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Model Problem
—divfa(x)Vu(x)] = f(x) forxeQ, u(x) = g(x) forxel =09Q
Nonoverlapping Domain Decomposition

P
Q=% Qn=0fri#j, T=0Q

1y T
= @
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Model Problem

—div[a(x)Vu(x)] = f(x)

Nonoverlapping Domain Decomposition

p
QZUQ;, Q,-ﬂQj:(Zlfori;éj, I;

i=1

Local Boundary Value Problems

—a;Aui(x) = fi(x) forx € Q;,

Transmission Boundary Conditions

1

for x € Q,

forx e =0Q

g(x)

ui(x) = g(x) forxel;NTl

0 0
ui(x) = uj(x), a;%u;(x) + aja—njuj(x) =0 forxel;=I;NT;

. 0. Steinbach
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Local Dirichlet Boundary Value Problem

—ajAui(x) = fi(x) forx e Q;, ui(x) = gi(x) forxel;=0%Q;
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Local Dirichlet Boundary Value Problem

for x € €;,

—aiAui(x) = fi(x)

Representation Formula for x € Q;

u() = [ U ten)ity)ds, [ )

i i
Fundamental Solution

11
4 [x —y|’

U*(X?y) =

ui(x) = gi(x) forxel; =0%Q;

a ., 1 "
awu@n@ﬁm/quwnw
Q;

0
tily) = 8Tui(y)’ yel;
y
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Local Dirichlet Boundary Value Problem
—ajAui(x) = fi(x) forx e Q;, ui(x) = gi(x) forxel;=0%Q;
Representation Formula for x € Q;
i) = [V st~ [ 805U st [ Uiy
r r Q

Fundamental Solution

11 )
. — . I
E ti(y) an, ui(y), y €T,

U*(X?y) = E|X—y

Boundary Integral Equation for x € T;

1 [ tly) _ 1 i/ . 0 1
7 1™ T 2 D a,47r |x S

I
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Boundary Integral Equation for x € T;

(Vit)(x) = 58i0x) + (Kigi)(x) =~ (No,f) ()

1

Single Layer Potential
Vi HTY2(T3) — HY2(T), (Viwi, widr, > & [Will3y o,y 0 =2 diam Q; < 1
Dirichlet to Neumann Map

1
=1

t/ = V.71
-

1
+ Ki)gi — ;\/,'71N0,iﬁ

Bl O Steinbach DD 17, 6.7.2006

5/23



Aii” Institut fiir Numerische Mathematik #.-!:-.g.

Boundary Integral Equation for x € T;

(Vit)(x) = 58i0x) + (Kigi)(x) =~ (No,f) ()

1

Single Layer Potential
Vi HTY2(T3) — HY2(T), (Viwi, widr, > & [Will3y o,y 0 =2 diam Q; < 1
Dirichlet to Neumann Map

1
=1

ti = V.71
-

1
+ Ki)gi — — Vi Noif;
a;
Steklov—Poincaré Operator

1
Si = Vi l(51+ Ki)
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Representation Formula for x € Q;

ul) = [ U txey)uds, - [ g,-(y)fnyu*(x,y)dsﬁ; [ Uiy
Q;

i i
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Representation Formula for x € Q;

() = /U*(X’y)ti(y)dsy—/gi()/)a%

* 1 *
U (ey)ds o [ U (e)fly)dy
y i

Computation of the Normal Derivative

ti(x) = %t,-(x)—f—/aix

Oz,(‘?nx/U xy)f

0 a .
y)ti(y)ds, — (f)nx/gi(}’)anyU (x,y)ds,

i
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Representation Formula for x € Q;

() = /U*(X’y)ti(y)dsy—/gi()/)a%

* 1 *
U (ey)ds o [ U (e)fly)dy
y i

Computation of the Normal Derivative

ti(x) = %t,(x)+/aix

Oz,(‘?nx/U xy)f

Hypersingular Boundary Integral Equation for x € [';

0 a .
y)ti(y)ds, — (f)nx/gi(}’)anyU (x,y)ds,

i

t(x) = 5 60) + (K/8)(x) + (Dig) () + (M) ()

1
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Dirichlet to Neumann Map

1 1
o= Digi+ (5l +K)t+ N
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Dirichlet to Neumann Map
1 , 1
tt = Digi+ (5/ + K,-)t,' + ;Nl,,‘f}

1 1 1 1
= Digi+ (51 + KNIV (5] + Kigi — — Vi Noif] + — N,
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Dirichlet to Neumann Map
1 , 1
ti = Digi+ (EI + Ki)ti + — N ifi
= D -+(1I+K’)[V‘1(EI+K-) SRERVYY ]+ L8
- i8i 2 i i 2 i)8i o i 0,ili o 1,ili
1
= S5igi— —Nif;
Steklov—Poincaré Operator

1

1.1
Si=V, 1(§I+K/):Di+(2

1
I+K,.’)\/,‘1(§I+K,) =...
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Dirichlet to Neumann Map
1 , 1
ti = Digi+ (51 +K)ti+ —Nyf;
2 Qj
= D -+(1/+K')[\/—1(1/+K-) Ly -f-]+i/\/ i
- i8i 2 i i 2 i)8i a; i 0,ili a; 1,01y
1
= Sigi— —Nif;
Qj
Steklov—Poincaré Operator
1l 1 N
Si=V, (§I+K,-):D,~+(EI+K,.)\/, (EI+K’):"'

» Mapping Properties of S; : HY/2(I';) — H=Y/2(I';)
» Definition of S; via Domain Variational Formulation (FEM)

Bl O Steinbach DD 17, 6.7.2006

7/23



a8t Institut fiir Numerische Mathematik ﬁ-([.y.

Boundary Integral Equations (Calderon Projector) for f =0

u\ [ 3K Vi uj
t ) D; 1+ K] ti
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Boundary Integral Equations (Calderon Projector) for f =0

u\ [ 3K Vi uj
tr ] D; %I + K/ ti

Corollary [Plemelj 1911]

1
KiVi=Vikl, ViD= 71— K?
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Boundary Integral Equations (Calderon Projector) for f =0

u\ [ 3K Vi uj
t; N D; %I + K/ ti

Corollary [Plemelj 1911]

1
KV, = ViK!, V:D;= i K?

Theorem [0S, Wendland 2001]

1
||(§/ + Ki)villy-1r < k(T |[villy -1 for all v; € HY2(T;)

with
1 1 o
CK(ri):E—i— Z_ 1'C1'<].
shape sensitive
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Theorem
ISivillv, < ex(T7) |[villy—:  for all v; € HY3(T))
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Theorem
ISivillv, < ex(T7) |[villy—:  for all v; € HY3(T))

<S,'V,'7 V,'>rl. > [1 — cK(I',-)] ||V,'||%/_71 for all v; € H1/2(l',-), vill
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Theorem
ISivillv, < ex(T7) |[villy—:  for all v; € HY3(T))

Sivi,vidr. > [1— ex(THT|Ivill3 - for all v; € HY2(T; ,vill
i V.
Define

(Siur, vidr, = (Siui, vidr, + Bi (Ui, Weqi)r: (Vis Weqi)riy  Vieqi = 1
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Theorem
ISivillv, < ex(T7) |[villy—:  for all v; € HY3(T))
S,'V,'7 vir, > [1 — ck(T; A 2 _, forallv; e H1/2 ), vill
i V.
Define
(Siur, vidr, = (Siui, vidr, + Bi (Ui, Weqi)r: (Vis Weqi)riy  Vieqi = 1

Theorem ~ _ _
Cf’<\/,~_lvi, vior, < (Sivi, vi)r; < Cig" (Vi vidr

with

C1§i = min{1 — cx (), Bi(1, Weq,i)r: } ng" = max{cx (1), Bi(L, Weq,ilr:}
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Theorem
ISivillv, < ex(T7) |[villy—:  for all v; € HY3(T))

S,'V,'7 vir, > [1 — ck(T; A 2 _, forallv; e Hl/2 ), vill
i V;
Define
(Siur, vidr, = (Siui, vidr, + Bi (Ui, Weqi)r: (Vis Weqi)riy  Vieqi = 1

Theorem ~ _ ~
& (Vitvi,vidr, < (Svividr < 6 (Vi v,

1
with

Cf = mln{l - CK(ri)a6i<1a Weq,i>r,-}a C25 = maX{CK(rf)a6i<1a Weq,i>ri}

Optimal Scaling
1

b=
2<1a Weq,i>ri
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Dirichlet to Neumann Map (Partial Differential Equation)
a;ti(x) = ai(Siu))(x) = (N;fi)(x) forx eT;
Dirichlet Boundary Condition
u(x)=g(x) forxel;Nr
Transmission Conditions

ui(x) = uj(x), ati(x) +ajtji(x) =0 forx el
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Dirichlet to Neumann Map (Partial Differential Equation)
a;ti(x) = ai(Siu))(x) = (N;fi)(x) forx eT;
Dirichlet Boundary Condition
u(x)=g(x) forxel;Nr
Transmission Conditions

ui(x) = uj(x), ati(x) +ajtji(x) =0 forx el

Dirichlet Domain Decomposition Approach
Find u € HY/?(T's) such that u(x) = g(x) for x € I and

ai(Siur )(x) + aj(Sjur; ) (x) = (Nifi)(x) + (N;fj)(x)  for x € T
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Variational Problem
Find u € H/?(T's) such that u(x) = g(x) for x € T and

a; [ (Siur)evr, (s = 3 [ (NF) (v, (x)ds
; / Ir r Z/ Ir

i =1 I

for all v € HY/2(I's), v(x) =0 forx €T
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Variational Problem
Find u € H/?(T's) such that u(x) = g(x) for x € T and

a; [ (Siur)evr, (s = 3 [ (NF) (v, (x)ds
; / Ir r Z/ Ir

i =1 I

for all v € HY/2(I's), v(x) =0 forx €T

Galerkin Variational Problem
Find up s € S}(Ts) C Hé/z(rg) such that

>~ [ (S ) (0ds = Y- [[NA)) ~ (S ) (v ()

i=1 r;

for all v, € S}(s), where u, is some bounded extension of g.
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Linear System

P P
D Al S pAu =Y ATEL Sl K = (Sigi i,
i=1 i=1
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Linear System
P P o
D Al S pAu =Y ATEL Sl K = (Sigi i,
i=1 i=1

Non-Symmetric BEM Approximation

1 1
Siui = V-_I(E/ + Ki)ui = wi = (Viws, mi)r, = (51 + Kiui, Topr,

1
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Linear System
p p o
D Al S pAu =Y ATEL Sl K = (Sigi i,
i=1 i=1
Non-Symmetric BEM Approximation
1 1
Siuj = \/,-_1(51 + Ki)ui = w; - (Viwi, i)r, = <(§/ + Ki)ui, i),

Galerkin Approximation

1
win € SO(TH) : (Viwip, Tindr, = ((5/ + Ki)uj, Ti.n)r,
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Linear System
P P o
D AT S A =Y ATE, Siall. K] = (Sih @i,
i=1 i=1
Non-Symmetric BEM Approximation
1 1
Siuj = \/,-_1(51 + Ki)ui = w; - (Viwi, i)r, = <(§/ + Ki)ui, Ti)r,
Galerkin Approximation
1
win € SO(TH) : (Viwip, Tindr, = ((5/ + Ki)uj, Ti.n)r,
Approximation

e ° 1
Siti = Wins  Sin=MViy (5Min+ Kin)
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Linear System
P P o
D Al S pAu =Y ATEL Sl K = (Sigi i,
i=1 i=1

Non-Symmetric BEM Approximation

1 1
Siuj = V-_I(E/ + Ki)ui = w; : (Viw;, Ti)r, = <(§/ + Ki)ui, Ti)r,

1

Galerkin Approximation
win € SO(TH) : (Viwip, Tindr, = ((%/ + Ki)uj, Ti.n)r,
Approximation
Sivj = wip,  Sip= Mi—,rhvi;}(%Mi,h + Ki.h)
Stability Condition

<Vi,ha 7—i,h>r,-

Ry for all v; , € SE(T)

cs IVinllpnrary < sup :
027 pes0(ry) 1T
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Symmetric BEM Approximation
1 1 1
Siui = Dju; + (EI + K,-')\/,-_l(§/ + Ki)uj = Dju; + (5/ + K )w;

where 1
(Viw;, Ti)r, = <(§I + Ki)ui, Ti)r;
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Symmetric BEM Approximation

1 1 1

Siui = Dju; + (EI + K,-')\/,-_l(§/ + Ki)uj = Dju; + (5/ + Ki)w;

where 1

(Viwi, i), = (51 + Ki)ui, ),
Galerkin Approximation

1
Wi € Sp(Ti) : (ViWip, Tip)r, = <(§/ + Ki)ui, Tip)r,

Approximation

~ 1 ~ 1 1
Si =D+ (51 + Ki)Win,  Sih= Din+ (EMi—,rh + Ki,Th)V;;vl(EM"xh + Kin)
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Symmetric BEM Approximation
1 1 1
Siui = Dju; + (EI + K,-')\/,-_l(§/ + Ki)uj = Dju; + (5/ + Ki)w;

where 1
(Viw;, Ti)r, = <(§I + Ki)ui, Ti)r;

Galerkin Approximation

1
win € SO(TH) : (Viwi p, Tin)r, = <(§/ + Ki)uj, Tin)r,

Approximation

~ 1 ~ 1 1
Si =D+ (51 + Ki)Win,  Sih= Din+ (EMi—,rh + Ki,Th)V;;vl(EM"xh + Kin)
Stability R
(Sivis vidr, 2 (Divi, vidr, = e VilZ ey
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Symmetric BEM Approximation
1 1 1
Siui = Dju; + (EI + K,-')\/,-_l(§/ + Ki)uj = Dju; + (5/ + Ki)w;
where 1
<V,'W,',T,'>r,. = <(§I + Ki)Ui,Ti>l',-
Galerkin Approximation

1
win € SO(TH) : (Viwi p, Tin)r, = <(§/ + Ki)uj, Tin)r,

Approximation

~ 1 ~ 1 1
Si =D+ (51 + Ki)Win,  Sih= Din+ (EMi—,rh + Ki,Th)V;;vl(EM"xh + Kin)
Stability R

(Sivi, viyr; = (Divi, vi)r; > ClD"|Vi|/2L/1/2(r,-)

FEM Approximation
Si,h = KCiCi - KgI;Klﬁ,lKC;I;
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Graza

Tearing and Interconnecting
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Tearing and Interconnecting

2 Q,

1< 4

YA Y/

All-Floating BETI [Of '05]
Total FETI [Dostal et. al. '05]
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Linear System

e T
a151h -B, Uy fy
e T
apSp,h — Bp up fp
B B, A g
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Linear System

algl,h _B;— u; £1
ong h 7B;r up fp
B ... B, A g

Local System R
@Sipu; =f;+ BN, Sl =0
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Linear System

algl,h _B;— uy £1
Olp/gp,h 7B;r up fp
B ... B, A g

Local System R B

a;Sipu;=f;+B'A,  Sipl=0
Solvability Condition
(f;+B'A1)=0
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Linear System

algl,h _B;— u; £1
Olp/gp,h 7B;r up fp
B ... B, A g

Local System R B
@Sipu; =f;+ BN, Sl =0

Solvability Condition
(f;+B'21)=0

Extended Linear System

;S pu; = ai[Sip + Braia] lu; = £ + B A, aik = Pk Weqi)T;
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Linear System

algl,h _B;— u; £1
Olp/gp,h 7B;r up fp
B ... B, A g

Local System R B
@Sipu; =f;+ BN, Sl =0

)

Solvability Condition
(f;+B'21)=0

Extended Linear System
af§f7hgi = ;[Sip+ Biaia Ju; = £, + B\, aik = (Pl Weq,i)T

Solution 1
u;, = *NS,' hl[f,' + B,' A] +7il, (f, + B,‘ A, l) =0
o
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Dual Problem

P P P
1~ 1 -~
—BS7'BM) ;B;lz—E:—B,-Sflf- f.+B'\1)=0
:7"‘;7 B i=1 (o% i2h =0 (7'+ '**)

1
"
i=1 !
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Dual Problem
1 1pT ¢ 1 1 T
—BiS7 "B, A iBl=—-% —BSf;,, (f;+B A\1)=0
lz:; a; i i —+l§_;’y Iz:; a; i,h ( + )

FA+Gy=d, G'A=e
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Dual Problem

P p P
1~ 1 -
78,57181—)\ ;B;l:— 7Bi5-71f- £ BT}\71 —0

;O&; i ’7—'—;’}/ = ;ai ih =i» (7,+ ,77)

FA+ Gy =d, G A=e

Projection

PT=1-G(G'G)'G", PTGy=0
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Dual Problem

P P P
1= 1=

Y ZBSTBIA+Y viBl=-> —BS;'f, (f;+B'A1)=

- i K l7+;—1’y - i i 5,7,,7,, (fi+B721)=0

FA+Gy=d, G'A=e

Projection

PT=1-G(G'G)'G", PTGy=0

Linear System
PTFA=P'd
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Dual Problem
1 1pT ¢ 1 1 T
—B;iS7 "B, A iBil=—> —BS ,f;, (f;+B;A1)=0
lz:; a; i i 7"‘2_:'7 Iz:; Q; i,h ( + )

FA+Gy=d, G'A=

Projection

PT=1-G(G'G)'G", PTGy=0

Linear System
PTFA=P"d

Preconditioner

Ce~F = Z BS gt
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Dual Problem
1 1pT ¢ 1 1 T
—B;iS7 "B, A iBil=—> —BS ,f;, (f;+B;A1)=0
lz:; a; i i 7"‘2_:'7 Iz:; Q; i,h ( + )

FA+Gy=d, G'A=

Projection

PT=1-G(G'G)'G", PTGy=0

Linear System
PTFA=P"d

Preconditioner
Cr~F = Z BS g’
Scaled Hypersingular BETI Preconditioner [Langer, OS '03]

C-t=(BC;'B")'BC'D,C BT (BC, BT !
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Coupled Linear System

a1Vin —a1Kih t fo1
apVph —apKp,h L, nyp
alKl—l,—h alDl,h —Bl—r u = fl,l
KT D _RT u f
Oépr’h OzprJ, Bp =p ~1,p
B, B, A g
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Coupled Linear System

a1V —a1 Ky p t fou
apVph —apKp,n i, fo,p
alKl—l,—h alDl,h —Bl—r u; = fl’l
KT D _RT u f
Oépr’h OzprJ, Bp =p L1,p
B, B, A g

Twofold Saddle Point Problem

— Transformation into positive definite symmetric system
[Bramble, Pasciak '88; Zulehner '02; Langer, Of, OS, Zulehner '05]
— Scaling of Preconditioners is needed!
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Preconditioner for Discrete Steklov—Poincaré Operator: Cs, ~ g@;,
» Single Layer Potential [0S, Wendland '95, '98]

-1 _ =1y -1
Cs =M VinMi s

» Geometric/Algebraic Multigrid for discrete Hypersingular Integral
Operator D; p ~ Sip
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Preconditioner for Discrete Steklov—Poincaré Operator: Cs, ~ §[7h
» Single Layer Potential [0S, Wendland '95, '98]

-1 _ -1{7 -1
CS,- - Mi,h VuhMi,h

» Geometric/Algebraic Multigrid for discrete Hypersingular Integral
Operator D; p ~ Sip

Preconditioner for Discrete Single Layer Potential
» Geometric Multigrid/Multilevel [Maischak, Stephan, Tran,...]
» Artificial Multilevel Preconditioning [0S '03]
> Algebraic Multigrid for Sparse BEM [Langer, Pusch '05; Of '05]
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Galerkin Discretisation of Boundary Integral Operators
» non—local kernels — dense stiffness matrices
» singular fundamental solution — singular surface integrals

> integration by parts — weakly singular surface integrals only
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Galerkin Discretisation of Boundary Integral Operators
» non—local kernels — dense stiffness matrices
» singular fundamental solution — singular surface integrals
> integration by parts — weakly singular surface integrals only
Fast Boundary Element Methods
Fast Multipole Algorithm [Greengard, Rokhlin '87; .. .]
Panel Clustering [Hackbusch, Nowak '89; ...]

v

Adaptive Cross Approximation [Bebendorf, Rjasanow '03; .. .]
Hierarchical Matrices [Hackbusch '99; ...]
Wavelets [Dahmen, ProBdorf, Schneider '93; .. .]

vV v . vvY
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Galerkin Discretisation of Boundary Integral Operators

» non—local kernels — dense stiffness matrices

» singular fundamental solution — singular surface integrals

> integration by parts — weakly singular surface integrals only
Fast Boundary Element Methods

» Fast Multipole Algorithm [Greengard, Rokhlin '87; ...]
Panel Clustering [Hackbusch, Nowak '89; ...]

v

» Adaptive Cross Approximation [Bebendorf, Rjasanow '03; ...]
» Hierarchical Matrices [Hackbusch '99; ...]
» Wavelets [Dahmen, ProBdorf, Schneider '93; .. .]

Complexity
O(N;log? ;) (Fast Multipole: g = 2)
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Theorem
Requirement: algebraic multigrid preconditioner for V; j is optimal.
Solving by Bramble Pasciak transformation and conjugate gradient method:
Twofold saddle point problem of the standard BETI method:
» number of iterations O((1 + log(H/h))?)
» O((H/h)?*(1 + log(H/h))*) arithmetical operations
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Theorem
Requirement: algebraic multigrid preconditioner for V; j is optimal.
Solving by Bramble Pasciak transformation and conjugate gradient method:
Twofold saddle point problem of the standard BETI method:
» number of iterations O((1 + log(H/h))?)
» O((H/h)?*(1 + log(H/h))*) arithmetical operations
Twofold saddle point problem of the all-floating BETI method:
» number of iterations O(1 + log(H/h))
» O((H/h)%(1 + log(H/h))?) arithmetical operations
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Theorem
Requirement: algebraic multigrid preconditioner for V; j is optimal.
Solving by Bramble Pasciak transformation and conjugate gradient method:
Twofold saddle point problem of the standard BETI method:
» number of iterations O((1 + log(H/h))?)
» O((H/h)?*(1 + log(H/h))*) arithmetical operations
Twofold saddle point problem of the all-floating BETI method:
» number of iterations O(1 + log(H/h))
» O((H/h)%(1 + log(H/h))?) arithmetical operations

The use of fast boundary element methods does not perturb the convergence
rates of the approximation.
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Example: Linear elasticity (steel and concrete)

18 subdomains

BETI all-floating
L [%) It. t It.
0 31 | 19( 21( 10)) 39 | 22( 17( 10))
1 217 | 28( 33( 14)) 170 | 24( 27( 14))
2 2129 | 35( 44( 14)) 1437 | 27( 33( 14))
3 14149 | 42( 51( 14)) 9005 | 32( 36( 14))
4 | 116404 | 47( 54( 14)) | 77111 | 38( 38( 15))

. 0. Steinbach
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Example: Linear elasticity (steel and concrete)
BETI all-floating
L [%) It. t It.
0 31 | 19( 21( 10)) 39 | 22( 17( 10))
1 217 | 28(33(14)) | 170 | 24( 27( 14))
2 | 2120 | 35( 44( 14)) | 1437 | 27( 33( 14))
3| 14149 | 42( 51( 14)) | 9005 | 32( 36( 14))
4 | 116404 | 47( 54( 14)) | 77111 | 38( 38( 15))
18 subdomains
Dirichlet DD BETI all-floating
L N; tr It. t It. tr It.
0 24 7 | 53(10) 7| 78 8| 65
1 96 25 | 110( 14) 19 | 100 19 82
2 384 181 | 130( 14) 112 | 114 115 85
3 1536 086 | 148( 14) 562 | 129 476 95
4 6144 6902 | 154( 14) 4352 | 153 3119 | 105
5 | 24576 | 59264 | 166( 16) | 31645 | 172 | 23008 | 120

. 0. Steinbach

DD 17, 6.7.2006

21 /23



Ty

wi‘ Institut fiir Numerische Mathematik

5.000e+02 1.2002+03 1.800e+03 2.4002+03

0.0002+00

e

S
ST
=

o
opa

020

o0z

0251

—oanm

[Courtesy to Z. Andjelic, H. Andr3, J. Breuer, G. Of, S. Rjasanow]
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