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9 DecompositionAlgorithms for DDM
Olivier PironneatiandStephaneDel Pind® andJacques-Louikions®

Control and DDM

We presenthere decompositioralgorithmssimilar to Schwarz' for the numericalsolution
of the elliptic andparabolicproblemsin complex domain. They arewell suitedto domains
describedby Constructve Solid Geometry(CSG), setoperationson simple shapesa data
structureoften usedin imagesynthesisandVirtual Reality[BC94].

We introducebrie y alsothedecompositiorof evolution problemsnto subproblemsn over-

lappingandnonoverlappingsubdomainsbtainedwith Lagrangemultiplierswithoutreferring
to anoptimizationproblemso asto avoid two pointboundaryalueproblems.

Thispapersummarizeseveralearlierones partsof alongtermprojectaimedatsolvingPDEs
with the datastructureof VR [LP99K[LP99c] [LP994 [LP98H [LP984 [GLP99 [HLP99|
[BLPO1]. It is beingimplementedinto freefem3d,a userfriendly, languagedriven PDE
solver. Freefem3dakes VRML[HW96] dataand POV-Ray input (http://www.paovray.org);

it usesthe ctitious domainmethodwith nite elementdiscretizatiorandit is well suitedto
DDM[BW86] atthealgorithmiclevel.

Considerthe problemof adjusting sothat benearesto andsubjectto
1
where
)
Naturallyit canbe solvedby minimizing
- - ®3)
andthe methodis feasiblefor any nonempty
When and (seeFigure 2 for the notations)we can combineopti-

mal controlanddomaindecomposition.
Considetthe solutionsof

(4)
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Let
supp 5)
- - - (6)
where . We solve
subjectto @)

Thekey pointis to obsenethatthis problemdecouplesvhensolvedby a gradientmethodso
thatthe overheads smallwhencontrolis addedto DDM.

Notethatthe methodworksalsowhenthe problemis only to solve aPDElike

(8)

Thenthe (virtual) controlis an artefax to corvert the probleminto an optimizationproblem
which decouple®n eachsub-domain.

Somenumericalresultsareshovn on Figurel for a Laplaceequation(see[LP99d for more
details).It shavs thatthe costandcornvergenceas comparabléo Schwarz' (see[Lio78]).

The sameis true of time dependenpartial Differentialequationgsee[LP994) .

Virtual Control

The previous exerciseleadsusto investigate'virtual controls”in amoregeneraframework.
To solve

(9)

we introducethevirtual controls with (seegure 2). Let be
thesameoperatoras butwith integralson . Thensolve by a conjugategradientalgorithm
for example:

- - (10)
subjectto
(11)
(12)
with . Noticethatthe solutionto (9) is the sumof functionseachhaving its

supportin ~ (seegure 3): . At thesolution on



DECOMPOSITIONALGORITHMS FORDDM

0 ) ___|—e—Example 1
| " 1—= - Example 2
o 1T --«-- Example 4
o} + - Ex1/mortar
7
3727
> 9
o
~ 3T T
x
4+ g 1
B
8
5+ 8 g ¢ g 56 1
g 5
-6 t t t t t

0O 2 4 6 8 10 12
iterations

X
o

AT
L
S AU IRRS

4
X0
R

TSI

Yool

4%
Sty
PN
S s SR
PEESPALEAT R
KON R
SIZSESSS SRS Sl
RN o
RNRIErER D
e
RESERRARA
e XK
RRRSHISREERRN KA
DR < R
RRZRAISEERPEN RN
SRR R 2
AVAYAN.Y
RO

99

SR AVVIPATATAN
NN
SRR

R
KL

0

X¥

X
X/

SR
TR
VavAVaVAVS
)X
AN
K

<

<

g

<

N
o SN INNNY A
NN\ RN XK
RN

.
2%
&
S
I
5
05t
7
LK
N
N
N
N
N
N
(Y4
<
5
K

Mesh of the initial domain

Domain 2

Domain 3

Domain 1

Solution at iteration 3

Solution at iteration 10

Figurel: A Laplaceequationwhosesolutionis
posedinto 3 subdomaindy virtual controls on their commonboundaries. Seseral formu-
lations are compaed with the Schwarz algorithm. Ead domainhasits own mesh,so the

methods non-conforming
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Decompositionof the Space

While introducingthe conceptof virtual control therewas anotherimportantideawhenwe
wrote that the solutionis the sum of functionswith supportin eachsub-domain;in facta
decompositiorof thevariationalspacecanbe used:

(13)
Consideragaina simpleelliptic problemlike
in (14)

Optimal controlis not the only tool to apply the decompositiorof the spacethe x edpoint
algorithmfor instanceworkstoo. Let  bede ned recursiely by

in

in (15)
Suchaniterative schemds a sortof regularizedSchwarzalgorithm(it is Schwarzwhen

); corvergesis shavn in [HLP99] for the continuouscaseandin [BLPO1] for the discrete
casethenumericaldif culty beingtheevaluationof mixedintegralslike

(16)
Convergence
More preciselyto evaluate
17)
we usethefollowing quadraturavith quadraturgoints in triangle
- — idemon (18)

Proposition(F. Brezzi) Whenthe quadrture pointsare the verticesof both triangulations
(18) is an admissiblequadmature for and a coercive bilinear formsFurthermoe the xed
pointalgorithm corvemgeswhendiscretizedwith  elementandtheerror is optimal.

Chimera

Chimeraasintroducedby Steger[SB87 is a Schwarz algorithmwith
For instancepotential o w aroundanairfoil involvessolvingLaplaces equationn adomam
outsidetheairfoil[Pir87].

(19)
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Figure4: With non matding grid onemustcomputedntegrals of productsof functionspiece-
wiselinear on ead grid.
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Figure5: Meshesand domaindecompositiorto computethe streamfunctionarounda two-
piecesairfoil, namelythe solutionof with Dirichlet databy the Chimela method.A
ner meshs built aroundthesmallerairfoil (ontheleft) anda coarsemeshfor therestofthe
domain,with an elliptic holein placeof the small airfoil (the scalefor both domainsis not
thesameon this picture). Thewholedomainis theunionof the ne andcoarsedomains.
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with

Dirichletdata)by the Chimel method(i.e. Shwarzalgorithm). Thecorvergenceis obtained

after 4 iterations.

Heretoowe canuseadecompositiomf thevariationalspaceandthereforeprove corvergence
of the Chimeramethodfor arbitrarymeshes.n our numericaltestthe domainis the region
outsidetwo airfoils andwithin acirclewhichapproximates nity . The nite elemenmethod
of orderoneon triangleshasbeenused. The domainis dividedin two: a domainnearthe
airfoil whichis triangulatedvith smalltrianglesandtherestof thedomainwhich useshigger
triangles.Herethe domainhastwo airfoils, a large oneanda smallone. The decomposition
mustbe suchthat the physicaldomainis the union of both domain,andthe domainsmust
overlap. ThenSchwarz algorithmis usedwith translationand quadraturest the verticesas
explainedabove. Four iterationsare sufcient for corvergenceto machineaccurag ( gures

5and6.)

Decompositionof Operators

Ourlastideais in thefamily of operatorsplitting methods Consider

( areextendedby O outside ).

Let be positive andsmall; we now introducethe system

This methodworkswith/without overlapping.
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Figure7: Decompositiorof operator: a Laplaceequationsolvedona compositalomainwith
overlapping

Numerical Example

We considelthe heatequation
in (20)

with zeroinitial andboundaryconditions.
Thedomain is madeof theunit circle centeredat the origin andarectangle

Thesourcetermis in adisk centeredat the origin andof radius0.4.
Thealgorithmis

— - in (21)

with Dirichlet conditionson ~ andNeumanrconditionson , where .

The parametersf the computationsare andtheresultsareshovn
on gure 7 For problemswith discontinuousoefcients the methodwithout overlappingis
moreattractive. We considetthe corvection-difusionequation

in (22)

with initial andboundaryconditions.

The problemis in . It is anacademiaxampleof the dissipationof
a pollutantfrom an enclosure into a medium  (rock) with low diffusion but cracled
(boundary ). Furthermorebelow in in anothemmedium  (sand)with large diffusion
constant , thepollutantis alsocorvected(waterin sand)atvelocity . Thevelocityderives
from apotential solutionof

in (23)
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Figure8: Top: reconstructedolutionat the two instants and . Bottom:
solutionin ead subdomairat

and .

Equation(22)is discretizedn time by animplicit Eulerschemeandin spaceby the nite
elementmethodof degreeoneon triangles. The corvectiontermis treatedby the Galerkin-
Characteristienethod.Equation(23) is alsodiscretizedby the same nite elementimethod.

We have choserthefollowing DomainDecompositiorMethod:

— (24)
(25)
where , isthe nite elemenspaceon and
—— - (26)
Theparametershoserare:
(27)
(28)

Themeshof  is 1.5times ner thanthemeshof . The methodis not unconditionally
stable;we have tried several valuesfor the operator andnot all of themwork; but the fact
thatthe coefcients of the PDE areconstanin eachsub-domairandthe inherentparallelism
arethetwo majoradwantagesTheresultsareon gure 8.
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Figure9: LeftA scenedisplayedby POV-Ray. Theobjectsare never intersected,t is the
graphic renderingthat takes care of the problem. Right Thetrace of thereal part of the
scatteedacoustic eld onthesurfaceof the geometry|PHPTO(

Computation in Virtual Realities

Parallel computingwith non-conformingmesheds easyto implementoncea fastand ro-
bust interpolatoris available to computefunctionson all the meshes. Suchis the caseof
freefem+ [BHOP99, a public domainsoftwarewritten by oneof theauthors.The previous
numericalresultsof this chaptemwereobtainedwith it.

Freefem3d

DDM is potentiallyusefulto speed-ugomputatiorof virtual scenesreatecby Constructve

Solid Geometry However all of themarein 3d, so we are currently developinga 3d ver

sionof freefem . It hasalanguagewhich is interpretedusingbison , it readsgeometries

createdwith POV-Ray (the le cross.pov  belaw for instance)andit usesthe Fictitious

Domain EmbeddingMethod (FDEM). Resultsare displayedwith IBM's Data Explorer (cf
http://www.dx.com)or evenPov-Ray(Suzuki's pathin http://www.public.usit.netfsuzuki/e/povray/iso/inde.html)

vector a = (0,0,0);
vector b = (1,1,1);
vector n = (100,100,100);

structmesh ~ Mesh(n,a,b);
scene S("cross.pov”,Mesh);
array mu(Mesh) = 1,

w = 5;

solve(u) {

u* w2 + div(mu*grad(u)) =0;
dnu(u)-PFw*u=I*w *(Nx-1)  on<1,0,0>
plot(u);

Opeinator Overloadingn C++malkesit easyto progranthevectorcaseby usingtemplates
overthescalarcase(genericprogramming. Thusthe following is possiblewith any number
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Figure 10: Displayedare 4 iso-tempeature surfaces(0.95, 0.5, 0.25,0.05) for a transient
solutionof the heatequationat time 0.1, arounda table-shapedbjectat tempeature 1 with
Neumanrconditionson the boundaryof the computationabomain,(shownon the right with
POV-Ray)andinitial tempeaturezeo; theprogramin freefem3d languageis givenabove

of unknowns(2 here):

solve(u,v){

pde(u) - laplace(u) = f1;
on(@ dnu(u) + v = g;

pde(v) u - laplace(v) = f2;
on@ u + 10*v = h };

Howeverit will bequiteachallengeo nd ageneralpreconditionefor iterative solutionsof
thelinearsystems.
We concludewith alastexamplewith the heatequation

double i=0; double dt=0.1; do{
solve(u) { u - div (d * grad(u))
u=l on <1,0,0>;
dnu(u) = 0 on Mesh;

3
i=i+1;

dxplot("u.dat",u,Mesh);
twhile(i<=5);

u;

Theresultsareshavn on gure 10
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