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43 A Mesh Re nement Method for Optimization with DDM

GeéraldineLemarchandQlivier Pironneati andElijah Polak

Approximate Gradient

We apply herean idea developedin [PP03 wherebymeshre nement can be mixed with
approximategradientswithin an optimizationloop. This is particularly usefulfor problems
wherethe exactgradientis dif cult to computewhichis the caseof DDM problems[BW8%

Considera genericoptimizationproblemandits nite dimensionabpproximation
1)

The following is the methodof Steepestiescentwith a Goldstein/Armijorule for the step
size:

Algorithm 1 :
while do
whee is sud that
)
with Set ;
Now considerthe samealgorithmwith parametere nement
Algorithm 2 :
while do
while do
whele sud that,
3)
with . Set ;
Corvergencss straightforvardto establishasit is eitherSteepesbescenbr by
thefactthat

LUniversié Paris VI andIUF (pironneau@ann.jussieu.fr)
2EEC, University of California, Berkeley



420 LEMARCHAND, PIRONNEAU, POLAK

Approximate Gradients

Anotherpossiblegainin speedarisesfrom the obsenationthatwe may not needto compute
theexactgradient !

Assumethat is aniteration parameteiand that and denoteapproxima-
tionsof and in the sensahat
(4)
Now considerthefollowing algorithmwith additionalparameter and with
when

Thefollowing is Steepestlescentvith Goldstein/Armijorule, meshre nementandapproxi-
mategradients:

Algorithm 3 :
while
while

try to nd astepsize with

()

if successthen

else ;

The corvergenceis establishedy observingthat Goldsteins rule givesa boundon the step
size:

— (6)

(7)
sothat
(8)

Thusat eachgrid level the numberof gradientiterationsis boundedby . Therefore
thealgorithmdoesnot jam andasbeforethe normof the gradientdecreasewith
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Applications
Distrib uted control and DDM

Let

subjectto

Thenthe optimality conditionsare

Let , let and
for the Laplaceequationstartsfrom aguess

in

asthelimit in  of de ned by

Thediscretizedproblemis

(9)

(10)

(11)

. Themultiplicative Schwarz algorithm
andcomputeghe solutionof

(12)

where is the numberof Schwarziterations. The exact discreteoptimality conditionsare
dif cult to implementbecauseve may needto storeall intermediatgunctionsgeneratedy
theSchwarzalgorithm(atleastfor thenonlinearcasespandintegratethesystenfor theadjoint
vectorsin thereverseorder Soherewe will try to usethe approximategradient

(13)

where iscomputedby N iterationsof the Schwarzalgorithm.

while
while

if ( )

do agradientiterationof stepsize  andm:=m+1

elseN:=N+K

h:=h/2
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Figurel: Thecomputedsolution (left) andtheerror (right).
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Figure2: After 30 iterationsthe gradientis timesits initial valug while withoutmesh
re nmentit hasbeendividedby 100 only (embeddedjrid effect). On the left, is shownthe
cost function versusiteration numberwith and without meshadaptationfor Problem
Thesmoothcurve( ) correspondgo standad steepestiescenbn the nest meshwith
500 Gauss-Seidelterationsfor the linear systems.The broken curve ( ) showscost
functiondecreasewith Algorithm 1. Althoughthetwo curvesare similar, there is an order of

magnitudedecieasein computingtime usingAlgorithm 1. Ontheright is shownthe history
of theparametesin thealgorithm, and .

Numerical results

. . Thenumberof Schwarz
iterationsis initialized at 1. Resultsareshovn in Figuresl and?2.

Control in the coef cients

An absorbantoatingof thickness onanairfoil is optimizedto cancelthere ected ac-
cousticwave in asector . TheLeontowitch conditionsmodelsthethin coating:

subjectto
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Figure3: Realpart of the solutionof Helmholtzequation

Theproblemis discretizedy the nite elemenimethodof degreel [Cia7§ ontriangles.The
linearsystemsaresolvedwith a Gausdactorization.The samegradientmethodwith inexact
gradientsis applied(i.e. the gradientof the continuousproblemdiscretized)with domain
decompositiorwhere one domainsurroundsone of the airfoil. Figures3 and4 show the
solutionandFigure5 shaws the history of the corvergencecomparedvith a straightsteepest
descenimethodanda steepestliescentith meshre nementonly andno DDM. The FEM
software[BHOP99 hasbeenused.

Optimal ShapeDesign

A transonic o w is computedby solving the Euler systemof partial differential equation
with NSC2KE[MPO01] andthe pro le is optimizedso asto minimizethe pressuredrag. The
stateequationis non-linearandthe acceleratiorby approximategradientis on the numberof

Newtoniterationsin the o w solver. Thereis no DDM here.Theresultsareshovn in Figures
6 and7.
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Figure4: versusdistanceto theleadingedge onthetwo sidesof eac airfoil.
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Figure5: History of the convergenceof the costfunctionfor the coatingproblem.Themethod
with meshre nementand adaptedSdwarziteration number(greencurve)is compaedwith

a straight steepestlescenmethod(red curve)and a steepestescentwith meshre nement
onlyandno DDM (bluecurve).
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Figure6: Mach linesfor the ow aroundtheairfoil befole shapeoptimization(left) andafter.
Noticethatthe shok tendsto disappearan expectedresultsincethedrag is a pressue drag.
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Figure7: History of the deceaseof the costfunctionwith and without meshre nementand
approximategradientbasedon non corverged ow solves. Thecurvein red (top curve)is
withoutmestre nementbut with control overtheiteration numberfor the ow solverandthe
greencurveis the samewith meshre nement.



