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Summary. Direct numerical solution of the highly nonlinear equations governing
even the most simplified models of fluid-structure interaction requires that both the
flow field and the domain shape be determined as part of the solution since neither
is known a priori. To accomplish this, previous algorithms have decoupled the solid
and fluid mechanics, solving for each separately and converging iteratively to a solu-
tion which satisfies both. In this paper, we describe a nonconforming finite element
method which solves the problem of interaction between a viscous incompressible
fluid and a structure whose deformation defines the interface between the two si-
multaneously. A general methodology is described for the model 2D problem and
the algorithm is validated computationally for a one-dimensional example.

1 Introduction

Many applications from engineering and biological sciences, such as blood flow
through arteries, require detailed simulation of an interaction between a fluid
and an elastic membrane surrounding it. However, meshes generated for the
purpose of analyzing the two materials may be incompatible and the cost of
producing matching grids may be prohibitive. Much work has been done to
build efficient numerical schemes using nonconforming finite element meth-
ods (Seshaiyer [2003], Seshaiyer and Suri [2000b], Seshaiyer and Suri [2000a],
Belgacem et al. [2000], and references therein.) Thus far, these methods have
focused on model problems where the governing equations on each sub-domain
are the same, e.g., interaction between fluids (Chilton and Seshaiyer [2002])
or interaction between structures (Belgacem et al. [2003].)

Furthermore, it has been shown (Wan et al. [2003]) that even one-
dimensional models can be useful in predicting important characteristics of
blood flow despite their simplicity. Our purpose here is to present a noncon-
forming finite element method for fluid-structure interaction problems which
allows for both mesh refinement and degree enhancement independently on
each component. The methodology is described for a two-dimensional model
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problem and the algorithm is computationally validated for a one-dimensional
model.

2 Governing equations

Let x = (z1,22). We consider a rectangular domain {2 which is divided into
two sub-domains, 2r(t) and 2g(t), at any time ¢, as illustrated in Figure 1.
We assume that a viscous incompressible fluid occupies {2r while an elastic
solid material occupies {2s. Initially, assume that 2% = 27(0) = I x I, where
I = [0,1], and that 29 = 25(0) = [1,2] x I. Let (¢, x2) represent the interface
between the two sub-domains.

We model the velocity u € IR? and pressure p of the fluid using the Navier-
Stokes equations,
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j=1,2,Vx € Qp(t), t > 0. Here, pu is the dynamic viscosity, p is the fluid
density, and f = (f1, f2) is the applied force. Moreover, due to the incompress-
ible nature of the fluid, the velocity must satisfy V - u = 0. Additionally, we
model the displacement d of the solid from its initial position at time ¢ = 0
using the Navier-space equations,
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j=1,2,Vx € 2% Here, A and ps are the Lame coefficients, ps is the solid
density, and g = (g1,92) is the applied load on the structure. We impose
homogeneous Dirichlet boundary conditions on d2r \ v and 982s \ v except
on I'pw, the downwind boundary of {2r. On this boundary, we only assume
that the velocity u is known. In particular, we let u|r,,, = (0,a).
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Fig. 1. Deformation of the fluid and solid sub-domains over time

Letting v = &, the kinematic viscosity of the fluid, and using incom-

Pr
pressibility of the fluid, (1) reduces to
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ou; dp
a—;—VAuj+u~Vuj+%:fj, (3)
j
) o . A
j=1,2,Vx € 2p(t), t > 0. Similarly, if we let p = ps and ¢ = then
Ps
(2) becomes
0%d,; 0
— uAd; —e=—(V-d) =y,. (4)
8t2 J aSCj J

j=12Vxe 22
The weak formulation for (3) is to find u; satisfying

/ (D )wy’dA +u/ Vuj-ng)dA—y/ U5 D) g
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for appropriate w) € HY(2r(t)), j =1,2. Thus,
ar(W, We) + b (p, We) + E(0, We) + Br(AF, We) = Fr(wg), (5)

where

be(p, we) = — /Q (V- we)dA,

2
&, we) = / > (O +u - Vuy)wddA,
2F

j=1
Br(Ap,wg) = — /(AF - Wg)ds,
v
Ar’ =v(Vu; -m) —pny,
and
Frp(wg) = / f wedA +/ ﬂw,(f)ds.
2F I'pw
Next, note that
br(v,u) =0 Yo e HY (2p(1)). (6)

And finally, Vu$ € H'(22),
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7 = 1,2. Thus,
as(daws)+Cs(daws)+BS(ASaWs) :FS(WS)a (7)

where
2 .
as(d, ws) = / 1> (Vs - V) + £( - d)(V - we)dA,
s

j=1
cs(d, wg) :/ (Opd) - wedA,
s

BS(A57WS) = */AS - wgds,

y
As? = u(Vd; -n) 4+ (V- d)n;,
and
Fs(wg) = / g - wgdA.
s
Now, on the interface
V(t,w2) =1+ di(t,1,22),

where d = (di,d2), we wish to enforce continuity of the velocities,

od
u(ta’y(ta :CQ)) :CQ) = E(ta 131'2);

and continuity of the flux,
(Ar)ly(ta2) + (As)l5(0.22)

=0
To construct a two-field method, we set Ay = (Ar)|y(t,0.) = —(As)|1(0,20)-
Then the global weak formulation is to find

(u,p,d, An) € Xy = [HY(2p)]? x H'(2p) x [H'(25)]* x [H™2 (7))
such that V(wg,v, wg, ¥) € Xy,

ap(u,wg) + bp(p,wg) + é(u,wg) + Bp(An, ws) = Frp(wg), (8)
as(d,wg) + cs(d, ws) — Bs(An,ws) = Fs(wg), (9)
br(v,u) =0, (10)
and
G(u— %d, ) =0, (11)
where

G(u,¥) = /u - Wds.
gl

To solve a fully coupled fluid-structure interaction problem simultaneously for
both u and d, one must compute the solution to (8)-(11) and then extrapolate
a piecewise linear approximation for the interface v at each time step.
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3 A one-dimensional model problem

Imposing (possibly nonconforming) meshes on 2% and 29 and assuming a
piecewise linear interface (¢, x2) corresponding to the mesh for 2r(t) as in
Figure 2, the spatially discrete problem is closely related to a collection of
one-dimensional problems of the following form.

0 1 2 0 1 2

Fig. 2. Evolution of a nonconforming mesh for {2

We consider a coupled system (Grandmont et al. [2001]) for a velocity u
satisfying a modified Burgers’ equation and displacement d satisfying a wave
equation, e.g.,

ou 9?u 3 Ou

o Vo Tatgy = € 00(), (12)
where u(t,0) = 0, and
0%d 0%d

where d(t,2) = 0 and d(0,z) = 0, z € (1,2), with interface v(t) = 1+ d(¢,1),
as illustrated in Figure 3. Again, we enforce continuity of velocities, i.e.,

od
u(t, (1) = 5; (1), (14)
and continuity of flux,
Ju od

v (L (1) = p (8 1). (15)

fluid , Structure t . fluid structure ‘

| ! ! | ! \
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Fig. 3. Evolution of a one-dimensional domain
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Employing an arbitrary Lagrangian-Eulerian (ALE) formulation for the
fluid equation and an implicit formulation for the interface position, the dis-
crete variational problem is to find @', d"*!, and I'"*! satisfying

(@, 0)n —Atwd(I™)0pa" T (I™) + Atv (00, 00
FA((u" — W)y, §) + S AH I Dy, ),
= (u", )n + A", G)n,

@) A1), (1) + Atp(D,d™ ., 0,1
1 -1
_ n __ . gn A n+1
1
—n+1 ny _ _— n+1 _ gn 1
(I = 5 (d d")(1),

vO,a" (™) = pdpd™ (1),

and
It =14 DmH(1),

where 4" ! (z) = u" T (z +w"(z)At) and w"(z) = %u”([’") forn=1,2,..,
I'™ is the time-discrete approximation of v(t"), ( -, - ), is the scalar product
on L?(0,I'™), and (-, - ) is the scalar product on L?(1,2).

4 Computational experiments

Using hierarchic basis functions (Szabo and Babuska [1991]), we construct
finite element approximations U™ ~ @™ and D" ~ d" and solve the resulting
linear system for U™+, D"+ and '™+

For our experiments, we let 4 = 2 and consider an exact solution for
(12)-(15) given by

2
u(t, ) = 727rx'cos(7rt),
(2 — sin(7t))?

d(t,x) = %x(m — 2) sin(wat),

and 1
y(t)=1- 3 sin(nt),

where v(t) = ut(1 — §sin(wt)). Note that both u and d are nonlinear.
Assuming a uniform grid and linear basis functions, let M be the number

of subintervals allowed on the interval (0,7™) and let N be the number of

subintervals on (1,2). Figure 4 compares the relative error of our method

whenever M = N to the case M = N — 1 as the degrees of freedom increase.
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The relative error under the L? norm is plotted against the total degrees of
freedom. Panel (a) shows the results for the fluid velocity and panel (b) shows
the results for the structural displacement. Furthermore, it was previously
shown (Grandmont et al. [2001]) that the consistency error for both u(t,x)
and d(t, z) is of order At. Table 1 illustrates this property for our test problem.
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Fig. 4. Convergence of relative error on a uniform mesh

In conclusion, our numerical results provide confidence that this method
will be successful when extended to higher-dimensional problems. To do this,
one only needs to employ the ALE formulation along a given line segment
{(z1,22) : 0 < 1 < 7(t,z2)}. We intend to present an implementation of this
method for 2D problems in the hp context in future work.
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Table 1. Relative L? error for fluid velocity and structure displacement as At
decreases

At lu = Ullr20,rmy/llullzo,rmy [1d = Dllr2a,2)/1ldl| 21,2

0.1 0.445914 0.169221
0.05 0.243088 0.070792
0.025 0.170837 0.031750
0.00625 0.133612 0.009507
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