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-
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Cm The model problem
E

We consider the constant coefficient advection-diffusion equation

(
Lu:= u+a ru+cu=f onR? )
u is bounded at infinity;
where ;c> Oanda = (a;hb).
By linearity, it is sufficient to consider the case f 0 and analyze the
convergence to the solutionu 0.

>
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Cm
-

°

General Schwarzmethod

(
Luf*t 0 on 1=(1 ;%) R
B,ul*t Biuy atx=%;

( Lub*t 0 on »=( 5:1) R
Boub*t Bouf atx= &

u’ = approximate solution in subdomain

i, at iteration n.

B; are linear boundary operators, called transmission conditions

the choice of transmission conditions influences the convergence
properties of the iteration
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Fourier transform in y
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?

Fourier transform in y

-

Transformed equation:

o = %+a%+( k? ibk+cn=0
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?

Fourier transform in y

-

Transformed equation:

o = %+a%+( k? ibk+cn=0

Characteristic roots:

a pa2+4c 41 bk+ 4 2k?
2
where Re( ") > 0and Re( 7)< O:

(k) =
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-

Transformed equation:
o =

Characteristic roots:

(k) =

@o @

Fourier transform in y

Zra—+ (k¥ ibk+00=0

@ @&

a pa2+4 c 4i bk+ 4 2k?

2

where Re( ") > 0andRe( 7)< 0

Z(K) :
(k) :

P

a2+ 4 c
Re(z(k)) > O;

4

bk+ 4 2K
(k) := Im(z(k))
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Fourier transform in y

?

fTransformed equation:

o = %+a%+( k? ibk+cn=0

Characteristic roots:

a pa2+4 c 4i bk+ 4 2k?
2

where Re( ") > 0andRe( 7)< 0

p
z2(k) = a2+ 4 c 4 bk+ 4 2k2

(k) := Re(z(k)) > 0; (k) := Im(z(k))

(k) =

Fundamental solutions: e "(Kx: g ~(K)x.
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©= Zeroth order approximation to ABCs

-

@) a+pa2+4c

Bi(u) = @ + p2 u;
2+ 4
B,(U) = % , @ 2a + Cu:

Obtained by taking the zeroth order Taylor approximation (at k = 0) to
absorbing boundary conditions (which yield optimal convergence).

® converges when L = 0, but convergence factor is small for small k

only
® forL > O, converges faster than classical Schwarz
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Cm Optimized Robin conditions
-

B.i(u) = % + aé-l_ pU;
Bo(u) = %+ a2 IOu;

for p 2 R. The convergence factor in this case is
017 (5K _ [P (OP+ (k)2 _zew

: k:L: e —
e U Bl e () (3
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Cm Optimized Robin conditions
-

at p

+
2
a

B.i(u) = u;

N p

Bo(u) = u;

RO RV®

2

for p 2 R. The convergence factor in this case is

R A L I I O R
FRlLPIZ g T e e (7

_LE(R)

e

What is the “best” value to use for p?
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Cm Optimized Robin conditions
E

Bi(u) = %+ 8; Pu;
Bz(U):%+ a2 Pu

for p 2 R. The convergence factor in this case is

07 (5K b 0P+ (k) rem
ol 15k [P+t (K2+ (k)2

] r1(K;L; p)) =

What is the “best” value to use for p? We minimize the convergence factor
uniformly over a relevant range of frequencies

min ' ‘L:p) |
DR Koo k2K Ra(ki Ly p)) (MM1)
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©= Optimized two-sidedRobin conditions

-

B.i(u) = % + aé-l_ pU;
Bo(u) = %+ a2 qu;

forp; g2 R.

R (3 I C
ralGLP = (o 2+ 200) ©

The optimization problem on the two free parameters p and qis

min max ] ra(k;L; p;0)) (MM2)

p,qGR kmingkgkmam
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Cm 002 conditions

fThe Optimized of Order 2 method (O02), introduced by C. Japhet [1997],
uses the transmission conditions

@ 1 @ @u
Bi(u) = @+2— ( a+ a?+ 4 ou q@ r@ :
Bz(u):%+2i ( a a2+4c)u+q%+r%

® the full optimization on the two parameters q and r was not done, only
an approximate problem (under simplifying assumptions) was solved

® only non-overlapping decompositions (L = 0) were considered
® in the optimization ki, = 0
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@©= Optimized Robin conditions, L = 0
-

B1(u) = % + a2+ IOu; Bo(u) = % + a2 IOu
2 2
min max b (" + (K) (MM1)

PER  Kmin<k<kmao [P+ (K)]? +  (K)?
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@= Optimized Robin conditions, L = 0
-

B1(u) = % + a2+ IOu; Bo(u) = % + 6; IOu
2 2
min max b (" + (K) (MM1)

PER  Kmin<k<kmao [P+ (K)]? +  (K)?

Optimiz ed Robin parameter, without overlap: The unique minimizer p*
of the min-max problem (MM1) is given by

8
2 JZmin] 1 Pc < )Zmin ] = ]Z(Kmin )J;
P"=_ Pe ifjZmin ] Pc  JZmax J; (  equioscillation

>
" JZmax ] 1P > JZmax ] = JZ(Kmax )]s

S

min ] Zmax j2 max JZmin j2 .

max min
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@©= Optimized Robin conditions, L = 0
-

Convergence factor for different choices of conditions (L=0).
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€= Optimized Robin asymptotics,L = 0
-

Optimiz ed Robin asymptotics, without overlap: For Kmax = &, the

asymptotic performance of the Schwarz method with optimized Robin
transmission conditions is

r
max_j ru(kiO;p)j=1 2 2 min hz + O(h):

kmn %
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€= Optimized Robin asymptotics,L = 0
-

Optimiz ed Robin asymptotics, without overlap: For Kmax = &, the

asymptotic performance of the Schwarz method with optimized Robin
transmission conditions is

r
max_j ru(kiO;p)j=1 2 2 min hz + O(h):

kmn %

Comparison with other choices of transmission conditions:
® eroth order Taylor conditions: 1 O(h)

® 002 conditions of C. Japhet: 1 O(h3)
® Optimized two-sided Robin conditions: 1  O(hz) (expected)
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©= Optimized Robin conditions, L > 0
E

B1(u) = % + a2+ IOu; Bo(u) = % + a2 IOu;
2 2 Lélk
j ri(k;L; p)j = (b ()~ + (k) e

(p+ (K)2+ (k)2
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€= Optimized Robin conditions, L > 0

-

B1(u) = %+ E; pu; Bo(u) = %+ a2 pu;
2 2 Lé(k
j rakiLip) = T T et

(p+ (K)2+ (k)2

Noting that (k) ! 1 forlarge k, butj (k)j 2 [0:jh],

ey (P )PP me
JralkiLipl 53 ;2+b2e <= Q0 p):

Optimized Robin Conditions for the Advection-Diffusion
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€= Optimized Robin conditions, L > 0
-

@ at+tp @ a p

Bi(u) = a2 Y Ba(u) = a2 W
rletpi= OO (e,
Noting that (k) ! 1 forlarge k, butj (k)j 2 [O;jb],
] ru(k;L; p)J EE+ ;2: Ezze_%g =1 Q( ;p):
Approximate problem:
g]eig max Q( ;p) (MMY)
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©= Optimized Robin conditions, L > 0
-

Appr oximate Robin parameter, with overlap: Let knax = 1 . Define the
critical value

_ 2 p Lb2+ Lp?2+ 2p 2p2 2 Lpb? LZ2b2p?
2(p) = [ :

If 2(Pmin ) is complex, or 2(Pmin ) < min , OF if

Q( min s Pmin ) > QC 2(Pmin ); Pmin );

then the solution p* of the min-max problem (MM1°) is p* = Pmin -
Otherwise, the solution is given by the unique root p* (larger than pmin ) of
the equation

Q( min :P") = Q( 2(p");p*): ( equioscillation
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©= Optimized Robin conditions, L > 0
-

Convergence factor for different choices of conditions (L>0).
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€= Optimized Robin asymptotics,L > 0
E

Appr oximate Robin asymptotics with overlap: For kmax = + and

L = h, the asymptotic performance of the optimized Schwarz method,
with the Robin parameter p obtained through the approximate min-max
problem is given by

1

max j ri(kihip)i=1 4 M h3 + O(h3):

ma
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€= Optimized Robin asymptotics,L > 0
E

Appr oximate Robin asymptotics with overlap: For kmax = + and

L = h, the asymptotic performance of the optimized Schwarz method,
with the Robin parameter p obtained through the approximate min-max
problem is given by

1

max j ri(kihip)i=1 4 M h3 + O(h3):

ma

Comparison with other choices of transmission conditions:
® Dirichlet conditions: 1 O(h)

® Zeroth order Taylor conditions: 1 O(h?z)

® Optimized two-sided Robin conditions: 1  O(hs) (expected)
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Cm Numerical Experiments
-

( 0:1 u+alxy) ru+u = sin®Gx)sin(dy) on = (0; )?;

u = 0 on @ :

The square domain is divided into the subdomains

y=T
1 2
y:Ox=0 = X=T
L
For the overlapping case, we choose an overlap of width L = 2h. J
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Numerical Experiments

y); b(X; y)):

The advection (a(x
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Cm Numerical Experiments, L = 0

-

Comparison of the results using h = 55, without overlap:
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Cm Numerical Experiments, L > 0

-

Comparison of the results using h = 55, with overlap L = 2h:
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Cm Numerical Experiments

fNumber of iterations required to reach an error of 10~°, for different mesh

10° . T
+ Zeroth order Taylor ] O.o ¢ Classical Schwarz
— slope 1 ] 4, - slope 1
O Optimized Robin ] K3 + Zeroth order Taylor
- - slope 1/2 | 1021 Q. — slope 1/2 i
e Optimized two sided Robin 9. o Optimized Robin ]
P = - slope 1/4 ] o - - slope 1/3 ]
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“¢. | =~ slope 1/5
] (2] ',
c c
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Cm

-

o

o

Conclusions

L = 0: Solved the min-max problem. A formula gives the optimized
Robin parameter.

L > 0: Solved an approximate min-max problem, which is accurate
asymptotically. The Robin parameter is computed by solving a
nonlinear equation.

The optimized Robin parameters are characterized by an
equioscillation property

L=20 L >0

but ONLY for kmax large enough. There are special cases that can

OCCuUr.
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Work In progress

Exact solution of the optimization problem for the Robin parameter
when L > 0.

Optimization of two-sided Robin and higher order transmission
conditions: characterize the optimized parameters.

Optimized Schwarz methods when the coefficients are discontinuous
(heterogeneous problems).

Cm
B

Analysis of optimized Schwarz with coarse grid correction.

http://www.math.mcgill.ca/~dubois
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