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Summary. We propose a new stabilized three-field formulation applied to the
advection-diffusion equation. Using finite elements with SUPG stabilization in the
interior of the subdomains our approach enables us to use almost arbitrary discrete
function spaces. They need not to satisfy the inf-sup conditions of the standard
three-field formulation. The scheme is stable and satisfies an optimal a priori es-
timate. Furthermore, we show how the scheme can be solved efficiently in parallel
by an adapted Schur complement equation and an alternating Schwarz algorithm.
Finally some numerical experiments confirm our theoretical results.

1 Introduction

In an bounded Lipschitz domain 2 C R?, d = 2,3, we consider the problem
Lu:=—-eAu+b-Vu+cu=f in {2, u=0 on df? (1)

with € > 0, b € (Wh®(02)), ¢ € L*°(2), and f € L?({2). Especially the
singularly perturbed case ¢ << 1 is of interest, since there the solution can
possess sharp layers. Moreover, it is well known, that simple numerical meth-
ods fail, since spurious oscillations of the numerical solution may occur.

The three-field formulation was introduced by Baiocchi et al. [1992] (see
also Brezzi and Marini [2001]). Decomposing the domain into non-overlapping
subdomains the method allows different discretization techniques in different
subdomains. Especially, the treatment of non-matching grids is possible. In
the discrete case the corresponding function spaces must satisfy two inf-sup
conditions. This is quite restrictive for the choice of the discrete spaces. In
our stabilized scheme we circumvent these conditions by appending additional
terms. The latter terms are well-adapted to the hyperbolic limit ¢ = 0.

2 The three-field formulation

First let us tackle the global problem (1). The weak formulation reads:
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Find w € H}(2) | an(w,v) =lo(v), Yv € Hi(12) (2)

with
ag(w,v) = e/ Vw - Vodr + / (b Vw + cw)vdz, lg(v) = / fuodz
G G G

for all w,v € H(£2) and a domain G C 2. To ensure the well-posedness of (2)
we assume the existence of a constant ¢y > 0 such that ¢ :=c¢ — %V -b > ¢p.
Then the Lemma of Lax-Milgram shows that (2) possesses a unique solution.

In order to introduce the three-field formulation, we divide the domain {2
into N non-overlapping subdomains (2; with sufficiently smooth boundaries,
ie. 2 = Ufil Q;, ;N 2; = 0,7 # j. Moreover, we define local interfaces
I := 89; \ 02 and the skeleton I := (Ujv: . arzi) \ 992. For the three-field
formulation three different function spaces are introduced. The first function
space V = Hivzl Vi with Vi = {v! € HY($2) | v|lonnan, = 0} is defined
on the subdomains. Furthermore, we need a space of Lagrange multipliers A
on each local mterface I;. The local Lagrange multiplier space A° 1s given by

the dual space of HOO( 3). We denote the dual product on (A% HOQO( i) by

(-, )i- The global space is given by A := Hi:l A?. The third function space is
defined on I by & := {¢ € L*(I") : there exists u € H3(£2), u=¢p on I' }.

Now we formulate the following three-field formulation (cf. Bertoluzza and
Kunoth [2000]): Find u € V, A € A and ¢ € @, such that

N N

DYoo) =Y eN)=) 0 o (v) YveV
N . .
i7) Zi:l e —u'); =0 VveA (3)
i) ZL e(\, ) =0 Vo € &.

It can be shown that the three-field formulation (3) possesses a unique solution
(0, A, p) € V x A x ®. If the solution w € Hi(£2) of (2) is sufficiently regular,
i.e. Aw € L?(£;),i=1,...N, the solution can be represented by

u=(uloyvulon) A= (Gln gl ) p=ule @)

where n; is the outward normal of §2; (cf. Baiocchi et al. [1992]).

3 A stabilized three-field formulation

Now the three-field formulation (3) is discretized by linear finite elements.
To this end we introduce quasi-uniform meshes 7.}, 7 and 7, on {2;, I; and
I'. The meshes can be non-matching. But for simplicity we assume that all
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meshes have the same global mesh size h. Moreover, we need the notation 97,
for the restriction of 7;! onto the local interface I;. Thus we obtain discrete
spaces V, CV, A, C A and &, C .

Replacing the continuous function spaces by discrete subspaces, the well-
posedness of the discrete scheme of (3) requires two certain inf-sup conditions.
One idea to guarantee the conditions is proposed in Brezzi and Marini [2001].
They enrich the space V', by bubble functions. Here, we avoid the constraints
by adding some stabilization terms modifying ideas of Baiocchi et al. [1992].

In the advection dominated case further problems occur. Using a standard
discretization it is well known that there may arise spurious oscillations of the
computed solution. Therefore we use the SUPG method and define

a}qLD (u;w 'U;z) = agn, (u;w 'U;z) + ZTeTi 5T(Lu;lw b- V,U;;L)T’
157 (vh) = Lo, (v}) + ZTGW or(f,b- Vo)1

for ¢ = 1,...,N. The parameter 7 is defined by dr := 6OhT||szolc(T) in

the advection dominated regime for Per := hre '|b|Le(r) > 1 and by
67 := L80h%e™! else. Now the error in the interior of the subdomains can be

controlled by the streamline diffusion norm
llenl B0, = clenl? g, + IVEonl3r + 3, érllb- Tenlr
which gives us additional control in the streamline direction. Taking all the

mentioned problems into account we end up with the following stabilized
three-field formulation: Find up € Vi, Ay € Ay, and ¢y, € @y, such that

D)3 {a8P(uh,vi) — 5P (0h) — €N, vhi + 17 (uh — on, ) =0

o ol o
i7) Zj\;l {e<uﬁ,u2 — Q)i — ZEeaT; BE (ain’; -}, Vil)E } =0 (5)
iti) Zj\; {€</\;w Pn)i — f; (uh, — on, ¢h)} =0

for all v, € Vi, vy € Ap,dn € 5. We have used the notation
. . 1
FE Gl — ny ) = [ (ar+ (om0~ enyds, b e HE L
(uf > o, [ (ot (uf (1)

with (b-n;)* := 1|b-n;|+ 1(b-n;). Thus (b-n;)” acts only on the inflow
part I, :={z € I; | b(z) -n;(z) < 0} and (b-n;)" only on the outflow part.
The parameters ag, 8 > 0 will be specified later.

Let us shortly explain, why we have added the different stabilization terms.
fii(~, -), which are added to the first resp. third line of (5), couple the local
spaces V,f and the space @5, . They give additional control in stream-wise direc-

tion, especially in the hyperbolic limit e — 0. By >" pco7: BE (g—f’f — AL, y,ﬁ)
i ; 5
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the spaces @5, and Ay are coupled. Theses couplings enable us to ignore the
mentioned inf-sup conditions.

We can prove the following a priori estimate (for the rather technical proof
cf. Rapin and Lube [2003b], Theorems 1 and 2). Here, a < b means, that there
exists a constant C' > 0 independent of h and € such that a < Cb.

Theorem 1. Assume for the stabilization parameters the inequalities
min{e/h, 2/h?} < ap < max{1,¢/h}, min{e? he} < B < hmax{h? €}.
Then there exists a unique solution up, € Vi, Ay € Ay, and @ € @y, of (5)

and the error is bounded by

1 1 N i
A @) = (an Aol < (4 3) 0> (uloe,  (6)

for a solution u € VN H?($2). The norm is given by

N .
I A o)l = 30 (1= o)l 3.0,

IS DA DR [ LR S R

If we insert a sufficiently regular solution (u, X, ) of (3) into the stabilized
formulation (5), all additional terms vanish. In this sense (5) is consistent.
There is some degree of freedom for the choice of the stabilization param-
eters in the advection dominated regime. In the diffusion dominated case we
obtain the well known choice of the discontinuous Galerkin method ag ~ ¢/hg
(and Bg ~ ehg). Using suitable global constants 0 < g, By < 1 we determine

e/hg, e > h? ehp, €> h?
aE:aO{Eé/}?BE Ezhi, ﬁE:ﬁO{h%E Ezhi . (7)

By (7) we mainly enforce boundary conditions in a weak sense on the inflow
part of the subdomains, even for € = 0.

Remark 1. For given ¢, € &), and right hand side f € L%(£2) the equations
(5,1), (5,ii) are discretizations of the local Dirichlet problems

Lw' = f in £ w' = ¢, on 082, w'=0 on dN \ 02;.

These problems are well-posed (cf. Rapin and Lube [2003a]).

4 A Schur complement method

Now we derive the corresponding Schur complement equation for our sta-
bilized scheme. Then the solution of (3) can be obtained by solving local
problems. Computing the local problems can be done completely in parallel.
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Recall that for given f € L2(2), ¢n € &P, the first two lines of (5)
are local Dirichlet problems (cf. Remark 1). Denoting the local solutions by

(zn(f,0n),Y(fron)) € Vi X Aj, we see

(Zh(fa ‘ph)”Yh(fa ‘ph)) = (Zh(fvo)a’Yh(f’O)) + (Zh(oa(ph)”y}w(oa (Ph))

due to the linearity of the scheme. Inserting this in the third line of (5) yields
the Schur complement equation for our scheme: Find ¢; € @y, such that

(Swpnn) = 3 (el (£.0) )i + [0 00)} . Vo € By (8)

where the discrete Steklov-Poincaré operator Sy, is defined by

N . .
(Sneon,n) =D {elrh(0,0n),¥n)i — £ (24,0, 0n) — on),¥n)} -
Theorem 2. The discrete Schur complement equation (8) possesses a unique
solution. Moreover, (zn(f, on),Yn(f, ©r), pn) is the solution of (5).

Proof. cf. Rapin and Lube [2003b], Lemma 3.

5 An alternating Schwarz method

Tallec and Sassi [1995] describe a non-conforming discretization for the Pois-
son problem. We extend the algorithm to the advection-diffusion problem
using the additional stabilization terms f(-,-) of (5). Starting with an initial
guess (¢p)o € Pr, (An)o € Ap, we obtain the algorithm:

1. Find (up)g+1 € Vp such that
ad? ((uj) ka1, vh) + £ () ksr — (n)k, vh) =
157 (W) + e((M)k vh) s Vo, € Vi
2. Compute (\})11 € 4j, by
(N ks 1o i) 1 = (N i) = fi (i) irr = (Vn ), i), Vpei, € Ay,
3. Find (¢p)g+1 € Pp, such that there holds for all ¢, € @y,

O 00— (@he — Wkso0) } =0
Zi:l E\ ARkt 35 P/ T i \\Up)k+1 h)k+1, Ph .
4. Compute (Xi)g41 € A} such that there holds for all ui € A}

e (ks i), = €Nk 2o i) = Fi () ker = (Wn)res), 1)

It can be proved that the algorithm is well-posed. In step 1 local problems with
Robin conditions on the interface are solved. The algorithm is quite similar to
the algorithm proposed by Lube et al. [2003]. The Robin values on the inflow
part of the local problems are mainly determined by the Robin values of the
neighbouring subdomains, computed in the previous step.

A convergence proof of this algorithm is still an open problem. But the
numerical results are very promising (cf. Rapin [2003]).
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6 Numerical experiments

The main focus of our algorithm is the application to the advection dominated
case. Especially the case of nontrivial flows is of interest. To demonstrate the
power of our approach we consider the following (quite hard) example.

Example 1. We search for a solution Lu = f in £2 = (0,1)? with boundary
conditions u = —0.5 on vy, = {(x1,22) € 02 | z3 = 0}, u = 0.5 on ¥ :=
{(z1,22) € 02 | x2 = 1}, and u = 0 on the remainder 92 \ (71 U~2) of the
boundary. The flow is given by

b(1,2) = (202 — 1)(1 — (21 — 1)%), 4o (21 — 1)(w5 — 1)) .
b is a rotational flow with a center in (%, %) and V-b =0.

We decompose the unit square 2 into (6 x 6) squares. In the context of do-
main decomposition this example is particularly interesting. In the advection
dominated case the solution is almost constant in the interior of {2. The con-
stant is given by the mean value of the Dirichlet data on the boundary. Now
any discretization has to find this value by mixing the boundary information.

For a global mesh size h;,: the local meshes are chosen by a checkerboard
pattern with local mesh sizes hy = hint \ 2Rint, ha = (1/3)hint \ (2/3)Rint,
he = hint. For all computations we have chosen a9 = 1 and Gy = 1. The
result for € = 107° is plotted in Figure 1 (a). It coincides quite well with the
solution of the one-domain case. Although the SUPG stabilization technique
is used, typically crosswind wiggles of the finite element solution appear.

The purpose of the next example is to numerically validate the a priori
estimate of Theorem 1.

Example 2. For —eAu + (—1,-1)T - Vu = fin 2 and u = g on 912 we dis-
tinguish two cases. (a) We choose f, g in such a way that u(z,y) =  cos(my)
becomes the exact solution. In the second case (b) with f = 1 and g = 0
strong boundary layers appear in the singularly perturbed case.

We consider Example 2 (a). Using a decomposition of {2 into (6 x 6) sub-
rectangles we alter the mesh size for e = 1, 0.1, 10~%. The results are plotted in
Figure 1 (b) and agree with Theorem 1. If we choose the nonsmooth Example
2 (b) with layers, we obtain a convergence rate of 1/2 in the L?({2) norm
as in the SUPG case without domain decomposition, since the layers are not
resolved. Moreover, we obtain the optimal rates on subdomains 2’ C 2 away
from the layers (cf. Rapin [2003]).

Next, we study the effect of the stabilization on the discrete Schur com-
plement equation (8) and the alternating Schwarz algorithm.

We start with the Schur complement equation (8) applied to Example 2
(a). The equation is solved by the GMRES method. In Table 1 (a) we observe
that the number of iteration steps is independent of the mesh size for the
singularly perturbed case (e = 10=%, 1075). In the diffusion dominated regime
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Fig. 1. (a) Plot of Example 1; (b) error in the energy norm Zil(dﬁgl +|- ||391)%
for Example 2 (a).

(e = 1, 0.1) the number of iteration steps increases for smaller mesh sizes.
Therefore in this case we have to introduce a preconditioner. First experiments
with a generalized Neumann—Neumann preconditioner can be found in Rapin
[2003]. As expected, in Table 1 (b) we observe an increase of the number of
iteration steps for more subdomains.

Please note, that, in general, the local solutions of the first iteration steps
possess sharp boundary layers on the outflow part, although the reference
solution is smooth. The layers become smaller within the convergence process.
Therefore, we obtain the same results for Example 2 (b).

Now we consider the alternating Schwarz algorithm. In our numerical ex-
periments we compare the discrete solution with the reference solution of
the continuous problem. In Figure 2 we see that the discretization error is
reached within a few steps for the singularly perturbed case. In the diffusion
dominated case the convergence is quite slow, but can be accelerated by an
adaptive choice of the parameter ag (cf. Lube et al. [2003]).

Summarized one can state that both methods work well both in the dif-
fusion dominated case and the singularly perturbed case. But we suggest to

ll€ \ hin:][0.05 ]0.02 [0.01 [0.005]| le\n 2 J4 J6 [8 J10 12 ]

1 21 [32 [46 [66 1 25 [51 [65 [78 [81 97

1077 [[19 [31 [43 59 1007 f26 [21 [26 [30 [34 |38

107 flio9 {20 [19 18 107% [lt6 {21 |26 [30 [34 |38

107° J[19 {20 19 |19 10° f[6 21 [26 [30 [34 |38
(a) ()

Table 1. Number of iteration steps of the GMRES algorithm, which is needed to
reduce the initial residuum by the factor 107 for Example 2 (a). The initial guess
is always 0. In (a) we consider different mesh sizes hin: and diffusion coefficients e
for a (4 x 3) partition. In (b) the domain is decomposed into (n x n) subdomains
for mesh size h;n: = 0.01.
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Fig. 2. Convergence behavior of the alternating Schwarz algorithm in the L*(£2)
norm for a (4 x 3) decomposition. On the left hand side the mesh size is chosen by
hint = 0.02 and on the right hand side by h;,: = 0.01.

use the Schur complement method in the diffusion dominated case and the
alternating Schwarz method in the advection dominated case.
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