Thirteenth International Conference on Domain Decomposition Methods Editors: N. Debit, M.Garbey, R. Hoppe, J. Périaux, D. Keyes, Y. Kuznetsov © 2001 DDM.org

22 Optimized Schwarz Methods for Helmholtz Problems

M. J. Gander^1

Introduction

The classical Schwarz algorithm has a long history. It was invented by Schwarz more than a century ago to prove existence and uniqueness of solutions to Laplace’s equation on irregular domains. It gained popularity with the advent of parallel computers and was analyzed in depth both at the continuous level and as a preconditioner for discretized problems (see the books by Quarteroni and Valli [QV99] and Smith, Bjørstad and Gropp [SBG96] and references therein). The classical Schwarz algorithm is however not effective for Helmholtz problems, because the convergence mechanism of the Schwarz algorithm works only for the evanescent modes, not for the propagative ones. Nevertheless the Schwarz algorithm has been applied to Helmholtz problems by adding a relatively fine coarse mesh in [CW92] and changing the transmission conditions from Dirichlet in the classical Schwarz case to Robin, as done in [DJR92], [BD97], [Gha97], [dLBFM^+98], [MSRKA98] and [CCEW98]. The influence of the transmission conditions on the Schwarz algorithm for the Helmholtz equation has first been studied for a nonoverlapping version of the Schwarz algorithm in [CN98] and for the overlapping case in [GHN00]. We begin this paper by recalling the optimal transmission conditions which lead to the best possible convergence of the Schwarz algorithm and which even work without overlap. These optimal transmission conditions are however non local in nature and thus not ideal for implementations. One therefore approximates the optimal transmission conditions locally. A first result we present is that no matter how one approximates, the new optimized Schwarz method has a better convergence rate than the classical Schwarz method. Then we present a new second order optimized transmission condition for a nonoverlapping variant of the optimized Schwarz method with better asymptotic performance than the one presented in [GMN01]. If h denotes the mesh parameter, then the new method has a convergence rate of 1 − O(h^{1/4}) whereas the best optimized Schwarz method so far for the Helmholtz equation had a convergence rate of 1 − O(h^{1/2}), as given in [GMN01].

Classical Schwarz for the Helmholtz Equation

We consider the Helmholtz equation in two dimensions,

(Δ + ω^2)(u) = f, in Ω = R^2 , (1)

with Sommerfeld radiation conditions at infinity. We apply the Schwarz algorithm with two overlapping subdomains Ω_1 = (−∞, L] × R, L > 0 and Ω_2 = [0, ∞) × R which leads to the Schwarz iteration

Δv^{n+1} + ω^2v^{n+1} = f, in Ω_1, v^{n+1}(L, y) = w^n(L, y), y ∈ R (2) 1Dept. of Mathematics and Statistics, McGill University, Montreal, QC H3A 2K6, CANADA.

and Δw^{n+1} + ω^2w^{n+1} = f, in Ω_2, w^{n+1}(0, y) = v^n(0, y), y ∈ R. (3)

To analyze the convergence rate of this algorithm, we use Fourier analysis. By linearity it suffices to analyze the homogeneous problem, f(x, y) = 0, and show convergence to the zero solution. Applying a Fourier transform in the y variable with Fourier parameter k leads to the ordinary differential equations

∂^2v̂^{n+1} ∂x^2 + (ω^2 − k^2)v̂^{n+1} = 0, x < L, k ∈ R, v̂^{n+1}(L, k) = ŵ^n(L, k), k ∈ R, ∂^2ŵ^{n+1} ∂x^2 + (ω^2 − k^2)ŵ^{n+1} = 0, x > 0, k ∈ R, ŵ^{n+1}(0, k) = v̂^n(0, k), k ∈ R. Solving the second equation at step n and inserting the result into the first one we find after evaluating at x = 0 v̂^{n+1}(0, k) = e^{−2√k2 −ω2L}v̂^{n−1}(0, k). Hence the convergence rate of the classical Schwarz method is ρ_{cla} := e^{−2√k2 −ω2L}. (4) This shows the main problem of the classical Schwarz method when applied to a Helmholtz problem: while evanescent or high frequency modes, k^2 > ω^2, converge as in the case of Laplace’s equation, the propagating or low frequency modes, k^2 < ω^2, do not converge at all, |ρ_{cla}| = 1 for those modes. Figure 1 shows the error in a numerical experiment for an example on a domain Ω = [0, 2] × [0, 1] split into two subdomains in the x-direction and ω = 10. The error on the left subdomain is shown as the iteration progresses and one can see that the classical Schwarz algorithm has problems converging because of the low frequency modes, whereas the high frequency modes introduced at the interface by the initial guess are reduced effectively. Figure 2 shows on the left the corresponding convergence rate (4) for this example as a function of the frequency parameter k.

Optimized Schwarz for the Helmholtz Equation

We consider again the Helmholtz equation (1) in two dimensions and we apply a Schwarz algorithm with the same overlapping subdomains Ω_1 = (−∞, L] × R, L > 0 and Ω_2 = [0, ∞) × R as before. But this time we do not use Dirichlet transmission conditions, but more general ones,

Δv^{n+1} + ω^2v^{n+1} = f, in Ω_1, (∂_x + Λ_v)(v^{n+1}(L, y)) = (∂_x + Λ_v)(w^n(L, y)), y ∈ R (5) and Δw^{n+1} + ω^2w^{n+1} = f, in Ω_2, (∂_x + Λ_w)(w^{n+1}(0, y)) = (∂_x + Λ_w)(v^n(0, y)), y ∈ R. (6)

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

Figure 1: Error in iterations 1, 2, 3 and 8 on the left of the two subdomains of the classical Schwarz algorithm applied to a Helmholtz equation. Clearly the low frequency modes are not effectively reduced by the method.

The operators Λ_v in (5) and Λ_w in (6) are linear operators in the y direction along the interface which we will try to determine to obtain optimal performance of the Schwarz algorithm. Using Fourier analysis like in the case of the classical Schwarz algorithm and setting f(x, y) = 0, we obtain the iteration in the Fourier transformed domain

∂^2v̂^{n+1} ∂x^2 + (ω^2 − k^2)v̂^{n+1} = 0, x < L, k ∈ R, (∂_x + λ_v (k))(v̂^{n+1}(L, k)) = (∂_x + λ_v (k))(ŵ^n(L, k)), k ∈ R, ∂^2ŵ^{n+1} ∂x^2 + (ω^2 − k^2)ŵ^{n+1} = 0, x > 0, k ∈ R, (∂_x + λ_w(k))(ŵ^{n+1}(0, k)) = (∂_x + λ_w(k))(v̂^n(0, k)), k ∈ R.

Solving the second equation at step n and inserting the result into the first equation we find after evaluating at x = 0

v̂^{n+1}(0, k) = λ_v(k)− √ k^2 −w^2 λ_v(k)+ √ k^2 −w^2 · λ_w(k)+ √ k^2 −w^2 λ_w(k)− √ k^2 −w^2 e^{−2√k2−ω2L}v̂^{n−1}(0, k) and hence the convergence rate of the new Schwarz method is ρ_{opt} := λ_v (k)− √ k^2 −w^2 λ_v (k)+ √ k^2 −w^2 · λ_w(k)+ √ k^2 −w^2 λ_w(k)− √ k^2 −w^2 e^{−2√k2−ω2L}, (7) where we can choose the symbols λ_v (k) and λ_w(k) of the linear operators Λ_v and Λ_w along the interface to influence the performance of the new Schwarz method.

An Optimal Schwarz Method

There is a best choice for the free parameters in the convergence rate (7) of the new Schwarz method: choosing λ_v (k) = √ k^2 − w^2 and λ_w (k) = − √ k^2 − w^2, the convergence rate becomes zero for all values of the frequency parameter k and hence the method converges in 2 iterations. In addition for this choice the convergence rate is independent of the overlap, the exponential factor in (7) is irrelevant and hence the Schwarz method can be used without overlap as well. One can show that this result generalizes to convergence in N iterations if N subdomains in strips are employed [NR95]. But for real computations, we do not want to depend on Fourier transforms, we want to do the computations as usual on a given finite element or finite difference mesh. Hence we need the inverse transform of the optimal transmission conditions, λ_{vw}(k) = ± √ k^2 − w^2. Unfortunately, this inverse transform leads to nonlocal operators Λ_{vw} in the y variable, because of the square root in their symbol. Even though such non-local operators can be implemented by using a convolution on the boundary, it is much more cumbersome than to implement local transmission conditions. If the symbol of the optimal transmission conditions was a polynomial in k however, then the operator in real space would be local, because a polynomial in k transforms into derivatives in real space, and derivatives are local operators. Therefore, instead of using the best possible transmission conditions, we introduce local approximations to those conditions which are easy to implement. One can either choose a Taylor expansion about a low frequency to improve the low frequency behavior of the algorithm or, even better, optimize the approximation for the performance of the algorithm by making ρ_{opt}, the natural measure of performance, as small as possible. This leads to the new class of optimized Schwarz methods.

Optimized Schwarz Methods

We introduce local approximations of the best transmission operator,

Λ_v = +(α_1 + β_1k^2), and Λ_w = −(α_2 + β_2k^2),

where α_j , β_j ∈ C , j = 1, 2. Note that we do not include a first order term because the Helmholtz operator is symmetric. For non-symmetric problems one would include the first order term as well. The case β_j = 0 leads to Robin transmission conditions and gives us four coefficients to optimize the performance (two complex numbers α_1 and α_2). If β_j ≠ 0 we obtain transmission conditions including second order tangential derivatives which gives us eight coefficients to optimize the performance of the algorithm. In the sequel we restrict our analysis for simplicity to the special case where α_1 = α_2 = α and β_1 = β_2 = β, for which the convergence rate of the optimized Schwarz method can be simplified to ρ_{opt} = ( α + βk^2 − √ k^2 − w^2 α + βk^2 + √ k^2 − w^2

)_2 e^{−2√k2 −ω2L}. (8)

PSfrag replacements PSfrag replacements PSfrag replacements

Figure 2: Comparison of the convergence rate of classical Schwarz on the left with optimized Schwarz using Robin transmission conditions in the middle and second order optimized transmission conditions on the right.

This cuts the number of optimization parameters in half and simplifies the optimization, at the cost of not finding the best possible second order transmission conditions. For symmetric positive definite problems the difference is investigated in [Gan00] and is found to be significant.

Theorem 1 If ℜ(α), ℑ(α), ℜ(β), ℑ(β) ≥ 0 then the optimized Schwarz method always converges faster than the classical Schwarz method.

Proof We have to show under the conditions of the theorem that ρ_{opt}(k) given in (8) is smaller or equal to ρ_{cla}(k) given in (4) for all k. The only difference between the two convergence rates is the additional factor in front of the exponential in (8). But the modulus of this factor is (ℜ(α) + ℜ(β)k^2 − ℜ( √ k^2 − w^2))^2 + (ℑ(α) + ℑ(β)k^2 − ℑ( √ k^2 − w^2))^2 (ℜ(α) + ℜ(β)k^2 + ℜ( √ k^2 − w^2))^2 + (ℑ(α) + ℑ(β)k^2 + ℑ( √ k^2 − w^2))^2 ≤ 1 if the real and imaginary parts of α and β are non-negative, which completes the proof.

This indicates that one should not use the classical Schwarz method any longer, whatever one does to the coefficients in the transmission conditions, the optimized Schwarz method will work better than the classical Schwarz method. Figure 2 shows a comparison of the convergence rates of the classical Schwarz method and optimized Schwarz methods with Robin and second order transmission conditions as a function of the frequency parameter k. Note that for optimized Schwarz methods the low frequency modes converge as well, not just the high frequency ones. Only at the resonance frequency k^2 = ω^2 the convergence rate equals one for optimized Schwarz methods. This is however not a problem when optimized Schwarz is used as a preconditioner for a Krylov subspace method, since such a method easily corrects one bad mode in the spectrum.

An Optimized Schwarz Method without Overlap

We optimize now the coefficients α and β in (8) for the case of no overlap, L = 0. For the continuous problem we would need to optimize for all frequency parameters k ∈ R which would lead to convergence problems as k −→ ±∞. But in a numerical computation, the frequency range is bounded, from below by the smallest frequency k_{min} relevant to the subdomain and from above by the largest frequency k_{max} supported by the numerical grid. The largest frequency k_{max} is of order π/h. We therefore have to solve the optimization problem min α,β∈C max k∈(k_{min}, ω_−)∪(ω_+, k_{max}) | | | | α + βk^2 − √ k^2 − w^2 α + βk^2 + √ k^2 − w^2 | | | | 2 (9) where ω_− and ω_+ are parameters to be chosen to exclude the single mode with convergence rate one at the resonance frequency k^2 = ω^2. We have the following asymptotic convergence result

Theorem 2 There exist parameters α, β ∈ C such that the asymptotic convergence rate of the optimized Schwarz method is

ρ_{opt} = 1 − 4 ( π √ dω(2ω − dω) )_{1/4} h^{1/4} + O(h^{1/2})

where dω := ω_+ − ω = ω − ω_−.

The proof of this result is beyond the scope of this short paper, since it involves the asymptotic solution of the min-max problem (9). But it is important to notice that the classical Schwarz method does not converge without overlap, not even in the symmetric positive definite case. If the overlap is of order h, then the convergence rate of classical Schwarz is 1 − O(h) in the symmetric positive definite case. The optimized Schwarz method without overlap converges even for the indefinite case at the much better rate of 1 − O(h^{1/4}) except for the resonance mode. The numerical results in the next section show that the optimized Schwarz method used as a preconditioner for a Krylov methods exhibits a convergence rate of nearly 1 − O(h^{1/8}), gaining almost the expected square-root from Krylov acceleration.

Numerical Results

We chose the model problem of a tube, Δu + ω^2u = f 0 < x, y < 1, u = 0 0 < x < 1, y = 0, 1, ∂u ∂x − iωu = 0 x = 0, 0 < y < 1, −^{∂u}_{∂x} − iωu = 0 x = 1, 0 < y < 1. and two nonoverlapping subdomains Ω_1 = [0, 1/2] × [0, 1], Ω_2 = [1/2, 1] × [0, 1]. For experiments with overlap, see [GHN00]. Table 1 shows the number of iterations required to converge to a desired tolerance 10e − 6 using optimized Schwarz as a preconditioner for GM- RES and compares this to a non-optimized local approximation of the optimal transmission conditions using a Taylor expansion for low frequencies.

Figure 3 shows the asymptotic convergence rate in h achieved by the optimized Schwarz method. Note how Krylov acceleration gives almost the additional square-root, ρ_{opt} = 1 − O(h^{1/8}) as one can expect in ideal situations. It would have been interesting to do the experiment for h = 1/1600, but the case h = 1/800 shown constitutes already a complex linear system with 640’000 unknowns and is at the limit of current workstation capacities.

h 1/50 1/100 1/200 1/400 1/800 Taylor Order 2 25 32 38 46 57 Optimized Order 2 10 10 10 11 13

Table 1: Optimized Schwarz second order transmission conditions compared to a simpler second order Taylor approximation of the optimal transmission conditions for low frequencies.

PSfrag replacements

Figure 3: Asymptotic convergence rate of the second order optimized Schwarz method without overlap.

References

[BD97]Jean-David Benamou and Bruno Deprés. A domain decomposition method for the helmholtz equation and related optimal control problems. J. of Comp. Physics, 136:68–82, 1997.

[CCEW98]Xiao-Chuan Cai, Mario A. Casarin, Frank W. Elliott Jr., and Olof B. Widlund.

Overlapping Schwarz algorithms for solving Helmholtz’s equation. In Domain decomposition methods, 10 (Boulder, CO, 1997), pages 391–399. Amer. Math. Soc., Providence, RI, 1998.

[CN98]Philippe Chevalier and Frédéric Nataf. Symmetrized method with optimized secondorder conditions for the Helmholtz equation. In Domain decomposition methods, 10 (Boulder, CO, 1997), pages 400–407. Amer. Math. Soc., Providence, RI, 1998.

[CW92]Xiao-Chuan Cai and Olof B. Widlund. Domain decomposition algorithms for indefinite elliptic problems. SIAM J. Sci. Statist. Comput., 13(1):243–258, January 1992.

[DJR92]Bruno Després, Patrick Joly, and Jean E. Roberts. A domain decomposition method for the harmonic Maxwell equations. In Iterative methods in linear algebra (Brussels, 1991), pages 475–484, Amsterdam, 1992. North-Holland.

[dLBFM^+98]Armel de La Bourdonnaye, Charbel Farhat, Antonini Macedo, Frédéric Magoulès, and François-Xavier Roux. A non-overlapping domain decomposition method for exterior Helmholtz problems. In Domain decomposition methods, 10 (Boulder, CO,

1997), pages 42–66, Providence, RI, 1998. Amer. Math. Soc.

[Gan00]Martin J. Gander. Optimized Schwarz methods for symmetric positive definite problems. in preparation, 2000.

[Gha97]Souad Ghanemi. A domain decomposition method for Helmholtz scattering problems. In P. E. Bjørstad, M. Espedal, and D. Keyes, editors, Ninth International Conference on Domain Decomposition Methods, pages 105–112. ddm.org, 1997.

[GHN00]Martin J. Gander, Laurence Halpern, and Frédéric Nataf. Optimized Schwarz methods. In 12th international conference on domain decomposition methods, 2000.

[GMN01]Martin J. Gander, Frédéric Magoulès, and Frédéric Nataf. Optimized schwarz methods without overlap for the helmholtz equation. SIAM J. Numer. Anal., 2001. to appear.

[MSRKA98]Lois C. McInnes, Romeo F. Susan-Resigna, David E. Keyes, and Hafiz M.

Atassi. Additive Schwarz methods with nonreflecting boundary conditions for the parallel computation of Helmholtz problems. In Domain decomposition methods, 10 (Boulder, CO, 1997), pages 325–333. Amer. Math. Soc., 1998.

[NR95]Frédéric Nataf and Francois Rogier. Factorization of the convection-diffusion operator and the Schwarz algorithm. M^3AS, 5(1):67–93, 1995.

[QV99]Alfio Quarteroni and Alberto Valli. Domain Decomposition Methods for Partial Differential Equations. Oxford Science Publications, 1999.

[SBG96]Barry F. Smith, Petter E. Bjørstad, and William Gropp. Domain Decomposition:

Parallel Multilevel Methods for Elliptic Partial Differential Equations. Cambridge University Press, 1996.