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6 Domain decompositionand �ctitious domain methods
with distrib uted Lagrangemultipliers

Yu.A. Kuznetsov1

Intr oduction

In this paperwe considerthreeapplicationsof thedistributedLagrangemultiplier technique
[DGH � 92, GHJ� 97, GK98] to designnew domaindecompositionand�ctitious domainmeth-
odsfor thediffusionequation
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������� ������� (1)

in a bounded2D/3Dpolygonaldomainwith thehomogeneousDirichlet boundarycondition


������ �����
��� (2)

andapiece-wiseconstantdiffusioncoef�cient � .
Theabove restrictionsareimposedfor thesake of simplicity. Thegeneralizationsof the

algorithmsand theoreticalresultsto more complicatedequations,domains,and boundary
conditionsareobvious.

Let � � be a triangular/tetrahedralpartitioningof � , and !

� be thecorrespondingpiece-
wiselinear �nite elementsubspaceof "$#
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��� � . We shallalwaysassumein this paperthat ���

is a shape-regularmesh.Thentheclassical�nite elementmethod
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with a symmetricpositivede�nite matrix
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Domain decompositionfor compositematerials

Let � be a rectangleand �

^

, `

� P]��� , ��� P , be opennon-overlappingpolygonalsubdo-
mainsof � , i.e. �
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is given in Figure1. We assumethat �
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with somepositive constants�
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� is given.
We alsoassumethat � �OP
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��.5C0/�1
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P in therestof
� . We shallcall this modelexamplea “compositematerial”.

Figure1: Thecomputationalgrid.
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It is obviousthatwith anappropriatepermutationmatrix :
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where �

; ^

is thestiffnessmatrixof theLaplacianfor thesubdomain�
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, P
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� .
In [Kuz00] wasproposedto replacesystem(4) with
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in (5) by asaddlepointsystem
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System(6) is equivalentto system(4) in thesensethat thesolutionvector
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 to (4) coin-
cideswith thesolutionsubvector
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 to (6) andviceversa.Moreover,
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with positiveconstants�
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� independentof themesh�@� . Thenthematrix
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� PR��� , was proposedin [Kuz00] as
an effective preconditionerfor the matrix
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in (6). To justify the latter statementwe have
to considerthe matrix
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It canbe easilyshown that
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is a symmetricoperatorin `
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Theconditionnumberof
�

 

with respectto thesubspacè�
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Underall theaboveassumptionsthefollowing resultwasprovedin [Kuz00].

Proposition1
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where �	� is a positiveconstantindependentof thevalues,

#

�

,
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,

3 andthemesh� � .

Remark 1 In general, theconstant� � dependson theconstants�
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� P]��
 .

Theimplementationprocedureof thepreconditioner
 

is basedon a simpleobservation
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The resultsof numericalexperimentsfor the geometrygiven in Fig. 1 arepresentedin
Table1. For numericalexperiments"

� waschosento betheBPX-preconditioner[BPX90].

Table1. Thenumberof PCGiterations.

,
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Thevectors
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� PR��� , in (6) canbecalledthediscretedistributedLagrangemultipliers.
They have a very simple connectionwith the continuous/differentialdistributed Lagrange
multiplier. System(6) canbeobtainedby thestraightforward�nite elementdiscretizationof
thevariationalproblem:�nd 
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Fictitious domain method

The name“�ctitious domainmethod”wasoriginally suggestedby V.K. Saul'ev in [Sau63].
TheSaul'ev's ideais to replacedifferentialproblem(1)–(2)by theproblem
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Theform of theequationin (1) remindsusthesituationconsideredin theprevioussection.
If we introducethedistributedLagrangemultiplier by

�

�

P

,


 (12)
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The interestingobservation is that with ,

� � formulation(13) coincideswith the dis-
tributedLagrangemultiplier �ctitious domainmethodinventedbyR.Glowinski (see[DGH � 92,
GHJ� 97]). Thus,theGlowinski'smethodis theclosurewith respectto theparameter, of the
Saul'ev'smethod.

The�nite elementdiscretizationto (13) resultsin thealgebraicsystem
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staysfor thestiffnessmatrix in therectangle
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. If wepresent
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in a differentblock form:
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Assumethat thenorm preserving�nite elementextensiontheoremfor thesubdomain�
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where ��� is a positive constantindependentof themesh
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� � theresultwasprovedin [GK98]. For thecase,
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Overlapping domain decomposition

Let �
� be partitionedinto two subdomains�
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� hold [Wid87]. Laterwe shallgive the
algebraicinterpretationof this assumption.

Let thebilinearform �'�(
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Then,theweakformulationof (1) basedon theabove overlappingdecompositionwith dis-
tributedLagrangemultiplierscanbegivenby: �nd
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The �nite elementdiscretizationof (19) can be suggestedwith the sameformulaeby
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i.e. �
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� is thestiffnessmatrix for theLaplacianin thesubdomain
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We introducea preconditioner
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where "
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Wehaveplentyof choicesfor "
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Z , for instance,multigrid preconditioner. Thequestion
is only aboutachoicefor " ! .

The assumptionaboutthe norm preserving�nite elementextensionresults(in the con-
text of the above method)is equivalent to the assumptionthat the matrix
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In this casesimple transformationsshow that the matrix
�

! is spectrallyequivalent to the
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Implementationprocedurefor " ! is verysimpledueto theformulae
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Proposition2 Under the assumptionsmade, the eigenvaluesof the matrix
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