
ThirteenthInternationalConferenceonDomainDecompositionMethods
Editors:N. Debit,M.Garbey, R. Hoppe,J.Périaux,D. Keyes,Y. Kuznetsov c

�

2001DDM.org

43 A MeshRe�nement Method for Optimization with DDM

GéraldineLemarchand,Olivier Pironneau1 andElijah Polak2

Approximate Gradient

We apply herean idea developedin [PP02] wherebymeshre�nement can be mixed with
approximategradientswithin an optimizationloop. This is particularlyusefulfor problems
wheretheexactgradientis dif�cult to compute,which is thecaseof DDM problems[BW86]

Consideragenericoptimizationproblemandits �nite dimensionalapproximation
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The following is the methodof Steepestdescentwith a Goldstein/Armijorule for the step
size:

Algorithm 1 :
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Now considerthesamealgorithmwith parameterre�nement

Algorithm 2 :
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Convergenceis straightforwardto establishasit is eitherSteepestDescentor �
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ApproximateGradients

Anotherpossiblegainin speedarisesfrom theobservationthatwe maynot needto compute
theexactgradient�
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Now considerthefollowing algorithmwith additionalparameter
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Thefollowing is Steepestdescentwith Goldstein/Armijorule,meshre�nementandapproxi-
mategradients:

Algorithm 3 :

while NO#/N
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Theconvergenceis establishedby observingthatGoldstein's rule givesa boundon thestep
size:
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Thusat eachgrid level thenumberof gradientiterationsis boundedby �
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thealgorithmdoesnot jamandasbeforethenormof thegradientdecreaseswith N .



A MESHREFINEMENTMETHOD FOROPTIMIZATION WITH DDM 421

Applications

Distrib uted control and DDM
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Thediscretizedproblemis
��� �

	 ��C �

�

�

�

�����
,

�

�

�

.����

�;:

�

G

�

7

3

,
]

&<) ,

K

��� � D

8FEHG

�

�

R

3

� I

�
JLK

,=�

R

�

*

3

&
�

�
K

� �

R

3

8SI� 

�

R

3

 98M!

,
�

�

�*�

8

where
�

is the numberof Schwarz iterations. The exact discreteoptimality conditionsare
dif�cult to implementbecausewe mayneedto storeall intermediatefunctionsgeneratedby
theSchwarzalgorithm(at leastfor thenonlinearcases)andintegratethesystemfor theadjoint
vectorsin thereverseorder. Soherewe will try to usetheapproximategradient
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where
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is computedby N iterationsof theSchwarzalgorithm.
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Figure1: Thecomputedsolution
�

(left) andtheerror
� .�� �

(right).
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Figure2: After 30 iterationsthegradientis K
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timesits initial value, while withoutmesh
re�nment it hasbeendividedby 100 only (embeddedgrid effect). On the left, is shownthe
cost function versus iteration numberwith and without meshadaptationfor Problem
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* .
Thesmoothcurve(
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) correspondsto standard steepestdescenton the�nest meshwith
500 Gauss-Seideliterations for the linear systems.Thebroken curve(

.��%.

) showscost
functiondecreasewith Algorithm1. Althoughthetwo curvesare similar, there is an order of
magnitudedecreasein computingtimeusingAlgorithm1. On theright is shownthehistory
of theparameters in thealgorithm,
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and N .

Numerical results
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. Thenumberof Schwarz
iterationsis initializedat1. Resultsareshown in Figures1 and2.

Control in the coef�cients

An absorbantcoatingof thickness
C

on an airfoil
�

is optimizedto cancelthe re�ected ac-
cousticwave in a sector� . TheLeontowitch conditionsmodelsthethin coating:
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Figure3: Realpart of thesolutionof Helmholtzequation

Theproblemis discretizedby the�nite elementmethodof degree1 [Cia78] ontriangles.The
linearsystemsaresolvedwith a Gaussfactorization.Thesamegradientmethodwith inexact
gradientsis applied(i.e. the gradientof the continuousproblemdiscretized)with domain
decompositionwhereone domainsurroundsone of the airfoil. Figures3 and 4 show the
solutionandFigure5 showsthehistoryof theconvergencecomparedwith a straightsteepest
descentmethodanda steepestdescentwith meshre�nementonly andno DDM. The FEM
software[BHOP99] hasbeenused.

Optimal ShapeDesign

A transonic�o w is computedby solving the Euler systemof partial differential equation
with NSC2KE[MP01] andthepro�le is optimizedsoasto minimize thepressuredrag. The
stateequationis non-linearandtheaccelerationby approximategradientis on thenumberof
Newton iterationsin the�o w solver. Thereis noDDM here.Theresultsareshown in Figures
6 and7.

References

[BHOP99]Dominique Bernardi, Frederic Hecht, Kohji Otsuka, and Olivier Pironneau.
freefem+,a�nite elementsoftwareto handleseveralmeshes.http://www.freefem.org, 1999.

[BW86]PetterE. BjørstadandOlof B. Widlund. Iterativemethodsfor thesolutionof elliptic
problemson regionspartitionedinto substructures.SIAM J. Numer. Anal., 23(6):1093–
1120,1986.

[Cia78]PhilippeG.Ciarlet.TheFinite ElementMethodfor Elliptic Problems. North-Holland,
Amsterdam,1978.

[MP01]Bijan MohammadiandOlivier Pironneau.AppliedOPtimal ShapeDesign. Oxford
UniversityPress,Oxford,2001.

[PP02]Olivier PironneauandElijah Polak.Consistentapproximationsandapproximatefunc-
tionsandgradientsin optimalcontrol. SIAMJ. Numer. Anal., pageto appear, 2002.



424 LEMARCHAND, PIRONNEAU, POLAK

0.06

0.065

0.07

0.075

0.08

0.085

0.09

0.095

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3

al
ph

a

X

Profil 2 intrado

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

al
ph

a

X

Profil 1 extrado

0.035

0.04

0.045

0.05

0.055

0.06

0.065

0.07

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

al
ph

a

X

Profil 1 intrado

0.044

0.046

0.048

0.05

0.052

0.054

0.056

0.058

0.06

0.062

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3
al

ph
a

X

Profil 2 extrado

Figure4:
C

versusdistanceto theleadingedgeon thetwo sidesof each airfoil.
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Figure5: Historyof theconvergenceof thecostfunctionfor thecoatingproblem.Themethod
with meshre�nementandadaptedSchwarziteration number(greencurve)is comparedwith
a straight steepestdescentmethod(red curve)and a steepestdescentwith meshre�nement
onlyandnoDDM (bluecurve).
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Figure6: Mach linesfor the�ow aroundtheairfoil beforeshapeoptimization(left) andafter.
Noticethat theshock tendsto disappear, anexpectedresultsincethedrag is a pressure drag.
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