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Two motivations for the coupling of equations

— Simulation of multiphysic phenomena

— Simplification of the numerical problem
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The equations

e The convection diffusion equation

( Ouy .
Logu] = = +a-Vu; — vAu; + cuq in Q1 x (0,7T)

u1(+,0) = ug in 4
| + Boundary conditions on 9€2 N 9

2/

e The convection equation

( 0
Ecugz%—ka-V’ug—kch in Qs x (0,7T)

’UQ(',O) — Up in QQ
| + Boundary condition on 92 N 082,

/\
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Coupling of the convection/convection diffusion
equation

Ly ={xel,a-n>0}
Iowe ={x €T, a-n<0}
F:Finurout
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Solving the CD equation by a domain
decomposition method

e The problem is : find u; and us such as

Lequy = [ in 4 Lequz = [ in 2o
U1 = U9 01 I
81&1 821,2
oL e T
on on o

e We are looking for the fastest algorithm

k+1 : k+1 :
Ecdu1+ = fin () Lcdu2+ = f in ()

Bi(uft) = Bi(uf) on T By(usit) = By(uk) on T
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Solving the CD equation by a coupling of equations

e The problem is : find u; and us such as

Ecdul = f n Ql £C’ZL2 = f in QQ

on the interface?

e What is the corresponding algorithm ?

Lequi™ = fin Oy Loust™ = fin Q,

Bl(ulfﬂ) = Bi(uf)on T Bg(u;““) = By(uf) on T
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Different ways of defining the coupling for steady
problems

o I Gastaldi, A. Quarteroni, G. Sacchi Landrians :
Definition : Result of a limiting process.
Key word : Singular perturbations.

What has been proposed :
— derivation of the transmission conditions.

— algorithm.

e F. Dubach :
Definition : Solution that minimizes the error as a function of v.
Key word : Absorbing boundary conditions theory.
What has been proposed :

— derivation of the transmission conditions.
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Conditions of [GQSL)]

e Variational arguments prove that the solution of this limiting
process satisfies

(91&1
—V/—— +a-nu; = a-nuo ODF:Fz‘nurout

on

Uq = U2 o1 an

or equivalently

8U1
—V/— 4+ a-nu; = a-nus on I'yy:
8n1
U1 p— U9 on an
81&1
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New conditions

e Dubach’s conditions

(

s = U on I,
ouq Oug
< - = on I,
an an
8’&1
| V5, Ta'mw = a-nu; on Lout

e Conditions |[GJHM]

U = U9 onl = an U Fout
8u1 821,2

—— = —— onTy,

on on
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Steady Results in R?

Conditions |[GJHM]

Dubach’s conditions

:casea-n>0 (I'=Ty,)

Conditions [GQSL]

Error in €4 : [ju — u1||q, O(v°/?) O(v3/?)
Error in s : ||u — us||q, O(v) O(v)
Continuity of u yes yes
Continuity of the flux of u yes no
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Steady Results in R? : case a-n <0 (I' =T',)

Conditions [GJHM] | Conditions [GQSL]

Dubach’s conditions

Error in €4 : [ju — u1||q, O(v) O(v)
Error in s : ||u — us||q, O(v) O(v)
Continuity of u yes no
Continuity of the flux of u no no

amfa. Université de Picardie. 11 Véronique Martin



Algorithm when a-n >0 (I'=1Y},)

( k+1 -
Loqui™ = f in €y x (0,7,
§ ubtH,0) = ug in Qq,
X Blulfﬂ — Blug on I' X (O,T),
( k+1 :
Lous™ = f in Qs x (0,7,
¢ ubtH,0) = w in Q,
L Bgulf+1 = BQUS on I' X (0 , T),
— How to choose By and By ?
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Algorithm for the error when a-n >0 (I'=1Y},)

We introduce Urtt = u; — ™ and USH = uy — us ™!

[ LU = 0 in O x (0,7),
¢ UFFY,0) = 0 in O,
| BUTTY = BUS onT x (0,7),
( CURY = 0 in Qy x (0,7),
§ UM(0) = 0 in Q,
| BUSTT = BUF onT x (0,7).
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Algorithm with new conditions when the sign of

a-n 1s constant

ea-n>0:I'"=1},

£cdu1 — f
\ (a1 (', 0) —  Uo
X £cu1 — f

in Ql X (0,T>,
in Ql,
onT x (0,T),

ea-n<0:I'=1,,

< ’LLQ(',O) = U

in QQ X (O,T),

in QQ,

/"

£cu2

u2(~,0)

Uz

'Ccdul
U1(°, O)

Uuop

in Qs x (0,7,
in QQ,

onT x (0,T).

in Ql X (O,T),
in Ql,

onT x (0,7),
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Steady case in 1D : a-n positive

1.2+ _ _ |
— Viscous solution
— [GQSL] conditions
1 — [GHJM] conditions

0.8

0'6 | | | |
-08 -06 -04 -02 0 02 04 06 08 1
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Steady case in 1D : a-n is negative

L2l ' \\
1 L
08t viscous solution |
| — [GQSL] conditions
— [GHJIM] conditions
0.6¢ I ! | 1l

0.4 0.6 0.8 1
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If a-n is positive : L? error in ; versus the viscosity

-2

-2.5F | — Conditions [GQSL]
-3+ | " \Y

_3.57 5/2

_al
4.5}
Error —3f
5.5}
-6 e
~6.5f e
-7t /./
7.5} .

-5.5 -5 -4.5 -4 -3.5

Viscosity
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If a-n is positive : L? error in (), versus the viscosity

Conditions [GQSL] e

Conditions [GHJIM]
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Unsteady 2D case

ou

— =0

dy
7777 AS T
TSI AS TSI
ST IA ST
AT
SIS A
SIS AT
ST SA ST
ST AT O
LTSI LS u

u=0 VA /! — =0
A A A A e Ox
SIS AT
ST IAS ST
ST IS
SIS IASS S S

SIS AT
TSI ASST ST
SIS
SIS
ST IAS 7S

u = exp(—100 * (z — 0.4)?)

Physical data : v = 0.001, a(z,y) =1, b(z,y) =1, f
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Unsteady 2D case

There was a film here...
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I\

(General case

k-+1
£cdu1+ — f
k+1
u1+ ('70) = Ug
k+1
£cu17L — f
A=
Lous™ = f
k+1
u2+ ('7()) = Uo
us = uk

in Ql X (O,T),
in Ql,

on an X (O,T),

on Tou x (0,7).

in QQ X (O,T),

in QQ,

on Ty, x (0, 7).
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Unsteady 2D case with rotating velocity
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Physical data : v = 0.001, a(x,y) = 0.5 —y, b(z,y) = 0.5, f = 0.
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Unsteady 2D case

There was a film here...
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Conclusions and perspectives

Current work :
e Eistimates for the unsteady problem
e Proof of the convergence of the algorithm

Future work :

e Coupling algorithm for oceanographic equations
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