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3. A Generalized FETI - DP Method for a Mortar
Discretization of Elliptic Problems

M. Dryjal, O. B. Widlund?

1. Introduction. In this paper, an iterative substructuring method with La-
grange multipliers is proposed for discrete problems arising from approximations of
elliptic problem in two dimensions on non-matching meshes. The problem is formu-
lated using a mortar technique. The algorithm belongs to the family of dual-primal
FETI (Finite Element Tearing and Interconnecting) methods which has been ana-
lyzed recently for discretization on matching meshes. In this method the unknowns at
the vertices of substructures are eliminated together with those of the interior nodal
points of these substructures. It is proved that the preconditioner proposed is almost
optimal; it is also well suited for parallel computations.

We will consider a dual-primal FETI (FETI-DP) method, see [5], [9], and [6], for
solving discrete problems arising from the approximation of the Dirichlet problem de-
fined on a union of substructures €2;. Each substructure is the union of a number of
elements of a coarse, shape-regular triangulation and the number of these triangles,
which form such a substructure, is assumed to be uniformly bounded. The discretiza-
tion is obtained by a mortar method on nonmatching meshes across the interface I'; see
[1], [2]. As in all other iterative substructuring methods, the unknowns corresponding
to the interior nodal points are eliminated; in this dual-primal FETI method those at
the vertices of (); are eliminated as well. The remaining Schur complement system is
solved by a FETI method; see Section 3 for details.

A full analysis of the convergence of several FETI-DP methods has been worked out
for finite element approximations on matching meshes; see [9] for the two-dimensional
case and [6] for three dimensions. This method, on nonmatching meshes and for the
mortar discretizations in the 2-D case, was analyzed in [4]. The preconditioner used
there is a standard one and the estimates are not optimal in the general case. In
this paper, our analysis is extended to the preconditioner suggested in [7] for match-
ing meshes. The results obtained for this method is better than those of [4]. The
superiority of this method is consistent with the numerical results reported on in [11].

The remainder of this paper is organized as follows. In Section 2 differential and
discrete problems are formulated while in Section 3 the dual-primal formulation is
introduced. Sections 4 is are devoted to the analysis of the proposed preconditioner.

2. Differential and discrete problems. We will consider the following elliptic
problem: find u* € HE () such that

a(u',v) = f(v), v e HY(Q), (2.1)

where

a(u,v):/QVu-Vvdx, f(v):/gfvdx
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and ) is a polygonal 2-D region which is a union of polygons €;, ¢ =1,..., N. These
subregions form a coarse partitioning of 2 with subdomains with diameters on the or-
der of H. In each €;, we introduce a quasi-uniform, but otherwise arbitrary, triangula-
tion of the subregion with a mesh parameter h;; generally the resulting triangulations
do not match across the edges of the €2;.
Let
W(Q) =W Q) x - x W(Qn),

where W (;) are the finite element spaces of piecewise linear, continuous functions
on the triangulation of §2; and which vanish on 9 and let the interface be defined by
' = (UoQ;)\0t. We choose mortar and nonmortar edges of I', and denote them by
Ym(j) and dp,(;). In the analysis of the proposed preconditioner, we need a uniform
bound on the ratios h%L(j) / h(;m(i) where hvmm and h(;m(i) are the mesh parameters
of Yy € 095 and 6,5y € 0L, (Ym(j) = Om(i)), respectively. The problem (2.1)
is approximated in X (2), a subspace of W (2), of functions which satisfy the mortar
condition, see [1], [2],

N

b(u, ) = Z Z (ui —uj)bds =0, e M(T), (2.2)

i=1 5,01y COQ,; 7 Om()

where M(I') = Hiﬂgm(i)cagiM((Sm(i)) and M (6,,(;)) is the standard mortar space
defined on 4,,;, i.e., piecewise linear continuous functions which are constant on the
elements which intersect 9d,,(;. Additionally, we assume that the functions of X ()
are continuous at the vertices of €);, i.e., they take the same values, see [2]. In (2.2)
u; € W(8;) and u; € W(€;) are the restrictions of u to 6,,(;) and v,,(;), respectively.

3. A dual-primal formulation of the problem. We will use some of the
notations of [9], [6]. Let ‘
K = diagl_, (KY), (3.1)

where K is the local stiffness matrix with respect to the standard basis functions
of W(€,;). We eliminate the unknown variables corresponding to the interior nodal
points and the vertices of ;. A Schur complement S results which is of the form:

-1

. K Kic K,
e K (K Koo ) ( ) ( ) (32)

Ko Ko Ko
Here,
Kii Ki Kir
K=| Ko K. Koo |,
Ky Kee Kpr

where the rows correspond to the interior, vertex, and remaining (edge) nodal points,
respectively. It is obtained from K by reordering the unknowns and taking into account
that the functions of X (Q2) are continuous at the subdomain vertices.
Let
W(T) =W (0Q) x -+ x W(0Qy)
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and let W,.(T") denote the space of functions defined at the edge nodal points and which
vanish at the vertices of €);, and let W(I") be the subspace of W (I") of functions that
are continuous at the vertices.

The dual-primal formulation of the mortar discretization of (2.1) is: find ) €
W,.(T") such that

Jw)= min J(v.), J):= 1/2<§v,v> —{fr,v), (3.3)
v € W,
Bv,. =0

where < , > means the scalar product in lo. B is defined by the mortar condition (2.2)
as follows: on d,,(;y C 98 , (i) = Vm(j), the matrix form of (2.2) is

Bs B = 0. (3.4)

m(i)uiwm(i) - ’Ym(j)uj"\fm,(j)

Here,

Bém(i) = {(T/Jl’@p)Lz((;m(i))}, l,p = 1, ...,nm(i),

©p € Wi(0%)5,,. 0y, Y1 € M(Sm(iy)
B’Ym(j) = {(’l/)l,wk)Lz([gm(i))}, | = 1, ...,nm(i), k= 1, ...,nm(j),

and ¢, € W; (8Qj)|%”(j);nm(i) and n,,(;) are the number of interior nodal points of
Om(iy and 7y, (jy, respectively. Condition (3.4) can be rewritten as

—1 _
Yil§ iy — B5m(7:)B'YM(J‘)uj\“/m(j) =0, (3'5)

since the matrix By = B?m(i) > 0. We note that B, is generally a rectangular

m (i)
matrix.
The matrix B is block-diagonal,
B = blockdiag{Ds,, ., } (3.6)
fori=1,...,N, and d,,(;y C 9§2; where
Ui|5,0 0 _ -1 Y16, i
Dsy | 270 | = (=85 Bry) o). (3.7)
(i) < Wil ) Sm(s) ™ Ym(d) STV

Introducing a space of Lagrange multipliers V' := I'm(B) to enforce the constraints
Buv, =0, we obtain a saddle point formulation of (3.3),

S BT w\ [ fr
(5 %)) =(%) 53

where u} € W, (I') and A* € V. We obtain the problem
FX* =d, (3.9)

where ~ R
F =BS'BT, d=BS7'f,.
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We now define a preconditioner for F. Let

S0 — KZSZZ) _ K{Eg)(K(j))flK(j)

i b

(3.10)

be the standard Schur complement of K where Kz(f ) and K IEZ) are the submatrices
of K corresponding to the interior and boundary unknowns of Q;, respectively. Let

S = KW — K () T K (3.11)

denote the Schur complement of K ), without the rows and columns corresponding
to the vertices. It is the restriction of SU) to the space of functions which vanish at
the vertices. Let

S = diagl,(SD), S, = diagl,(SD).
We can take a preconditioner M of F of the form
M = (BS,.B")"',  M~'=BS,,B". (3.12)

This preconditioner, called the standard one, was analyzed in [4] for two cases.
In the first case there is Neumann-Dirichlet (N-D) ordering of substructures €;; a
Neumann substructure §2; is one where all sides are chosen as mortars while for a
Dirichlet substructure all sides are nonmortars. In the second case, we do not have
such ordering. For this preconditioner a bound was established for the condition
number of FETI-DP method which is proportional to (14 log(H/h))? in the first case
while we need (1 + log(H/h))* in the second case.

We will now design a preconditioner for FETI-DP method which is similar to
the one used in a FETI method on matching meshes in [7]. It is analyzed in the
general case and a bound is obtained for the condition number of this method that is
proportional to (1 + log(H/h))? only.

Let us introduce a scaling in Dy, ,,, cf. (3.7), given by

D(Sm(i) <Qi|6mm) = {I (_az(';n)Bé_l(v)B’Ym(j))} (uilém(i)> (313)
gj"‘f?n(j) e Qj")/vn(j)
where a{™ = (ks /h,.,,) and, cf. (3.6), let

B= blockdiag(ngm) (3.14)

fori=1,...,N, and 6,,(;) C 0€;. The preconditioner M for F is of the form
M~'=(BBT)"'BS,,BT(BBT)~1. (3.15)

Remark We could also take

M~ = diag(BBT) ' BS,, BT diag(BBT) ™" (3.16)

This corresponds to the preconditioner introduced in [8] for a FETT method on match-
ing and nonmatching triangulations. To our knowledge, there is no full analysis of that
method.
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4. Convergence analysis. In this section we prove that the preconditioner M
is spectrally equivalent to F, except for a (1 + log(H/h))? factor; see Theorem 1. We
follow the approach of [9], [6]. We first prove two auxiliary results.

Let us introduce the operator P = BT(BBT)_lB defined on W,.. We note that P
is a projection, P2 = P.

Lemma 1 Let hs,, , ~ hy,, ) 5 Om@) C 08, 1= 1,..., N be satisfied. Then for
w, € W,

|Pw, [, < C(1+log(H/h))?|w,[3 (4.1)

holds where the constant C is independent of H = max; H; and h = min;h;.
Proof Let w be the discrete harmonic extension of w, to the interior points and
to the vertices in the sense of < Su,u >. We have

w3 = wlz, we W (4.2)

Using this fact, we estimate |Pw,|s,, in terms of |w|%. We construct I w the function
which is linear on the edges and which takes the values of w at the vertices. Setting
u = w — Iw and noting that BIw = 0, we have

N
|Pwylg,, = Pufg, = |Pulge. (4.3)
i=1

We note that Pu = 0 at the vertices. Using that and setting v = (BBT)’lBu, we
have

P2 = B0 <C{ Y BT, (1.4
5m(i)C8Qi
nRT . .12
> B, b
V(i) O

. . 1/2
where S5, and S, are matrix representations of the Hg," - norm on 4,,(;) and

Ym(i), respectively; see Lemma 2 below. From the structure of B, see (3.13) and (3.14),
it follows that

AT 12 2
BT, =l @5)
and that
ST 12 ST (2
|B U|sm(i) = |Bji”j|sm(i)
= —1 _
where, here and below, Bj; = a%")BémvaT(i) = ag-;n)Bji, Ym(i) = Om()> Om(s) C

0%, and v; and v; are restrictions of v to Q; and ;, respectively.
We now prove that
ST, |2 2
|Bjivsls,, ., < Cluilss, - (4.6)

We note that v = 0 at the cross points. We have

1/2 pr 2
| < S’Ym,(i)Bjivj7<)0 >’Ym('i) | -

2
|(p|7m(i)

| BJivjl%,

= sup
m(i) ®
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| <wvj, Bjit >6m<,-> |
= up
. 155 1/2,
Vm() 'Ym,(i)
where <-,->, and <., ->; . are {s—inner products. Hence,
-1/2 5 2
1/2 Sm(j) Bii Sm )
B vg\sW v S Sémm g|5m(]) sup = 2, . (4.7)
'Ym() 'an(i,)

Let, here and below, 75, . (t,0) correspond to Bj;t for a piecewise linear, continuous
function, also denoted by ¢, and defined on ~,,;) by a vector ¢ with components that
vanish at the end of 7,,(;). Using Lemma 2, below, and the H —1/2_stability of ms
see [1], we get

m()?

Sm ()

]ltlé Gy = Ch/;m( )Hﬂ—ém(j) (t70)||§{_1/2(5m(]‘)) S

<OR2 Mt 12y, i< Cl ;n{({ t2.

Here H—'/2 is the dual to Héf. Using this bound in (4.7), we get

gl/2
| BJvjl3, ey S C1850 Vils i

which proves (4.6). Using (4.5) and (4.6) in (4.4), we have

|BT |3 < Cf Z \vz|sé o T Z lv y|s<;mm (4.8)

O (i) COQ; Sm(5)

where the second sum is taken over d,,(;) C €2; such that v,y = d,,(5) With v, C
09;.
We now estimate the term |S§:j“vi|2 of (4.8) as follows. We have

o 1 1
ol <2AI(BBE)Bu—sBul, 4+ |Buf, ) (4.9)

We first estimate the second term. Using the structure of B, see (3.7), we have

Bulf, <l |+ IBgusl, ), (4.10)

where ,,(i) = Ym(j)» Ym(;) C 2. We note that

2 2
‘Bijuj|s(;m(i) < ¢ || 7T5m(i)(uj'70) HH;SQ(‘Sm(i))S

2 2
= C|uj|H3(§2(’7m(j)) = CWJ"SM(;‘)'

1/2

Here we have used the H}” - stability of s see [1]. Using this in (4.10), we have

m(i)?

Bulf, <C{uill, |+l ) (4.11)
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To estimate the first term of (4.9), we first use the fact that |(BBT)~!| < 1 since
BBT = Is,, ., + Bz-ng; on 0y (q); this follows from the structure of B. Here I5  , is
the identity matrix of a dimension equal to the number of nodal points of d,,(;). Using
that and Sjs < Cls we have

m(i) m(i)?

s 1 . 1, =
|(BBT)—1Bu—§Bu|QSém(i) < C\(BBT)—l(Bu—§(BBT)Bu)|§2 (4.12)

1 -
< C\Bu—EBBTBu\Z.

Setting z = Bu and noting that on 6,,(;

1
= 5(22 — BZ]BZ;Z,L)7

m(i)

1 -
(z — §BBTZ)‘5

we have 1 1
|Z — iBBTZﬁQ = Z‘Zz — B”BZT;ZZ@Q

Let g = Bgzz We note that z; = 7(2;,0) on d,,(;). Using that

C

|Zi - Bijg|?2 < hs H 2 = T (g’ 0) H%Z(ém(,‘,)): (413)
m(i)
c 2
= oo I T (i) (zi — g,0) ||L2(5,,,L(i))§
¢ 2
S h57ﬂ('i) H zi - g HLZ((Sm“)),

in view of the Ly - stability of 75, ); see [1].

The question is now how to estimate the right hand side of (4.13). We do that as
follows. Let z; be a piecewise constant function on d,,(;) with respect to the triangu-
lation on d,,(;) and with values z;(z) at 2y € d,,3;)n, the set of nodal points on d,, ;).
Using this, we get

2 _
| zi—g ||%2(5mm)§ he | zi—g ||%2(6m(i)) +C|Zz‘|%5m(i>7 (4.14)
m(i) m()

since
= 112 2 2
|2 = 5 325,00 S Choy 20 I2agns < Chiso il s (4.15)

in view of a known estimate and Lemma 2.
There remains to prove that

(4.16)

_ 2 2
12 =9 225, 00) < C|Z\sém(i)'

hs

m(4)
We do this as follows. Let g, be a piecewise constant function on 7,,;) with respect
to the triangulation on yp,(;) and with values g(xy) = (Bjzi)x at & € Y (j)n, the set
of nodal points on v,,(;). We have,

2 o _
{1z =3y 172 + 1l g — 3y 1223 (4.17)

I Zi— g [172<
Om (i) Om (i)
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It is known that

_ 2 2
1981 120 < Ol 19 Wz,

On the other hand,

2 < 2
|| g ||Hé(§2(’}’m(j))_ C‘Zl|55m(i)7

in view of (4.6). Hence,
h’Ym(j)

1 2
g—g h=C
hzimu) H B ”L(ém“)) hém(i)

\zi|§5m(i) < C|zi|i~6mm. (4.18)

We now estimate hgi(i) | Z — gy |32 of (4.17) as follows. We have

(2 — 9y, 022 ?

(4.19)
e lI7-

| Zi — 9~ ||%2(6m<1-)): sup
©

Let Q54 and Q. be the Lj - projections on the spaces of piecewise constant functions
on the triangulations of d,,,(;) and 7,,(;, respectively. It is known that,

1= Qa (5,000 < Ol

and

2 2
Iz = Qyzi ”LQ(%L(J'))S Choymisy ‘Zi|Hééz(%ﬂm)'

Using the projections, we have

(Zi = Gy P) L2 nisy) = (Zis Q6P) L2510 00y) — (Gvs @y P) L2 (7, ) (4.20)
We note that

(g’w Q"/@)LZ(’YWQ)) = h’Ym(]‘) Z g’Y(‘xk)(Q'YsO)(xk) =

TEEYm(j)h

= ) (B2 Q)i =
= hs, ) (20, BijQy0)es = (26, BijQy ) L2 (5,0))

where B;;Q. ¢ is a piecewise constant function with respect to the d,,(; triangulation.
Using this in (4.20), we have

(Zi = Gys L) L2(5n(sy) = (Zir Qs — BijQy ) 12(6,00)-
Hence,

(Zi = Gy P) 126y < 2 — Zi |2l Qs — BijQyep [le + (4.21)
oz gz, o) | Q% = BigQye L1726, -

We note that B;;Q ¢ = 75, (@, 0). Using that, we have

| Qs — Bij Qe llu-1/2(5,,,) S| Qs — @ lla-1/2(5,,,)



FETI-DP FOR MORTAR 35

¢ — T (i) (Q'y%ﬁa 0) ”H—l/?(&m(i)) + | T8 (i) (Q"/‘P7O) T T s (Q’Y@v 0) ||H—1/2(5m(i)) .

Using known estimates for these terms, we get

| Qs — Bij Q¢ H?q—l/z((; VS Clhs, ) + o) Lo ||%2(5m(7¢)) : (4.22)

m (i)

It is easy to see that
| Qs — Biy@re 2o, )< C I @ s, - (4.23)

Using the estimates (4.22), (4.23), and (4.15) in (4.21), we get

(Zi — g'ya‘P)LQ(ém(i)) < Chs,, . |l i ||H352(5m(i))|| ¥ ||L2(6m(i)) .
In turn, substituting this into (4.19), we have
_ _ 2 2 2

Using this and (4.18) in (4.17) and the resulting inequality in (4.14), we get

1
5 | zi—g ||%2(5m(i))§ Clzil3,

m(i)

m@)
In turn, using this estimate in (4.13) and the resulting inequality in (4.12), we have

(BBT)™'Bu—1/2Bufy, <C|Bul§, —<C{luifs, —+luls, ¥
Sm (i) Sm (i) Sm(s) Tm(5)
we have also used (4.11). Using this and again (4.11) in (4.9) and the resulting
inequality in (4.8), we get, cf. (4.4),

Pl <CU Y. lwild, o+ D wlE, ) (4.24)

Tm(j)
S (i) CO Y (i) =0m(5)

where the second sum is taken over 7,,(;; C €;. It is known that for u = w — 1 Huw we
have
juilf, | < C(+log(H/M)? il

Using this in (4.24) and summing the resulting inequality with respect i, we get (4.1),
in view of (4.2). The proof is complete.

Lemma 2 Let hs,,, ~h Then for u € W (,,(;)), which vanishes at the ends
of §,,(s) the following hold:

Ym(@)*

Co < S(;mmu,u >e2§H u ||i11/2(5m(i>)< C1 < Ss

— m (i)

U, U g, - (4.25)
and

Coh, < S;ﬁ}(i)u,u ><[lu ||§171/2(5m(1.))§ Csh

m(i)

< S5 uu > (4.26)

where C; are positive constants independent of hs, .
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Proof The proof of (4.25) can be found for example in [3]. The proof of (4.26)
follows from Proposition 7.5 in [10].
Cororally (see the proof of Lemma 1 in [4])

|Bijt|%-1 < C|t|25w,1 E (4.27)

m (i) m(j)
Proof Let 75, (t,0) correspond to Bt on d,,; where ¢ is a piecewise linear
continuous function, also denoted by ¢, and defined by the vector t. Using (4.26), we

have
h3

m (i)

Bistls S 1Mo, (60) Ir-vraa, - (4.28)

We show below that

2 P 2
1 (40 30,00 OO ) N vy - (429
m(j
Using this in (4.28), that ks, ~ b, ., and (4.26), we get (4.27).
There remains to prove (4.29). We have
+ ” 7T5m(i)(ta0) -1 ”H*l/?(ém(i))
and
1 76,00 (6, 0) = £ [ Fr=1/2(5,,000)= (4.31)
— max (71-5771(71) (t,0) —t,g — Qtsm(i)g)Lz(ismu))
9 | g HH(%Q(lsmm)

Here Qs,,,, is the Lg orthogonal projection onto the mortar space M (6yn(iy)- Using a
known estimate for g — Qs,,, g, the Lo - stability of s ,,, and an inverse inequality,
we get

hs,.. )1 /2

178, (2,0) =t ||1L1’1/2(5m<i>)S C(Tu

1t 1725, 0) -

Using this bound in (4.30), we get (4.29). The proof is complete.
We now in the position to formulate and prove the main result.
Theorem 1 Let the assumptions of Lemma 1 be satisfied. Then for A € V =
Im(B)
< MMA><< FAA>< C(1+1log(H/h))? < M > (4.32)

holds, where C' is independent of h and H.
Proof The right hand side of (4.32): We have, cf. [9],

< X, Bw, > |?
< FA, A >= max #
w,.EW, |w7-‘5~,
Using Lemma 1, we get
| <\, Bw, > |?

< FA A >< C(1+ log(H/R))? max
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where P = BT(BBT)~!B. In turn, by straightforward manipulations, see also (3.15),

we have

| <\, Bw, > |?

< FA\ A >< C(1 +log(H/h))? max =

v < (BBT)"'BS, BT (BBT)~! Buy, Buw, >
< NN V2B, > P
— O(1 + log(H/h))? max 1= YT ——
( g(H/h)) w, < M~-1/2Bw,, M~'/2Bw, >
= C(1 + log(H/h))* < M\ >

This proves the right hand side of (4.32).
The left hand side of (4.32): We have, cf. [9],

~ <\, Bv>|?
< FA M >=| S7Y2BT ) 2= max |~—”|.

e
Taking v € range (P) and using that v = Pv, and (4.2), we get

<A, Bv >
< FA A >> ——

A= R Pv, Pv >g,

Setting 1 = Bv and using the definition of P, we have

A > |?
<F)\,)\>Zmax7‘ <~ 1> | =
o< M7 >
| < MI/QA’M71/2M > |2
= max = =
1 <M_1/2M7M_1/2M

This proves the left-hand side of (4.32). The proof of Theorem 1 is complete.

=< MMA>.
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