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Summary. We present two non-overlapping domain decomposition based two-level
Newton schemes for solving nonlinear problems and demonstate their e ectiveness
by analyzing systems with balanced and unbalanced nonlinearities. They both have
been implemented in parallel and show good scalability. The implementations ac-
commodate non-symmetric matrices and unstructured meshes.

1 Introduction

One can refer to the paper by Keyes [1992] and the book by Smitht al. [1996]
for in-depth reviews of domain decomposition (DD) methods.Of particular
interest here are non-overlapping schemes such as iteratvsubstructuring
(Bj rstad et al. [2001]) and FETI methods (Farhat et al. [200 1]).

When solving non-linear boundary value problems (BVPs) via domain
decomposition it is common to use Newton type algorithms andhen to apply
existing DD approaches to the ensuing linearized problemsKnoll and Keyes
[2002]). The NK-Schwarz scheme (Keyes [1995]) as the nameggests, uses
a Krylov scheme equipped with a Schwarz preconditioner to sloe this linear
update equation.

If the non-linear e ects are unbalanced, i.e., the nonlineaity has a signif-
icant spatial variation, then the Jacobian becomes ill-comitioned and hence
the NK-Schwarz scheme is not e ective cf. Cai and Keyes [20J2 A scheme
that proves e ective for problems with unbalanced nonlineaities is the multi
level Newton Schwarz (MLN-Schwarz) scheme that was originly introduced
to solve multi-physics problems (Bachtold et al. [1995], Aluru and White
[1999]). Kim et al. [2003] implemented a serial version of ta MLN-Schwarz to
solve uid-structure interaction problems which had the a vor of a multiplica-
tive Schwarz approach. The scheme employs a global consistey equation in

? Both the authors would like to acknowledge the support provi ded by NSF under
grant no. DMR 01-21695



616 Deepak V. Kulkarni and Daniel A. Tortorelli

the place of the standard residual equation. In the case of umalanced non-
linearities, the Jacobian for the global consistency equabn appears to be
better conditioned (Cai and Keyes [2002]). However, the MLNSchwarz re-
quires the full solution of the sub-domain residual equatims for each global
Newton iteration. Hence the scheme is not e cient for problems with balanced
nonlinearities.

Another scheme that is used to resolve BVPs with unbalanced anlin-
earities is the ASPIN method. Cai et al. [2001] introduced this as a nonlin-
early preconditioned version of the NK-Schwarz scheme. In amparison to
the MLN-Schwarz, the ASPIN method has been implemented in paallel and
accommodates both overlapping and non-overlapping domam However, like
the MLN-Schwarz scheme, the ASPIN method is ine cient for pr oblems with
balanced nonlinearities.

In this work we present two non-overlapping DD schemes to se@k non-
linear BVPs. The rst scheme, which we call the modi ed Newton Krylov
Schur (MNK-Schur) approach, is based on a Newton Krylov Schu (NK-Schur)
approach. Since our method uses a two-level Newton schems, é ciently
solves problems with unbalanced nonlinearities thereby inorporating the ad-
vantages of both the NK-Schwarz and ASPIN methods. The secah method
modi es the MLN-Schwarz method to obtain a non-overlapping DD scheme.
We show that this scheme is in fact a special case of our MNK-$air approach.

2 Two-level Newton Krylov Schur Approach

For our nite element (or similar) computations we partitio n the domain into
n non-overlapping sub-domains and represent the discretizEnodal response
vector u and global residual vectorR (u) for the entire domain  as:
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whereu' corresponds to the interface nodal Degrees Of Freedom (DOFand
ujS corresponds to the internal sub-domain and Neumann boundgr nodal
DOF of sub-domain . In the above equation the interface residualR is as-
sembled as

R(ufusiiugiu) = Rj(uf;u') )
where R| (u?;u") represents the contribution of sub-domainj to the inter-
face nodal residual vector. Note that the residualR (u) is a reordering of
the residual that one would form without decomposition techniques. We ap-
ply Newton's method to the nonlinear residual equation (1) and obtain the
update equation:
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On applying block Gauss elimination we obtain the Schur's conplement rep-
resegtation of the above. We rst solve for the interface incement u' from
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(4)
then we solve for the"sub-d(;émain increments from
DRS s
L ®
Du; @
and nally we update the interface and sub-domain DOF vectors as
u'=u'+ u'; ud =ud+  ud (6)

The process repeats until convergence of equation (1)

The algorithm as described above is equivalent to a NK-Schuapproach.
However, as discussed in the previous section this algorith has poor con-
vergence if the Jacobian in equation (3) is ill-conditioned To alleviate this
problem we augment the algorithm with a lower level sub-dom&n Newton
scheme to obtain our MNK-Schur algorithm. After updating uS and u' at
every Newton iteration (cf. equation (6)) we perform additional sub-domain
iterations keeping the interface unknowns xed via

#
DR?3
DulS ud = RP; ud=udP+ u’d (7)
J

We may or may not iterate until sub-domain convergence is obained, i.e.,
until st 0. In either case we revert to the NK-Schur approach and repeat
equations (3)-(7) until R(u) 0 (cf. equation (1);).

Remark 1: If a particular sub-domain is linear, the tangent matrices @stz@s,
@RP=@', @R'=@', @R'=@5 remain constant in all applications
of equations (4), (5) and (7)

Remark 2: Various criteria can be used to determine if additional sub-
domain iterations are required. In our implementation we peform sub-
domain iterations if jRSj > jRijavg and jRij > "ob doman Where
jR]-Sja\,g is the average norm of all sub-domain residuals (where thétjS are

evaluated after the update of equation (6) is completed) and'sup  domain
is a tolerance.
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Remark 3: The Newton iteration at the sub-domain level of the MLN-
Schwarz and ASPIN methods is precisely the augmented sub-aaain iter-
ation introduced in our MNK-Schur method (cf. equations (7)). We intro-
duce here, a non-overlapping multi level Newton Schur (MLNSchur) ap-
proach. The global consistency equations of the MLN-Schwarand ASPIN
methods are replaced by the interface residual equation (2pow expressed
as

X
R u'0u(u')i02(u');  50n(u') = Rj 0j(u')iuf =0 (8)
i=1

The update equation for the above problem is

DR |
u

DU = R; u'=u'+ (9)

where, upon applying chain rule to (8) and di erentiating th e sub-domain
residual equation (here expressed aR >(07(u');u') = 0) we obtain
2 " # ., 3
DR M & &R RP  &Rpg
Du! ) @|I @Ij @IIS @|I

i=1

(10)

We notice immediately that DR =Du' is the Schur's complement matrix
of equation (4). However the right hand side of the above MLNSchur
update equation (9) does not contain the sub-domain residukaRjS present
in the MNK-Schur update equation (4). This is to be expected n the
MLN-Schur scheme because the sub-domain problem is resotvenaking
st 0. Thus the MLN-Schur scheme is a special case of the MNK-Schur
scheme.

3 Implementation

We use a direct solver to resolve the linear sub-domain updat equations (5)
and (7). It is noted that the use of a direct solver enables us @ store the
factored sub-domain Jacobian. Obviously, the sub-domain emputations are
independent of each other and therefore easily parallelizk

We employ an iterative method (e.g. GMRES, Saad and Schultz 1986])
to solve the interface update equation (4) in parallel. The terative scheme
requires multiple evaluations of the matrix-vector product DR =Du' s until
equation (4) converges. Expanding this product we see that
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It is emphasized that each matrix-vector product required by the iterative

solver involves a back solve with the already factored sub-dmain Jacobian
matrices to obtain x; . In fact the interface Jacobian matrix DR =Du' is never
assembled, only its e ect on the vectors is evaluated, i.e., at the interface level

this is a matrix free method. However, we form a preconditiorer P = [%5—,] !
where " I#
oR X ®  ® @
@

- ] S
Dut . @ @;
and Dj is the diagonal of the sub-domain Jacobiar@jsz@js.
The proposed scheme is summarized in algorithm (1) wherBsyp domain »
"global @nd "ierative  are prescribed tolerances.

(12)

D;

Algorithm 1 Modi ed Newton Krylov Schur Algorithm

Partition the mesh
Initialize u', u®, compute R|, R, @|=@], @R’=@|, @|=@;, factor
@R; :@js and assemble the interface preconditioner, cf. equation (12)
repeat fNewton iterations g
repeat f iterative solver computation of u' g
Evaluate (DR =Du') s via equation (11)

Update s
T P! P S—@mS lpSicn
until j(DR =Du')s+ R ‘. @RP=@7 "RPj<"ierave (cf. €q. (4))
Solvej =1;2;:::;n local sub-domain update equations (5)

Update u' and u via equation (6)
repeat f sub-domain Newton iterations g
Solve Newton update equation (7) and store @fz@lf in factored form
Update sub-domain responseujS via equation (7)
until jRJS] <"sub domain OF JRJSJ < jRijavg
Compute R|, R¥, @R[ =@/, @R’=@/, @|=@;, Diag(@R;’=@})
Assemble the interface preconditioner, cf. equation (12)
until jR(u)j <" global

1

4 Results

We have developed parallel domain-decomposition codes ugj MPI (Forum
[1994]) to implement the proposed methodologies. We use MES (Karypis
and Kumar) to partition the domain, SuperLU (Demmel et al.) f or the sparse
solution of the sub-domain problems and PETSc (Balay et al.)for the itera-
tive solution of the interface problem. All computations are performed on a
distributed shared memory Origin 2000 machine.

The preconditioner matrix is in general dense and could be aoputation-
ally expensive to factorize. For problems in which ¢im (u' )=max(dim (up)) <
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1, i.e., for problems with few sub-domains, we use an LU factization to ob-
tain P otherwise we use a Jacobi methotto approximate P.
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Fig. 1. Domain Partitioning Fig. 2. Single processor e ciency

We consider a steady-state heat conduction problem to demasirate the
proposed algorithms. The nonlinear isotropic heat condudbn coe cient s
dened as: (T)= o(@+ T) whereT is the temperature and  and
are parameters, the latter of which controls the nonlinearty of the problem.
Figure (1) shows the rectangular domain partitioned into 64 sub-domains. We
impose zero ux conditions on the north and south boundariesand Dirichlet
conditions of T =500 and T = 0 on the west and east boundaries respectively.
The discretization contains approximately 100,000 elemets and 50,000 DOF-.

4.1 Single processor e ciency

Figure 2 shows the timing results obtained using the MNK-Sclur approach
with varying number of sub-domains on a single processor. Té problem uses
o=1and =0:01and exhibits a balanced nonlinearity. The clock time for
the single sub-domain case is obtained using thdgssvsparse direct solver of
SuperLU (Demmel et al.). As seen from the gure, even on a sinig processor
the DD based MNK-Schur approach performs better than a standrd Newton
scheme (i.e., the single sub-domain case) equipped with a gse direct solver.
The timing results obtained for such single processor casesre used as
baseline results for evaluating the scalability of the pardlel implementations.

4.2 Parallel Scalability

To study the parallel scalability of the MNK-Schur algorith m we analyze the
problem described in the previous section with 32 sub-domais and varying
number of processors. The MNK-Schur shows near linear scalgp at a 55%
to 65% e ciency as shown in gure 3. Note that the ability of ou r paral-
lel implementation to accommodate multiple sub-domains pe processor is

2 PETSc has several built-in preconditioners that can be chosen at run time in
place of the Jacobi method.
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Fig. 3. Scalability of MNK-Schur Fig. 4. Nonlinear convergence

demonstrated in these examples as the number of sub-domains xed while
the number of processors is varied. Figure (4) shows the termal quadratic
convergence of the MNK-Schur scheme for several nonlineargblems.

4.3 Comparison of the two algorithms

To compare our MNK-Schur and MLN-
— MNKS Schur algorithms we analyze the 32 sub-
—— MLN domain case of the previous example
problem. In gure 5 we plot the wall-
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21500 clock time of the MLN-Schur and MNK-
E Schwarz schemes for varying number of
1000 processors. We see that the MLN-Schur

scheme is less e cient than the MNK-
Schur scheme irrespective of the num-
ber of processors employed. This di er-
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# of pradessors 40 ence is attributed to the full resolution of

] the sub-domain residual equations in the
Fig. 5. MLN-Schur vs. MNK- MLN-Schur scheme. Hence, the MLN-
Schur Schur requires more computations per

interface Newton iteration.

However, for problems with unbalanced nonlinearities, fewr interface
Newton iterations may be required when using the MLN-Schur nethod.

5 Conclusion

We have introduced two non-overlapping DD schemes based on &vo-level
Newton approach. The MNK-Schur scheme combines the advanges of the
MLN-Schur and NK-Schur schemes to provide a general approdcthat e -
ciently solves problems with balanced and unbalanced nontiearities. The DD
implementation shows good scalability. By assigning multple sub-domains
to each processor we obtain a scheme that is e cient on a sing processor
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and one that is amenable to load balancing in parallel implenentations. The
implementations have been designed to accommodate unstrtiwed meshes,
nonsymmetric matrices and a variety of iterative solvers am preconditioners.
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