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10 Cartesianand Curvilinear Grid Methods for
Multi-domain, Moving Boundary Problems

W. Shyy* M. Francoig H.S. Udaykuma#

Intr oduction

A variety of physical phenomenanvolve the coupling of evolution of multiple materials
with boundarieghat move, deformor evolve in time. Examplesincludethe deformationof
drops,bubblesiquid freesurfacesphaseboundariesn solidi cation andvaporization, uid-
structureinteractionproblemsatthelargescalesuchasin aeroelasticityandin thesmallscale
suchin biomechanicsand a whole hostof otherinterestingphenomena.Theseproblems
are challengingdue to the compleity associatedvith the often severely deformedbound-
aries, multiple time and length scales,and the nonlinearityresultingfrom the coupling of
the interfacedynamicswith the dynamicsof the material. Ideally onewould like to track
the moving boundaryas a sharpfront (allowing discontinuitiesin quantitiessuchas stress
and enegy acrossthe interface)without smearingthe information at the front. Also, one
would like to solve the eld equationswithin eachregion separatedy the interfaceswith
satishctoryaccurag. If the interfacesbecomemultiply-connectedit is desirableto follow
the evolution of theinterfacesthroughsuchtopologicalchangesNumerougechniquesxist
for trackingarbitrarily shapednoving interfaceseachwith its own strengthsandweaknesses
[Cra84 FR89,SURS96].Thesetechniquesnay be classi ed undertwo main categories:(a)
surfacetrackingor predominantiyl agrangiamimethodgFZP 93, SS95 SS96]and (b) vol-
umetracking or Eulerianmethods|[HN81, AP91]. The main featuresof the two typesare
presentedh Figurel. We offer thefollowing commentdo contrastherelative characteristics
amongdifferentapproaches.

a. Interface De nition

TheLagrangiammethodsmaintaintheinterfaceasa discontinuityandexplicitly trackits evo-
lution. If detailedinformationregardingthe interfacelocationis desired,Eulerianmethods
may needelaborateprocedurego deducethe interfacelocation basedon the volume frac-
tion information,anduncertaintycorrespondingo onegrid cell is unavoidable[AP91, HN81,
SZ99. In theLagrangiancase theinterfacecanbetracked asa (n-1)-dimensionaéntity for
a n-dimensionakpace[DS85 GGL 88, WM86]. No modelingis necessaryo de ne the
interfaceor its effectonthe ow eld. In thecaseof Eulerianschemesmodelingor solution
of additionalequationds requiredto obtaininformationregardingphasefractionsor other
functionsyielding informationin the two-phaseegions.
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b. Interfacial Boundary Conditions

In the Lagrangianmethods boundaryconditionscanbe appliedat the exactlocation of the

interfacesincetheinterfacepositionis explicitly known ateachinstant.In the Eulerianmeth-

ods,the boundaryconditionsaremanipulatedo appeaiin the governingtransportequations
[BKZ92]. Thisleadsto the smearingof boundaryinformation.

c. Discretization of the Domain

In the Lagrangiarmethodsthe grid adaptdo theinterfaceandhencegrid rearrangemerdnd

motiontermshave to beincorporated Whentheinterfacebeginsto distort, the grid needso

beregenerateagachtime. The resultinggrid on whichthe eld variablesarecomputedmnay

be skewed and unevenly distributed, thusin uencing the accurayg of the eld solver. The

Eulerianmethodshave an advantagen this regardsincethe computationsareperformedon

a x edgrid, henceobviatingthe needfor grid rearrangementiowever, whentheinterfaceis

arbitrarily shapedimprovedresolutionin desiredregionsis dif cult to obtain,unlesscompli-

catedlocal re nementsareadopted.In the Lagrangianrmethoda setof governingequations
needgo besolvedfor eachdifferentmaterialandregion, whereasn anEulerianmethodonly

asinglesetof equationswith appropriatesourcetermsis solvedfor the entiredomain.

d. Movementand Deformation of the Interface

Lagrangiammethodsave sofarexperiencedlif culty in handlingtopologicalchangesmainly
dueto thebreakdevn of thestructuredyrid arrangemerandtheneedfor redistritutionof eld
informationin the vicinity of the interfacefor unstructuredyrid methodgfWM86]. On the
otherhand,in Eulerianmethodsmemgersandfragmentationgaretaken careof automatically
merelyby updatingthe valuesof the phaseraction. However, the detailedphysicalfeatures
involved during sucheventsmay not be fully resoled dueto the smearingof information
asmentionedabore. The choiceof moving boundarymethodfrom the generalcateyories
above dependgo a large extent on its appropriatenessf the physicalproblemchosen. In
thefollowing, we highlightrecenteffortsin developingcomputationatechniquegor treating
moving boundaryproblems.Both moving and x edgrid methodswill be consideredTo aid
the discussionfor the x ed grid method,we usethe impactdynamics,andfor the moving
grid method we usethe soft contaclensdynamicsto highlight the solutioncharacteristics.

A Fixed-grid, Sharmp-interface Method for Multiple Moving
Boundaries: Impact Dynamics

The dynamicsof impactbetweenmaterialsis characterizedby large deformationand short
time scales.Wave propagationin the impactingmediais highly nonlinear andinvolveslo-
calizedphenomenauchas shearbands,crack propagationand wave refraction[Mey94].
Theseproblemsaretypically challengingto solve becausein contrasto corventionalstruc-
tural dynamicsproblems,the deviatoric and pressureiermsin the stresstensorsare both
importantand needto be modeledseparately In contrastto corventional uid dynamics
problems,the stressandstrain elds arerelatedthroughnonlinearelasto-plastig/ield sur
faces,the modelsfor which mustbe includedin the governing equations. Furthermore,
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the interfacebetweenmaterialsexperiencesnot only fastmotion, but also large variations
in shape.In this sectionwe summarizea numericalsolutiontechniqueprogressiely devel-
opedin [SURS96 USR96,UKSTST97 UMS99 UTS 00, YMUS99] for the simulationof
high-speednulti-materialimpact. Of particularinterestis the interactionof solid impactors
with targets. This problemis importantin applicationssuchasmunitions-tagetinteractions,
automobilecollisionassessmengeologicaimpactdynamicsandshockprocessingMey94].
Suchinteractiongpresenthe following challenge$o numericalsimulationtechniques:

1. High velocitiesof impactleadingto large deformationf theimpactoraswell astar
gets.

2. Nonlinearwave-propagatiomndthe developmenif shocksn the systems.

3. Modelingof theconstitutve propertief materialsunderintenseémpactconditionsand
accurateumericalcalculationof the elasto-plastibehaiour describedy the models.

4. Phenomenatmultipleinterfaceqsuchasimpactortarget target-ambienandimpactor
ambient),.e. bothfree surfaceandsurface-surdcedynamics.

The methodadoptedfalls underthe classof combinedEulerian-Lagrangiamethod. It
operateson a x ed Cartesianmesh(the Eulerian part) while the interfacesmove through
the mesh(the Lagrangianpart). The methodtreatsthe interfacesas discontinuitieswithout
smearingon the mesh,thereforeit is a sharpinterfacemethod. The advantageof the x ed
grid approachis obviously that grid topology remainssimple while large distortionsof the
interfacetake place. This allows an extensionof highly accurateshock-capturingnethods
(EssentiallyNon-Oscillatoryor ENO [HEOC97, SO88 S089 in the presentase)developed
for scalarconserationlaws in x ed grid settingsto solve moving boundaryproblemswith
arbitrarily distortedinterfaces.A Cartesiargrid ENO formulationsufferslittle changewhen
appliedto the presenproblem.We now proceedo describehe methodin detail.

Interface Tracking Algorithm

Theinterfaceis describedy interfacialmarkersde ned by thecoordinates . Thespacing
betweerthe markersis maintainedat somefractionof thegrid spacing ,

Thecorventionadopteds thatasonetraversegheinterfacealongthearc-lengththe materlal
enclosedby the interfacelies to the right. This is illustratedin Figure 2. The functions

and aregeneratedThecoefcients ,
and atary interfacialpoint areobtainedby tting polynomialsthroughthe coordinates
, and . The coefcients , and are storedfor

eachmarker point. Oncethe interfacehasbeende ned, theinformationon its relationship
with thegrid hasto beestablishedTheremaybesereralinterfaceghencefortitalledobjects)
immersedn the domain. Eachof the objectsmay enclosematerialwith differenttransport
properties. Thereforeit is necessaryo identify which phaseeachcomputationapoint (i.e.
cell centerpoint) liesin. An illustrationis shovn in Figure3. Theendresultof theprocedures
is the following piecesof informationwhich arerequiredto setup the discretizationrscheme
for the presentmethod: (i) The interfacial cell in which eachinterfacemarler lies. (i) The
interfacialmarker, which s closestin distanceo a computationapoint. (iii) The materialin
which eachcomputationapointin the meshlies. (iv) Severalgeometricdetailssuchasthe
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shapeof theresultingcut-cell,thelocationswheretheinterfacecutsthe cell facesandwhere
it intersectghecell centedines(thedottedlinesshavnin Figure3). Thesedetailsof acell are
usedin constructinghestencilfor eachinterfacialcell. (v) A list of all interfacialcells. These
piecesof informationregardingthe interfaceandits relationshipto the underlyinggrid are
computedonly in alower-dimensionabetof interfacecells. In summarythe computational
formulationtracksmoving boundarie®na x edunderlyinggrid while striving to achieve the
following objecties:

1. The interfaceis tracked as a discontinuity and boundaryconditionsof the Dirich-
let/Neumanrtypeareappliedon thetrackedfronts.

2. Thediscretizatiorto includetheembeddedboundariesnvolvessimplemeasure the
vicinity of theinterface.Suchpointsarefew comparedo the overall grid size.

3. Basedon truncationerror analysisthe discretizationcan be performedso that global
second-ordeaccurag in the eld variablecanbe maintained.

4. Theproblemof stiffnessof theinterfaceevolutionin curvature-drvendynamicdHLS94]
is surmountedy usinganimplicit formulationto couplethe interfaceevolution with
the eld equation.

5. Theissueof changeof materialof a grid point whenthe boundarycrossesover it is
dealtwith by asimpleanalogywith purelyLagrangiammethods.

Thisinvolvesrede nition of thestencilsin thepointsadjoiningtheinterfaceto accounfor
thegrid pointsthathave changeghase Thevariouscomponentsf thesolutionalgorithmcan
easilybeextendedo 3D. It is demonstratetly [UMS99, YMUS99] thatthe eld calculations
second-ordesiccuratevhile thepositionof thephasdrontis calculatedo rst-order accurag.
Furthermoretheaccuray estimatesold for the casesvheretherearepropertyjumpsacross
theinterface.

Resultsand Discussion

2D computationsvereperformedin a squaredomainof sizelmx1masillustratedin Figure
4. As shown therethe objectswere placedsomedistanceaparton the meshandimpactwas
initiated by prescribinga velocity to oneor bothinterfaces.Initially thereis aregion of void
betweerthetwo interfaces.This void disappearatthe material-materialinterface.In Figure
5, we shaw theimpactof a cylinder with a planesurface. Both surfacesare copperandthe
materialpropertiesn the modelcorrespondo thatmetal. In the gure, we shov ontheleft
the contoursof velocity magnitudein the impactorand the target along with the velocity
vectorsin the o w domain. On theright we shav contoursof equivalentstress.Also shavn
in eachof the gures is the shapeof the boundariesf the two materials. As canbe seen
in these gures thereis anabrupttransitionin the cornersfrom a material-materiainterface
to a material-wid interfacefor eachmaterial. Appropriategoverninglaws and boundary
conditionsarediscussedn [UTS 00]. Zero-gradientonditionsare appliedat the sidesof
thedomainassuminghatthetargethasin nite extentin all exceptthe+y direction.Figures5
(a), (b) and(c) correspondo time instants , and afterimpactrespectiely.
Theprogressiomnf theelasto-plastievavesandtheformationof largegradientsn thevelocity
aswell stresselds is evidentfrom the gure. At therim of the impactor the interfacesare
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constantlyin collision sincethe material-\id interfacesarebeingpushedagainsteachother
to form material-materiainterfaces.Theforetherim of theimpactregionregisterdargestress
andcorrespondinglystrainvalues. Stresswavesare propagatednto the materialsfrom this

point. In Figure5(c) it canbe seenthatthe velocity eld is suchasto continuouslypush
the impactorinto the target leadingto the productionof an upswellin the target material
aroundtherim. This is alsoindicatedclearly by the velocity vectorsshavn. Regions of

compressiorandtensionare seenfrom the contoursof stress. The currentmethodhasthe

following capabilities:

1. Theinterfacecanbetrackedthroughlargedistortions.

2. Accurateshock-capturingschemescan be implementedfor Cartesiangrids and ex-
tendedn astraightforvardmanneto incorporatahepresencef themoving interfaces.

3. Boundaryconditionsaredevelopedfor the 1D uniaxial straincaseand2D planestrain
caseandtheseareappliedat the exactlocationsof the boundaries.

4. Differentregionsof the boundariescan have differentboundaryconditions,i.e. the
material-materiahnd material-wid boundaryconditions. Theseare appliedat the in-
terfacepointsidenti ed to lie in regionswherethe interfacesarein contactandwhere
theinterfaceis exposedo void respectiely. Theseboundaryconditionsarephysically
dictatedor numericalboundaryconditions. The suitability of the setof boundarycon-
ditions is determinedbasedon numericalexperimentation. The singularity resulting
from anabrupttransitionfrom a material-materiaio material-void boundarycondition
attheinterfacess handledwell.

A Moving-grid Method for Fluid-structur e Interaction: Soft
Contact Lens

A soft contactlensis sphericalin projectedshapeandhasa diameteraround12 to 14

The optical pawer of the lensdetermineghe lensposteriorcentralradius(basecurve radius)
andits thickness.Commonlyusedbasecurve radii rangefrom 7.5t0 9.0 . Soft contact
lensesare madeof hydrophilic polymersthat have an elasticmodulusvarying with water
content.For examplethe“1-Day Acuvue”lensby Vistakon containsb8%of waterandhasan

elasticmodulusof 0.36 [WSB98]. A typical lensweighsabout10 mg. Whenplacedon

theeye, acontactlensis separatedrom the eye surfaceby athin tear Im. Thethicknessof

thetear Im beneaththelensis around . So,theaspectatio betweerthelensdiameter
andtear Im heightis very large, of the orderof 1000. Figure 6(a) illustratesthe lens-g/e

pro le. An eye-blink createsa force on the contactlensthatcauseshe contactiensto move

anddeform. Sincethe lens materialmakesthe soft contactlensvery e xible, the lenscan
exhibit complex shapedeformationcharacteristics.

Francoiset al. [FSU99 have presentech computationalcapability to simultaneously
modelthe dynamicsof a soft contactlensand uid dynamicsof thetear Im ow. In the
presentmodel, the deformablecontactlens is consideredo be an elastic membrane. A
schematicof the computationaimodelis presentedn Figure 6(b). Speci cally, the main
featuresof their modelcanbe summarizedasfollows: (1) thetear Im is consideredo bea
singlelayer, Newtonian uid governedby the Navier-Stokesequationsj(2) the soft contact
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lensis modeledasan elasticmembranavhosetensionis regulatedby the membranehick-
ness;(3) thelensis x ed at the edge;(4) the ambientpressurevariationis responsiblefor
the lens movementand deformation;(5) the lens structuraldynamicsandthe tear Im are
modeledasa coupledsystemsothatboththelensandthetear Im characteristicsandtheir
interaction,can be investigatedsimultaneously{6) the lensthicknessis of variablepro le

basedn typical commerciadesign.

Governing Equations of Tear Fluid and Contact Lens

The governingequationof the soft contactlensconsidereds the equilibrium equationof an
elasticmasslessnembraneén 2D [SS95 SURS96].Figure7 illustratesan elasticmembrane
restrainedatits bothextremities.Hereonly theequilibriumlensequationn thenormaldirec-
tion is considered:

— — = = ®

where istheoutsideor appliedpressure, isthepressurén thetear Im beneattthelens,

is thelenstensionwhichis takento beproportionalto the productof thelenselasticmodu-
lus andthelensthicknessand arethe spacecoordinatesThe uid o w computatioris
basednawell-establishe@ressure-correctiotype nite volumesolver of theNavier-Stokes
equations,in body- tted curvilinear coordinates,as detailedin [Shy94 SURS96,SS91.
Sincethe initial structurecon guration and associatedody- tted grid do not correspond
to anequilibriumcon gurationamoving grid procedurgs emplo/ed[SURS96,SS95,SS96]
whereinthegrid is continuouslyupdatedduringthe courseof computationjn responséo the
shapechangeof the lens. Threekey informationitemsarerequiredto facilitatethe moving
grid techniquenamely

1. Kinematicsconditionsapplyattheinterface(moving boundaries).

2. Thegeometricconserationlaw is invoked[SURS96]to estimatethe Jacobiarof term
to enforcevolumeconseration.

3. Thecontravariantvelocity componentgandCartesiarvelocitycomponentatthebound-
ary arecomputedo enforcemassconseration.

Resultsand Discussion

Resultsof the computationdor threecon gurationswith tear Im aspectatios(ratio of the
horizontalprojectedengthbetweerthecenterandthe pinnedendpointto thetear Im height
at the pinnedlocation) of 10, 100, and 1000 are presented.It shouldbe notedthat, while
underpracticalwearingconditionsthe aspectatio of thetear Im is around1000,we have
treatedthis aspectisa parameteto gaina morecomprehensie understandingf the physics.
The computationalomainandboundaryconditionsusedare presentedn Figure6(b). The
overall geometryincluding lens, tear Im, andcorneaand the variablelens thicknesspro-
le isillustratedin Figure8. An externallyimposedtime-dependenpressuremodelingeye
blinking processis represente¢h Figure9. Figure 10 shavs the maximumlensde ections
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normalizedby theinitial tear Im heightat thelenscenter for the threecaseswith variable
thickness,n responsedo the imposedpressurevariation. Figure 11 presentdhe maximum
pressurdifferenceinsidethetear Im normalizedby the appliedpressurescillationversus
time. From Figures10and11, it is clearthatthe pressurevariationsandthe lensdeforma-
tion arecorrelatedwith eachother Accordingly, asshavn in Figure12,thetear o w rateis
in uencedby sucha correlation.

Francoiset al. [FSU99 have alsodiscussedhe uid physicsof soft contactlens. First,
thetear uid velocity, respondingo the lensdeformationjncreasegrom the centralregion
toward the end of the lens. Second the pressurggradientdoesnot develop only alongthe
directionof thelens,assuggestedby atypical thin Im approximationThereasoris thatthe
lensmovementis not slow andthetear Im is nota simpleparallelviscous o w. A straight-
forward applicationof the thin Im theorywithout due consideratiorof the lensmovement
canintroducelarge errorin the analysis. Underthe presentcondition, asillustratedin Fig-
ure 13, the Reynoldsnumberincreasessthe aspectatio increasesfrom negligibly smallto
about100. Theseobsenationsindicatethat commonpracticesin the literature,with either
a straightforvard applicationof the thin Im theory without an explicit consideratiorof the
lensmovement,or a directaccountof the structuredynamicswith anassumegbressureeld
areunsatiséctory

Concluding Remarks

We have describedhe developmentof numericaltechniquedasedon both x ed and mov-

ing grid to treatsharpinterfacefor the simulationof moving boundaryproblems.Examples
arisingfrom fasttransientmulti-materialimpactdynamicsand soft contactlensare usedto

illustratethe main featuresof eachmethod. For the x ed grid method,computationf the

deformationprocessare carriedto large distortionswhile the interfacestravel throughthe

meshin a stableandrobustmanner Sucha techniquehasalsobeensuccessfullyappliedto

treatproblemsarisingfrom crystalgronth [UMS99]. On the otherhand,if the detail of the

interfacecharacteristicsanbe smeareaut, thena simplertreatmentnvolving theimmersed
boundarytreatmenfPes77 UT92, UKSTST97 KUSTST9g canbe highly effective. This

approachhastackleda variety of problemsgspeciallyfor thoserelatedto multiphaseandcel-

lular dynamics.For themoving grid method theimplicationsof thelenstensionvariationson

thelensrespons@andthenonlinearinteractionbetweerthe uid o w andthesoftcontactiens
aredemonstratedWhenthe interfacedoesnot exhibit substantiabeformation the moving

grid methodcanbehighly effective. It canalsoberobustin termsof thesizeof thetime steps.
This approachhasbeensuccessfullyappliedto handle uid-structure interactionproblems
with high Reynoldsnumbersijncludingtheeffect of turbulenceandlaminarto-turbulenttran-

sition [SS95 SS96 SIS97HFS 00]. No methodis universallysuperiorfor treatingmoving

boundaryproblems Dependingon the natureof the problemandthegoal of thecomputation,
anintelligentselectionof anappropriateaechniquecanhelpsuccessfuladdresshe physical
andnumericalchallenges.
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Figurel: Comparisorof LagrangiarandEulerianmethoddor interfacetracking. (a) Purely
Lagrangiaitmethodwith amoving, boundaryconforminggrid. (b) Fixedgrid Eulerianmethod
with aphasdractionde nition of theinterface.
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Figure2: lllustrationof interfaceproperties.The normalto the interfaceandarclengthcoor
dinateareshown.
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Figure4: Impactof two objectsin the 2D case A planestrainproblemis solved.



120 SHYY, FRANCOIS,UDAYKUMAR

; (4) =25 microsconds

28

a8

186

08

o4

23

a2

a1

i '
ors 1

=
a
#
o
=

(H) =30 microseconds

=]
w

@
in

[
e

-
=

.;lflllllll L,
IIIII@?

a 023 0%

() t=100 microseconds

S =T =1
he b

=]
n4n
Rl AL LA AR AR RARRE BRI DAL e Ry AR ]

=

a3 aaf
a8 aaf
ar ark
i agE

e i

_,m.._.,,
P

£
S ———

 o—

0%
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a velocity of 2000 directeddownward. The gures on left shav velocity contoursand
vectorsalongwith the interfaceshapes.The time after impactare indicatedalongsidethe
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tear film

(a) Experimental observation (adopted after Hayashi 1977)
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flexible lens
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fixed point
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(inletfoutlet)

(b) Grid and boundary conditions of the computational mode]

Figure6: Schematiof contaciensandcomputationamodel.

T

Figure7: Endconstrainectlasticstructure.
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{b) Profile of the variable thickness lens
(0 and 1 indicate, respectively, the center and the end of the lens)

Figure8: Schematiof the contaciensmodelandthicknesspro le.
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Figure 10: Maximum de ection versustime for threedifferentaspectratios 10, 100, 1000

with variablethickness.
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Figure12: Variationof tear uid volumegoingin/out of domainwith time.
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Figure13: AveragedReynoldsnumberversusaspectatio.



