
A FETI-DP form ulation for the three dimensional

elasticit y problem with mortar metho ds

Hy ea Hyun Kim
Couran t Institute of Mathematical Sciences,

New York Univ ersit y, New York

Jan uary 14, 2005



DDM16, A FETI-DP metho d for the elasticity with mortar 1

The Neumann-Diric hlet preconditioner

� FETI-DP methods for 2D elliptic problemswith mortar matching
(Kim and Lee (2002))

� (M � 1
N D FD P ) � C max

i =1 ;��� ;N

�
(1 + log(Hi =hi ))2

	

M � 1
N D =

NX

i =1

B (i )D (i )S(i )D (i )B (i ) t
;

n : dofs on nonmortar, m : dofs on remaining parts

D (i ) =

 
D (i )

mm 0

0 D (i )
nn

!

;

D (i )
mm = 0; D (i )

nn =
�

B (i )
n

t
B (i )

n

� � 1
:
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� E�cien t one for the problemswith discontinuouscoe�cien ts

� Extended to 3D elliptic, and 2D Stokesproblem

� Well connectedto the BDDC method

(BDDC method) M � 1
B D D C � � � M � 1

N D (FETI-DP method)

(ED ; PD : averageand jump operators )

ED + PD = I ;

E 2
D = ED ; P2

D = PD ;

ED PD = PD ED = 0
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Elasticit y problem

Partition of domain 
 2 R 3

@
 = @
 D [ @
 N ( D : Dirhchlet B.C. N : natural B.C. )


 = [ N
i =1 
 i ( geometrically conforming )

Find u 2 [H 1
D (
)] 3 such that

NX

i =1

� Z


 i

Gi " (u) : " (v ) dx +
Z


 i

Gi � i r � ur � v dx
�

= hF; v i 8v 2 [H 1
D (
)] 3; (1)

hF; v i =
Z



f � v dx +

Z

@
 N

g � v ds

"(u)l k :=
1
2

�
@ul

@xk
+

@uk

@xl

�
(strain tensor)

Gi = Ei =(1 + � i ); � i = � i =(1 � 2� i ); Ei > 0; � i 2 (0; 1=2]:

We consider the caseof Compressible Elasticit y (� i � 
 < 1=2).
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� Finite Elemen ts

Ti : a quasi-uniform triangulation in 
 i ;

X i : P1-conforming �nite elements basedon Ti ;

f Ti gN
i =1 : nonmatc hing acrossinterfaces;

X = f v : v j
 i 2 X i ; i = 1; � � � ; N g Nonconforming
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� Mortar Matc hing Condition

Wi Wj

Fij

Gi Gj


 i (nonmortar) ; 
 j (mortar) if Gi � Gj ;

Wij : �nite elements on F ij equipped with interior nodesof the nonmortar

Mij : dual/standard Lagrangemultiplier space

Mortar matc hing condition is
Z

F ij
(v i � v j ) � � ds = 0; 8� 2 M ij ; 8F ij :



DDM16, A FETI-DP metho d for the elasticity with mortar 6

Primal variables

� Redundan t constrain ts

1. Poin t-wise matc hing condition (matc hing grids)
3D Elliptic : Faceor Edge averageconstraints
(Klawonn, Widlund, Dryja (2002))

Z

F ij
(vi � vj ) ds = 0;

Z

E lk
(vi � vj ) ds = 0:

3D Elasticit y : Edge averageor momentum constraints
(Klawonn, Widlund (2004))

Z

E lk
(v i � v j ) ds = 0;

Z

E lk
(v i � v j ) � r ds = 0: ( r : rotation )

2. Mortar matc hing condition (nonmatc hing grids)
3D Elliptic : Faceaverageconstraints (Kim (2004))
Note : Edgeconstraints are not redundan t to mortar matching
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� Wh y we need more redundan t constrain ts than three face average
constrain ts for the elasticit y problem?
1. Ker(") hassix rigid body motions f r i g6

i =1 as its basis:

r 1 =

0

B
B
@

1

0

0

1

C
C
A ; r 2 =

0

B
B
@

0

1

0

1

C
C
A ; r 3 =

0

B
B
@

0

0

1

1

C
C
A ; r 4 =

0

B
B
@

x2

� x1

0

1

C
C
A ; r 5 =

0

B
B
@

� x3

0

x1

1

C
C
A ; r 6 =

0

B
B
@

0

x3

� x2

1

C
C
A ;

2. Vertex constraints are not strong enoughto get a good condition number
bound
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� Pro jected momen tum constrain ts

1. On the interfaceF ij = @
 i \ @
 j , we consider

r 4 =
1
H

0

B
B
@

x2 � bx2

� x1 + bx1

0

1

C
C
A ; r 5 =

1
H

0

B
B
@

� x3 + bx3

0

x1 � bx1

1

C
C
A ; r 6 =

1
H

0

B
B
@

0

x3 � bx3

� x2 + bx2

1

C
C
A ;

wherebx = (bx1; bx2; bx3) 2 F ij and H = diam(F ij ).

2. Projection Q : [L 2(F ij )]3 ! M ij
Z

F ij
(Q(w) � w) � � ds = 0 8� 2 Wij :

3. We get three pro jected momen tum constrain ts;
Z

F ij
(v i � v j ) � Q(r l ) ds = 0; l = 4; � � � ; 6:
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� Primal variables

Adding more redundan t constrain ts (primal variables) to the FETI-DP
formulation causesbigger coarse problem that is becomingthe bottle
neck of the computation.

Faces
Vertices

Primal
Primal

Not-Primal Not-Primal

Acceptable face path
condition

Figure 1: Set of primal veriables

Primal faces : face average and pro jected momen tum
Primal vertices : poin twise matc hing
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Figure 2: Acceptable facepath between
 i and 
 j (red: primal, blue: not-primal)

De�nition 1 (Acceptable face path)
For a pair of subdomains (
 i ; 
 j ) with a common face F and Gi � Gj ,
An acceptableface path f 
 i ; 
 k1 ; � � � ; 
 kn ; 
 j g is a path from 
 i to 
 j

through primal faces with the coe�cien ts Gkl satisfying

TOL � f (1 + log(H i =hi )) � 1(1 + log(Hkl =hkl ))
2g � Gkl � Gi :
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FETI-DP form ulation

� Finite elemen ts with primal constrain ts

Finite elements over the in terfaces (W ) and the nonmortar in terfaces (Wn )

W =
NY

i =1

Wi ; (Wi = X i j@
 i ); Wn =
Y

ij nonmortar

Wij

.

fW := f w 2 W : w satis�es vertex constrain ts at the primal vertices

and face constrain ts acrossthe primal facesg;

fWn := f wn 2 Wn : wn has the zero averages and momen tums on primal facesg:
Z

F ij
wn ds = 0;

Z

F ij
wn � Q(r l ) ds = 0; l = 4; � � � ; 6:

Note : w ( zero extensionof w n into W ) 2 fW:
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� Notation (c: primal vertices, r : the remaining part)

w (i ) (2 Wi ) =

0

@w (i )
r

w ( i )
c

1

A ; S(i ) =

0

@S(i )
r r S( i )

r c

S( i )
cr S( i )

cc

1

A ; B (i ) =
�

B ( i )
r B ( i )

c

�

� Restriction

R(i )
c : Vc (Set of primal vertices) ! Vcj
 i

� Assemble unknowns

wr =

0

B
B
B
@

w (1)
r

...

w (N )
r

1

C
C
C
A

; wc with R(i )
c wc = w (i )

c ; 8i:

� Assemble mortar matching matrix

Br =
�

B (1)
r : : : B (N )

r

�
; Bc =

NX

i =1

B (i )
c R(i )

c :



DDM16, A FETI-DP metho d for the elasticity with mortar 13

� Assemble sti�ness matrix

Sr r =

0

B
B
B
@

S(1)
r r

. . .

S(N )
r r

1

C
C
C
A

; Sr c =

0

B
B
B
@

S(1)
r c R(1)

c

...

S(1)
r c R(N )

c

1

C
C
C
A

; Scc =
NX

i =1

R(i )
c

t
S( i )

cc R(i )
c :

c : unknowns at primal vertices

r : unknowns at the remaining part
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� mortar matching condition

Br wr + Bcwc = 0: (2)

� redundant constraints

Rt (Br wr + Bcwc) = 0: (3)

� mixed problem
0

B
B
B
B
B
@

Sr r Sr c B t
r R Br

Scr Scc B t
cR Bc

Rt Br Rt Bc 0 0

Br Bc 0 0

1

C
C
C
C
C
A

0

B
B
B
B
B
@

wr

wc

�

�

1

C
C
C
C
C
A

=

0

B
B
B
B
B
@

gr

gc

0

0

1

C
C
C
C
C
A

:

� FETI-DP equation

FD P � = d:
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� Preconditioner M � 1
N D

hM N D � ; � i = max
w n 2 fW n

hB w; � i 2

hSw; w i
; (4)

S = diagi =1 ;��� ;N

�
S( i )

�
; B =

�
B (1) � � � B (N )

�

w : zero extensionof w n : ( Note that w 2 fW )

� Lower bound

hFD P � ; � i = max
w 2 fW

hB w; � i 2

hSw; w i
: (5)

Therefore we have the lower bound

hM N D � ; � i � max
w 2 fW

hB w; � i 2

hSw; w i
= hFD P � ; � i : (6)

We will show the upper bound

hFD P � ; � i � ChM N D � ; � i :
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Condition num ber analysis

Assumption on mesh size Gi � Gj

hj

hi
�

�
Gj

Gi

� 


; 0 � 
 � 1:

Mortar pro jection � ij : [L 2(F ij )]3 ! W ij

Z

F ij
(� ij (w ) � w) �  ds = 0; 8 2 M ij :

� Primal face F

Lemma 1 For F (= @
 i \ @
 j ), a primal face with Gi � Gj , and w 2 fW,
we have

Gi k� ij (wi � wj )k2
H 1=2

00 (F )
� C

( �
1 + log

Hi

hi

� 2

jwi j2Si
+

�
1 + log

Hj

hj

� 2

jwj j2Sj

)

;

where jwi j2Si
= hS(i )wi ; wi i .
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� Not Primal face F

Assumptions on meshsizesand the acceptablefacepath

hj

hi
�

�
Gj

Gi

� 


; 0 � 
 � 1

TOL �
n

(1 + log(H i =hi ))
� 1 (1 + log(Hkl =hkl ))

o
� Gkl � Gi

Lemma 2 For F (= @
 i \ 
 j ), not primal face with Gi � Gj , we assume
that there is an acceptableface path f 
 i ; 
 k1 ; � � � ; 
 kn ; 
 j g. Then we have

Gi k� ij (wi � wj )k2
H 1=2

00 (F )
� C(TOL)

X

l2 N ij

�
1 + log

Hl

hl

� 2

jwl j2Sl
;

where Nij = f i; k1; � � � ; kn ; j g.
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� Upp er bound

Lemma 3 We have

hFD P � ; � i � C max
i =1 ;��� ;N

( �
1 + log

Hi

hi

� 2
)

hMN D � ; � i ;

where C = C(TOL; L) with L (maximum face path length).

� Condition num ber bound

Theorem 2 For the elasticity problemwith discontinuous material
coe�cients, we obtain

� (M � 1
N D FD P ) � C(TOL; L) max

i =1 ;��� ;N

( �
1 + log

Hi

hi

� 2
)

:
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Algorithm for selecting primal faces

De�nition 3 (Essentially primal face) A face F = @
 i \ @
 j is essentially primal, if there
is no acceptableface path for (
 i ; 
 j ) with all faces except the face F chosenas primal faces.
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F

Figure 3: Essentially primal faceF = @
 i \ @
 j when TOL = 10; H l
h l

= 4

TOL �

( �
1 + log

Hi

hi

� � 1 �
1 + log

Hkl

hk l

� 2
)

� Gkl � Gi
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Algorithm (TOL,L , f Gl ; H l ; hl g ) given

� Step 1. Determine essentially primal faces and add them into the primal faceset P.

� Step 2. Determine not-primal faces basedon the set P.

� Step 3. Order the undetermined facesdecreasingly
according to the ratio of coe�cien ts acrossthe facesF (= @
 i \ @
 j )
according to the num ber of neigh bors what the subdomains 
 i and 
 j have.

� Step 4. Do un til every undetermined face F determined

{ Add undetermined faceF into primal face set P

{ Then determine not primal faces basedon the up dated primal faceset P

End
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Test example


 = [0; 1]3 partitioned into N 3 cubical subdomains

L = 6; TOL = 10

In caseconstan t coe�cien t Gi = 1:0 for all i

In caserandom coe�cien t 1; 10; 102; 103 are randomly distributed

N 3 Total Opimal (N 3 � 1) Primal (const ) Primal (random )

23 12 7 7 8

43 144 63 68 89

63 540 215 246 322

83 1344 511 646 804

103 2700 999 1300 1598

Table 1: Number of primal facesfor the constant coe�cien t and randomly distributed coe�-
cients
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Conclusion

� For the compressible elasticit y problem with discon tin uous material coe�cien ts by
introducing average and momen tum constrain ts

� (M � 1
N D FD P ) � C(TOL; L) max

i =1 ;��� ;N

�
(1 + log

Hi

hi
)2

�

� Reducedthe number of primal variables with the concept of primal and not-primal
faces

� Geometrically nonconforming subdomain partition by introducing
Change of Basis form ulation

� Three-lev el BDDC metho d in order to solve the huge coarse problem
e�cien tly

Ac kno wledgemen t ProfessorOlof B. Widlund


