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6 Domain decomposition and fictitious domain methods
with distributed Lagrange multipliers

Yu.A. Kuznetsov!

Introduction

In this paper we consider three applications of the distributed Lagrange multiplier technique
[DGHT92, GHJT97, GK98] to design new domain decomposition and fictitious domain meth-
ods for the diffusion equation

—V(aVu) = f, z €, (@)
in a bounded 2D/3D polygonal domain with the homogeneous Dirichlet boundary condition
u=0, T € 09, (2)

and a piece-wise constant diffusion coefficient a.

The above restrictions are imposed for the sake of simplicity. The generalizations of the
algorithms and theoretical results to more complicated equations, domains, and boundary
conditions are obvious.

Let Q2 be a triangular/tetrahedral partitioning of 2, and V}, be the corresponding piece-
wise linear finite element subspace of H} (). We shall always assume in this paper that €2,
is a shape-regular mesh. Then the classical finite element method

uh € Vi:  alup, v) = 1(v) Yo € V4 (3)
where
a(u, v) = /aVu -Vudz and I(v) = /fv dz,
Q Q
results in the system of linear algebraic equations

Au =] @

with a symmetric positive definite matrix A € ®"*", n = dim V},, and a vector f € R”. We
also denote by M the mass matrix and by M the lumped mass matrix, i.e. M is diagonal and
Me= Me, eT =(1,...,1),ee R".

For Q4,5 and Q5 ; being non-overlapping subdomains of 2, such that 25, = Q4 5 U Qs p,
we denote by A; and A the corresponding stiffness matrices and by Mlng) and M, (M>)
the corresponding mass (lumped mass) matrices. The matrices A, M and M can be introduced
by subassembling of matrices 4;, M;, M; with the same subassembling matrices N;, i = 1,2,
respectively. For instance,

A = N ANT + NyA,NT,

M = N MyNT + NyM,NY.
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Domain decomposition for composite materials

Let © be a rectangle and w;, i = 1,m, m > 1, be open non-overlapping polygonal subdo-
mains of Q, i.e. w; Uw; = 0 fori # j and Ow; NOQ = 0, i,j = 1,m. An example of Q
is given in Figure 1. We assume that w; are shape-regular, ¢;d < diameter(w;) < cod and
distance(w;, Q) > csd with some positive constants ¢y, ¢2, and c3 where d > 0 is given.
We also assume thata = 1 + (% d; = const € (0, 1] inw;, i =1,m, and a = 1 in the rest of
Q. We shall call this model example a “composite material”.
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Figure 1: The computational grid.

The stiffness matrix A of system (4) can be presented in the form

UL |
A=A —B;
o+ ; 5; (5)
where
(Bi’ﬁ, 117) = /V’Uh - Vwy, dz Vvh,wh €V,
and

(Aoﬁ, U_)) = /V'Uh - Vwy, dx Yop, wp € V.
Q

It is obvious that with an appropriate permutation matrix P; we have

P = (40
i 0 0
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where — A; is the stiffness matrix of the Laplacian for the subdomain w;, 1 < ¢ < m.
In [Kuz00] was proposed to replace system (4) with A in (5) by a saddle point system

4305 2 () -0) ©

BT = (B, By ... By,) € ®™*(mn)

with

and the block diagonal matrix
01 B
6mBm

System (6) is equivalent to system (4) in the sense that the solution vector 4 to (4) coin-
cides with the solution subvector @ to (6) and vice versa. Moreover,

< 1
Ai — —1 € ker B;

%

(=%}

for any solution subvector X; to (6), i = 1, m.
Leta matrix H4 = H% > 0 be spectrally equivalent to Agl, i.e

ca(Hav, v) < (Ag'0, v) <cs(Hav,0) Vo€ R

with positive constants c4 and ¢; independent of the mesh Q. Then the matrix

Hy O
Hz(o HA) "

with
H, =diag{B}, By, ..., B}},

where B denotes the generalized inverse to B;, i = 1,m, was proposed in [Kuz00] as
an effective preconditioner for the matrix A in (6). To justify the latter statement we have
to consider the matrix A# in its invariant subspace im.A supplied with the scalar product

generated by the matrix
Hy O
D=
( 0 DA) ’

D,\ = diag{Bl, Bg, ey Bm}

where

It can be easily shown that A% is a symmetric operator in im.4 with respect to the D-
scalar product. Moreover, imA = im(A7%). To this end, all non-zero eigenvalues of the
matrix AH belong to the union of two segments [dy; d2] and [ds; d4] with end points

d1§d2<0<d3§d4.
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The condition number of A% with respect to the subspace im.A and the D-scalar product is
defined by

max{dy; |d1|}

min{dg; |d2|} )

Under all the above assumptions the following result was proved in [Kuz00].

Condp(AH) =

Proposition 1

Condp(AH) < cg, (8)
where c¢g is a positive constant independent of the values 41, d2, - .. , d,, and the mesh Qj,.
Remark 1 In general, the constant cg depends on the constants ¢;, i = 1, 5.

The implementation procedure of the preconditioner # is based on a simple observation

that
Qi 0
BB = (0 ° ©)
where

The results of numerical experiments for the geometry given in Fig. 1 are presented in
Table 1. For numerical experiments H 4 was chosen to be the BPX-preconditioner [BPX90].

Table 1. The number of PCG iterations.

0| 13x13 | 34x34 | 76 x 76 | 160 x 160

1 15 16 18 18
107! 17 22 25 27
102 19 23 27 29
1073 19 23 27 29
104 19 23 27 29

The vectors \;, i = 1, m, in (6) can be called the discrete distributed Lagrange multipliers.
They have a very simple connection with the continuous/differential distributed Lagrange
multiplier. System (6) can be obtained by the straightforward finite element discretization of
the variational problem: find u € H} (), \; € H'(w;), i = 1, m, such that

/Vu VvdaH—Z/V)\ Vvdx—/fvdw
Q

(10)
/Vu Vu,dm—é/V)\ Vyp;dz =0, i=1,m,

Vv € HE(Q), i € HY(w;),i =1, m.
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Fictitious domain method

The name “fictitious domain method” was originally suggested by V.K. Saul’ev in [Sau63].
The Saul’ev’s idea is to replace differential problem (1)-(2) by the problem

=V(asVus) = f5, z€ll

11
us = 0, x € 011, (1)

where II is a rectangle containing the original simply-connected domain €2,

a, J’.EQJ f7 .’EGQ,
as = 1 1 — f6= _
+35, zell\Q, 0, zell\Q.

It was proved that ||us — @l| g3 () — 0 as d — 0 where

N T T € Q,
““ o, zell\ Q.

The form of the equation in (1) reminds us the situation considered in the previous section.
If we introduce the distributed Lagrange multiplier by

1
A= U (12)
inw = II \ Q, then the weak saddle point formulation reads as follows: find u € Hg (II),
A € HY(w), A = 0 on dw N O11, such that

/Vu Vvdx+/V)\ Vvd:c—/f(;vdx,
(13)
/Vu Vpdx—é/V)\ Vudz =0,

Vv € HY (M), p € HY(w), p = 0 on dw N 1L

The interesting observation is that with 6 = 0 formulation (13) coincides with the dis-
tributed Lagrange multiplier fictitious domain method invented by R. Glowinski (see [DGH*92,
GHJ*97]). Thus, the Glowinski’s method is the closure with respect to the parameter § of the
Saul’ev’s method.

The finite element discretization to (13) results in the algebraic system

Uy A Ais 0 Uy fi
Alds | = A1 Az Bao | =|f (14)
A 0 By —0Bs» A 0

where B», stays for the stiffness matrix in subdomain w, and

A Ay
I
Ao As
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stays for the stiffness matrix in the rectangle II. If we present A in a different block form;
A= (P B C=8B
“\B -ic)’ S

and assume that a matrix H 4 is spectrally equivalent to A;", then the preconditioner for A
can be proposed in the form of the block diagonal matrix

H 0
=" (15)
0 H,
where Hy = By,

Assume that the norm preserving finite element extension theorem for the subdomain w
with respect to the rectangle II holds. Then,

Condy (AH) < ¢

where ¢y is a positive constant independent of the mesh II;, and value of § € [0; 1]. In the
case & = 0 the result was proved in [GK98]. For the case § > 0 one has to use technique from
[Kuz0Q].

Overlapping domain decomposition

Let Q, be partitioned into two subdomains €4, and €5 p, such that G, = Q5 N Qo p is
nonempty. We assume that meas(90G, N 0Q) > const > 0, and the norm preserving finite
element extension results from G, into 4, and Q5 j, hold [Wid87]. Later we shall give the
algebraic interpretation of this assumption.

Let the bilinear form a(u, v) be split into two bilinear forms [Kuz97]:

a(u, v) = a1 (u, v) + az(u, v) (16)

and the linear form [(v) be also splitted into two linear forms:

I(v) =1l1(v) + l2(v) a7
where
ai(u, v) = /aiVu -Voudz
Q;
with
{ a, z € Y \G,
a; =
a2, z¢€QG,
and
Li(v) = /aifvd;c
Q;
with

1, .’L‘EQ,’\G,
o; =
1/2, z €@,
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i = 1, 2. Then, let us define two new bilinear and linear forms by

a(a, v) = ai(u, v1) + az(uz, va),
b\, B) = / VA V(01 — vg) dz, (18)
G
I(0) = (1) +la(vs)

where

v=(v1’>, v €Vi={v:ve H(Q),v=0 on 92N}, i=1,2,
v
and

AeVa={A: A€ HYG), A\=0 on 9QNdG}.

Then, the weak formulation of (1) based on the above overlapping decomposition with dis-
tributed Lagrange multipliers can be given by: findaz € V =V} x V5, A € V, such that

(i, 5) +b( ) = 1), 9)
b(a, p) =0
Vo eV, ue V.

The finite element discretization of (19) can be suggested with the same formulae by
replacing V' and V), by V}, and V), which are the traces of the finite element space V}, onto
Q1 5, Q2,5 and G, respectively. The finite element discretization of (19) results in the system
of algebraic equations

_ A 0 BlT U1 le
u _
A (5\> = 0 A2 BQT uz | = f2 s (20)
B, By 0 A 0
where
A A Agé Aga
A= (1) Ay = )
AGI AGG A2G’ A22

0 Bg
5= (5,) 5= (%)

Here B¢ is defined by

(BgA, ) = /V)\h -V dz, VAhs i € Vb, (21)
&

i.e. —Bg is the stiffness matrix for the Laplacian in the subdomain G,.
We introduce a preconditioner # for A in the form of a block diagonal matrix:

H 0 0
H=|0 H, 0], (22)
0 0 H,y
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where H; is spectrally equivalent to A;l, i = 1,2, and H;l is spectrally equivalent to the
Schur complement matrix

Sy=B, A;' Bl + B, A;' B . (23)

We have plenty of choices for H; and Hs, for instance, multigrid preconditioner. The question
is only about a choice for H).

The assumption about the norm preserving finite element extension results (in the con-
text of the above method) is equivalent to the assumption that the matrix B¢ is spectrally
equivalent to matrices

SO =AY — Agi At Aig,  i=1,2.

In this case simple transformations show that the matrix S is spectrally equivalent to the
matrix Bg. The conclusion is obvious: we have to choose

Hy = BZ'.
Implementation procedure for H) is very simple due to the formulae

H 0 0 A, 0 Bf
HA=|0 H, 0 0 4 By |,
0 0 I B, By, 0

where } )
Bl = (0 I)\) and BQ = (I)\ 0) -

Proposition 2 Under the assumptions made, the eigenvalues of the matrix H.4 belong to
the union of two segments [dy; d»], [ds; d4] with the end points d; < dy < 0 < d3 < dy
independent of the mesh Q.

Remark 2 The values of d;, d2, d3 and d4 from Proposition 2 depend on the constants of
spectral equivalence H; and A;, as well as B¢ and S9 i = 1,2.

Acknowledgments: This work was partially supported by NSF (grant CCR-9902035)
and by Los Alamos Computer Science Institute (LASCI). The author thanks K.Lipnikov for
providing the numerical experiments and technical assistance.

References

[BPX90]James H. Bramble, Joseph E. Pasciak, and Jinchao Xu. Parallel multilevel precondi-
tioners. Math. Comp., 55:1-22, 1990.

[DGH*92]Q. V. Dihn, R. Glowinski, J. He, V. Kwock, T. W. Pan, and J. Périaux. Lagrange
multiplier approach to fictitious domain methods: Application to fluid dynamics and elec-
tromagnetics. In David E. Keyes, Tony F. Chan, Gérard A. Meurant, Jeffrey S. Scroggs,
and Robert G. Voigt, editors, Fifth International Symposium on Domain Decomposition
Methods for Partial Differential Equations, pages 151-194, Philadelphia, PA, 1992. SIAM.



DOMAIN DECOMPOSITION AND FICTITIOUS DOMAIN METHODS 75

[GHJ*97]R. Glowinski, T. I. Hesla, D.D. Joseph, T.W. Pan, and J. Periaux. Distributed La-
grange multiplier methods for particulate flows. In M.O. Bristeau, G.J. Etgen, W. Fitzgib-
bon, J.L. Lions, J. Periaux, and M.F. Wheeler, editors, Computational Science for the 21st
Century, pages 270-279, Chichester, 1997. Wiley.

[GK98]Roland Glowinski and Yuri Kuznetsov. On the solution of the Dirichlet problem for
linear elliptic operators by a distributed Lagrange multiplier method. C. R. Acad. Sci. Paris
Sér. | Math., 327(7):693-698, 1998.

[Kuz97]Yuri. A. Kuznetsov. Overlapping domain decomposition with non matching grids.
In Petter E. Bjgrstad, Magne Espedal, and David Keyes, editors, Domain Decomposition
Methods in Sciences and Engineering. J. Wiley, 1997. Proceedings from the Ninth Interna-
tional Conference, June 1996, Bergen, Norway.

[KuzOO]Yuri A. Kuznetsov. New iterative methods for singular perturbed positive definite
matrices. Russian J. Numer. Anal. Math. Modelling, 15:65-71, 2000.

[Sau63]Valerij K. Saul’ev. On solution of some boundary value problems on high perfor-
mance computers by fictitious domain method. Siberian Math. J., 4(4):912-925, 1963. (in
Russian).

[Wid87]0lof B. Widlund. An extension theorem for finite element spaces with three appli-
cations. In Wolfgang Hackbusch and Kristian Witsch, editors, Numerical Techniques in
Continuum Mechanics, pages 110-122, Braunschweig/Wiesbaden, 1987. Notes on Numer-
ical Fluid Mechanics, v. 16, Friedr. Vieweg und Sohn. Proceedings of the Second GAMM-
Seminar, Kiel, January, 1986.



