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8 On Polynomial Reproduction of Dual FE Bases
PeterOswald!, BarbaraWohimutt?

Intr oduction and abstract algebraic condition

We constructlocal piecavise polynomial dual basesfor standardLagrange nite element
spacesvhich themselesprovide maximalpolynomialreproduction. By meansof suchdual
basedor the Lagrangemultiplier, extremelyef cient realizationof mortarmethodson non-
matchingtriangulationscan be obtainedwithout losing the optimality of the discretization
errors. In contrastto the standardmortar approach the locality of the constrainedbasis
functionsis presered. The constructionof dual basesand quasi-interpolant$or univariate
splinespacess well-understoodsee.e.g.,[dB76, dB90, dBF73 Sch81). However, thedual
spaceis usually of a more complicatedstructure,and cannotbe x ed beforehandseealso
[DKU99, DS97, Ste0(Q for relatedresearchin the context of biorthogonalmultiresolution
analysis.

We startwith an abstractframework. Let be subspacesf areal Hilbert
space . Furthermorewe assumehat

. Let , , and bebasexf , , and ,respectiely. All function

systemsarewritten asrow vectors the matrix notationusedbelov will beconsistentvith this
assumptionWe alsofrequentlyusethe notation for the Grammatrix
associatedavith two nite systems . Notethat , andthat
existswheneertheelementof  arelinearly independentBy our assumptionsthereexist
matrices , and , suchthat , and . The
setsof basisfunctions and arecalledbiorthogonalor, equivalently, is dualto ) if

(1)

The component®f the functionsystems and aredenotedby and , respectiely.
We introducethedualoperators and ,
ie., . Assumingthat and arebiorthogonalwe nd that

reproduceshesubspace , i.e.,
2)

if andonly if
In therestof this sectionwe establishalgebraicconditionson  suchthatbiorthogonality
andsubspaceeproductioraresatis edfor givenchoicesof , ,and

Lemma 1l Undertheaboveassumptiong/l) and(2) holdif andonly if

(3)
(4)
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Proof Equation(3) is equivalentto (1) since

In a secondstep, we establish(4). If , thenthereexists a suchthat
. Assuming(1), we nd and . On

the otherhand,since is abasisin , exists. Thus,if (4) is satis ed,

follows from . |

Proposition1 For givensubspaces andtheir bases satisfyingthe

above assumptionghere existsa subspace andits basis sud that (1) and(2) are

satis edif andonly if hasmaximalrank

Proof We will usethe resultof Lemmal. The necessityis obvious from (4). To proof

theexistenceof and wewill nd from the system(3)-(4) usingthe SVD of . Let
, Where , areorthogonaland is diagonal

andnonsingularObviously, satis es(3) if andonly if it is of theform

()

It remainsthatthe arbitrarymatrix canbechosensuchthat(4) will be satis ed, too. Sub-
stitutingtheknown factorizationdor and , we obtain

Thus,(4) holdsif andonly if thematrix equation is satis ed.
Usingthefactorizationof , thelattercanberewrittenas

(6)
Sincethe matrix hasmaximalrank , solutions exist. |

The above criterion doesnot dependon the particularchoiceof the bases and but
ratheron the choiceof the spaces and themseles (it is equialentto requiring that

for all implies for ary ). Equations(5)-(6) allow usto
nd all dualto , andsuchthatthe associated reproduces . Whetherthis
proceduras effective depend®nthefactorizatiorof , andthestructureof and
This is the placewherethe speci ¢ choicesfor andfor the basesomein. In the
subsequergectionsye specializeto thecase , to Lagrangenite elementspaces

andcorrespondingpaces of piecavise polynomialson a partition of , ,
andto coincidingwith thespace of all polynomialsof degree . Aswewill see the
resultingmatriceshave thena simple,sparsestructure andcaneasilybe computedwhichin
turn enablesisto achieve additionalpropertiesof  suchaslocal supportof all

1D construction
We considerthe univariate nite elementcase. Let be the
partitionof a univariateinterval into consecutieintenals  of length . Onthe

interval , wede ne aspecialbasisfor by
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where , . Theremainingpolynomials of degree
aresupposedo vanishat andform an orthonormalsystemon

with respecto the -scalamproduct.We notethat in 1D. Ohviously,

abasisin , , Is givenby

where istheunscaledransformatiorof thesystem from to
. Forfurtherreferencelet . Wenotethat is emptyif

We restrictoursehesto the casethatthe conforming nite elementspace

satis eshomogeneou®irichlet boundarycondition. This is the interestingcasefor mortar

nite elements.To obtain optimal results,the Lagrangemultiplier space  which hasby

constructionthe samedimensionas  hasto be associatedvith the interior nodeson the

interface.We foundit corvenientto use

asbasisin . In this form, it is sometimescalled hierarchical nite elementbasis. Us-
ing the notation of the previous section,we can write , Where

and

— @)

Wenotethat isa matrix,
whereas isa diagonalmatrix. The dlmenS|onof and is
and , respectiely. If , formally standgor amatrix of zero
size. Having in mind Propositionl, it is sufcient to nd asubsystem of size
suchthat to guaranteghe existenceof adualsystem satisfying
Theremainingpartof this sectionis devotedto the constructiorof suitablesubsystems
for thecase of maximalpossibledegreeof polynomialreproductioni.e., . This
is alittle bit morethanrequiredin the mortarcontext, whereoptimala priori errorestimates
canbe obtainedwith a Lagrangemultiplier spacesatisfying . We assume
(the case , , canbe dealtwith asa simple linear algebraproblem). Then,
automatically . Considerary threeconsecutieintervals
Without loss of generality after a suitablelinear coordinatetransformwe can assumethat
coincideswith andthat the new intervals left andright to have lengths
and , respectiely. We choosehesystem

(8)
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anddenotéets transformatiorio againby . By construc-
tion, the transformationof have supportin and coincidewith the
functions from  while theremainingtwo functionsare scaledpiecaviselinear
hatfunctions.
In orderto prove , we have a free choiceof the basisin . We will
choose suchthatfor
and . We notethefollowing properties:
(P1) Restrictedo ,thebasis isorthogonal, and arenotnormalized.
P2 , areeven, , areodd.
(P3) All zerosof , arein ,l.e., for and for
and for
(P1)and(P2)follow from thede nition. To prove(P3)for , assumehatit haszerosoutside
. Since isevenandof evendegree , its zerosaresymmetricallylocatedwith
respecto the origin. Let be the zerosof odd multiplicity inside
. By assumptiorat leastonepair of zerosis outside andthus . Recall
alsothatby construction . Now, we de ne apolynomial
which hasthe samesignas  everywherein , with the exceptionof zerosof even
multiplicity. Thus, . This contradictsthe orthogonalitypropertysince
from and we concludethat .
The samereasoninggoesthroughfor |, we leave this uponthe reader We arenow in the
positionto shav that fortheabove and . Equivalently we shav that

orthogonalityof

to all functionsfrom yields for all . Testingwith the translates
of (which coincidewith ) and using (P1) immediatelygives for all

. Thus,only and canbedifferentfrom zero.Now, wetest and with
thetwo remaininghatfunctionswhich will bedenotecoy and . Let besupportedn

and in . Werecallthat and arepositivein and
, respectiely. Moreover, in they canbewrittenas
and , Where . Then,dueto (P1)and(P3),the
determinant
)
is positive. This shavs , andconcludegheveri cation of .Asa

by-productwe seethattheinverse continuouslydepend®sn
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Proposition2 For theabovede nedbasis in thespace of nite elementof degree
onapartition of aninterval,there existsa locally supportecdualbasis consisting

of piecavise polynomialfunctionsof degree onthe same sud that , andthe
associatedprojections and possess -normbounds( ) which depend
onlyon , andonthelocal meshsizeatio
Proof Theexistenceof adualbasiswith hasalreadybeenestablishedTo construct
locally supportedasiswe specify asfollows: Obviously, the -th columnin is naturally
associateavith thevertex , , of , seeg(6) andtheexplicit
form of givenin (7). For each we chosethreeconsecutie intervals , and
suchthat . Then,we take the specialchoiceof
and givenby (8) associatedvith thesethreeconsecutie intenalsandde ne ,
, by
(10)
where is the -th row of thematrix . In anext step,we setthe -th columnin

by associatinghe component®f  to the positionin this columnby correspondenci the
functionsin thechosen andleaving zerosin positionscorrespondingo  notin . Note
thatwe work with differentsubsystems for thevertices . Eachcolumnof hasthus

nonzeroentries,associateavith ~ whosesupportis closeto by construction.
Since(10)implies(6), we concludethat

(11)

indeedde nes a locally supporteddual basisreproducingpolynomials,with the supportsof
the closeto thesupportof  for all .
Sinceall stepsin the constructiondependonly on the local meshsizeaatio, the uniform
-stability boundsfor the projections and (aswell aslocal -errorestimategor
smoothfunctions)canbederived. Sincethis is standardye will notgointo details. |
Dual systemswith basisfunctionsof small supporthave beenconstructedn [Woh0]]
for and . As was mentionedin the introduction, for the mortar nite
elementapplicationgolynomialreproductiorof degree would sufce. Ourabove
proof implies that for this casethe constructionof an adequatelual basiscan be basedon
and ,

Higher order mortar nite elements

In this section,we establishoptimal a priori estimategor the discretizatiorerror of noncon-
forming mortar nite elementmethods. Thesedomaindecompositiortechniquegprovide a
more e xible approachhanstandarcconformingformulations,andareof specialinterestfor
time dependenproblems,rotating geometriesdiffusion coefcients with jumps, problems
with localanisotropiescornersingularitiesandwhendifferenttermsdominaten differentre-
gionsof thesimulationdomain.To obtainoptimalapriori estimatestheinterfacebetweerthe
differentregionshasto be handledappropriately Very often suitablematchingconditionsat
theinterfacescanbeformulatedasweakcontinuity conditions.We assumehatthe bounded
polygonalsubdomain is geometricallyconformingdecomposeéh non-overlapping
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polygonalsubdomains , . In particular the situationwith mary crosspointss
included.Eachsubdomains associateavith alocally quasi-uniformsimplicial or quadrilat-
eraltriangulation , andthediscretespaceof conforming nite element®oforder satisfying
homogeneou®irichlet boundaryconditionson is denotedby . Oneach
interface , we usetheone-dimensionaheshinheritedeitherfrom  or
Thechoiceis arbitrarybut x ed.Now, we replacethestandard.agrangemultiplier spacesee
[BMP94], by our dualspace.Thebasisfunctionsof the Lagrangemultiplier space
ontheinterface  arede ned asthe scaledransformediual basisfunctions . Here
is ourlocally supportedasisconsistingof piecevise polynomialfunctionsof degree
or andreproducingolynomialsof order . Then,theconstrainechonconformingnortar
nite elementspace is de ned by

The analysisof the resultingjump termsacrossthe interfacesplaysan essentialole for the
a priori estimate®f the discretizationschemeslt is sufcient to analyzethe jump termon
thereferencanterface . In particular optimalmethodscanonly be obtainedf the
consisteng erroris smallenoughcomparedvith the bestapproximatiorerroronthedifferent
subdomain.Indeed,in [Woh01 Conditions(Sa)—(Sd)]sufcient conditionsfor abstracta-
grangemultiplier spacesregivento obtainadiscretizatiorerrorof order  and in the

-and -norm,respectiely. For corveniencewe brie y review theconditions.In ashort
form they readfor dualspacess: Locality of the supportof thedualbasisfunctions,polyno-

mial reproductiorof degree , Stability of the projections andtheexistenceof a
well-de ned stableoperator . Theprojection  will bede ned by

Here, is asubspacef having the samedimensionas andsatisfyinga low

orderapproximatiorpropertyfor all . We pointoutthattherequiredapproximation

propertyof doesnotdependntheorder . Foramoredetaileddiscussiorontheproperties

of , wereferto [Woh0J. We notethatin the caseof our locally supporteddual basis

the bestapproximatiorpropertyof the nonconformingspace is automaticallyguaranteed.

Since  isbyconstruction  -stable noproblematthecrosspoint®ccurs.Theanalysisof

the consisteng errorrequiresthe polynomialreproductiorof degree andthe existence

of sucha . Of crucialimportances theweighted -normof the jump, B ,
acrosgheinterfaces

Lemma 2 Replacingn themortar nite elementpproadc the standad Lagrange multiplier

spaceonead interface  byour locally constructedlual space yieldsoptimala

priori estimatedor thediscretizationerror inthe -norm(order )andinthe -norm

(order ). Moreover, theerror in the Lagrange multiplier measuedin a weighted -norm,
, is of order

Proof Almost all requiredconditions,as locality, polynomial reproductionof degree
, andstability of , are satis ed by our above construction. Thusto establishthe
optimality, it is sufcient to de ne a suitable andshaow thatthe correspondingrojection
is uniformly stable. The low order approximationpropertyis, e.g., satis ed if
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isasubspace
of . Considering andadding to the rst basisfunctionand to
thelastoneprovidesanew set  of linearindependenfunctions. The associategpace
satis es , hasthe samedimensionas anda locally supportedbasis. In algebraic
notation,we canwrite  as where hasonly two nonzero
entries, . To shaw that is well de ned, it is sufcient to prove that
is non-singularUsing(11),we nd . The specialstructureof
yieldsthatthe rst andlastcolumnof is the rst andlastcolumnof , respectiely, all
othercolumnsarezero. Our constructionof ~ shaws thatthe rst columnof dependon
or whichis associatedvith , , . Sincewe have assumed , we nd
. Thereforat is sufcient to shav that and arenonzero.
Usingthesamenotationasbefore and areorthonormapolynomialson  andextended
to . Thecoefcient isthe rst componenof thesolution of , Where
and . By meansof (P3),we nd and which

togethermwith (9) yieldsthat . Thesamereasonincholdsfor , andwe obtain
|

1D examplesfor

The aim of this sectionis to illustrate the above theoreticalresult, and to provide explicit

formulasfor , atleastfor the caseof uniform partitions. We basethe constructionof

our dual baseson (8). From now on we will assumethat , ,
,and . We referto [OWO(] for a detaileddiscussiorandfor an explicit

representationf the matrices and . For our corveniencewe will x the basisfor

on andobtainthebases by translation:

Thiswill leadto thefollowing -independentormulasfor the diagonalblocks of

for , respectiely. The explicit formulasfor and only differ in the sizesof

theidentity matricesfor different . Thus,we have all ingredientsreadyfor using(11), with
theexceptionof thematrix . Theconstructiorof  is describedn the proof of Proposition
2, anddependn andthe desireddegreeof polynomialreproduction . We referto
[OWOQ] for the calculationof theentriesof . Althoughwe provide explicit resultsonly for
uniform partitions,the constructioncanbe usedfor non-uniformpartitionswithout essential
changes.For , the dual basisfunctions  obtainedalongthe lines of the previous



92 OSWALD, WOHLMUTH

sectionareasfollows. Away from theendpointof , we get

for theinterior dual basisfunctions(hereandbelow, we only show formulafor theintervals
in thesupportof ). For the boundarydual basisfunctionsneartheleft andright endpoint
of ,weobtainmodi ed expressions:

, arede ned in a similar way. Now, it is easyto verify that the locally sup-
portedbasisfunctions  are biorthogonalwith the standardhat functions. Furthermore,

and andthus . We notethatin [Woh0Q Woh01], a
dualbasiswith smallersupportbut only hasbeenconstructed.
For , we introducea dual basissatisfying . We distinguishbetweentwo

differenttypesof dualbasisfunctions and  whichareassociatewvith thebubbleandhat

functionsof the nite elementbasisfunctions,respectiely. Theinterior dualbasisfunctions
with supporon ( Yand  with supporion

( ) arede ned by thecorresponding , , asfollows:

The modi cations for the boundarydual basisfunctions , ,and  concernonly their
valueson , otherwisethe above formulaapply correspondinglyWe de ne on
, , and
. The modi cations for , , and on are analogous.Note that the
supportof the dual basisfunctions is containedn neighboring  closeto the
supporbf thecorrespondingnite elemenbasisfunctions.Moreover,we nd by construction

For , we do not specify the explicit formulasfor the basisfunctionsandrefer to
[OWOQ] for details.Figurel illustratesthe interior dualbasisfunctions, , for
and , respectiely. We have threedifferenttypesassociatedvith hat functions,

guadratic,andcubic bubbles,andsupportsconsistingof two, threeandone/two consecutie
intervals,respectiely.

2D results

Theabove approachyeneralizeso higherdimensionsaswe demonstratavith the following
example. We considerthe space of quadraticLagrange -elementsj.e., , with
homogeneouBirichlet boundaryconditionson atriangulation of aboundedolygonaldo-
main , andshaw the existenceof a dualbasisof locally supportechiecavise quadrat-
icson suchthat reproducedinear polynomialslocally, i.e., , undera certain
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Figurel: Interior dualbasisfunctions , (above)and (below)

regularity conditionon . For lowestorder nite elementsdual basisfunctionssatisfying
have beenconstructedn [KLPV01, WKO01, Woh01].

Thebasis in  whichis setto be the spaceof discontinuougieceavise quadraticss
corvenientlygiven by the collectionof all elementahodalshapefunctions , piecewise
linear barycentriccoordinatefunction for vertex  of triangle , and , quadratictent
functionassociatedvith triangle andits edge . Eachsuchfunctionis supportednasingle
triangle,andthereare of themfor each . As before,anexplicit, sparsdactorizationof
canbe found (see[OWO0Q]), andPropositionl canbe applied. Following the considerations
of Section, it is sufcient to nd alocally de ned subsystem suchthat .
Let be ary triangleall edgesof which areinteriorto . We specifyabasis  of

by setting where denotegheextensionof thebarycentriccoordinate
functionassociatevith thevertex  of toallof  whichisde nedbyrequiring
and . Thesubsystem is de ned by where
denotethe conformingquadratidoubblefunctionsassociateavith theedges of thetriangle

. Usingtheafne invarianceof both and  we canwithoutlossof generalityassume
that isequilateralwith area . All theothernotationcanbefoundin theleft of Figure
2. Theareaof thetriangle , attachedo along |, is denotecby

Qs

Q2 R

Figure2: Notationfor Lemma3 (left) andcountergample(right)
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Lemma 3 Letthetrianglesin the left part of Figure 2 satisfythe following condition: For

eadh , thediagonal belonggo theclosure of thecorrespondingjuadrilateral

. Thenthedeterminanof is positiveanddependgontinuouslynthelocation
ofthe . If theadditionalgeometricassumptioris droppedthe matrix maybecome
singular

Proof Theproofis basedn elementarcalculations We startby statingthe formula

which holds,dueto af ne invarianceof all functionsinvolved,for all triangles. This allows
usto computeall scalarmproductsnecessaryor .E.g,,

since . Since , we have
which leadsto theansatz

where our geometricassumptiorimplies that or, equivalently,
. With this at hand,we compute

and,analogously

Applying the sameanalysisto the otherrows of andobservingthatthe rows almost
completelydivide by , we getthefollowing explicit formula
where , , follows from our assumption.

A straightforvard calculationrevealsthat

where , for ary ,and
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Theglobalminimumof with respecto thecube , , is attainedon
theboundaryof this cube,andcanbedeterminecasily:

holdsfor all  of interest.Substitutiongives
(12)

since , . This shows the assertionof Lemma3 underthe geometric
assumptionsnade. The continuousdependencef the determinantndthus the inverseof
onthelocaltopologyis obvious.
It remaingo provide acountergamplethatshovsthattheabovechoicefor ~ mayfail to

guarantegheinvertibility of . Theright partof Figure2 containghe countergample.
Weclaimthatif  is movedto theleft, thedeterminanof will vanishatsomepoint.
Indeed,the speci cation of the exampleis suchthat , both
and areequilateral(thus, ), and since  belongsto the extensionof
Thus,accordingto the above formula, is a linear functionwith respecto
with slope and (sincefor the geometric

assumptioris satis ed andtherefore(12) is valid). Thus,moving  sufciently farto the
left or, equivalently, decreasing , we nally hitazerovaluefor . Thisprovesourclaim.ll

Remark 1 Onepossiblemodi cation is to start the constructionof dual baseswith a nite
elementspace correspondingo a re ned partition  ratherthanwith the spaceof non-
smoothpieceavise polynomialson the same . This could male the resulting  suitable
for applications,where higher smoothnessf the functionsin the dual systemis required.
However, for useas Lagrange multiplier subspace®f in the mortar nite element
methodhisis not essential.

Remark 2 In contrast to constructionsof biorthogonal waveletsystemgDKU99, DS97,
Ste0(, thespaces obtainedhere are notre nable, i.e., if  is a properre nementof ,
we cannotexpectto have . However, assuggestedn a similar problemin [Osw99],
we still havere nability for the containerspacesof piecavise polynomialswhich
enableghe useof our systemsn a multilevel setup.

Acknowledgement: The authorswould like to thank C. de Boor andR. Verfirth for their
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