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Summary. The Fat Boundary Method (FBM ) is a �ctitious domain like
method for solving partial di�erential equations in a domai n with holes 
 n B -
where B is a collection of smooth open subsets - that consists in splitting the initial
problem into two parts to be coupled via Schwartz type iterat ions: the solution, with
a �ctitious domain approach, of a problem set in the whole dom ain 
 , for which fast
solvers can be used, and the solution of a collection of independent problems de�ned
on narrow strips around the connected components of B , that can be performed fully
in parallel. In this work, we give some results on a semi-discrete FBM in the frame-
work of a �nite element discretization, and we present some n umerical experiments.

1 The Fat Boundary Method

The Fat Boundary Method ( FBM ) was introduced by Maury [2001] to solve
partial di�erential equations in a domain with holes. For si mplicity we present
the method in the case of the Poisson problem. Let us denote by
 � IRn a
Lipschitz bounded domain andB � 
 a collection of smooth subsets (typically
balls). The boundaries of
 and B are respectively denoted by� and 
 . Our
purpose is to solve the problem: Findu 2 H 1

0 (
 n B ), such that

� �u = f in 
 n B: (1)

Solving this problem by FBM consists in splitting it into a local resolution
in a neighborhood ofB , where we can use a �ne mesh (in a thin layer around
the holes, the dashed subdomain denoted by! in �gure 1), and a global
resolution based on a cartesian mesh covering the whole domain 
 . This
makes it possible the use of fast solvers and good preconditioners.

The link between the global and the local problem is based on the interpo-
lation of a globally de�ned �eld on an arti�cial boundary whi ch delimits the
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Fig. 1. Domains in the two-dimensional case

local subdomain, and the prescription of the jump of the normal derivative
across the boundary ofB . More precisely, we introduce a smooth arti�cial
boundary 
 0 around B , and we denote by! the (narrow) domain delimited
by 
 and 
 0 (@! = 
 [ 
 0). We then introduce the functional space

H 1

 (! ) = f v 2 H 1(! ); vj 
 = 0 g: (2)

We can replace problem (1) by two coupled new problems, one ofwhich
is set in ! , and the other one in the whole domain
 : Find ( bu; v) 2 H 1

0 (
 ) �
H 1


 (! ), such that

8
><

>:

a :
�

� �v = f in !;
v = bu on 
 0;

b : � � bu = f +
@v
@n

� 
 in 
;
(3)

wheref is the extension off by 0 in B , and where @v
@n� 
 2 H � 1(
 ) stands for

the continuous linear form: w 2 H 1
0 (
 ) 7!

Z




@v
@n

w. More precisely, we have

this result (Maury [2001])

Theorem 1. Problems (1) and (3) are equivalent, i.e.

� If u is a solution of (1), then the couple(u; uj ! ) is a solution of (3).
� If (bu; v) is a solution of (3), then buj 
 n B

is a solution of (1).

The local problem (3-a) and the global one (3-b) are coupled,and this
suggests the use of a �xed point algorithm. Let � 2]0; 1[ be a relaxation
parameter. We introduce the following operators:T� (�; �; f ):H 1

0 (
 ) � H 1

 (! )

�! H 1
0 (
 ) � H 1


 (! ) de�ned by T� (bu; v; f ) = ( bU; V) where V 2 H 1

 (! ) and

bU 2 H 1
0 (
 ) are solutions of

� �V = f in !; V = �v + (1 � � )bu on 
 0; (4)

� � bU = f +
@V
@n

� 
 in 
: (5)
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By de�nition of T� , (bu; v) is solution of (3) if and only if T� (bu; v; f ) = ( bu; v).
The following convergence result holds. (See Maury [2001] for the proof)

Theorem 2. There exists � 0 < 1 such that for all � 2 ]� 0; 1[ the �xed point
procedure

(bun +1 ; vn +1 ) = T� (bun ; vn ; f )

converges to the �xed point of the operatorT� (�; �; f ).

2 The semi-discrete case

A preliminary step towards the analysis of the discreteFBM { where both (4)
and (5) are solved numerically { consists in assuming that the local problem
(4) is solved exactly, and in focusing then on the discretization of the global
problem (5). Letting Uh � H 1

0 (
 ) be a �nite dimensional approximation
space of �nite element type, we propose the following semi-discrete �xed point
iteration scheme: let T h

� (�; �; f ) : Uh � H 1

 (! ) �! Uh � H 1


 (! ) be de�ned by
T h

� (uh ; v; f ) = ( Uh ; V ) with V 2 H 1

 (! ) and Uh 2 Uh respectively de�ned by

� �V = f in !; V = �v + (1 � � )uh on 
 0; (6)
Z



r Uh � r wh =

Z



fw h +

Z




@V
@n

wh 8wh 2 Uh : (7)

We are interested in studying the existence and uniqueness properties of
the solution to the �xed point equation

(uh ; v?) = T h
� (uh ; v?; f ); (8)

as well as in giving an estimate on the erroru � uh in 
 .
We brie
y sketch here the main steps of the analysis. The �rst step, in order

to analyze the scheme (8) is to introduce an auxiliary �xed point problem.
Let us denote by � h : H 1

0 (
 ) �! Uh the Galerkin Projection de�ned by
Z



r (� h u) � r wh =

Z



r u � r wh ; 8wh 2 Uh : (9)

Let, for � 2 (0; 1), T ?
� (�; �; f ) : H 1

0 (
 ) � H 1

 (! ) �! H 1

0 (
 ) � H 1

 (! ) be de�ned

as follows:T ?
� (u; v; f ) = ( U; V) with ( U; V) 2 H 1

0 (
 ) � H 1

 (! ) solution to

� �V = f in !; V = �v + (1 � � )� h u on 
 0; (10)

� �U = f +
@V
@n

� 
 ; in 
: (11)

Then we consider the problem

(u?; v?) = T ?
� (u?; v?; f ): (12)

The relation between (12) and (8) is the object of the following lemma
(Bertoluzza et al.).
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Lemma 1. Let (u?; v?) be a solution to the auxiliary �xed point problem (12).
Then (� h u?; v?) is a solution to problem (8). Respectively let(uh ; v?) be a
solution to problem (8) then, letting u? 2 H 1

0 (
 ) be the unique solution to

� �u ? = f +
@v?

@n
� 
 ; in 
; (13)

(u?; v?) is a solution of problem (12).

The key ingredient of the analysis of the auxiliary problem is the following
lemma (Bertoluzza et al.), stating that, under suitable assumptions the oper-
ator T ?

� (�; �; 0) is a contraction, and whose proof is heavily based on functions
which are harmonic in 
 n 
 .

Lemma 2. Let (u; v) 2 R (T ?
� ), and let (U; V) = T ?

� (u; v; 0). Then, if the
provided h is su�ciently small, there exists � 0 2]0; 1[ such that if � > � 0, for
some positivek < 1, jUj1;
 � kjuj1;
 , and jV j1;! � � jvj1;! + Cjuj1;
 .

Existence and uniqueness of the solution of the auxiliary problem (12)
(and therefore, thanks to Lemma 1 of the original semidiscrete problem (8))
easily follows. Let us now estimate the errorbu � uh . Since the mesh is a priori
chosen independently of the position of
 , it is clear that, since bu has on
 a
discontinuity of the normal derivative the best global regularity that we can
expect of bu is bu 2 H 3=2� � (
 ) and therefore the best error estimate that we
can expect iskbu � uh k1;
 � Ch1=2� � kuk3=2� � (h denoting the mesh size of
the triangulation which we assume to be regular and quasiuniform). However,
assuming that @Bis su�ciently regular, if f j 
 nB 2 H s� 2 the function bu = u

is in H s(
 n B ) and then, using the technique introduced by Nitsche and
Schatz [1974] in order to estimate local convergence rates,we can hope for a
better convergence rate in any open set
 � strictly embedded in 
 nB . More
precisely, assuming that we are using �nite elements of order m (either Pm
or Qm) the following theorem holds (Bertoluzza et al.)

Theorem 3. Assume that f 2 H s� 2(
 n B ), with 2 � s � m + 1 , and let

 � �� 
 . Then, for h su�ciently su�ciently small we have

ku � uhk1;
 � � Chskf ks� 2;
 nB

3 Numerical Experiments and Conclusions

We want to verify that, as stated by Theorem 3, if we use P1 �nit e elements,
FBM is of order one in every subdomain �
 �� 
 n B . Figure 2 shows the
dependence of the errors (inH 1 and L 2 norms) upon the mesh step sizeh. All
tests are carried out using an uniform cartesian grid. We denote global errors
the ones computed in the whole domain
 and local errors the ones computed
in the subdomain �
 of 
 n B . The domain 
 is the box ] � 1

2 ; 1
2 [3, the \hole"



The Fat Boundary Method: Semi-Discrete Scheme 517

B is the ball B (0; R), where R = 0 :25, and the subdomain �
 is 
 nB (0; 0:3).
The exact solution u is chosen to be equal to sin(2� (x2 + y2 + z2 � R2)). The
analytical solution was selected to be radial in order to eliminate the error
due to the local resolution, and thus to be in conformity with the theoretical
result.

1/224 1/128 1/64 1/32 1/16
h (log scale)

1´ 10
-4

1´ 10
-3

1´ 10
-2

1´ 10
-1

1´ 10
0

E
rr

or
s 

(lo
g 

sc
al

e)

Global H1 error [slope=0.75]
Local H1 error [slope=0.99]
Global L2 error [slope=1.18]
Local L2 error [slope=2.00]

Fig. 2. Errors plots.

3.1 Capability to deal with many holes

This numerical experiment illustrates the capability to deal with a domain
with \many" holes. We consider the box ] � 1; 1[3 with 163 disjoint balls
disposed in a pseudo-random way. Figure 3-(left) shows the isosurfaceu = 0
of the computed solution, which solves the problem:� �u = 1 in 
 n B and
u = 0 on @(
 n B ) = � [ 
 . Figure 3-(right) shows the same experiment but
with a little larger number of particles: 343 balls disposedin a structured way.

3.2 Numerical Simulation of convection-di�usion around tw o
moving balls

We consider a parallelepiped
 in which there are two moving rigid balls
B1 [ B2 = B . Their trajectories are imposed in advance. On �ve faces of
the box we maintain a temperature equal to 1 and at the sixth face we take
homogeneous Neumann boundary conditions. On the surfaces of the two balls
we impose (via Dirichlet boundary condition) a null temperature. Heat is
convected using a potential �eld. One expects to have a \trail" of \fresh
zones" following the balls in their movements. The problem we solve is the
following
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Fig. 3. Isosurface u = 0: (left)- 163 balls. (Right)- 343 balls

8
>><

>>:

@T
@t � ��T + r � � r T = 0 in 
 n B;

T = 0 on 
;
T = 1 on � n (z = zmin );

@T
@n = 0 on (z = zmin );

(14)

where � solves
8
>>>><

>>>>:

� �� = 0 in 
 n B;
@�
@n = 0 on 
;
@�
@n = 0 on � n (z = zmin ; z = zmax );
� = 1 on (z = zmin );
� = 1 on (z = zmax ):

(15)

Figure 4 shows the computed solution at di�erent time iterat ions.

3.3 Flow past a sphere

We consider the incompressible Navier-Stokes equations inthe parallelepiped

 =] � 3

2 ; 3
2 [� ] � 3

2 ; 3
2 [� ] � 1; 5[ containing a spherical obstacleB ((0; 0; 1); 1

2 ).
The time discretisation is done using the Finite-Element Projection/Lagrange-
Galerkin method (see Achdou and Guermond [2000]) which is a projection
algorithm combined with the characteristics method (see Pironneau [1982]).
At each time step we have to solve, byFBM , elliptic problems for the velocity
and the pressure. Figure 5 shows the velocity �eld on the plany = 0 of a 
ow
past a sphere at Reynold's number equal to 100. In order to seethe vortices,
�gure 6 presents a zoom close to the sphere. See Ismail [2003]for more details
on numerical simulations of 
ows past spheres.

3.4 Conclusions

The numerical results con�rm the theoretical estimates and shows the wide
applicability of FBM . The future work will consist on the theoretical side in
taking into account also the error due to the local resolution, thus studying
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Fig. 4. Convection-Di�usion around moving balls.

the full discrete scheme. On a practical level we are workingon adapting the
method to take into account free motion of the bodies in orderto be able to
simulate 
uid-particle 
ows.
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Fig. 5. Flow past a sphere at Re = 100.

Fig. 6. Zoom.


