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8 On Polynomial Reproduction of Dual FE Bases

PeterOswald1, BarbaraWohlmuth2

Intr oduction and abstract algebraiccondition

We constructlocal piecewise polynomial dual basesfor standardLagrange�nite element
spaceswhich themselvesprovidemaximalpolynomialreproduction.By meansof suchdual
basesfor theLagrangemultiplier, extremelyef�cient realizationof mortarmethodson non-
matchingtriangulationscanbe obtainedwithout losing the optimality of the discretization
errors. In contrastto the standardmortar approach,the locality of the constrainedbasis
functionsis preserved. The constructionof dual basesandquasi-interpolantsfor univariate
splinespacesis well-understood(see,e.g.,[dB76, dB90, dBF73, Sch81]). However, thedual
spaceis usuallyof a morecomplicatedstructure,andcannotbe �x ed beforehand,seealso
[DKU99, DS97, Ste00] for relatedresearchin the context of biorthogonalmultiresolution
analysis.

We startwith an abstractframework. Let ��������� �
	 be subspacesof a real Hilbert
space� . Furthermore,we assumethat ��
���������������
�������������������� �! "
��

�����#	%$'& . Let ( , ) , * and + be basesof � , � , � and 	 , respectively. All function
systemsarewrittenasrow vectors,thematrixnotationusedbelow will beconsistentwith this
assumption.We alsofrequentlyusethenotation,.-0/�1 -324
5�768*:9 ;���*:<>=@? for theGrammatrix
associatedwith two �nite systems*

;

��*:<4�A� . Notethat ,B-C2D1 -E/F�G,H9

-0/I1 -C2

, andthat ,KJ

;

-L1 -

existswhenever theelementsof * arelinearly independent.By our assumptions,thereexist
matricesM , N�OQPSRBTVU and W�OQPSRBTVX , suchthat )Y�Z+:M , *[�[+:N and ('�[+:W . The
setsof basisfunctions ) and * arecalledbiorthogonal(or, equivalently, * is dualto ) ) if

\

�

U

��,
-S1 ]_^ (1)

The componentsof the function systems) and * aredenotedby `3a and b�a , respectively.
We introducethedualoperatorscKdfeg�ih

U

aIj

;

6k`la���eV=@?#b�a and cnmoep�ih

U

aDj

;

6qb�ar�seV=t?A`la ,
i.e., 6keV�sc.dvu3=@?
�'68cnmoe��tu3=t? . Assumingthat * and ) arebiorthogonal,we �nd that cpd

reproducesthesubspace� , i.e.,

c
d.w

�
w xnw

Oy��� (2)

if andonly if ����� .
In therestof thissection,weestablishalgebraicconditionson * suchthatbiorthogonality

andsubspacereproductionaresatis�edfor givenchoicesof ( , ) , and + .

Lemma 1 Undertheaboveassumptions,(1) and(2) hold if andonly if
\

�

U

� M

9

,Hz
1

zLN[� (3)

,Hz
1 {

� ,Hz
1

zLNn,
]C1 {A^ (4)
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Proof Equation(3) is equivalentto (1) since

,H]C1 -_��68)

9

��*4=@? ��M

9

68+

9

��+4=t? N��GM

9

, z 1 z N ^

In a secondstep,we establish(4). If � � � , then thereexists a
�

OZP U TVX suchthat
( ��*

�

. Assuming(1), we �nd
�

��, ]C1 { and ,Hz 1 { � ,Hz 1 -

�

��,Hz 1 zLNn, ]C1 { . On
theotherhand,since + is a basisin 	 � � , , J

;

z 1 z

exists. Thus,if (4) is satis�ed, ���Y�

follows from ( � +:, J

;

z 1 z

,Hz 1 { �i+:Nn, ] 1 { �i*:, ] 1 { .

Proposition1 For givensubspaces���s� � 	 �7� and their bases(p�I) ��+ satisfyingthe
aboveassumptions,thereexistsa subspace� ��	 andits basis * such that (1) and(2) are
satis�edif andonly if ,B{S1 ] hasmaximalrank �4�������A� .

Proof We will usethe result of Lemma1. The necessityis obvious from (4). To proof
theexistenceof � and * we will �nd N from thesystem(3)-(4) usingtheSVD of M . Let

MG���p6�� ��� =@9��n9 , where� OyPSRBT�R , �7OyPSU TVU areorthogonal,and ��OyPLU T�U is diagonal
andnonsingular. Obviously, N satis�es(3) if andonly if it is of theform

N���,KJ

;

z 1 z

�g6��

J

;

�
	 =

9

�

9

� 	iOfP

U T�� R

J

U�


^ (5)

It remainsthatthearbitrarymatrix 	 canbechosensuchthat(4) will besatis�ed, too. Sub-
stitutingtheknown factorizationsfor M and N , weobtain

,
{S1

z��Y�G,
{S1 ]

N

9

,Hz
1

z��Y� ,
{L1

zLM��

9

6��

J

;

��	 =��G,
{S1

z��

�

\

�
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��	
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^

Thus,(4) holdsif andonly if thematrix equation�K� ,
{S1

z��p6�	 9�� ���

\

�

R

J

U

=t9 is satis�ed.
Usingthefactorizationof ,

{S1 ] , thelattercanberewrittenas

,
{S1 ]

��	��G,
{S1

z��p6�� �

\

�

R

J

U

=

9

^ (6)

Sincethe ���v� matrix ,H{L1 ] hasmaximalrank � , solutions	 exist.
The above criterion doesnot dependon the particularchoiceof the bases) and ( but

ratheron the choiceof the spaces� and � themselves (it is equivalent to requiring that
6

w
����=@? � � for all ��O � implies w

� � for any w
O � ). Equations(5)-(6) allow us to

�nd all * � 	 dual to ) , andsuchthat the associatedc
d reproduces� . Whetherthis

procedureis effectivedependsonthefactorizationof M , andthestructureof ,
{S1 ] and ,KJ

;

z
1

z

.
This is theplacewherethespeci�c choicesfor 	"! � � � andfor thebasescomein. In the
subsequentsections,wespecializeto thecase���$#

<
6&% = , to Lagrange�nite elementspaces

� andcorrespondingspaces	 of piecewisepolynomialsonapartitionof %���P(' , )K�+* ��, ,
andto � coincidingwith thespace��- of all polynomialsof degree �/. . As we will see,the
resultingmatriceshave thena simple,sparsestructure,andcaneasilybecomputed,which in
turn enablesusto achieveadditionalpropertiesof * suchaslocal supportof all b

a .

1D construction

We considerthe univariate�nite elementcase. Let 0 �2143gU�
 �7�5* �
^ ^>^

�7698 be the
partitionof a univariateinterval :.�<; = ��>�? into consecutive intervals 3gU of length @

U

. On the
interval ;A�B* ��*�? , we de�ne aspecialbasisfor ��- by

C

- �D;
wFE

�
w <

�
^ ^>^

�
w

- �
w

;

?3�
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wherewFE 6

�

=.� 6 *B�

�

=�� , , w

;

6

�

=.� 6 *��

�

=���, . The remainingpolynomialsw a 6

�

= of degree
�

� ,�� ^ ^>^ �7. aresupposedto vanishat
�

����* andform anorthonormalsystemon ;A�B* � * ?

with respectto the #

<

6 �B* � * = -scalarproduct.We notethat ��� ����- �$.�� * in 1D. Obviously,
a basisin 	 
�� 1 � O #

<

6&% =�	 ��
 ��
 O ��� �L� � * � ^ ^>^ �7698 , ��� . , is givenby
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?3�

where+
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�+; � E>1
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� ^>^ ^ ����� 1

U

? is theunscaledtransformationof thesystem
C

� from ;A�B* ��*�? to
3KU . For furtherreference,let +��

�




�+; �
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1

U

� ^ ^ ^ �����

J

;

1

U

? . Wenotethat +��

�


 is emptyif � �<* .
We restrictourselvesto thecasethat theconforming�nite elementspace� 
���	�� �

;

E

6&: =

satis�eshomogeneousDirichlet boundarycondition. This is the interestingcasefor mortar
�nite elements.To obtainoptimal results,the Lagrangemultiplier space� which hasby
constructionthe samedimensionas � hasto be associatedwith the interior nodeson the
interface.We foundit convenientto use
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?

as basisin � . In this form, it is sometimescalled hierarchical�nite elementbasis. Us-
ing the notationof the previous section,we can write ) � + �p6��'��� =s9 , where � �
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Wenotethat � is a 6G�H� * = 6 � 6<�I� * = 6 matrix, �

;
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whereas� is a 6G� 6 �$* =���6<� 6 �$* = diagonalmatrix. Thedimensionof 	 and � is  �

6G�L�$* = 6 and �f�M� 6 � * , respectively. If � �+* ,
\

�
�

J

; formally standsfor amatrix of zero
size.Having in mind Proposition1, it is suf�cient to �nd a subsystem)

-
�Y) of size .N� *

suchthat �PORQS,
{TS>1 ]USWV

�$� to guaranteetheexistenceof a dualsystem* satisfying� -4� � .
Theremainingpartof thissectionis devotedto theconstructionof suitablesubsystems)��

for thecase.B�X� of maximalpossibledegreeof polynomialreproduction,i.e., �Y� ��� . This
is a little bit morethanrequiredin themortarcontext, whereoptimala priori errorestimates
canbeobtainedwith a Lagrangemultiplier spacesatisfying ���

J

;

� � . We assume6Z�\[

(the case 6 �2, , �X�2, , can be dealt with as a simple linear algebraproblem). Then,
automatically, ����� �]�������A�^� . Considerany threeconsecutive intervals 3gU

J

;

�
3.Ul�
3KU

J

;

.
Without lossof generality, after a suitablelinear coordinatetransformwe canassumethat

3KU coincideswith ;A�B* � * ? andthat the new intervals left andright to ;A�B* � * ? have lengths
@ � , @

U

J

;
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U

and @U� �/, @

U

J
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U
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anddenoteits transformationto ; ��@ � * ���B*�?

�

; �B* ��* ?

�

;A* � * � @8� ? againby ) � . By construc-
tion, the transformationsof �

;

1

U

� ^>^ ^ �����

J

;

1

U

have supportin ;A�B* ��*�? andcoincidewith the
functionsw < � ^ ^>^ � w � from

C

� while theremainingtwo functionsarescaledpiecewiselinear
hatfunctions.

In order to prove ��O Q , {��D1 ]�� V� � , we have a free choiceof the basisin �^� . We will
choose( � �D;�� wFE ��� w

;

��� w < � ^ ^>^ ��� w �7? suchthatfor �yO ; �B* ��* ?

�w E 6	� =o�<*��
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aIjC<
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and �w ar6	� =o� w a�6	�l=I�

�

�/,V� ^>^ ^ � � . We notethefollowing properties:

(P1) Restrictedto ;A�B* � * ? , thebasis( � is orthogonal,�wFE and �w

; arenotnormalized.

(P2) �w E , �w < , �w�� � ^ ^>^ areeven, �w

; , �w�� , �w�� � ^ ^>^ areodd.

(P3) All zerosof �wFE , �w

; arein 6 �B* � * = , i.e., �wFE 6

�

=�� � for
�

O P�� ;A�B* � * ? and �w

;

6

�

=:$�� for
�
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6
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=�� � for
�

� * .

(P1)and(P2)follow from thede�nition. To prove(P3)for �
w�E , assumethatit haszerosoutside

;A�B* ��*�? . Since �
wFE is evenandof evendegree, ��� � � , its zerosaresymmetricallylocatedwith

respectto the origin. Let �_$��

;

$
^ ^>^

$��
a

$ * be the zerosof odd multiplicity inside
6�� ��* = . By assumptionat leastonepair of zerosis outside ; �B* ��* ? andthus

�

���=� � * . Recall
alsothatby construction�

wFE
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w
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which hasthe samesign as �
w

E everywherein 6 �B* ��* = , with the exceptionof zerosof even
multiplicity. Thus, �

;

J

;

w
6
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6

�
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�

� � . This contradictsthe orthogonalitypropertysince
from �POR#l6

w
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w

6�* =K� � we concludethat w
O! #"U!%$B;
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The samereasoninggoesthroughfor �
w

; , we leave this uponthe reader. We arenow in the
positionto show that �PORQo,
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�+� for theabove ) � and ( � . Equivalently, we show that

orthogonalityof
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is positive. This shows =
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by-product,weseethattheinverse,gJ
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Proposition2 For theabovede�nedbasis ) in thespace� of
�

E �nite elementsof degree
����* ona partition 0 of an interval, thereexistsa locally supporteddualbasis * consisting
of piecewisepolynomialfunctionsof degree � on the same0 such that � � ��� , and the
associatedprojections c d and c m possess#

= -norm bounds( * � w �'& ) which depend
onlyon � , andon thelocal meshsizeratio �

6&0n=F
5��� !��I
 �

J

a




j

;

@

�

��@ a .

Proof Theexistenceof adualbasiswith � � ��� hasalreadybeenestablished.To constructa
locally supportedbasis,wespecify 	 asfollows: Obviously, the

�

-th columnin 	 is naturally
associatedwith thevertex � a 
��$= �

h

a

J

;

) j

;

@ ) , *H�

�

� 6 � * , of 0 , see(6) andtheexplicit
form of � given in (7). For each

�

we chosethreeconsecutive intervals 3 U�� , 3KU��

J

;

and
3KU��

J < suchthat
�

O 1>� a � * �t� a � � a � * � � a � , 8 . Then,we take thespecialchoiceof ( �

and ) � givenby (8) associatedwith thesethreeconsecutive intervalsandde�ne � a O_P

� J

;

,
*H�

�

� 6 � * , by

, {���1 ]&� � a ��, {C��1 z 6�� < =

9

a

� (10)

where 6�� < = a is the
�

-th row of the matrix � < . In a next step,we setthe
�

-th columnin 	

by associatingthecomponentsof �
a to thepositionin this columnby correspondenceto the

functionsin thechosen) � andleaving zerosin positionscorrespondingto `') not in )L� . Note
that we work with differentsubsystems) � for the vertices�

a . Eachcolumnof 	 hasthus
� �����A��� nonzeroentries,associatedwith `') whosesupportis closeto �

a by construction.
Since(10) implies(6), weconcludethat

N���,
J

;

z
1

z

�p6��

J

;

�
	 =

9 (11)

indeedde�nes a locally supporteddualbasisreproducingpolynomials,with thesupportsof
the b

) closeto thesupportsof `
) for all

0

�<* �
^>^ ^

� �V� � � .
Sinceall stepsin the constructiondependonly on the local meshsizeratio, the uniform

#

= -stability boundsfor theprojectionsc
d and c

m (aswell aslocal #

= -errorestimatesfor
smoothfunctions)canbederived.Sincethis is standard,wewill notgo into details.

Dual systemswith basisfunctionsof small supporthave beenconstructedin [Woh01]
for � �2, and . � � �D* . As was mentionedin the introduction, for the mortar �nite
elementapplicationspolynomialreproductionof degree.n� ��� * would suf�ce. Our above
proof implies that for this casethe constructionof an adequatedual basiscanbe basedon

)
�

J

;

�+; �
�

J

;

1

U

J

;

�_�4E>1

U

���

;

1

U

�
^ ^>^

���
�

J

< 1

U

���
�

J

;

1

U

���4E 1

U

J

;

? and (
�

J

; , � � , .

Higher order mortar �nite elements

In this section,we establishoptimala priori estimatesfor thediscretizationerrorof noncon-
forming mortar�nite elementmethods.Thesedomaindecompositiontechniquesprovide a
more�e xible approachthanstandardconformingformulations,andareof specialinterestfor
time dependentproblems,rotatinggeometries,diffusion coef�cients with jumps,problems
with localanisotropies,cornersingularitiesandwhendifferenttermsdominatein differentre-
gionsof thesimulationdomain.To obtainoptimalapriori estimates,theinterfacebetweenthe
differentregionshasto behandledappropriately. Very oftensuitablematchingconditionsat
theinterfacescanbeformulatedasweakcontinuityconditions.We assumethatthebounded
polygonalsubdomain% �YP

< is geometricallyconformingdecomposedin non-overlapping
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polygonalsubdomains% a , *p�

�

�

�

. In particular, thesituationwith many crosspointsis
included.Eachsubdomainis associatedwith a locally quasi-uniformsimplicial or quadrilat-
eraltriangulation0 a , andthediscretespaceof conforming�nite elementsof order � satisfying
homogeneousDirichlet boundaryconditionson ��% ��� % a is denotedby � � 6&% a = . On each
interface�

) a 
5����% a ��� %�) , weusetheone-dimensionalmeshinheritedeitherfrom 0 a or 0�) .
Thechoiceis arbitrarybut �x ed.Now, wereplacethestandardLagrangemultiplier space,see
[BMP94], by ourdualspace.Thebasisfunctionsof theLagrangemultiplier space� �

J

;

6

�

) a =

on theinterface�

) a arede�ned asthescaledtransformeddualbasisfunctionsb a O * . Here
* is our locally supportedbasisconsistingof piecewisepolynomialfunctionsof degree���9*

or � andreproducingpolynomialsof order � � * . Then,theconstrainednonconformingmortar
�nite elementspace� � � #

<

6&% = is de�ned by

� � 
�� 1 � O #

<

6�% =T	 ��
 �

�

Of� � 6�% a =I�

�

���

�

; � ? b ) �:�$� ��b O � �

J

;

6

�

) a =I� *H�

�

$

0

�

�

8 ^

Theanalysisof the resultingjump termsacrossthe interfacesplaysan essentialrole for the
a priori estimatesof thediscretizationschemes.It is suf�cient to analyzethe jump termon
thereferenceinterface :f� ; = ��>�? . In particular, optimalmethodscanonly beobtainedif the
consistency erroris smallenoughcomparedwith thebestapproximationerroronthedifferent
subdomain.Indeed,in [Woh01, Conditions(Sa)–(Sd)],suf�cient conditionsfor abstractLa-
grangemultiplier spacesaregivento obtaina discretizationerrorof order @

� and @

�KJ

;

in the
�

;

- and #

< -norm,respectively. For convenience,we brie�y review theconditions.In ashort
form they readfor dualspacesas:Locality of thesupportof thedualbasisfunctions,polyno-
mial reproductionof degree� � * , stabilityof theprojectionsc

m , c
d andtheexistenceof a

well-de�ned stableoperatorc

@

m


 #

<

6�:r=
	

1

� . Theprojectionc

@

m

will bede�ned by
�

�

c

@

m

� b ) � �

�

�

� b ) � �%b Oy�
^

Here, 1

� is a subspaceof 	 � �

;

6�:r= having thesamedimensionas � andsatisfyinga low
orderapproximationpropertyfor all � Of�

;

6&: = . Wepointoutthattherequiredapproximation
propertyof 1

� doesnotdependontheorder � . For amoredetaileddiscussionontheproperties
of 1

� , we refer to [Woh01]. We notethat in thecaseof our locally supporteddual basis * ,
thebestapproximationpropertyof thenonconformingspace� � is automaticallyguaranteed.
Sincec.m is by construction� E7E -stable,noproblematthecrosspointsoccurs.Theanalysisof
theconsistency errorrequiresthepolynomialreproductionof degree ��� * andtheexistence
of sucha c

@

m

. Of crucial importanceis theweighted#

< -normof the jump, * �

%

@
��; � ?���E��

���

�

,
� O �

� acrosstheinterfaces�

)
a .

Lemma 2 Replacingin themortar �nite elementapproach thestandard Lagrangemultiplier
spaceoneach interface�

)
a byour locally constructeddualspace� �

J

;

6

�

)
a

= yieldsoptimala
priori estimatesfor thediscretizationerror in the #

< -norm(order @

�KJ

;

) andin the �

;

-norm
(order @

� ). Moreover, theerror in theLagrangemultiplier measuredin a weighted#

< -norm,
%

@�� ;

�

?��
E��

���

�

, is of order @

� .

Proof Almost all requiredconditions,as locality, polynomial reproductionof degree ���

* , andstability of c
m , c

d aresatis�ed by our above construction. Thus to establishthe
optimality, it is suf�cient to de�ne a suitable 1

� andshow that thecorrespondingprojection
c

@

m

is uniformly stable. The low order approximationpropertyis, e.g., satis�ed if �

� 
��
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 #"U!%$ 1 � E>1

;

� ��� 1

;

� � E>1 < ����� 1 < � � E 1 �

� ^ ^>^ ����� 1  

J

< � � E 1  

J

;

����� 1  

J

;

� � E>1  � ��� 1  8 is asubspace
of 1

� . Considering)7�!+<�p6�� �7� = 9 andadding �4E>1

; to the �rst basisfunctionand � � 1  to
the last oneprovidesa new set )

; of linear independentfunctions. Theassociatedspace 1

�

satis�es �

� �

1

� , hasthe samedimensionas � anda locally supportedbasis. In algebraic
notation,we canwrite )

; as )

;


��Y+$�p6�� �

1

	 =@9 where 1

	YOyPSU T�R

J

U hasonly two nonzero
entries, 1

�

;

1

;

� 1

�

U

1

R

J

U

� * . To show that c

@

m

is well de�ned, it is suf�cient to prove that
, -S1 ] / is non-singular. Using(11),we �nd , -S1 ] / �

\

�

U

� 	

1

	 9 . Thespecialstructureof 1

	

yieldsthatthe�rst andlastcolumnof 	

1

	 9 is the�rst andlastcolumnof 	 , respectively, all
othercolumnsarezero. Our constructionof 	 shows that the �rst columnof 	 dependson

( � or ( �

J

; which is associatedwith 3

;

, 3

< , 3

� . Sincewe have assumed6 � [ , we �nd
�

U

1

;

�

�

;

1

R

J

U

� � . Thereforeit is suf�cient to show that *=�

�

;

1

; and *=�

�

U

1

R

J

U

arenonzero.
Usingthesamenotationasbefore �w E and �w

; areorthonormalpolynomialson 3

< andextended
to : . Thecoef�cient �

;

1

; is the�rst componentof thesolution� of , +<;

= >

1

;

=

/

-

1

+�@

=

/s1

@

=

2

-

� ��� , where
�

;

�!�

�

�w E �4E 1

;

)�� and � < � �

�

�w

;

�4E>1

;

) � . By meansof (P3),we�nd �

;

� � and � <4$ � which
togetherwith (9) yieldsthat �

;

1

;

� � . Thesamereasoningholdsfor �

U

1

R

J

U

, andwe obtain
�PORQS,H-S1 ]l/ V�$� .

1D examplesfor �

���

The aim of this sectionis to illustrate the above theoreticalresult, and to provide explicit
formulasfor �f� [ , at leastfor thecaseof uniform partitions. We basetheconstructionof
our dual baseson (8). From now on we will assumethat %�� ; � �76 ? , 3 UG�5; � � * �t��? ,

��� * �
^>^ ^

�76 , and � � [ . We refer to [OW00] for a detaileddiscussionandfor anexplicit
representationof thematrices	 and N . For our convenience,we will �x thebasisfor + �

/

on 3

;

�+; �V� * ? andobtainthebases+

�


 by translation:

+��

/

�

�

� 	

; �

;

;
���

<

;
?l�+;A*��

�

�

�

?3� � �+*4�

; �

;

;
���

�

;
���

<

;
?l�<;A*��

�

��


�

6�*��

�

=D�

�

?3� � � ,.�

; �

;

; ���

�

; ���

�

; ���

<

; ?l�D; *��

�

��


�

6 * �

�

=D��* �

�

6 *��

�

=D6�,

�

� * =I�

�

?3� � �X[
^

Thiswill leadto thefollowing � -independentformulasfor thediagonalblocks ,
J

;

z

�



1
z

�



of
,

J

;

z
1

z

:

,
J

;

z

��


1
z

��


�

� �

��,

��,

�

�

� 
� �

�
2

[

�
2 2

�
2

[ �
2

�

��

�


�

�

�

*�
 �
2 �

�

�

�
2 2

� �
2

�
�

�
�

�

�

�

�
2

�
�

*�


���

�

�

�

for � � * �
,�� [ , respectively. The explicit formulasfor � and � only differ in the sizesof
theidentity matricesfor different � . Thus,we have all ingredientsreadyfor using(11), with
theexceptionof thematrix 	 . Theconstructionof 	 is describedin theproof of Proposition
2, anddependson � andthedesireddegreeof polynomialreproduction. ��� . We refer to
[OW00] for thecalculationof theentriesof 	 . Althoughwe provideexplicit resultsonly for
uniform partitions,theconstructioncanbeusedfor non-uniformpartitionswithout essential
changes.For �Q�2* , the dual basisfunctions b

U

obtainedalong the lines of the previous
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sectionareasfollows. Away from theendpointsof % , we get

b

U

6	� = 
5�

�

� 	

�

<

�

�

;

U

�

�

�

�

<

U

� �yO ; � � * � �3=I�

�

�

�

;

U

J

; �

<

�

�

<

U

J

; � �yO ; �L�t�+� *�?8�

�

<

�

�

;

U

J <

�

;

�

�

<

U

J <

� �yOQ6q� �$* � � � ,4? �

[p�#� � 6 � [p�

for theinterior dual basisfunctions(hereandbelow, we only show formulafor the intervals
in thesupportof b

U

). For theboundarydual basisfunctionsneartheleft andright endpoint
of % , we obtainmodi�ed expressions:

b

;

6	�l=�
5�

�

� 	

,��

;

; �_�

<

; � � O ; �V� * =D�

�

;

<

� � O ;A* �
,4? �

�

<

�

�

;

�

�

;

�

�

<

�

� � O 6�,�� [ =I�

b < 6	� = 
5�

�

�

�

�

�

�

	

� �

;

; � � O ; �V� * =I�

�

<

<

� � O ;A* �
,4? �

�

�

�

;

�

�

<

�

�

<

�

� � O 6�,���[�?8�

�

<

�

�

;

�

�

;

�

�

<

�

� � O 6G[V�

�

?8�

b  

J

< , b  

J

; are de�ned in a similar way. Now, it is easyto verify that the locally sup-
portedbasisfunctions b

U

are biorthogonalwith the standardhat functions. Furthermore,
h

 

J

;

U

j

;

b

U

�+* and h

 

J

;

U

j

;

� b

U

� � andthus �

;

� � . We notethatin [Woh00, Woh01], a
dualbasiswith smallersupportbut only � EB� � hasbeenconstructed.

For �v� , , we introducea dual basissatisfying �S<f�
� . We distinguishbetweentwo
differenttypesof dualbasisfunctionsb

�

U

and b

�

U

whichareassociatedwith thebubbleandhat
functionsof the�nite elementbasisfunctions,respectively. Theinterior dualbasisfunctions

b

�

U

with supporton 3

U

J

;

�

3

U

�

3

U

J

; ( � �X[V�
^>^ ^

��6 � , ) andb

�

U

with supporton 3

U

�

3

U

J

;

( �y�/,��
^>^ ^

��6 � , ) arede�ned by thecorresponding�

�

a

, *H�

�

� [ , asfollows:

b

�

U

6	�l=�
5�

�

� 	

�

�

<

�

;

U

J

;^�

��

�

�

U

J

; �

;

<

�

<

U

J

;

� [��

;

U

�

;

E

�

�

�

U

� [��

<

U

�

�

<

�

;

U

J

;^�

��

�

�

U

J

; �

;

<

�

<

U

J

;

�%b

�

U

6�� = 
5�

�

�

<

�

;

U

�

�

<

�

�

U

���

<

�

<

U

�

<

�

;

U

J

; �

�

<

�

�

U

J

;

�

<

�

<

U

J

;

^

The modi�cations for the boundarydual basisfunctions b

�

; , b

�

<

, and b

�

; concernonly their
valueson 3

; , otherwisetheabove formulaapplycorrespondingly. We de�ne on 3

; : b

�

;

��

[5[ �
	5�

;

; �
2

�
	��

�

;��
2

�
	��

<

; , b

�

<


��<*
�

�
	5�

;

; �
2

�
	5�

�

;��
2

�
	5�

<

; , and b

�

;v
��<��, * �

�

�

;

;(�
2

�

�

�

�

;��

�

�

�

�

<

; . The modi�cations for b

�

 

J

;

, b

�

 

, and b

�

 

J

;

on 3
 areanalogous.Note that the

supportof thedualbasisfunctions b

�

U

, b

�

U

is containedin � [ neighboring3pU closeto the
supportof thecorresponding�nite elementbasisfunctions.Moreover, we�nd byconstruction

�E<H�A� .
For � � [ , we do not specify the explicit formulasfor the basisfunctionsandrefer to

[OW00] for details.Figure1 illustratestheinterior dualbasisfunctions,�B� [ , for ��<K�G�

and �
�

� � , respectively. We have threedifferent typesassociatedwith hat functions,
quadratic,andcubicbubbles,andsupportsconsistingof two, threeandone/two consecutive
intervals,respectively.

2D results

Theabove approachgeneralizesto higherdimensions,aswe demonstratewith thefollowing
example. We considerthe space� of quadraticLagrange

�

E -elements,i.e., �Q� , , with
homogeneousDirichlet boundaryconditionsonatriangulation0 of aboundedpolygonaldo-
main %G�AP

< , andshow theexistenceof a dualbasisof locally supportedpiecewisequadrat-
ics on 0 suchthat � reproduceslinear polynomialslocally, i.e., �

;

�Z� , undera certain



ON POLYNOMIAL REPRODUCTIONOF DUAL FE BASES 93

1 2 3
-4

-2

0

2

4

6

8

10

1 2 3 4
-4

-3

-2

-1

0

1

2

1 2
-8

-6

-4

-2

0

2

4

6

8

1 2 3
-4
-2
0
2
4
6
8
10
12
14

1 2 3
-8

-6

-4

-2

0

2

4

1 2 3
-8

-6

-4

-2

0

2

4

Figure1: Interiordualbasisfunctions� -4�A� , .B�$, (above)and .H� [ (below)

regularity conditionon 0 . For lowestorder �nite elements,dual basisfunctionssatisfying
�

E
�A� havebeenconstructedin [KLPV01, WK01, Woh01].
The basis + in 	 which is setto be the spaceof discontinuouspiecewise quadraticsis

convenientlygivenby thecollectionof all elementalnodalshapefunctions �

�

1

� , piecewise
linear barycentriccoordinatefunction for vertex � of triangle 3 , and �

�

1 � , quadratictent
functionassociatedwith triangle 3 andits edge� . Eachsuchfunctionis supportedonasingle
triangle,andthereare 
 of themfor each3 . As before,anexplicit, sparsefactorizationof M

canbefound(see[OW00]), andProposition1 canbeapplied.Following theconsiderations
of Section8, it is suf�cient to �nd a locally de�ned subsystem)

; suchthat �PO QL,H]l/�1 {E/
V

�$� .
Let 3 O/0 be any triangleall edgesof which areinterior to % . We specifya basis (

; of
�

; by setting(

;


5�+;
w

;

�
w

< �
w��

? wherew
a denotestheextensionof thebarycentriccoordinate

functionassociatedwith thevertex �La of 3 to all of P

< whichis de�nedby requiringw
anOy�

;

and w
a�6k�

)
= �

�

a
)

�

�

�

0

� * �
,�� [ . Thesubsystem)

; is de�ned by ; `��t/ �s`�� 2 �s`���� ? where `��

�

denotetheconformingquadraticbubblefunctionsassociatedwith theedges�
a of thetriangle

3 . Using theaf�ne invarianceof both )

; and (

; we canwithout lossof generalityassume
that 3 is equilateral,with areaMG�<* . All theothernotationcanbefoundin theleft of Figure
2. Theareaof thetriangle 3

a , attachedto 3 along �
a , is denotedby M

a .
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Figure2: Notationfor Lemma3 (left) andcounterexample(right)
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Lemma 3 Let the triangles in the left part of Figure 2 satisfythe following condition: For
each

�

� * ��,V��[ , thediagonal � a c a belongsto theclosureof thecorrespondingquadrilateral
3

�

3 a . Thenthedeterminantof , { / 1 ] / is positiveanddependscontinuouslyonthelocation
of the c a . If theadditionalgeometricassumptionis dropped,thematrix , { / 1 ] / maybecome
singular.

Proof Theproof is basedonelementarycalculations.We startby statingtheformula

�

�

�

�

1 � /

�

�




aIj

;

�

aIw a )��f�

M

* 2

6

�

;

� ,V6

�

< �

�

�

=t=F�

which holds,dueto af�ne invarianceof all functionsinvolved,for all triangles.This allows
usto computeall scalarproductsnecessaryfor , ] / 1 { / . E.g.,

�

�

�

�

1 � /

�

w

;

)��f�

�

�

�

�

1 � /

�

w

;

)�� �

�

�

/

�

�

1 � /

�

w

;

) � �

M

* 2

�

M

;

* 2

w

;

6kc

;

=��

*�� M

<

;

* 2

sincew

;

68c

;

=n� � M

;

�IM!� � M

; . Sincew

;

�
w

< �
w����

* , we have w
< 68c

;

=��
w��

6kc

;

=n�

*��
w

;

68c

;

=o� *Y��M

; which leadsto theansatz

w <
68c

;

=��

*Y��M

;

���

;

,

�
w

�

68c

;

=��

*Y��M

;

���

;

,

�

whereour geometricassumptionimplies that �p�<$36
w

< 6kc

;

=D�
w��

6kc

;

=t=�� � or, equivalently,
	 �

;

	r��*Y� M

; . With this at hand,wecompute

�

�

�

�

1 �
/

�
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, M

*
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�

M

;

*
2
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;

= =��

�

�
2
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�

and,analogously,
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;���M

;

�

;

[ �

^

Applying thesameanalysisto theotherrows of ,
]

/
1 {

/ andobservingthat therows almost
completelydivideby 6 *Y��M

a
= , wegetthefollowing explicit formula
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where 	 �'�

a

	 ��M
a

	 �
a

	 ��6�*Y� M
a

=��#M
a ,

�

�+* �
,���[ , follows from our assumption.
A straightforwardcalculationrevealsthat

W'�<* � 6 [ � < 60/ = �

�

�

;

60/ = �

�

��1S62/ �3�

�

=t=F�

where �

;

6543=o� �

;

� �
<
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<
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�
<
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<

�

�
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�

�

; for any 4 OfP

� , and
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=��X�
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<
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�

� M

;
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�

�
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�_M
<
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Theglobalminimumof 1 with respectto thecube� �

a

O ; � M a � M a ? ,
�

�+* �
,���[ , is attainedon
theboundaryof this cube,andcanbedeterminedeasily:

1S60/ �3�

�

=�� � < 62/v=��

�

� !�� 6qM

;

M < �sM < M

�

�sM

�

M

;

= �/� [=� < 60/v=

holdsfor all �'�

a

of interest.Substitutiongives

W �

�

� 6<�

;

60/ = �$* =��

�

� ^ (12)

since M:a � � ,
�

� * ��,V��[ . This shows the assertionsof Lemma3 underthe geometric
assumptionsmade. The continuousdependenceof the determinantandthus the inverseof

, { / 1 ] / on thelocal topologyis obvious.
It remainsto provideacounterexamplethatshowsthattheabovechoicefor )

; mayfail to
guaranteetheinvertibility of , { / 1 ] / . Theright partof Figure2 containsthecounterexample.
Weclaimthatif c

; is movedto theleft, thedeterminantof , { / 1 ] / will vanishatsomepoint.
Indeed,the speci�cation of the exampleis suchthat M � M

;

� M < ��M

�

� * , both 3

and 3 < areequilateral(thus, �&�

<

� � ), and �&�

�

� * since c

� belongsto theextensionof �

; .
Thus,accordingto theabove formula, W��

�

�

� ; �

�

is a linear functionwith respectto �

� ; ,
with slope �

� * � 60�&�

<

� �'�

�

�AM < � M
�

= � * � and
�

�+,
2

� (sincefor �'�
;

�<� thegeometric
assumptionis satis�ed andtherefore(12) is valid). Thus,moving c

; suf�ciently far to the
left or, equivalently, decreasing�&� ; , we �nally hit azerovaluefor W . Thisprovesourclaim.

Remark 1 Onepossiblemodi�cation is to start theconstructionof dual baseswith a �nite
elementspace	 correspondingto a re�ned partition 0W� rather thanwith thespaceof non-
smoothpiecewise polynomialson the same 0 . This could make the resulting � suitable
for applications,where higher smoothnessof the functionsin the dual systemis required.
However, for useas Lagrange multiplier subspacesof �

J

;��

< in the mortar �nite element
methodthis is notessential.

Remark 2 In contrast to constructionsof biorthogonal waveletsystems[DKU99, DS97,
Ste00], thespaces� obtainedhere are not re�nable, i.e., if 0W� is a proper re�nementof 0 ,
wecannotexpectto have � � ! � . However, assuggestedin a similar problemin [Osw99],
we still havere�nability 	

�

![	 for the containerspacesof piecewisepolynomialswhich
enablestheuseof our systemsin a multilevel setup.
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