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17. Regularized formulations of FETI
Pavel Bochev!, R.B. Lehoucq?

1. Introduction. Our report introduces two regularized formulations of the FETI-1
[2, 3] algorithm. These formulations provide an alternative way for handling the rigid body
modes (RBM) associated with floating subdomains. Both formulations start with the FETI-1
Lagrangian but differ in the treatment of the RBMs. They provide coercive bilinear forms on
the floating subdomains resulting in symmetric, positive definite finite element linear systems
and so pseudoinverse computations can be avoided.

Our report is organized as follows. Section 2 formulates a consistently stabilized variant of
FETI-1. This is accomplished by augmenting the FETI-1 Lagrangian with a redundant term
that uses a suitable set of solution moments. Section 3 also employs the FETI-1 Lagrangian
and the same set of moments but uses them to induce a splitting of the Sobolev space for the
floating subdomain. A brief summary of the relevant moments and their properties is given
in Section 4.

We quickly review our use of standard notation. Let Q be a bounded domain in R? where
d = 2,3 with Lipschitz boundary 9 and so let H'(Q) denote a Sobolev space of order 1;
H'(92,09p) denote a subspace of H'(Q) consisting of functions that vanish on 8Qp C Q.
We further suppose that €2 is partitioned into two nonoverlapping subdomains €2; and 22
with interface I'; let H'/2(I") denote the trace space of H(€;) on T'; and let the dual spaces
of H'(9,0Qp) and H'/?(T) be denoted by H™(Q,90p) and H~/2(T), respectively. Let
the norms and inner products on H*(Q) be given by || - |1 and (-, )1, respectively; and let
(+,-) denote the duality pairing between a space and its dual.

Finally, we define the moments ¢(-) : H*(Q, 9Qp) +— RP for some positive integer p.

2. FETI-CS: A consistently stabilized FETI-1 algorithm. We consider the
problem

inf = — 2.1

pdnt L Saw0) = (fo)a (21)

where a(v,v) is a coercive symmetric bilinear form and f € H~'(Q,0Qp). For example,

the bilinear form could represent a scalar Poisson or linear elasticity equation in the plane

or space. Equivalently, the minimization problem (2.1) may be posed over the subdomains

Q1 and Q2 and recast as: Find a saddle-point (ui,u2, A, 7, ) € Hl(Ql,Bﬁl) X Hl(Qg) X

HY?(T') x R? x R” for the Lagrangian

L, e, A7) = Y (gatis asa, — (faa,) + (i — Gz + 77 (c(iz) = ). (22)

=1

The last term introduces a Lagrange multiplier 7 for the difference of the moments of the
Lagrange multiplier [ representing the (unknown) moment of the minimizer of (2.1) on
subdomain Q2. Without this term (2.2) is simply the FETI-1 Lagrangian.

The optimality system for (2.2) is: Find (u1,u2, A, 7, 1) € H'(Q1,0Q1) x H'(Q2) x
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HY2(I') x R? x R?

a(ﬂl,ul)gl + <’l]1,)\>r = <f, 17,1)91 Y, € Hl(Qhan)
a(liz, u2)q, — (G2, V1 + c(t2)Tr = (f,d2)a, Vie € H'(Q)
(A — ua)r = 0 VA€ HY2(T) (2.3)
27 (e(u2) — ) = 0 V7 € RP
it = 0 Vi e RP.

The last two equations imply that 7 = 0 and c(u2) — u = 0. Therefore the last term of the
Lagrangian (2.3) is a redundant constraint and we recover the FETI-1 optimality system

a(tiy, ), + (G, v = (f,@n)e, Y € H'(Q1,00)
a(dz, uz)a, — (G2, )r = (f,d2)e, Va2 € H'(Q) (2.4)
(A, u1 — ua)r = 0 VYA € HY2(I).

However, instead of using (2.3) directly, we stabilize the second and third constraints of
(2.3) as

T (c(ug) — p) = 77T~ 1 VP ERP

ATr =i (c(uz) —p) Vi€ R

where T is a diagonal matrix of order p with positive diagonal elements. We can now eliminate
7 from (2.3). Equation (2.5) implies

(2.5)

()T = c(t2)" Y (c(us) — ). (2.6)

With these relations, we obtain the optimality system: Find (u1,ug, A, 1) € H"(Q1,001) x
HY(Q2) x HY2(I') x R?

a(ﬁl,ul)gl + <’[J,1, A>r = <f7 ﬂ1>Ql Yu, € Hl(Q1,8Q1)
a(fi2, u2)a, — (G2, v — c(i2) " Y = (f,d2)0, Via € H'(Q2) o7
(A u1 — ua)r = 0 VA e HY2(T) (2.7)
—iTYe(uz) + pF Y = 0 Vi € R?

where @(-,)a, = a(-,-)a, + c(-)T Ye(-). We remark that this optimality system can also be
derived by penalizing a FETI-1 Lagrangian by

1
S lletaz) — P

or, equivalently, by replacing the last term of (2.2) with the above least-squares term. In
either case, we have the following two results.

Lemma 2.1 The symmetric bilinear form a(-,-)a, is coercive on H'(Q2) x H*(Q2).
Proof. See Bochev and Lehoucq [1] for the proof. |
Theorem 2.1 (ui,us2, ) solves (2.4) if and only if (ui,uz2, A\, p = c(uz2)) solves (2.7).

Proof. The theorem is easily established by using the stabilized constraints (2.5) and recalling
that 7 = 0. |

The theorem demonstrates that (2.5) represents a consistent stabilization. The impact
of this innocuous sleight of hand is that the resulting coarse grid problem is equivalently
stabilized. We now demonstrate this.
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A conforming FEM for (2.7) results in the discrete optimality system

K1 0 B? 0 u f1
0 K, -BY —-cIv| |u| |[f (2.8)
B, -B: 0 0 A 0
0 -YC; © T u 0

where K2 = Ko + CJ TCs.
Elimination of the primal variables in (2.8) results in the coarse grid problem

B:K;'Bf +B:K;'B]  B:K,'CIT Al [da
TC:K;'BY TCK;'CIT — 7| |p]  |du

where .
di]  [BiK7'fi — BoK;'fo
do| —TC:K; 'y ’

As compared with FETI-1, the columns of Kg 1T Y are approximating a basis for the
rigid body modes associated with Q2, and K5 ! is an approximation to the pseudoinverse of
K. Inserting the solution of the coarse grid problem (2.9) into (2.8) results in

K1111 = fl — B{/\ (2.10)
Kous = £ +BIA+CITu (2.11)

These two linear systems have symmetric positive definite coefficient matrices and can be
solved in parallel.
We remark that (2.11) corresponds to the minimization problem

inf_ s(0,0) = (Fyv)es

vEH1(Q2)

where f is the continuous load associated with the discrete load of (2.11).

3. FETI-SS: Regularization by space splitting. In this section we introduce a
modification of FETI-1 that allows for a wider choice of well-posed primal problems for these
domains. In particular, our approach results in nonsingular linear systems with properties
that can be easily controlled.

Our starting point is the splitting of H'(Q2) into the direct sum

H'(Q2) = H; (Q2) & N>
where N> is the RBM space for 22 and
Hi(Q) = {u € H' (Q) | c2(u) = 0},

is the complement space with respect to the moments cz. The report [1] demonstrates that
such a splitting exists for any non-degenerate set of moments. As a result, any us € H*(Qs)
can be uniquely written as us. + Roa where Ry is a basis for N2 and a € RP. To solve (2.1)
we consider the problem of finding the saddle-point (u1, uzc, @, \) € H? (Q1,001) x H! (Q2) x
RP x H'/2(T) of the Lagrangian

L(t1,ine, @, 0) = ) (%a(ﬁiﬂ&i)m —(fa)e,) + (A @ — (d2e + Red))r.  (3.1)

=1



206 BOCHEV, LEHOUCQ

This Lagrangian only differs from the FETI-1 Lagrangian by explicitly specifying a particular
solution on the floating subdomain. The optimality system for (3.1) is to seek (u1, u2e, o, A) €
H'(Q1,001) x H:(Q2) x RP x HY*(T') such that

a(ﬂl,ul)gl + <1l17)\>1" = <f,111>§21 Y, € Hl(Ql,Gﬂl)
a(fize, Uze)ny — (fl2e, v = (f,Q2e)0,  Vioe € HE(Q2) (3.2)
—(Rad&, M1 = (f,Ra2&)q, VacRP ’
(A ui — (uge + Roa))r = 0 VYA e HY*(I).

Note that in (3.2) the floating subdomain problem is restricted to finding a particular solution
out of the complement space HZ(Q2) rather than the space H'(€Q2). This seemingly minor
change makes the floating subdomain problem uniquely solvable. Therefore, its conforming
discretization, that is restriction to a finite element subspace of HZ(€2), would engender
a non-singular linear system. However, building a finite element subspace of H}! (Q2) may
not be a simple matter and discretization by standard finite element subspaces of H'(Q2) is
preferred.

To enable the use of standard finite elements the floating subdomain equation is further
replaced by a regularized problem in which the bilinear form a(-, -)q, is augmented by the term
c2(ti2)T Yea(uz). The regularized optimality system is to seek (u1,ua, o, A) € H'(Q1,901) x
H'(2) x R? x HY?(T) such that

a(ty,ur)o, + (41, \)r = (fin)e, Va1 € H(Q1,001)
a(lia, uz)a, + c2(fi2) " Yea(ug) — (i, \)r = (f,fi2)a, iz € H' () (3.3)
—<R26L, )\>F = <f, Ro& Qo Va € RP ’

(A ur — (uz + Ra))r 0 VA e HY2(I).

Theorem 3.1 Problems (3.2) and (5.8) are equivalent.

Proof. The only point that needs to be verified is that a solution (u1,us2,a, A) of (3.3) has
its second component in the complement space HZ(f22). Choosing @2 = R2é in the second
equation in (3.3) combined with the third equation gives

CQ(RQd)TTCQ(UQ) = <R2<3l: )\>F + <f7 R2d>92 =0

for any & € RP. Therefore, c2(uz2) =0 and ug € Hé(Qg). |

A conforming FEM for (3.3) results in the linear system

K: O BY 0 w fi
0 Ko -BT 0 w| | & (3.4)
0 0 —(BaRy)T 0 AT |RIf '
B1 7B2 0 7B2R2 (0% 0

where KQ is the same matrix as in (2.8) and we redundantly use R to denote the coefficients
associated with the finite element approximants for the RBMs.

We note the close similarity between (3.4) and a FETI-1 discrete problem. In both cases
a particular solution for the floating subdomain is generated and a component in N> is added
to satisfy the interface continuity condition. However, in contrast to a FETI-1, in (3.4) the
floating subdomain matrix is non-singular and we have complete control over the choice of
the particular solution by virtue of the moments c2. These moments can be further selected
so as to optimize the nonsingular matrix K. with respect to a particular solver.
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Elimination of the primal variables in (3.4) results in the coarse grid problem

B:K;'BY + B:K;'BI —BuR] [\ _ [ds 3.5)
—(B2R)" 0 al  [di '
where _
di]  [BiKi'fi - B:K;'f
da| R™f, ’
Inserting the solution of the coarse grid problem (3.5) into (3.4) results in
Kiu, = f—Bj)\ (3.6)
Kouy = f,+BIA (3.7)

This primal system and the FETI-1 primal system only differ in the coefficient matrix for
uz. Here Ky is symmetric positive definite whereas FETI-1 uses the singular K2. Therefore
a computation of a pseudoinverse is avoided.

4. The moments c(-). Suppose that we have a floating subdomain 2, a RBM sub-
space N and resulting basis R (discrete or continuous). The moments ¢(-) play a central
role in our regularization strategy. Both of the FETI formulations introduced in this report
rely upon these moments to regularize the floating subdomain problems. The purpose of the
moments is to provide an “energy” measure for the RBMs that otherwise have zero strain
energy af(-,-).

Therefore, the guiding principle in their choice is to ensure that they form a non-
degenerate set. By non-degenerate here we mean that the matrix ¢(R) of order p is non-
singular. For linear elasticity [1] one such set of moments is given by the functional

@1’1}
c(v) = o (4.1)
/ O3V X v
Q
where the diagonal elements of
61 = diag(91,1,91,2,91,3) and @2 = diag(92,1,92,2,92,3) (42)

are elements of H ' (Q) satisfying the hypothesis

/ 91,1‘ 3& 0 and / 9271' ;é 0
Q Q

for i = 1,2,3. These dual functions serve the useful purpose of allowing us to enforce the
mean and mean of the curl of the displacement along a portion of (2.

When the moments (4.1) are restricted to finite element subspaces they generate full rank
matrices with p columns, where p is the dimension of A/. The regularizing term added to
the singular stiffness matrix on a floating subdomain is simply a rank-p correction to this
matrix. When the dual functions in (4.2) have small supports the rank-p correction is a
sparse matrix and the regularized problem is amenable to a direct solver methods. Larger
supports generally improve the condition number of the regularized matrix but they also
lead to formally dense systems. Therefore, regularization via moments is useful for iterative
solution methods where it is only necessary to compute the product of the rank-p correction
matrix with a direction vector.
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5. Conclusions. Our report introduced two regularized formulations of the FETI- 1
[2, 3] algorithm. These formulations provide an alternative way for handling the rigid body
modes (RBM) associated with floating subdomains. Both formulations start with the FETI-1
Lagrangian but differ in the treatment of the RBMs. They provide coercive bilinear forms on
the floating subdomains resulting in symmetric, positive definite finite element linear systems
and so pseudoinverse computations can be avoided.
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