
ThirteenthInternationalConferenceonDomainDecompositionMethods
Editors:N. Debit,M.Garbey, R. Hoppe,J.Périaux,D. Keyes,Y. Kuznetsov c

�

2001DDM.org

9 DecompositionAlgorithms for DDM

Olivier Pironneau1 andSt́ephaneDel Pino2 andJacques-LouisLions3

Control and DDM

We presentheredecompositionalgorithmssimilar to Schwarz' for the numericalsolution
of theelliptic andparabolicproblemsin complex domain. They arewell suitedto domains
describedby Constructive Solid Geometry(CSG),setoperationson simpleshapes,a data
structureoftenusedin imagesynthesisandVirtual Reality[BC94].
We introducebrie�y alsothedecompositionof evolutionproblemsinto subproblemsonover-
lappingandnonoverlappingsubdomainsobtainedwith Lagrangemultiplierswithoutreferring
to anoptimizationproblemsoasto avoid two pointboundaryvalueproblems.

Thispapersummarizesseveralearlierones,partsof alongtermprojectaimedatsolvingPDEs
with thedatastructuresof VR [LP99b][LP99c] [LP99a] [LP98b] [LP98a] [GLP99] [HLP99]
[BLP01]. It is being implementedinto freefem3d,a user-friendly, languagedriven PDE
solver. Freefem3dtakesVRML[HW96] dataandPOV-Ray input (http://www.povray.org);
it usesthe�ctitious domainmethodwith �nite elementdiscretizationandit is well suitedto
DDM[BW86] at thealgorithmiclevel.
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andthemethodis feasiblefor any nonempty �EDGF .

When FH�JIKF4L and F4LNMOF�PRQ �JS (seeFigure2 for the notations)we cancombineopti-
malcontrolanddomaindecomposition.
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Thekey point is to observethatthisproblemdecoupleswhensolvedby agradientmethodso
thattheoverheadis smallwhencontrolis addedto DDM.

Notethatthemethodworksalsowhentheproblemis only to solveaPDElike
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Thenthe (virtual) control is an artefax to convert theprobleminto an optimizationproblem
whichdecouplesoneachsub-domain.
Somenumericalresultsareshown on Figure1 for a Laplaceequation(see[LP99c] for more
details).It shows thatthecostandconvergenceis comparableto Schwarz' (see[Lio78]).
Thesameis trueof timedependentpartialDifferentialequations(see[LP99a]) .

Virtual Control

Thepreviousexerciseleadsusto investigate”virtual controls”in a moregeneralframework.
To solve
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Decompositionof the Space

While introducingthe conceptof virtual control therewasanotherimportantideawhenwe
wrote that the solution is the sumof functionswith supportin eachsub-domain;in fact a
decompositionof thevariationalspacecanbeused:
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Consideragainasimpleelliptic problemlike
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Optimalcontrol is not theonly tool to apply thedecompositionof thespace;the �x edpoint
algorithmfor instanceworkstoo. Let !��
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Suchaniterativeschemeis a sortof regularizedSchwarzalgorithm(it is Schwarzwhen
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' ); convergesis shown in [HLP99] for the continuouscaseandin [BLP01] for the discrete
case,thenumericaldif�culty beingtheevaluationof mixedintegralslike
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Convergence

More preciselyto evaluate
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we usethefollowing quadraturewith quadraturepoints ���
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Proposition(F. Brezzi) Whenthe quadrature pointsare the verticesof both triangulations
(18) is an admissiblequadrature for � and a coercive bilinear formsFurthermore the �xed
pointalgorithmconvergeswhendiscretizedwith  
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elementsandtheerror is optimal.

Chimera

Chimeraasintroducedby Steger[SB87] is a Schwarzalgorithmwith F �"!$#��E� F
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For instance,potential�o w aroundanairfoil involvessolvingLaplace'sequationin adomain
outsidetheairfoil[Pir87].
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Figure4: With nonmatchinggrid onemustcomputeintegrals of productsof functionspiece-
wiselinear oneach grid.

Figure5: Meshesanddomaindecompositionto computethestreamfunctionarounda two-
piecesairfoil, namelythesolutionof �'& ��' with Dirichlet databy theChimera method.A
�ner meshis built aroundthesmallerairfoil (on theleft) anda coarsemeshfor therestof the
domain,with an elliptic hole in placeof thesmall airfoil (thescalefor bothdomainsis not
thesameonthis picture). Thewholedomainis theunionof the�ne andcoarsedomains.
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Figure 6: Streamfunction around a two-piecesairfoil (namelysolution of �'& � ' with
Dirichletdata)bytheChimera method(i.e. Schwarzalgorithm).Theconvergenceis obtained
after 4 iterations.

Heretoowecanuseadecompositionof thevariationalspaceandthereforeproveconvergence
of theChimeramethodfor arbitrarymeshes.In our numericaltestthedomainis the region
outsidetwo airfoilsandwithin acirclewhichapproximatesin�nity . The�nite elementmethod
of orderoneon triangleshasbeenused. The domainis divided in two: a domainnearthe
airfoil which is triangulatedwith smalltrianglesandtherestof thedomainwhichusesbigger
triangles.Herethedomainhastwo airfoils, a largeoneanda smallone.Thedecomposition
mustbe suchthat the physicaldomainis the union of both domain,andthe domainsmust
overlap. ThenSchwarz algorithmis usedwith translationandquadraturesat theverticesas
explainedabove. Four iterationsaresuf�cient for convergenceto machineaccuracy (�gures
5 and6.)

Decompositionof Operators

Our lastideais in thefamily of operatorsplittingmethods.Consider
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Figure7: Decompositionof operator: a Laplaceequationsolvedona compositedomainwith
overlapping.

Numerical Example

We considertheheatequation
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with Dirichlet conditionson 0�F andNeumannconditionson 0
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�

� � '#' '

<

�

� � � ' ' '

<

andtheresultsareshown
on �gure 7 For problemswith discontinuouscoef�cients themethodwithout overlappingis
moreattractive. We considertheconvection-diffusionequation
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Figure8: Top: reconstructedsolutionat the two instants � � ' '

�

and � � '#' � . Bottom:
solutionin each subdomainat � �$'#' �

and � � > �

�

� .
Equation(22) is discretizedin timeby animplicit Eulerschemeandin spaceby the�nite

elementmethodof degreeoneon triangles.Theconvectiontermis treatedby theGalerkin-
Characteristicmethod.Equation(23) is alsodiscretizedby thesame�nite elementmethod.

We havechosenthefollowing DomainDecompositionMethod:
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Theparameterschosenare:
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The meshof F

%

is 1.5 times�ner thanthemeshof F

�

. The methodis not unconditionally
stable;we have tried severalvaluesfor theoperator� andnot all of themwork; but the fact
thatthecoef�cients of thePDEareconstantin eachsub-domainandtheinherentparallelism
arethetwo majoradvantages.Theresultsareon �gure 8.
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Figure9: LeftA scenedisplayedby POV-Ray. Theobjectsare never intersected,it is the
graphic renderingthat takescare of theproblem. Right Thetraceof the real part of the
scatteredacoustic�eld on thesurfaceof thegeometry[PHPT00]

Computation in Virtual Realities

Parallel computingwith non-conformingmeshesis easyto implementoncea fastand ro-
bust interpolatoris available to computefunctionson all the meshes.Suchis the caseof
freefem+ [BHOP99], apublicdomainsoftwarewrittenby oneof theauthors.Theprevious
numericalresultsof this chapterwereobtainedwith it.

Freefem3d

DDM is potentiallyusefulto speed-upcomputationof virtual scenescreatedby Constructive
Solid Geometry. However all of themare in 3d, so we arecurrentlydevelopinga 3d ver-
sionof freefem . It hasa languagewhich is interpretedusingbison , it readsgeometries
createdwith POV-Ray (the �le cross.pov below for instance)andit usesthe Fictitious
DomainEmbeddingMethod(FDEM). Resultsaredisplayedwith IBM' s DataExplorer(cf
http://www.dx.com)orevenPov-Ray(Suzuki'spathin http://www.public.usit.net/rsuzuki/e/povray/iso/index.html)

vector a = (0,0,0);
vector b = (1,1,1);
vector n = (100,100,100);
structmesh Mesh(n,a,b);
scene S("cross.pov",Mesh);
array mu(Mesh) = 1;
w = 5;
solve(u) {
u * wˆ2 + div(mu*grad(u)) =0;
dnu(u)-I*w*u=I*w *(Nx-1) on<1,0,0>

};
plot(u);

OperatorOverloadingin C++makesit easyto programthevectorcasebyusingtemplates
over thescalarcase(genericprogramming). Thusthefollowing is possiblewith any number
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Figure10: Displayedare 4 iso-temperature surfaces(0.95,0.5, 0.25,0.05) for a transient
solutionof theheatequationat time0.1,arounda table-shapedobjectat temperature1 with
Neumannconditionson theboundaryof thecomputationaldomain,(shownon theright with
POV-Ray)andinitial temperaturezero; theprogramin freefem3d languageis givenabove.

of unknowns(2 here):

solve(u,v){
pde(u) - laplace(u) = f1;

on(a) dnu(u) + v = g;
pde(v) u - laplace(v) = f2;

on(a) u + 10*v = h };

However it will bequitea challengeto �nd a generalpreconditionerfor iterativesolutionsof
thelinearsystems.

We concludewith a lastexamplewith theheatequation

double i=0; double dt=0.1; do{
solve(u) { u - div (dt * grad(u)) = u;

u=1 on <1,0,0>;
dnu(u) = 0 on Mesh;

};
i=i+1;
dxplot("u.dat",u,Mesh);

}while(i<=5);

Theresultsareshown on �gure 10
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