual variablewith respectto � . The Steklov-Poincaŕe operatorandso the
OIC arenot local in spaceandmustbeapproximated.
In order to obtain the Robin boundarycondition, two constantapproximationshave been
considered,giving thefollowing coef�cients:� takingaTaylor expansionof �51 , weobtain:

� 	 1 C 7 1 ��� � � 1�
 1 C ' � ,� weperformtheminimizationof theconvergencerateonafrequency slot
� *��51�� C *������ � .

This canbe doneonly in the homogeneouscase.We have the following expression:
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Figure3: OIC for thefault

� 	 1 C 7 1 �5� � � 1�� � 
 41 � * 4�51 � � 
 41 � * 4����� C ' � . This leadsto thegeometricaverage
of theoperatorat thetwo extremefrequencies

� * �51�� C *�� � � � .
Althoughoptimizedin thehomogeneouscase,theseconditionsareef�cient in theheteroge-
neouscase.Indeedthecoef�cient 	 1 is a goodapproximationof � 1 .
Theselastconditionshavebeenimplementedandgivegoodresultsfor subdomainswith more
or lesssimilar size [WFS96]. However in the caseof two blocksseparatedby a fault, the
resultsneedto beimproved.

Robin conditions for two unboundeddomainsand onefault

Now, weexaminethecaseof threesubdomains: wehavetwo unboundedsubdomains0 3 , 0 4
with a small fault 0�� . Thepermeabilityof eachsubdomainis uniform :

� 3 in 0 3 , � 4 in 0 4
and

� � in 0�� . We�rst setuptheinterfaceconditiononthefaultboundaries(see�gure 3). As
for a givenboundary, thefault hasonly oneneighbor, sowe cande�ne theOptimalInterface
Conditionaspreviously, where � 1 is theSteklov-Poincaŕeoperatorassociatedto domain021 .
Next we setup theOIC on theblocksboundaries.Assume,we areon theboundaryof 0+3 to
�nd theOIC (see�gure 4). TheOIC uses� �
	 4 theSteklov-Poincaŕe operatorassociatedto
0 � 0�3 :
� �
	 4 � � 3 � � � ������ �"! �#� 9 :< � ��� 3 � � , where

�
is solutionto
 � � � ��� � ( in 0�� � � 4 � ��� � ( in 0 4� � � 3 � on 6A3�� �

and
� �#������"! ��� 9 :< continuouson 6 4

Althoughmorecomplex, theSteklov-Poincaŕeoperatoris determinedaspreviouslyperform-
ing a Fourier transformwith respectto � . This operator� �
	 4 dependson thepermeabilities� 4 in domain 0 4 , � � in the fault andthe fault width. As beforetheoperators� 1 , � 1 	
� are
non-localin space,sowe computea polynomialapproximation:� wetake theOIC for a frequency *�� ,� it is dif�cult to optimizetheconvergencerate,sowe keepthe ideato approximatethe

operatorby thegeometricaverageof two extremevalues:
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Figure4: OIC for thesubdomain0�3

Faultboundarycondition:
� 	 � 1 C 7 � 1 ��� � � 1 � � 1 � * �51 � � � 1 � * � � � � C ' � ;

Block boundarycondition:
� 	 1 C 7 1 �$� � � � � � �
	 1 � *��51�� � � �
	 1 � *������ � C ' � .

In thefollowing, we denoteby OIC, Robinconditionswith theselast
� 	 1 C 7 1 � coef�cients.

Numerical results

Theapproachis thenextendedto a realbasinmodel(CERES2D) whichaccountsfor porous
mediumsedimentation,compaction,erosionandblocksdisplacementsalongfaults.In CERES
2D,wehaveadiscontinuityjumpof thepermeability

�
alongtheinterface,sotheRobincoef-

�cient 	 1 is computedlocally oneachedge.Theinterfaceproblemis solvedwith theGMRES
algorithm.Theunknownsare � 3 � 	 4 � 3 �87 4
	 3 , � 4 � 	 3 � 3 �87 3�	 4 , .

� 3 4 �
� 3 � 	 3 � 3 � 7 3�	A3
with 	A3 � ����� 3

���"�� �>! ��� 3 9;:< 3 � and

��� ��
� 3 � � 3 � � %

in 0�3���
on � 0�3
��6

	 4 � 3 �87 4 � � 3
��������"! � � 3 9 :< 3 �$� � 3 on 6

Theequationsare
PressureandFlux continuity


 � 3 4 � � 3 � � � 4 � (� 3 � � 4 3 � � 4 � � (
Numericalresultsshow the goodbehavior of the Robin interfaceconditions. Comparisons
with the Dirichlet-Neumannconditionsillustrate the robustnessand the good convergence
rateof DD algorithmssuchasadditiveSchwarzmethod,possiblyacceleratedby GMRES.

Meshre�nement

We considerasyntheticbasin(�gure 5) composedof two heterogeneousblockswith
� 3 , � 4

permeabilityanda fault with
� � permeability. We want to study the in�uence of vertical

meshsubdivision: eachrow is subdividedin 2 then4, sothenumberof interfaceunknownsis
growing. Moreover, thepermeabilityof thefault is either:pervious,imperviousor anaverage
of thetwo neighbouringblockcells(variablefor short).
In Figure6, we report the numberof DDM iterationsasa function of the numberof inter-
faceunknownsfor differentfault permeability. Thedottedlinesshow theDirichlet-Neumann
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Figure5: Syntheticbasin
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Figure6: Numberof DDM iterations

condition,Dirichlet on blocks,Neumannon fault,(DNfor short)andthesolid linesshow the
Robincondition.TheDirichlet-Neumanninterfaceconditionis verycompetitivefor pervious
fault but not for theothercases.TheRobinconditionsconvergewell; all curvescorrespond
to '.( iterationsof DDM. Thenumberof DDM iterationsdoesnot increasetoomuchwith the
numberof interfaceunknownsfor OIC. The behavior of OIC is regular for all spreadingof
fault permeability.

Time evolution

We canstudythe time evolution of DDM sincethenumberof unknowns increasesthrough
time asnew layersof sedimentsaredeposited.Eachlayercorrespondsto a row of homoge-
neouscells. On the following �gure 7, a syntheticbasinis composedof two heterogeneous
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blocksandonefault. Eachblockhasalternatedandshift row of pervious-imperviousmedium.
Thefault permeabilityis successively: pervious,imperviousor variable.
In Figure8, we reportthenumberof DDM iterationsasa functionof thenumberunknowns.
The dottedlines show DN condition and the solid lines show OIC. The numberof DDM
iterationsgrows slowly with the numberof unknowns for the OIC. Hereagain,OIC show
robustnessregardingsubdomainheterogeneities.

Conclusion

We introduceda domaindecompositionmethodappliedto sedimentarybasinmodeling.The
DDM is robustenoughto overcomehigh jump of heterogeneity, up to 6 ordersandvarious
sizesof subdomains.To do this, we have chosena nonoverlappingASM with Optimal In-
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terfacecondition,Robin type. The interfaceproblemis solved with a GMRESalgorithm.
Despitethegoodresultsobtained,the fault is still a very small subdomaincomparedto the
blocks. Thereforeit seemspromisingto consideronedimensionalfault [Fla01]. The fault
model is thenincludedin the interfaceconditionbetweentwo blocks. We wish to improve
the non-matchingapproachso asto win in �e xibility andto have lessinterfaceunknowns.
Another improvementis to extendthe DDM to a “fully implicit” discretizationschemefor
multiphase�o w. DDM will beappliedto asystemof pressureandsaturationvariables.
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