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10 Cartesianand Curvilinear Grid Methods for
Multi-domain, Moving Boundary Problems

W. Shyy1 M. Francois2 H.S.Udaykumar3

Intr oduction

A variety of physicalphenomenainvolve the coupling of evolution of multiple materials
with boundariesthatmove, deformor evolve in time. Examplesincludethedeformationof
drops,bubbles,liquid freesurfaces,phaseboundariesin solidi�cation andvaporization,�uid-
structureinteractionproblemsat thelargescalesuchasin aeroelasticityandin thesmallscale
suchin biomechanics,anda whole host of other interestingphenomena.Theseproblems
arechallengingdue to the complexity associatedwith the often severely deformedbound-
aries,multiple time and length scales,and the nonlinearityresultingfrom the couplingof
the interfacedynamicswith the dynamicsof the material. Ideally onewould like to track
the moving boundaryasa sharpfront (allowing discontinuitiesin quantitiessuchasstress
and energy acrossthe interface)without smearingthe information at the front. Also, one
would like to solve the �eld equationswithin eachregion separatedby the interfaceswith
satisfactoryaccuracy. If the interfacesbecomemultiply-connected,it is desirableto follow
theevolution of theinterfacesthroughsuchtopologicalchanges.Numeroustechniquesexist
for trackingarbitrarilyshapedmoving interfaces,eachwith its own strengthsandweaknesses
[Cra84, FR89,SURS96].Thesetechniquesmaybeclassi�edundertwo maincategories:(a)
surfacetrackingor predominantlyLagrangianmethods[FZP� 93, SS95, SS96]and(b) vol-
umetrackingor Eulerianmethods[HN81, AP91]. The main featuresof the two typesare
presentedin Figure1. Weoffer thefollowing commentsto contrasttherelativecharacteristics
amongdifferentapproaches.

a. Interface De�nition

TheLagrangianmethodsmaintaintheinterfaceasadiscontinuityandexplicitly trackits evo-
lution. If detailedinformationregardingthe interfacelocationis desired,Eulerianmethods
may needelaborateproceduresto deducethe interfacelocation basedon the volumefrac-
tion information,anduncertaintycorrespondingto onegrid cell is unavoidable[AP91, HN81,
SZ99]. In theLagrangiancase,theinterfacecanbetrackedasa (n-1)-dimensionalentity for
a n-dimensionalspace[DS85, GGL� 88, WM86]. No modelingis necessaryto de�ne the
interfaceor its effecton the�o w �eld. In thecaseof Eulerianschemes,modelingor solution
of additionalequationsis requiredto obtain informationregardingphasefractionsor other
functionsyielding informationin thetwo-phaseregions.
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b. Interfacial Boundary Conditions

In the Lagrangianmethods,boundaryconditionscanbe appliedat theexact locationof the
interfacesincetheinterfacepositionis explicitly known ateachinstant.In theEulerianmeth-
ods,theboundaryconditionsaremanipulatedto appearin thegoverningtransportequations
[BKZ92]. This leadsto thesmearingof boundaryinformation.

c. Discretization of the Domain

In theLagrangianmethods,thegrid adaptsto theinterfaceandhencegrid rearrangementand
motiontermshave to beincorporated.Whentheinterfacebeginsto distort,thegrid needsto
beregeneratedeachtime. Theresultinggrid on which the �eld variablesarecomputedmay
be skewed andunevenly distributed, thus in�uencing the accuracy of the �eld solver. The
Eulerianmethodshave anadvantagein this regardsincethecomputationsareperformedon
a �x edgrid, henceobviating theneedfor grid rearrangement.However, whentheinterfaceis
arbitrarilyshaped,improvedresolutionin desiredregionsis dif�cult to obtain,unlesscompli-
catedlocal re�nementsareadopted.In theLagrangianmethoda setof governingequations
needsto besolvedfor eachdifferentmaterialandregion,whereasin anEulerianmethodonly
a singlesetof equationswith appropriatesourcetermsis solvedfor theentiredomain.

d. Movementand Deformation of the Interface

Lagrangianmethodshavesofarexperienceddif�culty in handlingtopologicalchanges,mainly
dueto thebreakdownof thestructuredgridarrangementandtheneedfor redistributionof �eld
informationin the vicinity of the interfacefor unstructuredgrid methods[WM86]. On the
otherhand,in Eulerianmethodsmergersandfragmentationsaretakencareof automatically,
merelyby updatingthevaluesof thephasefraction. However, thedetailedphysicalfeatures
involved during sucheventsmay not be fully resolved due to the smearingof information
asmentionedabove. The choiceof moving boundarymethodfrom the generalcategories
above dependsto a large extent on its appropriatenessof the physicalproblemchosen. In
thefollowing, wehighlight recentefforts in developingcomputationaltechniquesfor treating
moving boundaryproblems.Both moving and�x edgrid methodswill beconsidered.To aid
the discussion,for the �x ed grid method,we usethe impactdynamics,andfor the moving
grid method,we usethesoft contactlensdynamicsto highlight thesolutioncharacteristics.

A Fixed-grid, Sharp-interface Method for Multiple Moving
Boundaries: Impact Dynamics

The dynamicsof impactbetweenmaterialsis characterizedby large deformationandshort
time scales.Wave propagationin the impactingmediais highly nonlinear, andinvolveslo-
calizedphenomenasuchas shearbands,crack propagation,and wave refraction[Mey94].
Theseproblemsaretypically challengingto solve because,in contrastto conventionalstruc-
tural dynamicsproblems,the deviatoric and pressureterms in the stresstensorsare both
importantand needto be modeledseparately. In contrastto conventional�uid dynamics
problems,the stressandstrain �elds are relatedthroughnonlinearelasto-plasticyield sur-
faces,the modelsfor which must be included in the governing equations. Furthermore,
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the interfacebetweenmaterialsexperiencesnot only fast motion, but also large variations
in shape.In this sectionwe summarizea numericalsolutiontechniqueprogressively devel-
opedin [SURS96, USR96,UKSTST97, UMS99, UTS� 00, YMUS99] for thesimulationof
high-speedmulti-materialimpact. Of particularinterestis the interactionof solid impactors
with targets.This problemis importantin applicationssuchasmunitions-targetinteractions,
automobilecollisionassessment,geologicalimpactdynamics,andshockprocessing[Mey94].
Suchinteractionspresentthefollowing challengesto numericalsimulationtechniques:

1. High velocitiesof impactleadingto largedeformationsof the impactoraswell astar-
gets.

2. Nonlinearwave-propagationandthedevelopmentof shocksin thesystems.

3. Modelingof theconstitutivepropertiesof materialsunderintenseimpactconditionsand
accuratenumericalcalculationof theelasto-plasticbehaviour describedby themodels.

4. Phenomenaatmultipleinterfaces(suchasimpactor-target,target-ambientandimpactor-
ambient),i.e. bothfreesurfaceandsurface-surfacedynamics.

The methodadoptedfalls underthe classof combinedEulerian-Lagrangianmethod. It
operateson a �x ed Cartesianmesh(the Eulerianpart) while the interfacesmove through
the mesh(the Lagrangianpart). The methodtreatsthe interfacesasdiscontinuitieswithout
smearingon the mesh,thereforeit is a sharpinterfacemethod. The advantageof the �x ed
grid approachis obviously that grid topologyremainssimplewhile large distortionsof the
interfacetake place. This allows an extensionof highly accurateshock-capturingmethods
(EssentiallyNon-Oscillatoryor ENO[HEOC97, SO88, SO89] in thepresentcase)developed
for scalarconservation laws in �x ed grid settingsto solve moving boundaryproblemswith
arbitrarily distortedinterfaces.A Cartesiangrid ENO formulationsuffers little changewhen
appliedto thepresentproblem.We now proceedto describethemethodin detail.

Interface Tracking Algorithm

Theinterfaceisdescribedby interfacialmarkersde�nedby thecoordinates
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eachmarker point. Oncethe interfacehasbeende�ned, the informationon its relationship
with thegrid hasto beestablished.Theremaybeseveralinterfaces(henceforthcalledobjects)
immersedin the domain. Eachof the objectsmay enclosematerialwith differenttransport
properties.Thereforeit is necessaryto identify which phaseeachcomputationalpoint (i.e.
cell centerpoint) liesin. An illustrationis shown in Figure3. Theendresultof theprocedures
is thefollowing piecesof informationwhich arerequiredto setup thediscretizationscheme
for thepresentmethod:(i) The interfacialcell in which eachinterfacemarker lies. (ii) The
interfacialmarker, which is closestin distanceto a computationalpoint. (iii) Thematerialin
which eachcomputationalpoint in themeshlies. (iv) Severalgeometricdetailssuchasthe
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shapeof theresultingcut-cell,thelocationswheretheinterfacecutsthecell facesandwhere
it intersectsthecell centerlines(thedottedlinesshown in Figure3). Thesedetailsof acell are
usedin constructingthestencilfor eachinterfacialcell. (v) A list of all interfacialcells.These
piecesof informationregardingthe interfaceandits relationshipto the underlyinggrid are
computedonly in a lower-dimensionalsetof interfacecells. In summary, thecomputational
formulationtracksmoving boundariesona�x edunderlyinggrid while striving to achievethe
following objectives:

1. The interface is tracked as a discontinuity and boundaryconditionsof the Dirich-
let/Neumanntypeareappliedon thetrackedfronts.

2. Thediscretizationto includetheembeddedboundariesinvolvessimplemeasuresin the
vicinity of theinterface.Suchpointsarefew comparedto theoverallgrid size.

3. Basedon truncationerror analysisthe discretizationcanbe performedso that global
second-orderaccuracy in the�eld variablecanbemaintained.

4. Theproblemof stiffnessof theinterfaceevolutionin curvature-drivendynamics[HLS94]
is surmountedby usingan implicit formulationto couplethe interfaceevolution with
the�eld equation.

5. The issueof changeof materialof a grid point whenthe boundarycrossesover it is
dealtwith by asimpleanalogywith purelyLagrangianmethods.

Thisinvolvesrede�nition of thestencilsin thepointsadjoiningtheinterfaceto accountfor
thegridpointsthathavechangedphase.Thevariouscomponentsof thesolutionalgorithmcan
easilybeextendedto 3D.It isdemonstratedby [UMS99, YMUS99] thatthe�eld calculationis
second-orderaccuratewhile thepositionof thephasefront is calculatedto �rst-order accuracy.
Furthermore,theaccuracy estimateshold for thecaseswheretherearepropertyjumpsacross
theinterface.

Resultsand Discussion

2D computationswereperformedin a squaredomainof size1mx1masillustratedin Figure
4. As shown theretheobjectswereplacedsomedistanceaparton themeshandimpactwas
initiatedby prescribinga velocity to oneor bothinterfaces.Initially thereis a region of void
betweenthetwo interfaces.Thisvoid disappearsat thematerial-materialinterface.In Figure
5, we show the impactof a cylinder with a planesurface. Both surfacesarecopperandthe
materialpropertiesin themodelcorrespondto thatmetal. In the �gure, we show on the left
the contoursof velocity magnitudein the impactorand the target along with the velocity
vectorsin the �o w domain.On theright we show contoursof equivalentstress.Also shown
in eachof the �gures is the shapeof the boundariesof the two materials. As canbe seen
in these�gures thereis anabrupttransitionin thecornersfrom a material-materialinterface
to a material-void interfacefor eachmaterial. Appropriategoverning laws and boundary
conditionsarediscussedin [UTS� 00]. Zero-gradientconditionsareappliedat the sidesof
thedomainassumingthatthetargethasin�nite extentin all exceptthe+y direction.Figures5
(a), (b) and(c) correspondto time instants
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after impactrespectively.
Theprogressionof theelasto-plasticwavesandtheformationof largegradientsin thevelocity
aswell stress�elds is evident from the �gure. At the rim of the impactor, the interfacesare
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constantlyin collision sincethematerial-void interfacesarebeingpushedagainsteachother
to form material-materialinterfaces.Theforetherim of theimpactregionregisterslargestress
andcorrespondingly, strainvalues.Stresswavesarepropagatedinto thematerialsfrom this
point. In Figure5(c) it canbe seenthat the velocity �eld is suchas to continuouslypush
the impactor into the target leadingto the productionof an upswell in the target material
aroundthe rim. This is also indicatedclearly by the velocity vectorsshown. Regions of
compressionandtensionareseenfrom the contoursof stress.The currentmethodhasthe
following capabilities:

1. Theinterfacecanbetrackedthroughlargedistortions.

2. Accurateshock-capturingschemescan be implementedfor Cartesiangrids and ex-
tendedin astraightforwardmannerto incorporatethepresenceof themoving interfaces.

3. Boundaryconditionsaredevelopedfor the1D uniaxialstraincaseand2D planestrain
caseandtheseareappliedat theexactlocationsof theboundaries.

4. Different regionsof the boundariescan have differentboundaryconditions,i.e. the
material-materialandmaterial-void boundaryconditions.Theseareappliedat the in-
terfacepointsidenti�ed to lie in regionswherethe interfacesarein contactandwhere
theinterfaceis exposedto void respectively. Theseboundaryconditionsarephysically
dictatedor numericalboundaryconditions.Thesuitability of thesetof boundarycon-
ditions is determinedbasedon numericalexperimentation.The singularity resulting
from anabrupttransitionfrom amaterial-materialto material-void boundarycondition
at theinterfacesis handledwell.

A Moving-grid Method for Fluid-structur e Interaction: Soft
Contact Lens

A soft contactlensis sphericalin projectedshapeandhasa diameteraround12 to 14 ��� .
Theopticalpowerof thelensdeterminesthelensposteriorcentralradius(basecurve radius)
andits thickness.Commonlyusedbasecurve radii rangefrom 7.5 to 9.0 ��� . Soft contact
lensesare madeof hydrophilic polymersthat have an elasticmodulusvarying with water
content.For examplethe“1-Day Acuvue” lensby Vistakoncontains58%of waterandhasan
elasticmodulusof 0.36

��� �

[WSB98]. A typical lensweighsabout10mg. Whenplacedon
theeye, a contactlensis separatedfrom theeye surfaceby a thin tear�lm. Thethicknessof
thetear�lm beneaththelensis around�����

� . So,theaspectratio betweenthelensdiameter
andtear �lm height is very large,of the orderof 1000. Figure6(a) illustratesthe lens-eye
pro�le. An eye-blink createsa forceon thecontactlensthatcausesthecontactlensto move
anddeform. Sincethe lensmaterialmakesthe soft contactlensvery �e xible, the lenscan
exhibit complex shapedeformationcharacteristics.

Francoiset al. [FSU99] have presenteda computationalcapability to simultaneously
model the dynamicsof a soft contactlensand�uid dynamicsof the tear �lm �o w. In the
presentmodel, the deformablecontactlens is consideredto be an elasticmembrane. A
schematicof the computationalmodel is presentedin Figure 6(b). Speci�cally, the main
featuresof their modelcanbesummarizedasfollows: (1) thetear�lm is consideredto bea
singlelayer, Newtonian�uid governedby the Navier-Stokesequations;(2) the soft contact
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lensis modeledasan elasticmembranewhosetensionis regulatedby the membranethick-
ness;(3) the lens is �x ed at the edge;(4) the ambientpressurevariationis responsiblefor
the lensmovementanddeformation;(5) the lensstructuraldynamicsand the tear �lm are
modeledasa coupledsystemsothatboththe lensandthetear�lm characteristics,andtheir
interaction,canbe investigatedsimultaneously;(6) the lensthicknessis of variablepro�le
basedon typicalcommercialdesign.

Governing Equationsof Tear Fluid and Contact Lens

Thegoverningequationof thesoft contactlensconsideredis theequilibriumequationof an
elasticmasslessmembranein 2D [SS95, SURS96].Figure7 illustratesanelasticmembrane
restrainedat its bothextremities.Hereonly theequilibriumlensequationin thenormaldirec-
tion is considered:
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is thepressurein thetear�lm beneaththelens,
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arethespacecoordinates.The�uid �o w computationis
basedonawell-establishedpressure-correctiontype�nite volumesolverof theNavier-Stokes
equations,in body-�tted curvilinear coordinates,as detailedin [Shy94, SURS96,SS97].
Sincethe initial structurecon�guration and associatedbody-�tted grid do not correspond
to anequilibriumcon�gurationamoving grid procedureis employed[SURS96,SS95,SS96]
whereinthegrid is continuouslyupdatedduringthecourseof computation,in responseto the
shapechangeof the lens. Threekey informationitemsarerequiredto facilitatethemoving
grid technique,namely,

1. Kinematicsconditionsapplyat theinterface(moving boundaries).

2. Thegeometricconservationlaw is invoked[SURS96]to estimatetheJacobianof term
to enforcevolumeconservation.

3. ThecontravariantvelocitycomponentsandCartesianvelocitycomponentsatthebound-
aryarecomputedto enforcemassconservation.

Resultsand Discussion

Resultsof thecomputationsfor threecon�gurationswith tear�lm aspectratios(ratio of the
horizontalprojectedlengthbetweenthecenterandthepinnedendpoint to thetear�lm height
at the pinnedlocation)of 10, 100, and1000arepresented.It shouldbe notedthat, while
underpracticalwearingconditionstheaspectratio of the tear�lm is around1000,we have
treatedthisaspectasaparameterto gainamorecomprehensiveunderstandingof thephysics.
Thecomputationaldomainandboundaryconditionsusedarepresentedin Figure6(b). The
overall geometryincluding lens, tear �lm, andcorneaand the variablelens thicknesspro-
�le is illustratedin Figure8. An externally imposedtime-dependentpressure,modelingeye
blinking process,is representedin Figure9. Figure10 shows themaximumlensde�ections
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normalizedby the initial tear�lm heightat the lenscenter, for the threecaseswith variable
thickness,in responseto the imposedpressurevariation. Figure11 presentsthe maximum
pressuredifferenceinsidethetear�lm normalizedby theappliedpressureoscillationversus
time. From Figures10 and11, it is clearthat the pressurevariationsandthe lensdeforma-
tion arecorrelatedwith eachother. Accordingly, asshown in Figure12, thetear�o w rateis
in�uencedby sucha correlation.

Francoiset al. [FSU99] have alsodiscussedthe �uid physicsof soft contactlens. First,
the tear�uid velocity, respondingto the lensdeformation,increasesfrom thecentralregion
toward the endof the lens. Second,the pressuregradientdoesnot develop only alongthe
directionof thelens,assuggestedby a typical thin �lm approximation.Thereasonis thatthe
lensmovementis not slow andthetear�lm is not a simpleparallelviscous�o w. A straight-
forwardapplicationof the thin �lm theorywithout dueconsiderationof the lensmovement
canintroducelarge error in the analysis.Underthe presentcondition,asillustratedin Fig-
ure13, theReynoldsnumberincreasesastheaspectratio increases,from negligibly small to
about100. Theseobservationsindicatethat commonpracticesin the literature,with either
a straightforwardapplicationof thethin �lm theory, without anexplicit considerationof the
lensmovement,or a directaccountof thestructuredynamicswith anassumedpressure�eld
areunsatisfactory.

Concluding Remarks

We have describedthe developmentof numericaltechniquesbasedon both �x ed andmov-
ing grid to treatsharpinterfacefor thesimulationof moving boundaryproblems.Examples
arisingfrom fasttransientmulti-materialimpactdynamicsandsoft contactlensareusedto
illustratethemain featuresof eachmethod.For the �x edgrid method,computationsof the
deformationprocessare carriedto large distortionswhile the interfacestravel throughthe
meshin a stableandrobustmanner. Sucha techniquehasalsobeensuccessfullyappliedto
treatproblemsarisingfrom crystalgrowth [UMS99]. On theotherhand,if thedetail of the
interfacecharacteristicscanbesmearedout, thenasimplertreatmentinvolving theimmersed
boundarytreatment[Pes77, UT92, UKSTST97, KUSTST98] canbe highly effective. This
approachhastackledavarietyof problems,especiallyfor thoserelatedto multiphaseandcel-
lular dynamics.For themoving grid method,theimplicationsof thelenstensionvariationson
thelensresponseandthenonlinearinteractionbetweenthe�uid �o w andthesoftcontactlens
aredemonstrated.Whenthe interfacedoesnot exhibit substantialdeformation,the moving
grid methodcanbehighly effective. It canalsoberobustin termsof thesizeof thetimesteps.
This approachhasbeensuccessfullyappliedto handle�uid-structure interactionproblems
with highReynoldsnumbers,includingtheeffectof turbulenceandlaminar-to-turbulenttran-
sition [SS95, SS96, SJS97,HFS� 00]. No methodis universallysuperiorfor treatingmoving
boundaryproblems.Dependingonthenatureof theproblemandthegoalof thecomputation,
anintelligentselectionof anappropriatetechniquecanhelpsuccessfullyaddressthephysical
andnumericalchallenges.
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PSfragreplacements

Figure1: Comparisonof LagrangianandEulerianmethodsfor interfacetracking.(a) Purely
Lagrangianmethodwith amoving,boundaryconforminggrid. (b)FixedgridEulerianmethod
with a phasefractionde�nition of theinterface.

PSfragreplacements

Figure2: Illustrationof interfaceproperties.Thenormalto theinterfaceandarclengthcoor-
dinateareshown.
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PSfragreplacements

Figure3: Interfacialcell andbulk cell classi�cationonagrid. With interfacepassingthrough
it. Also shown areinterfacialcell properties.
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Figure4: Impactof two objectsin the2D case.A planestrainproblemis solved.
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Figure5: Impactof a cylinder with a planarsurface. The cylinder impactsthe target with
a velocity of 2000�

�

�

directeddownward. The �gures on left show velocity contoursand
vectorsalongwith the interfaceshapes.The time after impactare indicatedalongsidethe
�gures. The�gures on theright show stresscontours.
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Figure6: Schematicof contactlensandcomputationalmodel.
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Figure7: Endconstrainedelasticstructure.



122 SHYY, FRANCOIS,UDAYKUMAR

PSfragreplacements

Figure8: Schematicof thecontactlensmodelandthicknesspro�le.
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Figure9: TimeHistoryof theappliedexternalpressure
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Figure10: Maximum de�ection versustime for threedifferentaspectratios10, 100, 1000
with variablethickness.
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Figure11: Maximumpressuredifferenceinsidethetear�lm.
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Figure12: Variationof tear�uid volumegoingin/out of domainwith time.
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Figure13: AveragedReynoldsnumberversusaspectratio.


