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Summary. The Fat Boundary Method (FBM) is a fictitious domain like
method for solving partial dilefential equations in a domain with holess nB -
where B is a collection of smooth open subsets - that consists in splitting the initial
problem into two parts to be coupled via Schwartz type iterations: the solution, with
a fictitious domain approach, of a problem set in the whole domain , for which fast
solvers can be used, and the solution of a collection of independent problems defined
on narrow strips around the connected components of B, that can be performed fully
in parallel. In this work, we give some results on a semi-discrete FBM in the frame-
work of a finite element discretization, and we present some numerical experiments.

1 The Fat Boundary Method

The Fat Boundary Method (FBM) was introduced by Maury [2001] to solve
partial di erential equations in a domain with holes. For si mplicity we present
the method in the case of the Poisson problem. Let us denote b2 R" a
Lipschitz bounded domainandB  Q a collection of smooth subsets (typically
balls). The boundaries of Q and B are respectively denoted byl" and y. Our
purpose is to solve the problem: Findu 2 H}(Q nB), such that

Au= fin QnB. (1)

Solving this problem by FBM consists in splitting it into a local resolution
in a neighborhood ofB, where we can use a ne mesh (in a thin layer around
the holes, the dashed subdomain denoted by in gure 1), and a global
resolution based on a cartesian mesh covering the whole donma Q. This
makes it possible the use of fast solvers and good preconditiers.

The link between the global and the local problem is based ontte interpo-
lation of a globally de ned eld on an arti cial boundary whi ch delimits the
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Fig. 1. Domains in the two-dimensional case

local subdomain, and the prescription of the jump of the normal derivative
across the boundary ofB. More precisely, we introduce a smooth arti cial
boundary y° around B, and we denote byw the (narrow) domain delimited
by y and y° (0w = y [ y9. We then introduce the functional space

Hy(w) = fv2 HYw), v, =0g. (2)

We can replace problem (1) by two coupled new problems, one ofhich
is set in w, and the other one in the whole domainQ: Find (V) 2 H}(Q)
Hy (), such that

1 [ )
@ Av="TF in w,

L veeny @
% A3 f+ %By in  Q,
where T is the extension off by 0 in B, and ﬂere g—xéy 2 H (Q) stands for
the continuous linear form: w 2 H}(Q) 7! , %W. More precisely, we have
this result (Maury [2001])
Theorem 1. Problems (1) and (3) are equivalent, i.e.
If u is a solution of (1), then the couple (T, u;,) is a solution of (3).

If (i) is a solution of (3), then W_]_ is a solution of (1).

The local problem (3-a) and the global one (3-b) are coupledand this
suggests the use of a xed point algorithm. Let6 2]0,1[ be a relaxation
parameter. We introduce the following operators: Tg( , ; f):H(Q) H\}(w)

I HY(Q) HE(w) dened by To(d;f) = (U-V) whereV 2 Hl(w) and
-2 H(Q) are solutions of

AV = fin o, V=06v+(l 8)iany®’ (4)

Al T+ g—\r/lay in Q. (5)
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By de nition of Ty, (U, M) is solution of (3) if and only if Tg(UWM; F) = (LM).
The following convergence result holds. (See Maury [20019f the proof)

Theorem 2. There exists 6p < 1 such that for all 8 2]6p, 1[ the fixed point
procedure
(@1 vy = Te(amv; f)

converges to the fixed point of the operator Tg( , ;T).

2 The semi-discrete case

A preliminary step towards the analysis of the discreteFBM { where both (4)
and (5) are solved numerically { consists in assuming that tte local problem
(4) is solved exactly, and in focusing then on the discretizéion of the global
problem (5). Letting Up HY(Q) be a nite dimensional approximation
space of nite element type, we propose the following semi-dcrete xed point
iteration scheme: let T"(, ;f) : Uy H}(w) ! Un H}(w) be dened by
T (un,v; F) = (Up, V) with V 2 H\}(m) and Up 2 Uy, respectively de ned by

AV = finw V=0v+(@1 8)u,ony® 6

— V=8ur(@ unony ©

rn r wp = ?Wh+ —Wh 8wh 2 Up. (7)
Q Q yan

We are interested in studying the existence and uniquenessrpperties of
the solution to the xed point equation

(un, vY'= Tg"(un, v5F), (8)

as well as in giving an estimate on the erromu  up in Q.
We brie y sketch here the main steps of the analysis. The rststep, in order
to analyze the scheme (8) is to introduce an auxiliary xed pant problem.

Let us denote by, : H3(Q) ! Uy the Galerkin Projection de ned by
1 1

r (hu) r wp = rur wh 8why2 Up. (9)
Q Q

Let, for 82 (0,1), To, ;) 1 H3(Q) HI(w) ! HHQ) Hy(w) be de ned
as follows: Tg-¢t, v; ) = (U, V) with (U,V) 2 H3(Q) Hy(w) solution to

AV = fin w, V=0v+(l 8)mpuony® (10)
- oV .
AU =T+ %6\,, in Q. (12)
Then we consider the problem
(uSVH= TS5, (12)

The relation between (12) and (8) is the object of the followng lemma
(Bertoluzza et al.).
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Lemma 1. Let (u5¥5'be a solution to the auxiliary fixed point problem (12).

Then (thu5vS'is a solution to problem (8). Respectively let (un,vH'be a

solution to problem (8) then, letting u=2 H}(Q) be the unique solution to
ovtH]

AutE T+ a—néy, in Q, (13)

(u5¥His a solution of problem (12).

The key ingredient of the analysis of the auxiliary problem is the following
lemma (Bertoluzza et al.), stating that, under suitable assumptions the oper-
ator T, ;0) is a contraction, and whose proof is heavily based on furions
which are harmonic in Q ny.

Lemma 2. Let (u,v) 2 R(T)! and let (U,V) = T b, v;0). Then, if the
provided h is su LCciehtly small, there exists 6y 2]0, 1[ such that if 8 > 8¢, for
some positive k < 1, jUj1.a  Kjujr.q, and jVjie 8jvj1e + Cjujio.

Existence and uniqueness of the solution of the auxiliary poblem (12)
(and therefore, thanks to Lemma 1 of the original semidiscree problem (8))
easily follows. Let us now estimate the erroni _luy,. Since the mesh is a priori
chosen independently of the position ofy, it is clear that, since i has ony a
discontinuity of the normal derivative the best global regularity that we can
expect of ICi$ 2 H32 Q) and therefore the best error estimate that we
can expect iskii 1 upk; o Ch'2 Sukss, —(h denoting the mesh size of
the triangulation which we assume to be regular and quasiurform). However,
assuming that B is su ciently regular, if fj,,g5 2 HS 2 the function &= u

is in HS(Q nB) and then, using the technique introduced by Nitsche and
Schatz [1974] in order to estimate local convergence rategje can hope for a
better convergence rate in any open sef) strictly embedded in Q nB. More

precisely, assuming that we are using nite elements of ordem (either Pm

or Qm) the following theorem holds (Bertoluzza et al.)

Theorem 3. Assume that f 2 HS 2(QnB), with2 s m+1, and let
Q Q. Then, for h su [ciehtly su [ciehtly small we have

ku unkiorr ChokFKg 5 ong

3 Numerical Experiments and Conclusions

We want to verify that, as stated by Theorem 3, if we use P1 nite elements,
FBM is of order one in every subdomainQ Q nB. Figure 2 shows the
dependence of the errors (irH*! and L? norms) upon the mesh step sizd. Al

tests are carried out using an uniform cartesian grid. We dente global errors
the ones computed in the whole domaim and local errors the ones computed

in the subdomain Q of Q nB. The domain Q is the box ] 3, 3[3, the \hole"
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B is the ball B(0, R), where R = 0.25, and the subdomainQ is Q nB(0, 0.3).
The exact solution u is chosen to be equal to sin(&(x? + y?>+ z> R?)). The
analytical solution was selected to be radial in order to elininate the error
due to the local resolution, and thus to be in conformity with the theoretical
result.
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Fig. 2. Errors plots.

3.1 Capability to deal with many holes

This numerical experiment illustrates the capability to deal with a domain
with \many" holes. We consider the box ] 1, 1[° with 163 disjoint balls
disposed in a pseudo-random way. Figure 3-(left) shows thesosurfaceu = 0
of the computed solution, which solves the problem: Au=1in QnB and
u=0o0na(QnB)= T [ y. Figure 3-(right) shows the same experiment but
with a little larger number of particles: 343 balls disposedin a structured way.

3.2 Numerical Simulation of convection-di [1dion around two
moving balls

We consider a parallelepipedQ in which there are two moving rigid balls
B: [ B, = B. Their trajectories are imposed in advance. On ve faces of
the box we maintain a temperature equal to 1 and at the sixth face we take
homogeneous Neumann boundary conditions. On the surfaced the two balls
we impose (via Dirichlet boundary condition) a null temperature. Heat is
convected using a potential eld. One expects to have a \tral" of \fresh
zones" following the balls in their movements. The problem ve solve is the
following



518 Silvia Bertoluzza, Mourad Ismail, and Bertrand Maury

Fig. 3. Isosurface u = 0: (left)- 163 balls. (Right)- 343 balls

% VAT +r @ r T=0in QnB,

T=0ony,
% aT =1on \F N(Z = Zmin), (14)
gL =00n(Z = Zmin),
where ¢ solves
] .
Ap=0in QnB,
2 =0ony,
=2 =00nT N(Z= Zmin,Z = Zmax), (15)
®=10n(z= Zmin),

0=10n(Z= Zmax)-

Figure 4 shows the computed solution at di erent time iterations.

3.3 Flow past a sphere

We consider the incompressible Navier-Stokes equations ithe parallelepiped
Q=] 23[ ] 3 3[ 1 1,5[containing a spherical obstacleB((0,0, 1), 3).

The time discretisation is done using the Finite-Element Projection/Lagrange-
Galerkin method (see Achdou and Guermond [2000]) which is a n@jection
algorithm combined with the characteristics method (see Pionneau [1982]).
At each time step we have to solve, by=BM, elliptic problems for the velocity
and the pressure. Figure 5 shows the velocity eld on the plary = 0 of a ow

past a sphere at Reynold's number equal to 100. In order to sethe vortices,
gure 6 presents a zoom close to the sphere. See Ismail [20G8} more details
on numerical simulations of ows past spheres.

3.4 Conclusions

The numerical results con rm the theoretical estimates and shows the wide
applicability of FBM. The future work will consist on the theoretical side in
taking into account also the error due to the local resolutian, thus studying
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Fig. 4. Convection-Di[udion around moving balls.

the full discrete scheme. On a practical level we are workingn adapting the
method to take into account free motion of the bodies in orderto be able to

simulate uid-particle ows.
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Fig. 5. Flow past a sphere at Re = 100.
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Fig. 6. Zoom.



