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6 Domain decompositionand ctitious domain methods
with distrib uted Lagrange multipliers

Yu.A. Kuznetse?!

Intr oduction

In this paperwe considerthreeapplicationsof the distributed Lagrangemultiplier technique
[DGH 92, GHJ 97, GK9g] to desigmewn domaindecompositiomnd ctitious domainmeth-
odsfor thediffusionequation

1)
in aboundedD/3D polygonaldomainwith the homogeneouBirichlet boundarycondition
2)

anda piece-wiseconstantiffusioncoefcient

The above restrictionsareimposedfor the sale of simplicity. The generalizationsf the
algorithmsand theoreticalresultsto more complicatedequations,domains,and boundary
conditionsareobvious.

Let  beatriangular/tetrahedrglartitioningof , and bethe correspondingiece-
wiselinear nite elementsubspacef . We shallalwaysassumaen this paperthat
is ashape-rgularmesh.Thentheclassicalnite elemenimethod

3)
where
and
resultsin the systemof linearalgebraicequations
4)
with a symmetricpositive de nite matrix , anda vector . We

alsodenoteby  themassmatrixandby  thelumpedmassmatrix,i.e. is diagonaland

For and beingnon-overlappingsubdomain®f  suchthat ,
wedenoteby and thecorrespondingtiffnessmatricesandby and
thecorrespondingnasslumpedmass)matrices. Thematrices , and canbeintroduced
by subassemblingf matrices , ,  with thesamesubassemblinhatrices ,
respectiely. Forinstance,
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Domain decompositionfor compositematerials

Let bearectangleand , , be opennon-overlappingpolygonalsubdo-

mainsof ,i.e. for and , ~ . An exampleof

is givenin Figurel. We assumeahat areshape-rgular, and
with somepositive constants , ,and where is given.

We alsoassumehat -, in , ~ ,and in therestof

. We shallcall this modelexamplea “compositematerial”.
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Figurel: Thecomputationagrid.

Thestiffnessmatrix  of system(4) canbe presentedn theform

- (5)

where

and

It is obviousthatwith anappropriatgpermutatiormatrix ~ we have
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where is the stiffnessmatrix of the Laplacianfor thesubdomain , .
In [Kuz0Q wasproposedo replacesystem(4) with  in (5) by asaddlepoint system

(6)

with

andtheblock diagonalmatrix

System(6) is equivalentto system(4) in the sensehatthe solutionvector to (4) coin-
cideswith the solutionsubvector to (6) andvice versa.Moreover,

for ary solutionsubvector to (6),
Let amatrix be spectrallyequivalentto ,i.e

with positive constants and independenof themesh . Thenthematrix

(7)

with
where denotesthe generalizednverseto , was proposedin [Kuz0(Q as
an effective preconditioneffor the matrix in (6). To justify the latter statementve have
to considerthe matrix in its invariantsubspace suppliedwith the scalarproduct
generatedby the matrix
where

It canbe easilyshavn that is a symmetricoperatorin with respectto the -
scalarproduct. Moreover, . To this end, all non-zeroeigervaluesof the

matrix belongto theunionof two sggments and with endpoints
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The conditionnumberof with respecto the subspace andthe -scalarproductis
de ned by

Underall theabove assumptionghefollowing resultwasprovedin [Kuz0(.
Proposition 1

(8)
whele s a positiveconstanindependenof thevalues andthemesh
Remark 1 In generl, theconstant depend®ntheconstants

Theimplementatiorprocedureof the preconditioner is basedon a simpleobsenation
that

(9)

where

The resultsof numericalexperimentsfor the geometrygivenin Fig. 1 are presentedn
Tablel. For numericalexperiments  waschoserto bethe BPX-preconditionefBPX90Q].

Tablel. Thenumberof PCGiterations.

15 16 18 18
17 22 25 27
19 23 27 29
19 23 27 29
19 23 27 29
Thevectors , =, in(6)canbecalledthediscretedistrioutedLagrangemultipliers.

They have a very simple connectionwith the continuous/diferential distributed Lagrange
multiplier. System(6) canbe obtainedby the straightforvard nite elementdiscretizatiorof
thevariationalproblem: nd , , , suchthat

(10)
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Fictitious domain method

The name” ctitious domainmethod”was originally suggestedby V.K. Saul'ev in [Sau63.
The Saul'e/'sideais to replacedifferentialproblem(1)—(2) by the problem

(11)

where is arectanglecontainingthe original simply-connectedlomain

It wasprovedthat as where

Theform of theequationin (1) remindsusthesituationconsideredn the previoussection.
If we introducethe distributedLagrangemultiplier by

- (12)
in , thenthe weak saddlepoint formulationreadsasfollows: nd ,
, on , suchthat
(13)
, , on .
The interestingobsenation is that with formulation (13) coincideswith the dis-

tributedLagrangemultiplier ctitious domainmethodnventedoy R. Glowinski (sefDGH 92,
GHJ 97]). Thus,theGlowinski's methodis the closurewith respecto theparameter of the
Saul'ev's method.

The nite elementiscretizatiorto (13) resultsin thealgebraicsystem

(14)

where staysfor the stiffnessmatrixin subdomain , and
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staysfor the stiffnessmatrixin therectangle . If we present in adifferentblock form:

andassumehata matrix is spectrallyequivalentto , thenthe preconditioneifor
canbeproposedn theform of the block diagonalmatrix

(15)

where .
Assumethatthe norm preservingnite elementextensiontheoremfor the subdomain
with respecto therectangle holds.Then,

where is a positive constantindependenbf the mesh  andvalue of . In the
case theresultwasprovedin [GK98]. Forthecase onehasto usetechniquerom
[Kuz0Q.

Overlapping domain decomposition

Let be partitionedinto two subdomains and suchthat is
nonempty We assumehat , andthe norm preservingnite
elementextensionresultsfrom into and hold [Wid87]. Laterwe shallgive the
algebraidnterpretatiorof this assumption.

Let thebilinearform be splitinto two bilinearforms[Kuz97:

(16)
andthelinearform bealsosplittedinto two linearforms:
(17)

where

with

and

with
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. Then,let usde ne two new bilinearandlinearformsby

(18)

where
on
and
on
Then,the weakformulationof (1) basedon the above overlappingdecompositiorwith dis-
tributedLagrangemultiplierscanbegivenby: nd , suchthat
(19)

The nite elementdiscretizationof (19) can be suggestedvith the sameformulae by
replacing and by and which arethetracesof the nite elementspace onto

, and ,respectiely. The nite elemendiscretizatiorof (19)resultsin thesystem
of algebraicequations

(20)

where

Here isde nedby

(21)

ie. is the stiffnessmatrix for the Laplacianin thesubdomain
Weintroducea preconditioner for in theform of ablock diagonalmatrix:

(22)
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where is spectrallyequivalentto , , and is spectrallyequivalentto the
Schurcomplementnatrix

(23)

Wehaveplentyof choicefor and |, forinstancemultigrid preconditionerThequestion
is only abouta choicefor

The assumptioraboutthe norm preserving nite elementextensionresults(in the con-
text of the above method)is equivalentto the assumptiorthat the matrix is spectrally
equivalentto matrices

In this casesimple transformationshov that the matrix is spectrallyequivalentto the
matrix . Theconclusionis obvious: we have to choose

Implementatiorprocedurdor is very simpledueto theformulae

where
and
Proposition2 Under the assumptiongnade the eigervaluesof the matrix belongto
the union of two segments , with the end points
independentfthemesh
Remark 2 Thevaluesof , , and fromProposition2 dependon the constantsof

spectal equivalence and ,aswellas and
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