
Preface

This volume contains a selection of 52 papers presented at the 19th International
Conference on Domain Decomposition, DD19, hosted by the School of Mathemat-
ics and Computational Science of the Xiangtan University and the Hunan Key Lab-
oratory for Computation and Simulation in Science and Engineering and held in
Zhanjiajie, China, August 17–22, 2009. The conference featured 12 plenary lectures
delivered by leaders in the field, 9 Minisymposia, and 33 contributed talks. 128 scien-
tists from 21 countries participated and there were a total of 92 presentations, which
accentuates the international scope and relevance of this meeting.

The International Conferences on Domain Decomposition Methods have become
the most important market place world wide for exchanging and discussing new ideas
about the old algorithmic paradigm of “Divide and Conquer”. Since the beginning
in Paris in 1987, they have been held in twelve countries in the Far East, Europe, the
Middle East, and North America. Much of the reputation of this series results from
the close interaction of experts in numerical analysis with practitioners from large
scale scientific computing in various fields of applications.

In the time of “petascale” computers with more than 200,000 independent pro-
cessor cores, there are essentially no alternatives to domain decomposition as a strat-
egy for parallelization. The need for robust and efficient preconditioners thus moti-
vates ongoing theoretical research on new Schwarz and iterative substructuring tech-
niques for very large stationary problems arising in finite element simulations. The
development of optimized transmission conditions, to enhance the rate of conver-
gence of these iterative methods, remains a very active field and so does research on
space-time domain decomposition. Moreover, different physical properties, in dif-
ferent subdomains, often suggest a splitting of the domain, e.g., into subdomains
occupied by fluid or structure or even into bounded and unbounded domains that are
glued together by suitable coupling conditions. This kind of heterogeneous domain
decomposition has become a well-established approach to mathematical modeling.

We note that multigrid methods based on a decomposition into frequencies, rather
than subdomains, can be used as subdomain solvers or as stand-alone methods for a
variety of linear and nonlinear problems.
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The present volume reviews many of these aspects of domain decomposition.
Applications comprise acoustics, biomechanics, computational mechanics, fluid dy-
namics and fluid-structure interaction, electromagnetics, microelectronics, quantum
dots and, of course, large scale computations.

For further information, we recommend the homepage of International Domain
Decomposition Conferences, www.ddm.org, maintained by Martin Gander. This
site features free online access to the proceedings of almost all previous DD con-
ferences, information about past and future meetings, as well as bibliographic and
personal information pertaining to domain decomposition. A bibliography with all
previous proceedings is provided below, along with some major review articles and
monographs. (We apologize for unintentional omissions to our necessarily incom-
plete list.) No attempts have been made to supplement this list with the larger and
closely related literature of multigrid and general iterative methods, except for the
books by Hackbusch and Saad, which have significant domain decomposition com-
ponents.
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Ciencias Matemáticas CSIC-UAM-
UC3M-UCM, Universidad Autónoma
de Madrid, Madrid 28049, Spain,
blanca.ayuso@uam.es

Randolph E. Bank Department of
Mathematics, University of
California, San Diego, CA 92093-0112,
USA, rbank@ucsd.edu

Andrew T. Barker Department of
Mathematics, Center for
Computation and Technology, Louisiana
State University, Baton Rouge,
LA 70803-4918, USA, an-
drewb@math.lsu.edu

Heiko BerningerFachbereich Mathe-
matik und Informatik,
Freie Universität Berlin, Berlin,
Germany, berninge@math.fu-berlin.de

Mohamed El BouajajiNACHOS
project-team, INRIA Sophia
Antipolis – Méditerranée research
center, F-06902 Sophia
Antipolis Cedex, France, Mo-
hamed.El bouajaji@inria.fr

Filipa CaetanoDépartement de
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Domain Decomposition and hp-Adaptive Finite
Elements

Randolph E. Bank ∗1 and Hieu Nguyen †2
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1 Introduction

In this work, we report on an ongoing project to implement an hp-adaptive finite
element method. The inspiration of this work came from the development of certain
a posteriori error estimates for high order finite elements based on superconvergence
[7, 8, 9]. We wanted to create an environment where these estimates could be evalu-
ated in terms of their ability to estimate global errors for a wide range of problems,
and to be used as the basis for adaptive enrichment algorithms.

Their use in a traditional h-refinement scheme for fixed degree p is straightfor-
ward, as is their use for mesh smoothing, again with fixed p. What is less clear and
thus more interesting is their use in a traditional adaptive p-refinement scheme. One
issue we hope to resolve, at least empirically, is the extent to which the supercon-
vergence forming the foundation of these estimates continues to hold on meshes of
variable degree. If superconvergence fails to hold globally (for example, in our pre-
liminary experiments, superconvergence seems to hold in the interiors of regions of
constant p but fails to hold along interfaces separating elements of different degrees),
we would still like to determine if they remain robust enough to form the basis of an
adaptive p-refinement algorithm.

As this is written, we have implemented in the PLTMG package [2] adap-
tive h-refinement/coarsening, adaptive p-refinement/coarsening, and adaptive mesh
smoothing. These three procedures can be used separately, or mixed in arbitrary com-
binations. For example, one could compose an adaptive algorithm consisting of al-
ternating steps of h and p-refinement. Since this requires that all procedures are able
to process meshes with both variable h and p, many of the internal data structures

∗ The work of this author was supported by the U.S. National Science Foundation under con-
tract DMS-0915220. The Beowulf cluster used for the numerical experiments was funded
by NSF SCREMS-0619173.

† The work of this author was supported in part by a grant from the Vietnam Education
Foundation (VEF).
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and existing algorithms in the PLTMG package had to be generalized and extended.
However, at present there remains open the more delicate and challenging issue of
hp-refinement; that is, how to use these error estimates to decide if it is better to re-
fine a given element into several child elements (h-refinement), or increase its degree
(p-refinement). We hope to be able to report progress on this point at some time in
the future.

Since PLTMG has options for parallel adaptive enrichment, this aspect also needs
to be addressed. Fortunately, the parallel adaptive meshing paradigm implemented
in PLTMG, see [1, 3, 4], formally works as well for p and hp-adaptivity as it does
for h-adaptivity for which it was originally developed. As its final step, the paradigm
requires the solution of a large global set of equations. A special DD algorithm (see
[5, 6]) taking advantage of the structure of the parallel adaptive procedure was de-
veloped for this purpose.

2 A Posteriori Error Estimate

In the case of two dimensions, we consider an element t with vertices ν i, and edges
ei, 1 ≤ i ≤ 3, with ei opposite νi. Let ht denote the diameter of t. The barycentric
coordinates for element t are denoted c i, 1 ≤ i ≤ 3. The restriction of the C0 piece-
wise polynomial space of degree p ≥ 1 to element t consists of the (p+1)(p+2)/2-
dimensional space Pp of polynomials of degree p, with degrees of freedom given by
nodal values at the barycentric coordinates

(c1, c2, c3) = (j/p, k/p, (p− j − k)/p)

for 0 ≤ j ≤ p, 0 ≤ k ≤ p− j.
Superconvergent derivative recovery schemes for this family of elements were

developed in [7, 8, 9]. For the continuous piecewise polynomial space of degree p,
let ∂puh denote any of the (discontinuous piecewise constant) p-th derivatives. The
recovered p-th derivative is denoted by R(∂ puh) ≡ SmQ(∂puh). Here Q is the
L2 projection from discontinuous piecewise constants into the space of continuous
piecewise linear polynomials, andS is a multigrid smoother for the Laplace operator;
m is a small integer, typically one or two. Under appropriate smoothness assump-
tions, it was shown that ‖∂pu−R(∂puh)‖ has better than the first order convergence
of ‖∂p(u− uh)‖.

To describe our a posteriori estimate for the case of an element of degree p, we
write

Pp+1(t) = Pp(t)⊕ Ep+1(t)

where the hierarchical extension Ep+1(t) consists of those polynomials in Pp+1(t)
that are zero at all degrees of freedom associated with Pp(t). In the case of two
dimensions, this is a subspace of dimension p+ 2, with a convenient basis given by

ψp+1,k =
k−1∏
j=0

(c1 − j/p)
p−k∏
m=0

(c2 −m/p)
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for 0 ≤ k ≤ p+ 1. Using this basis, we approximate the error u− uh,p on element t
as

u− uh,p ≈ eh,p ≡ αt

p+1∑
k=0

∂kc1∂
p+1−k
c2 û

k!(p+ 1− k)!ψp+1,k. (1)

The partial derivatives of order p + 1 appearing in (1) are formally O(hp+1
t ) when

expressed in terms of ∂x and ∂y . The derivative ∂kx∂
p+1−k
y û is constant on element

t, computed by differentiating the recovered p-th derivatives of u h, which are linear
polynomials on element t.

∂kx∂
p+1−k
y û =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∂yR(∂pyuh), k = 0,

(∂xR(∂k−1
x ∂p+1−k

y uh) + ∂yR(∂kx∂p−ky uh))/2, 1 ≤ k ≤ p,

∂xR(∂pxuh), k = p+ 1.

The constant αt is chosen such that

p∑
k=0

‖∂kx∂p−ky eh,p‖2t =
p∑
k=0

‖∂kx∂p−ky uh −R(∂kx∂
p−k
y uh)‖2t

Normally, one should expect αt ≈ 1, except for elements where the true solution u
is not smooth enough to support p derivatives.

3 Basis Functions

One aspect of our study that is a bit unconventional is our use of nodal basis func-
tions, rather than a hierarchical family of functions. The standard element of degree p
uses standard nodal basis functions, as illustrated in Fig. 1, left. Along edges shared
by elements of different degrees, the element of lower degree inherits the degrees of
freedom of the higher degree element. This results in elements of degree p with one
or two transition edges of higher degree. Some typical cases are illustrated in Fig. 1.

To illustrate the construction of the nodal basis for transition elements, consider
the case of an element t of degree p with one transition edge of degree p+1. Without
loss of generality take this to be edge three. We define one special polynomial of
degree p + 1, zero at all nodes of the standard element of degree p, and identically
zero on edges one and two, by

φ̃p+1 =

⎧⎪⎨⎪⎩
∏(p−1)/2
k=0 (c1 − k/p)(c2 − k/p), for p odd,

(c1 − c2)
∏(p−2)/2
k=0 (c1 − k/p)(c2 − k/p), for p even.

The polynomial space for the transition element is given by P p ⊕ {φ̃p+1}. We form
linear combinations of φ̃p+1 and the p+ 1 standard nodal basis functions associated
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with edge three to form the p + 2 nodal basis functions for the transition edge. Be-
cause each of these p+ 2 polynomials is zero on edges one and two, and zero at all
internal nodes for element t, all linear combinations of them also satisfy these prop-
erties, so the required calculation effectively reduces to a simple one-dimensional
change of basis. If the edge is of degree p + k, the polynomial space is given by
Pp ⊕ {φ̃p+1(c1 − c2)m}k−1

m=0, and a similar construction yields the required nodal
basis for the transition edge. If a second transition edge is present, it is treated anal-
ogously. Because of our construction, each transition edge can be treated indepen-
dently. It is also easy to see that the global finite element space constructed in this
fashion is C0.
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Fig. 1. A standard cubic element (left), a cubic element with one quartic edge (middle) and a
cubic element with one quartic and one quintic edge (right).

4 Parallel Adaptive Algorithm

A general approach to parallel adaptive discretization for systems of elliptic partial
differential equations was introduced in [3, 4]. This approach was motivated by the
desire to keep communications costs low, and to allow sequential adaptive software
such as PLTMG to be employed without extensive recoding.

The original paradigm has three main components:

Step I: Load Balancing. We solve a small problem on a coarse mesh, and use
a posteriori error estimates to partition the mesh. Each subregion has approxi-
mately the same error, although subregions may vary considerably in terms of
numbers of elements, or polynomial degree.
Step II: Adaptive Meshing. Each processor is provided the complete coarse prob-
lem and instructed to sequentially solve the entire problem, with the stipulation
that its adaptive enrichment (h or p) should be limited largely to its own parti-
tion. The target number of degrees of freedom for each processor is the same. At
the end of this step, the mesh is regularized such that the global finite element
space described in Step III is conforming.
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Step III: Global Solve. The final global problem consists of the union of the
refined partitions provided by each processor. A final solution is computed using
domain decomposition.

A variant of the above approach, in which the load balancing occurs on a much
finer space, was described in [1]. The motivation was to address some possible prob-
lems arising from the use of a coarse grid in computing the load balance. This variant
also has three main components.

Step I: Load Balancing. On a single processor we adaptively create a fine space
of size NP , and use a posteriori error estimates to partition the mesh such that
each subregion has approximately equal error, similar to Step I of the original
paradigm.
Step II: Adaptive Meshing. Each processor is provided the complete adaptive
mesh and instructed to sequentially solve the entire problem. However, in this
case each processor should adaptively coarsen regions corresponding to other
processors, and adaptively enrich its own subregion. The size of the problem
on each processor remains NP , but this adaptive rezoning strategy concentrates
the degrees of freedom in the processor’s subregion. At the end of this step, the
global space is made conforming as in the original paradigm.
Step III: Global Solve. This step is the same as in the original paradigm.

Using the variant, the initial mesh can be of any size. Indeed, our choice of N P

is mainly for convenience and to simplify notation; any combination of coarsening
and refinement could be allowed in Step II.

5 DD Solver

Let Ω = ∪Pi=1Ωi ⊂ R2 denote the domain, decomposed into P geometrically con-
forming subdomains. Let Γ denote the interface system. The degree of a vertex x
lying on Γ is the number of subregions for which x ∈ Ω̄i. A cross point is a vertex
x ∈ Γ with degree(x) ≥ 3. We assume that the maximal degree at cross points is
bounded by the constant δ0. The connectivity of Ωi is the number of other regions
Ωj for which Ω̄i ∩ Ω̄j �= ∅. We assume the connectivity of Ωi is bounded by the
constant δ1.

In our algorithm, we employ several triangulations. The mesh T is a globally
refined, shape regular, and conforming mesh of size h. We assume that the fine mesh
T is aligned with the interface system Γ . The triangulations T i ⊂ T , 1 ≤ i ≤ P
are partially refined triangulations; they coincide with the fine triangulation T within
Ωi, but are generally much coarser elsewhere, although as in the case for the variant
paradigm, along the interface system Γ , T i may have some intermediate level of
refinement.

Let S denote the hp space of piecewise polynomials, associated with the trian-
gulation T , that are continuous in each of theΩ i, but can be discontinuous along the
interface system Γ . Let S̄ ⊂ S denote the subspace of globally continuous piece-
wise polynomials. The usual basis for S is just the union of the nodal basis functions
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corresponding to each of the subdomainsΩ i; such basis functions have their support
in Ω̄i and those associated with nodes on Γ will have a jump at the interface. In
our discussion, we will have occasion to consider another basis, allowing us to write
S = S̄ ⊕ X , where X is a subspace associated exclusively with jumps on Γ . In par-
ticular, we will use the global conforming nodal basis for the space S̄ , and construct
a basis for X as follows. Let zk be a node lying on Γ shared by two regions Ω i and
Ωj (for now, zk is not a crosspoint). Let φi,k and φj,k denote the usual nodal basis
functions corresponding to zk in Ωi and Ωj , respectively. The continuous nodal ba-
sis function for zk in S̄ is φk ≡ φi,k + φj,k, and the “jump” basis function in X is
φ̂k ≡ φi,k − φj,k. The direction of the jump is arbitrary at each zk, but once cho-
sen, will be used consistently. In this example, at point zk we will refer to i and the
“master” index and j as the “slave” index. At a cross point where 
 > 2 subregions
meet, there will be one nodal basis function corresponding to S̄ and 
− 1 jump ba-
sis functions. These are constructed by choosing one master index for the point, and
making the other 
− 1 indices slaves. We can construct 
− 1 basis functions for X
as φi,k − φj,k, where i is the master index and j is one of the slave indices.

For each of the triangulations T i, 1 ≤ i ≤ P we have a global nonconforming
subspace Si ⊂ S, and global conforming subspace S̄i ⊂ S̄. In a fashion similar to
S, we have S i = S̄i ⊕X i.

For simplicity, let the continuous variational problem be: find u ∈ H 1(Ω) such
that

a(u, v) = (f, v) (2)

for all v ∈ H1(Ω), where a(u, v) is a self-adjoint, positive definite bilinear form
corresponding to the weak form of an elliptic partial differential equation, and
|||u|||2Ω = a(u, u) is comparable to the usualH1(Ω) norm.

To deal with the nonconforming nature of S, for u, v ∈ S, we decompose
a(u, v) =

∑P
i=1 aΩi(u, v). For each node z lying on Γ there is one master index

and 
 − 1 > 0 slave indices. The total number of slave indices is denoted by K ,
so the total number of constraint equations in our nonconforming method is K . To
simplify notation, for each 1 ≤ j ≤ K , let m(j) denote the corresponding master
index, and zj the corresponding node. We define the bilinear form b(v, λ) by

b(v, λ) =
K∑
j=1

{vm(j) − vj}λj (3)

where λ ∈ RK . In words, b(·, ·) measures the jump between the master value and
each of the slave values at each node on Γ . The nonconforming variational formula-
tion of (2) is: find uh ∈ S such that

a(uh, v) + b(v, λ) = (f, v)
b(uh, ξ) = 0 (4)

for all v ∈ S and ξ ∈ RK . Although this is formally a saddle point problem, the
constraints are very simple; in particular, (4) simply imposes continuity at each of
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the nodes lying on Γ , which in turn, implies that uh ∈ S̄ . Thus uh also solves the
reduced and conforming variational problem: find u h ∈ S̄ such that

a(uh, v) = (f, v)

for all v ∈ S̄ .
LetKi denote the index set of constraint equations in (3) that correspond to nodes

present in T i. Then
bi(v, λ) =

∑
j∈Ki

{vm(j) − vj}λj .

We are now in a position to formulate our domain decomposition algorithm. Our
initial guess u0 ∈ S is generated as follows: for 1 ≤ i ≤ P , we find (in parallel)
u0,i ∈ S̄i satisfying

a(u0,i, v) = (f, v) (5)

for all v ∈ S̄i. Here we assume exact solution of these local problems; in practice,
these are often solved approximately using iteration. The initial guess u 0 ∈ S is
composed by taking the part of u0,i corresponding to the fine subregion Ω i for each
i. In particular, let χi be the characteristic function for the subregionΩ i. Then

u0 =
P∑
i=1

χiu0,i

To compute uk+1 ∈ S from uk ∈ S, we solve (in parallel): for 1 ≤ i ≤ P , find
ek,i ∈ Si and λk,i ∈ RK such that

a(ek,i, v) + bi(v, λk,i) = (f, v)− a(uk, v)
bi(ek,i, ξ) = −bi(uk, ξ) (6)

for all v ∈ Si and ξ ∈ RK . We then form

uk+1 = uk +
P∑
i=1

χiek,i.

Although the iterates uk are elements of the nonconforming space S, the limit func-
tion u∞ = uh ∈ S̄. In some sense, the purpose of the iteration is to drive the jumps
in the approximate solution uk to zero. Also, although (6) suggests a saddle point
problem needs to be solved, by recognizing that only χ iek,i is actually used, one can
reduce (6) to a positive definite problem of the form (5). In particular, the Lagrange
multipliers λk,i need not be computed or updated.

The information required to be communicated among the processors is only the
solution values and the residuals for nodes lying on Γ , which is necessary to compute
the right hand sides of (6). This requires one all-to-all communication step at the
beginning of each DD iteration.
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6 Numerical Results

In this section, we present some numerical results. Our examples were run on a
LINUX-based Beowulf cluster, consisting of 38 nodes, each with two quad core Xeon
processors (2.33 GHz) and 16 GB of memory. The communication network is a gi-
gabit Ethernet switch. This cluster runs the NPACI ROCKS version of LINUX and
employs MPICH2 as its MPI implementation. The computational kernels of PLTMG

[2] are written in FORTRAN; the gfortran compiler was used in these experiments,
invoked using the script mpif90 and optimization flag -O.

In these experiments, we used PLTMG to solve the boundary value problem

−Δu = 1 in Ω,

u = 0 on ∂Ω,

where Ω is a domain shaped like Lake Superior.
In our first experiment, the variant strategy was employed. A mesh of NP de-

grees of freedom was created on a single processor using h-adaptive and p-adaptive
refinement. Elements on this mesh had different sizes and degrees. This mesh was
then broadcast to P processors, where a strategy of combined coarsening and refine-
ment in both h and p was used to transfer approximately NP /2 degrees of freedom
from outside Ωi to inside Ωi. The global fine mesh was then made h-conforming
(geometrically conforming) as described in [3, 4] and p-conforming (degrees agree
on shared edges along the interface Γ ). Note that the adaptive strategies implemented
in PLTMG allow mesh moving and other modifications that yield meshes T i that gen-
erally are not submeshes of the global conforming mesh T (by definition they are
identical on Ωi and ∂Ωi). However, PLTMG does insure that the partitions remain
geometrically conforming, even in the coarse parts of the domain, and in particular,
that the vertices on the interface system in each Ti are a subset of the vertices of
interface system of the global mesh T .

In this experiment, three values ofNP (400, 600, and 800 K), and eight values of
P (2k, 1 ≤ k ≤ 8) were used, yielding global fine meshes ranging in size from about
626 K to 96.5 M unknowns. Because our cluster had only 38 nodes, for larger values
of P , we simulated the behavior of a larger cluster in the usual way, by allowing
nodes to have multiple processes.

In these experiments, the convergence criterion was

‖δUk‖G
‖Uk‖G

≤ ‖δU0‖G
‖U0‖G

× 10−3. (7)

This is more stringent than necessary for purposes of computing an approximation
to the solution of the partial differential equation, but it allows us to illustrate the
behavior of the solver as an iterative method for solving linear systems of equations.

Table 1 summarizes this computation. The columns labeled DD indicate the
number of domain decomposition iterations required to satisfy the convergence cri-
teria (7). For comparison, the number of iterations needed to satisfy the actual con-
vergence criterion used in PLTMG, based on reducing the error in the solution of the
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linear system to the level of the underlying approximation error, is given in paren-
theses. From these results it is clear that the number of iterations is stable and largely
independent of N and P over this range of values. The size of the global mesh for
the variant strategy can be estimated from the formula

N ≈ θPNP +NP (8)

where θ = 1/2. Equation (8) predicts an upper bound, as it does not account for re-
finement outside of Ωi and coarsening inside Ωi, needed to keep the
mesh conforming and for other reasons. For NP = 800 K, P = 256, (8) predicts
N ≈ 103, 200, 000, where the observedN = 96,490,683.

Table 1. Convergence results for variant algorithm. Numbers of iterations needed to satisfy (7)
are given in the column labeled DD. The numbers in parentheses are the number of iterations
required to satisfy the actual convergence criterion used by PLTMG.

NP = 400 K NP = 600 K NP = 800 K

P N DD N DD N DD

2 625,949 10 (3) 776,381 8 (3) 1,390,124 12 (4)
4 1,189,527 13 (4) 1,790,918 11 (4) 2,288,587 9 (3)
8 1,996,139 10 (4) 2,990,807 13 (4) 3,993,126 10 (3)

16 3,569,375 14 (4) 5,220,706 13 (4) 6,920,269 12 (3)
32 6,723,697 13 (3) 9,736,798 16 (4) 13,142,670 11 (3)
64 12,978,568 11 (4) 18,905,909 14 (4) 25,326,662 11 (3)

128 25,155,124 12 (3) 37,148,571 10 (4) 48,841,965 10 (3)
256 48,874,991 11 (3) 72,902,698 14 (4) 96,490,683 11 (3)

In our second experiment we solved the same problem using the original paradigm.
On one processor, an adaptive mesh of size Nc = 50 K was created. All elements on
this mesh were linear elements. This mesh was then partitioned into P subregions,
P = 2k, 1 ≤ k ≤ 8. This coarse mesh was broadcast to P processors (simulated as
needed) and each processor continued the adaptive process in both h and p, creating
a mesh of size NP . In this experiment, NP was chosen to be 400, 600, and 800 K.
This resulted in global meshes varying in size from approximately 750 K to 189 M.
These global meshes were regularized to be h-conforming and p-conforming, and a
global DD solve was made as in the first experiment. As in the first experiment, the
usual convergence criteria was replaced by (7) in order to illustrate the dependence
of the convergence rate onN and P . The results are summarized in Table 2.

For the original paradigm the size of the global mesh is predicted by

N ≈ PNP − (P − 1)Nc. (9)

Similar to Eq. (8), Eq. (9) only predicts an upper bound, as it does not account
for refinement outside of Ωi, needed to keep the mesh conforming and for other
reasons. For example, for Nc = 50 K, NP = 800 K, P = 256, (9) predicts
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Fig. 2. The load balance (left) and solution (right) in the case NP = 800 K, P = 32.

Fig. 3. The mesh density for the global mesh (left) and for one of the local meshes (right) in
the case NP = 800 K, P = 32.

Fig. 4. The degree density for the global mesh (left) and for one of the local meshes (right) in
the case NP = 800 K, P = 32.

N ≈ 192, 050, 000 when actually N = 189, 363, 322. For the case NP = 800 K,
P = 32, the solution and the load balance is shown in Fig. 2. The mesh density and
degree density of the global mesh and one local mesh are shown in Figs. 3 and 4. As
expected, both the mesh density and the degree density are high in the local region
and much lower elsewhere in the local mesh.
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Table 2. Convergence results for original Algorithm. Numbers of iterations needed to sat-
isfy (7) are given in the column labeled DD. The numbers in parentheses are the number of
iterations required to satisfy the actual convergence criterion used by PLTMG.

NP = 400 K NP = 600 K NP = 800 K

P N DD N DD N DD

2 750,225 13 (4) 1,150,106 13 (4) 1,549,915 13 (4)
4 1,450,054 13 (4) 2,248,841 13 (4) 3,047,906 13 (4)
8 2,846,963 9 (3) 4,442,665 9 (4) 6,039,743 9 (3)

16 5,635,327 11 (4) 8,821,463 10 (4) 12,010,188 11 (4)
32 11,204,214 12 (4) 17,564,640 10 (4) 23,930,867 11 (4)
64 22,301,910 14 (4) 34,983,543 13 (4) 47,693,190 13 (4)

128 44,408,605 11 (4) 69,696,605 12 (4) 95,026,759 11 (4)
256 88,369,503 11 (3) 138,790,801 11 (3) 189,363,322 11 (4)
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1 Introduction

We are interested here in the numerical modeling of time-harmonic electromagnetic
wave propagation problems in irregularly shaped domains and heterogeneous media.
In this context, we are naturally led to consider volume discretization methods (i.e.
finite element method) as opposed to surface discretization methods (i.e. boundary
element method). Most of the related existing work deals with the second order form
of the time-harmonic Maxwell equations discretized by a conforming finite element
method [14]. More recently, discontinuous Galerkin (DG) methods have also been
considered for this purpose. While the DG method keeps almost all the advantages
of a conforming finite element method (large spectrum of applications, complex ge-
ometries, etc.), the DG method has other nice properties which explain the renewed
interest it gains in various domains in scientific computing: easy extension to higher
order interpolation (one may increase the degree of the polynomials in the whole
mesh as easily as for spectral methods and this can also be done locally), no global
mass matrix to invert when solving time-domain systems of partial differential equa-
tions using an explicit time discretization scheme, easy handling of complex meshes
(the mesh may be a classical conforming finite element mesh, a non-conforming one
or even a mesh made of various types of elements), natural treatment of discontin-
uous solutions and coefficient heterogeneities and nice parallelization properties. In
this paper, the first order form of the time-harmonic Maxwell equations is discretized
using a high order DG method formulated on unstructured simplicial meshes.

Domain decomposition (DD) methods are flexible and powerful techniques for
the parallel numerical solution of systems of partial differential equations. Their ap-
plication to time-harmonic wave propagation problems began with a first algorithm
proposed in [4] for solving the Helmholtz equation, and then was extended and
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generalized for the time-harmonic Maxwell equations in [ 1, 3, 5]. A classical DD
strategy which takes the form of a Schwarz algorithm where Després type conditions
are imposed at the interfaces between neighboring subdomains was adopted in our
previous work [8]. These conditions actually translate into a continuity condition for
the incoming characteristic variables in the case of the first order Maxwell system. A
similar approach (using Robin transmission conditions) but applied to a second order
form of the Maxwell system, and in conjunction with a non-conforming finite ele-
ment discretization, is presented in [13, 18]. The analysis of a larger class of Schwarz
algorithms has been performed recently in [7] where optimized transmission condi-
tions are used. The latter extends the idea of the most general, optimized interface
conditions designed for the Helmholtz problem in [12].

In this paper, we consider classical and optimized Schwarz algorithms studied
in [7], in conjunction with high order DG methods [6] formulated on unstructured
simplicial meshes, for the solution of the time-harmonic Maxwell equations. The
rest of this paper is organized as follows. In Sect. 2, we formulate the continuous
boundary value problem to be solved. Then, in Sect. 3, the adopted Schwarz DD
method is introduced. Section 4 is devoted to the discretization of the global and do-
main decomposed boundary value problems. Finally, in Sect. 5, numerical strategies
for solving local problems as well as parallel computing aspects are discussed and
experimental results are presented.

2 Continuous Problem

The system of normalized time-harmonic Maxwell’s equations is given by:

iωεrE− curlH = −J, iωμrH + curlE = 0, (1)

where E and H are the unknown electric and magnetic fields and J is a known
current source; εr and μr respectively denote the relative electric permittivity and the
relative magnetic permeability; we consider here the case of linear isotropic media.
The angular frequency of the problem is given by ω. Equations ( 1) are solved in
a bounded domain Ω. On the boundary ∂Ω = Γa ∪ Γm, the following boundary
conditions are imposed:

– a perfect electric conductor (PEC) condition on Γm : n×E = 0,

– a first order absorbing condition on Γa : L(E,H) = L(Einc,Hinc),
(2)

where L(E,H) = n×E−Zn× (H×n) with Z =
√
μr/εr. The vectors Einc and

Hinc represent the components of an incident electromagnetic wave and n denotes
the unit outward normal. Equations (1) and (2) can be further rewritten (assuming J
equals to 0 to simplify the presentation) in the form:⎧⎪⎨⎪⎩

iωG0W +Gx∂xW +Gy∂yW +Gz∂zW = 0 in Ω,

(MΓm −Gn)W = 0 on Γm,

(MΓa −Gn)(W −Winc) = 0 on Γa,

(3)
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where W = (E,H)T is the new unknown vector and:

G0 =
(
εr I3 03

03 μr I3

)
, Gl =

(
03 Nel

NT
el 03

)
, Nv =

⎛⎝ 0 vz −vy
−vz 0 vx
vy −vx 0

⎞⎠ ,

with the index set l ∈ {x, y, z} for Gl and where (ex, ey, ez) is the canonical basis
of R3 and v = (vx, vy, vz)T . The term I3 denotes the identity matrix, and 03 the
null matrix, both of dimension 3 × 3. The real part of G0 is symmetric positive
definite and its imaginary part, which appears for instance in the case of conductive
materials, is symmetric negative definite. In the following we denote by Gn the sum
Gxnx +Gyny +Gznz and by G+

n andG−
n its positive and negative parts.1 We also

define |Gn|= G+
n −G−

n . In order to take into account the boundary conditions, the
matrices MΓm and MΓa are given:

MΓm =
(

03 Nn

−NT
n 03

)
and MΓa = |Gn|.

3 A Family of Schwarz DD Algorithms

We assume that the domainΩ is decomposed intoNs subdomainsΩ =
⋃Ns

i=1Ωi and
let Γij = ∂Ωi∩Ωj . In the following, a superscript i indicates that some notations are
relative to the subdomain Ωi and not to the whole domain Ω. We denote by n ij the
unit outward normal vector to the interface Γ ij . We consider a family of Schwarz DD
algorithms for solving the problem (3), given by (n denotes the Schwarz iteration):⎧⎪⎪⎪⎨⎪⎪⎪⎩

iωG0Wi,n+1 +
∑

l∈{x,y,z}
Gl∂lWi,n+1 = 0 in Ωi,

BnijW
i,n+1 = BnijW

j,n on Γij ,

+ B.C. on ∂Ωi ∩ ∂Ω,

(4)

where the Bnij
are interface operators. Such algorithms have been studied in detail

in [7] with the aim of designing optimized overlapping and non-overlapping Schwarz
methods for both the time-domain and time-harmonic Maxwell equations. Here, we
consider the following situations:

• the classical Schwarz algorithm (for 2D and 3D problems) in whichBnij
≡ G−

nij
,

• an optimized Schwarz algorithm (for 2D problems only) characterized byB nij ≡
G−

nij
+ SiG−

nji
with Si = αi = (iω̃)−1[p(1− i)] where ω̃ = ω

√
εμ.

The optimized Schwarz algorithm selected in this study corresponds to one of sev-
eral variants proposed and analyzed in [7]. In particular, in the case of a two-

subdomain non-overlapping decomposition, a good choice is p =
√
CC

1
4
ω̃√

2
√
h

, which

1 If TΛT−1 is the eigendecomposition ofGn, thenG±
n = TΛ±T−1 whereΛ+ (respectively

Λ−) only gathers the positive (respectively negative) eigenvalues.
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leads to the asymptotic convergence factor ρ = 1 −
√

2C
1
4

ω̃√
C

√
h (while ρ = 1 for

the classical Schwarz algorithm in this configuration) where C is a constant and
Cω̃ = min(k2

+ − ω̃2, ω̃2 − k2
−) (k− and k+ are frequency parameters, see [7] for

more details). Preliminary results on the use of this optimized Schwarz algorithm in
conjunction with a high order DG method were presented in [ 9].

4 Discretization by a High Order DG Method

The subproblems of the Schwarz algorithm (4) are discretized using a DG formula-
tion. In this section, we first introduce this discretization method in the one-domain
case. Then we establish the discretization of the interface condition of algorithm ( 4)
with respect to the adopted DG formulation. Let Ωh denote a discretization of the
domain Ω into a union of conforming simplicial elements K . We look for the ap-
proximate solution Wh of (3) in Vh × Vh where the functional space Vh is defined
by Vh =

{
U ∈ [L2(Ω)]3 / ∀K ∈ Ωh, U|K ∈ Pp(K)

}
, where Pp(K) denotes a

space of vectors with polynomial components of degree at most p over the element
K .

4.1 Discretization of the Monodomain Problem

The DG discretization of system (3) yields the formulation of the discrete problem
which aims at finding Wh in Vh × Vh such that:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫
Ωh

(iωG0Wh)
T Vdv +

∑
K∈Ωh

∫
K

⎛⎝ ∑
l∈{x,y,z}

Gl∂l(Wh)

⎞⎠T

Vdv

+
∑

F∈Γm∪Γa

∫
F

(
1
2
(MF,K − IFKGnF

)Wh

)T
Vds

−
∑
F∈Γ 0

∫
F

(GnF [[Wh ]])T {V}ds+
∑
F∈Γ 0

∫
F

(SF [[Wh ]])T [[V ]]ds

=
∑
F∈Γa

∫
F

(
1
2
(MF,K − IFKGnF

)Winc

)T
Vds, ∀V ∈ Vh × Vh,

(5)

where Γ 0, Γ a and Γm respectively denote the set of interior (triangular) faces, the
set of faces on Γa and the set of faces on Γm. The unitary normal associated with
the oriented face F is nF and IFK stands for the incidence matrix between oriented
faces and elements whose entries are equal to 0 if the face F does not belong to
element K , 1 if F ∈ K and their orientations match, and –1 if F ∈ K and their
orientations do not match. For F = ∂K ∩ ∂K̃, we also define [[V ]] = IFKV|K +

IFK̃V|K̃ and {V} = 1
2

(
V|K + V|K̃

)
. Finally, the matrixSF , which is hermitian
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positive definite, permits us to penalize the jump of a field or of some components
of this field on the face F , and the matrix MF,K , to be defined later, insures the
asymptotic consistency with the boundary conditions of the continuous problem.
Problem (5) is often interpreted in terms of local problems in each elementK ofΩh

coupled by the introduction of an element boundary term called the numerical flux
(see also [10]). In this study, we consider two classical numerical fluxes, which lead
to distinct definitions for matrices SF and MF,K :

– a centered flux (see [11] for the time-domain equivalent):

SF = 0 and MF,K =

⎧⎪⎨⎪⎩ IFK

(
03 NnF

−NT
nF

03

)
if F ∈ Γm,

|GnF
| if F ∈ Γ a.

(6)

– an upwind flux (see [10, 15]):

SF =
1
2

(
NnF

NT
nF

03

03 NT
nF
NnF

)
,

MF,K =

⎧⎪⎪⎨⎪⎪⎩
(1

2
NnFN

T
nF

IFKNnF

−IFKNT
nF

03

)
if ∈ Γm,

|GnF
| if F ∈ Γ a.

(7)

Remark 1. The formulation of the DG scheme above (in particular, the centered
and upwind fluxes) actually applies to homogeneous materials. For describing the

flux in the inhomogeneous case, let us define ZK =
√

μK

εK = 1
Y K , ZF =

ZK+ZK̃

2 and Y F = YK+Y K̃

2 where F = K ∩ K̃ . With these definitions, the DG
scheme in the inhomogeneous case can be written formally as ( 5) but by modifying
SF also as:

SF =
1
2

⎛⎜⎝ 1
ZF

NnFN
T
nF

03

03
1
Y F

NT
nF
NnF

⎞⎟⎠ , (8)

and by using for the average a weighted average {·}F for each face F :

{V}F =
1
2

⎛⎜⎜⎝
⎛⎜⎜⎝
ZK̃

ZF
03

03
Y K̃

Y F

⎞⎟⎟⎠V|K +

⎛⎜⎝ZK

ZF
03

03
Y K

Y F

⎞⎟⎠V|K̃

⎞⎟⎟⎠ . (9)

4.2 Discretization of the DD Algorithm

DG Formulation of the Multi-Domain Problem

Let Γ ij denote the set of faces which belongs to Γij = ∂Ωi ∩ Ωj . According to
algorithm (4), the interface condition on Γij is given by:
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Bnij
(Wi,n+1 −Wj,n) = 0 for all F belonging to Γ ij , (10)

which is taken into account in a weak sense in the context of the DG formulation
described in Sect. 4.1. Then the DG discretization of a local problem of algorithm
(4) can be written using (5) as:{

Find Wi,n+1
h in V ih × V ih such that:

ai(Wi,n+1
h ,V) + bi(Wi,n+1

h ,V) = f ih, ∀V ∈ V ih × V ih ,
(11)

with:

ai(Wi,n+1
h ,V) =

∫
Ωi

h

(
iωG0W

i,n+1
h

)T
Vdv

+
∑
K∈Ωi

h

∫
K

⎛⎝ ∑
l∈{x,y,z}

Gl∂l(W
i,n+1
h )

⎞⎠T

Vdv,

bi(Wi,n+1
h ,V) =

∑
F∈Γm,i

∫
F

(
1
2
(MF,K − IFKGnF

)Wi,n+1
h

)T
Vds

+
∑

F∈Γa,i

∫
F

(
IFKG

−
nF

Wi,n+1
h

)T
Vds+

∑
F∈Γ ij

∫
F

(
IFKBnF Wi,n+1

h

)T
Vds

+
∑

F∈Γ 0,i

∫
F

[(
SF [[Wi,n+1

h ]]
)T

[[V ]]−
(
GnF [[Wi,n+1

h ]]
)T
{V}

]
ds,

f ih =
∑

F∈Γa,i

∫
F

(
IFKG

−
nF

Winc
)T

Vds+
∑
F∈Γ ij

∫
F

(
IFKBnF

Wj,n
h

)T
Vds.

We note that the proposed numerical treatment of the interface condition ( 10)
(see the boundary integral terms on Γ ij in the expressions for bi and f ih) is only valid
for the classical interface condition or for a zero-order optimized interface condition
such as the one selected in this study.

Formulation of an Interface System

In the two-domain case the Schwarz algorithm can be written formally as:⎧⎨⎩LW1,n+1 = f1, in Ω1,
Bn12W

1,n+1 = λ1,n, on Γ12,
+ B.C. on ∂Ω1 ∩ ∂Ω,

⎧⎨⎩LW2,n+1 = f2, in Ω2,
Bn21W

2,n+1 = λ2,n, on Γ21,
+ B.C. on ∂Ω2 ∩ ∂Ω,

(12)

and then:

λ1,n+1 = Bn12W
2,n+1 on Γ12, λ2,n+1 = Bn21W

1,n+1 on Γ21, (13)

where L is a linear differential operator and f 1,2 denotes the right-hand sides asso-
ciated with Ω1,2. The Schwarz algorithm (12) and (13) can be rewritten in substruc-
tured form as:
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λ1,n+1 = Bn12W
2(λ2,n, f2) , λ2,n+1 = Bn21W

1(λ1,n, f1),

where Wj = Wj(λj , f j) are the solutions of the local problems. By linearity of
the operators involved, an iteration of the Schwarz algorithm is then λn+1 = (Id −
T )λn + d, which is a fixed point iteration to solve the interface system T λ = d,
where λ = (λ1,λ2). From the discrete point of view, the global problem on domain
Ω can be written in the matrix form:⎛⎜⎜⎝

A1 0 R12 0
0 A2 0 R21

0 −B21 I 0
−B12 0 0 I

⎞⎟⎟⎠
⎛⎜⎜⎝

W1
h

W2
h

λ1
h

λ2
h

⎞⎟⎟⎠ =

⎛⎜⎜⎝
f1
h

f2
h

0
0

⎞⎟⎟⎠ ,

where A1,2 are local matrices coupling only internal unknowns, R 12,21 express the
coupling between internal unknowns and interface unknowns, and the subscript h
denotes the discrete counterpart of a given quantity (e.g. λ 1,2

h are the discretized
unknown vectors corresponding to λ1,2). The elimination of the internal unknowns
W1,2

h leads to the discrete interface problem Thλh = gh with:

Th =

⎛⎝ I B21A
−1
2 R21

B12A
−1
1 R12 I

⎞⎠ and gh =

⎛⎝B21A
−1
2 f2

h

B12A
−1
1 f1

h

⎞⎠ ,

where Th and gh are the discretization of T and d. This system is then solved by a
Krylov subspace method, as discussed in the following section.

5 Numerical Results

5.1 The 2D Case

We first present results for the solution of the 2D transverse magnetic Maxwell equa-
tions in the case of a heterogeneous non-conducting media:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

iωμrHx +
∂Ez
∂y

= 0,

iωμrHy −
∂Ez
∂x

= 0,

iωεrEz −
∂Hy

∂x
+
∂Hx

∂y
= 0.

The considered test problem is the scattering of a plane wave (F=300 MHz) by a
dielectric cylinder. For that purpose, we make use of a non-uniform triangular mesh
which consists of 2,078 vertices and 3,958 triangles (see Fig. 1 left). The relative
permittivity of the inner cylinder is set to 2.25 while vacuum is assumed for the rest of
the domain. We compare the solutions obtained using a DGTH-P p method with p =
1, 2, 3, 4 (i.e. the approximation order p is the same for all the mesh elements) and a



22 V. Dolean et al.

variable order DGTH-Pp
K

method (i.e. p
K

is the approximation order in elementK).
In the latter case, the approximation order is defined empirically at the element level
based on the triangle area resulting in a distribution for which the number of elements
with p

K
= 1, 2, 3, 4 is respectively equal to 1,495, 2,037, 243 and 183 (contour lines

of Ez are shown on Fig. 1 right). The interface system is solved using the BiCGStab
method. The convergence of the iterative solution of the interface system is evaluated
in terms of the Euclidean norm of the residual normalized to the norm of the right-
hand side vector. The corresponding linear threshold has been set to ε i = 10−6. The
subdomain problems are solved using the MUMPS optimized sparse direct solver
[2].

Numerical simulations have been conducted on a cluster of 20 Intel Xeon/2.33
GHz based nodes interconnected by a high performance Myrinet network. Each node
consists of a dual processor quad core board with 16 GB of shared memory. Perfor-
mance results are summarized in Table 1 where Ns denotes the number of subdo-
mains and “# iter” is the number of iterations of the BiCGStab method. Moreover,
this table also includes the values of the L2 error on the Ez component for the ap-
proximate solutions resulting from each algorithm. We stress that the error is not
reduced for increasing approximation order because, in the current implementation
of the DG method, we make use of an affine transformation between the reference
and the physical elements of the mesh. These results demonstrate that the simple op-
timized interface condition considered here (see Sect. 3) results in substantial reduc-
tions of the required number of BiCGStab iterations for convergence of the Schwarz
algorithm. Worthwhile to note, the performance improvement increases with the ap-
proximation order in the DG method. Considering the case of the DGTH-P p

K
method

and for the decomposition into Ns = 4 subdomains, the elapsed time of the simu-
lation is equal to 25.8 and 3.6 s for the classical and optimized Schwarz algorithms
respectively.
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Fig. 1. Scattering of a plane wave by a dielectric cylinder. Unstructured triangular mesh (left)
and contour lines of Ez (right).
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Table 1. Scattering of a plane wave by a dielectric cylinder. Classical v.s. optimized Schwarz
method. DGTH-Pp method based on the upwind flux (figures between brackets are the gains in
the number of BiCGStab iterations between the classical and optimized Schwarz algorithms).

Method L2 error on Ez L2 error on Ez Ns # iter # iter
classical optimized classical optimized

DGTH-P1 0.16400 0.16457 4 317 52 ( 6.1)
– 0.16400 0.16467 16 393 83 ( 4.7)

DGTH-P2 0.05701 0.05705 4 650 61 (10.7)
– 0.05701 0.05706 16 734 109 ( 6.7)

DGTH-P3 0.05519 0.05519 4 1,067 71 (15.0)
– 0.05519 0.05519 16 1,143 139 ( 8.2)

DGTH-P4 0.05428 0.05427 4 1,619 83 (19.5)
– 0.05427 0.05527 16 1,753 170 (10.3)

DGTH-Pp
K

0.05487 0.05486 4 352 49 ( 7.2)
– 0.05487 0.05491 16 414 81 ( 5.1)

5.2 The 3D Case

We now consider a more realistic 3D problem, namely the simulation of the exposure
of a geometrical model of head tissues to a plane wave (F=1,800 MHz). Starting from
MR images of the Visible Human project [16], head tissues are segmented and the
interfaces of a selected number of tissues (namely, the skin, the skull and the brain)
are triangulated (see Fig. 2 left). Then, these triangulated surfaces are used as inputs
for the generation of volume meshes. We consider here heterogeneous geometrical
models involving four tissues: the skin (εr = 43.85 and σ = 1.23 S/m), the skull
(εr = 15.56 and σ = 0.43 S/m), the CSF (Cerebro Spinal Fluid) (εr = 67.20
and σ = 2.92 S/m) and the brain (εr = 43.55 and σ = 1.15 S/m). Note that the
exterior of the head must also be meshed, up to a certain distance from the skin,
the overall domain being artificially bounded by a sphere on which an absorbing
condition is imposed. Two tetrahedral meshes have been used: the first one (referred
to as M1) consists of 188, 101 vertices and 1, 118, 952 tetrahedra, while the second
mesh (referred to as M2) consists of 309, 599 vertices and 1, 853, 832 tetrahedra.
Contour lines of Ex are shown on Fig. 2 right.

Numerical simulations have been conducted on a Bull Novascale 3045 parallel
system consisting of Intel Itanium 2/1.6 GHz nodes interconnected by a high perfor-
mance Infiniband network. Each node consists of a 8 core board with 21 GB of shared
memory. We present performance results for the classical Schwarz algorithm only
and the DGTH-P1 discretization method. The interface system is solved using the
BiCGstab(
) [17] method with a linear threshold that has been set to ε i = 10−6. The
subdomain problems are solved using the MUMPS optimized sparse direct solver
[2] but this time, the L and U factors are computed in single precision arithmetic in
order to reduce the memory requirements for storing the L and U factors associated
with the subdomain problems, and an iterative refinement strategy is used to increase
the accuracy of the subdomain triangular solves. Performance results are summa-
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rized in Table 2 for the factorization and solution phases. In these tables, “RAM LU
(min/max)” denotes the minimum and maximum values of the per-process memory
requirement for computing and storing the L and U factors. We note that doubling
the number of subdomains results in a slight increase in the number of BiCGstab(
)
iterations however, at the same time, the size of the local factors is reduced by a fac-
tor well above two and as a consequence, a super-linear speedup is observed in the
solution phase.
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-0.17
-0.185
-0.2

Fig. 2. Propagation of a plane wave in a heterogeneous model of head tissues. DGTH-P1

method based on a centered flux. Triangulated surface of the skull (left) and contour lines of
Ex (right).

Table 2. Propagation of a plane wave in a heterogeneous model of head tissues. Classical
Schwarz method. Performance results of the factorization and solution phases (figures between
brackets are relative parallel speedup values).

Mesh # d.o.f Ns RAM LU (min/max) Elapsed time LU # iter Elapsed time

M1 26,854,848 160 2.1 GB/3.1 GB 496 s 30 1,314 s
– – 320 0.8 GB/1.2 GB 132 s (3.8) 36 528 s (2.5)

M2 44,491,968 256 2.2 GB/3.2 GB 528 s 42 1,824 s
– – 512 0.8 GB/1.3 GB 142 s (3.7) 49 785 s (2.3)

6 Ongoing and Future Work

We have presented here some results of an ongoing collaborative effort aiming at
the design of domain decomposition methods for the solution of the time-harmonic
Maxwell equations modeling electromagnetic wave propagation problems in hetero-
geneous media and complex domains. The discretization in space of the underlying
PDE model relies on a high order DG method formulated on unstructured simpli-
cial meshes. For the solution of the resulting complex coefficients, sparse algebraic
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systems of equations, we consider using Schwarz algorithms in conjunction with the
adopted discretization method. Future work involves the study of optimized Schwarz
algorithms based on high order interface conditions for conductive media, and the
design of preconditioned iterative strategies for the solution of subdomain problems.

Acknowledgement. This work was granted access to the HPC resources of CCRT under
the allocation 2009-t2009065004 made by GENCI (Grand Equipement National de Calcul
Intensif).
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1 Summary

A discontinuous Galerkin discretization for second order elliptic equations with dis-
continuous coefficients in 2-D is considered. The domain of interestΩ is assumed to
be a union of polygonal substructures Ω i of size O(Hi). We allow this substructure
decomposition to be geometrically nonconforming. Inside each substructure Ω i, a
conforming finite element space associated to a triangulation Thi(Ωi) is introduced.
To handle the nonmatching meshes across ∂Ω i, a discontinuous Galerkin discretiza-
tion is considered. In this paper additive Neumann–Neumann Schwarz methods are
designed and analyzed. Under natural assumptions on the coefficients and on the
mesh sizes across ∂Ωi, a condition number estimate C(1 + maxi log Hi

hi
)2 is es-

tablished with C independent of hi, Hi, hi/hj , and the jumps of the coefficients.
The method is well suited for parallel computations and can be straightforwardly ex-
tended to three dimensional problems. Numerical results, which are not included in
this paper, confirm the theoretical results.

2 Introduction

In this paper a discontinuous Galerkin (DG) approximation of elliptic problems
with discontinuous coefficients is considered [3]. See [1, 9] and references therein
for an overview on local DG discretizations. The problem is considered in a two-
dimensional polygonal region Ω which is a geometrically nonconforming union of
disjoint polygonal substructuresΩi, i = 1, . . . , N . For simplicity of presentation we
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assume that inside each substructureΩi the coefficient ρi is constant. The extension
of the results to mildly variation of ρi inside Ωi is straightforward. Large discon-
tinuities of the coefficients are assumed to occur only across the interfaces of the
substructures ∂Ωi. Inside each substructure Ωi a conforming finite element method
is introduced to discretize the local problem, and nonmatching triangulations are
allowed to occur across the ∂Ωi. This kind of composite discretization is motivated
by the location of the discontinuities of the coefficients and by the regularity of the
solution of the problem. The discrete problem is formulated using a symmetric DG
method with interior penalty (IPDG) terms on ∂Ω i. To deal with the discontinuities
of the coefficients across the substructure interfaces, harmonic averages of the coef-
ficients are considered on these interfaces; see [3].

The main goal of this paper is to design and analyze additive Neumann–Neumann
algorithms for the resulting DG-discrete problem. This type of algorithms is well es-
tablished for standard conforming and nonconforming discretizations; see [ 10] and
references therein. We note that other two-level and multilevel preconditioners have
been considered for solving discrete IPDG problems; see [2, 6, 8] and references
therein. These papers focus on the scalability of the preconditioners with respect
to the mesh parameters, however, little has been said about the robustness with re-
spect to jumps of the coefficients and nonmatching grids across the substructuring
interfaces. The notion of discrete harmonic extension in the DG sense was also in-
troduced in [4] to achieve these desirable robustness for geometrically conforming
substructures. In this paper we consider both the geometrically nonconforming case
and discontinuous coefficients.

The problem is reduced to the Schur complement form with respect to unknowns
on ∂Ωi, for i = 1, . . . , N . Discrete harmonic functions defined in a special way,
see Sect. 3.3, are used in this step. The methods are designed and analyzed for the
Schur complement problem using the general theory of N–N methods; see [ 10]. The
local problems are defined on Ωi and edges or part of the edge of ∂Ωj which are
common to Ωi. The coarse space is defined by using a special partitioning of unity
with respect to the subdomains Ωi and by introducing master and slave sides of the
local interfaces between the substructures. Recall that we work with a geometrically
nonconforming partition of Ω into substructures Ω i, i = 1, . . . , N . A (part of the)
edge Eij = ∂Ωi ∩ ∂Ωj is a master side when ρi ≥ Cρj , otherwise it is a slave
side. Hence, if Eij ⊂ ∂Ωi is a master side then Eji ⊂ ∂Ωj , Eij = Eji, is a slave.
The hi-triangulation on Eij and hj-triangulation on Eji are built in such a way that
hi ≥ Chj if ρi ≥ Cρj . Here hi and hj are the parameters of the triangulation in
Ωi and Ωj , respectively, and C is a generic O(1) constant. We prove that the algo-
rithms are almost optimal and their rates of convergence are independent of the mesh
parameters, the number of subdomainsΩ i and the jumps of the coefficients. The al-
gorithms are well suited for parallel computations and they can be straightforwardly
extended to three-dimensional problems.
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The paper is organized as follows. In Sects. 3.1 and 3.2 the differential problem
and its DG discretization are formulated. In Sect. 3.3 the Schur complement problem
is derived using discrete harmonic functions in a special way. Section 4 is dedicated
to introducing notation and the interface condition on the coefficients and the mesh
parameters. Two additive Neumann–Neumann Schwarz preconditioners, one based
on a small coarse space and the other based on a larger coarse space, are defined and
analyzed in Sect. 5.

3 Differential and Discrete Problems

In this section we formulate the discrete problem and its Schur complement problem.

3.1 Differential Problem

Consider the following problem: Find u∗ ∈ H1
0 (Ω) such that

a(u∗, v) = f(v) for all v ∈ H1
0 (Ω) (1)

where

a(u, v) :=
N∑
i=1

∫
Ωi

ρi∇u · ∇vdx and f(v) :=
∫
Ω

fvdx.

Here, Ω = ∪Ni=1Ωi where the substructuresΩi are disjoint regular polygonal subre-
gions of diameterO(Hi). We assume that the substructuresΩi form a geometrically
nonconforming partition of Ω, therefore, for all i �= j the intersection ∂Ω i ∩ ∂Ωj
is empty, a vertex of Ωi and/or Ωj , or a common edge or part of an edge of ∂Ω i

and ∂Ωj . If the decomposition is geometrically conforming, then the intersection
∂Ωi∩∂Ωj is empty or a common vertex ofΩi andΩj , or a common edge ofΩi and
Ωj . For simplicity of presentation we assume that the right-hand side f ∈ L 2(Ω)
and the coefficients ρi are all positive constants.

3.2 Discrete Problem

In each Ωi presentation, we introduce a shape regular triangulation Thi(Ωi) with
triangular elements and the mesh parameter h i. The resulting triangulation ofΩ is in
general nonmatching across ∂Ωi. We let Xi(Ωi) be the regular finite element (FE)
space of piecewise linear and continuous functions in Thi(Ωi). We do not assume
that the functions in Xi(Ωi) vanish on ∂Ωi ∩ ∂Ω. We define

Xh(Ω) := X1(Ω1)× · · · ×XN (ΩN )

and represent functions v of Xh(Ω) as v = {vi}Ni=1 with vi ∈ Xi(Ωi).
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The discrete problem obtained by the DG method, see [1, 3, 9], is of the form:
Find u∗h ∈ Xh(Ω) such that

âh(u∗h, vh) = f(vh) for all vh ∈ Xh(Ω) (2)

where

âh(u, v) =
N∑
i=1

âi(u, v) and f(v) =
N∑
i=1

∫
Ωi

fvidx. (3)

Each bilinear form âi is given as a sum of three bilinear forms:

âi(u, v) := ai(u, v) + si(u, v) + pi(u, v), (4)

where

ai(u, v) :=
∫
Ωi

ρi∇ui · ∇vidx, (5)

si(u, v) :=
∑

Eij⊂∂Ωi

∫
Eij

ρij
lij

(
∂ui
∂ni

(vj − vi) +
∂vi
∂ni

(uj − ui)
)
ds

and

pi(u, v) :=
∑

Eij⊂∂Ωi

∫
Eij

ρij
lij

δ

hij
(uj − ui)(vj − vi)ds. (6)

Here, the bilinear form pi is called the penalty term with a positive penalty parameter
δ. In the above equations, we set lij = 2 when Eij = ∂Ωi ∩ ∂Ωj is a common edge
(or part of an edge) of ∂Ωi and ∂Ωj , and define ρij := 2ρiρj/(ρi + ρj) as the
harmonic average of ρi and ρj , and hij := 2hihj/(hi + hj). In order to simplify
notation we include the index j = ∂ when Ei∂ := ∂Ωi ∩ ∂Ω is an edge of ∂Ωi and
set li∂ := 1 and let v∂ = 0 for all v ∈ Xh(Ω), and define ρi∂ := ρi and hi∂ := hi.
The outward normal derivative on ∂Ω i is denoted by ∂

∂ni
. We note that when ρij is

given by the harmonic average then min{ρ i, ρj} ≤ ρij ≤ 2 min{ρi, ρj}.

A priori error estimates for the method are optimal for constant coefficients, and
also for the case where hi and hj are of the same order; see [1, 9]. For discontinuous
coefficients ρi and/or for mesh sizes hi and hj are not on the same order, see Theorem
4.2 of [3] and Lemma 2.2 of [5].

3.3 Schur Complement Problem

In this subsection we derive the Schur complement bilinear form for the problem ( 2).
We first introduce auxiliary notation.

Define X◦
i (Ωi) as the subspace of Xi(Ωi) of functions that vanish on ∂Ωi. A

function ui ∈ Xi(Ω) can be represented as
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ui = Hiui + Piui (7)

whereHiui is the discrete harmonic part of ui in the sense of ai(., .), see (5), i.e.,{
ai(Hiui, vi) = 0 for all vi ∈ X◦

i (Ωi)
Hiui = ui on ∂Ωi,

(8)

while Piui is the projection of ui into X◦
i (Ωi) in the sense of ai(., .), i.e.,

ai(Piui, vi) = ai(ui, vi) for all vi ∈ X◦
i (Ωi). (9)

Note thatHiui is the classical discrete harmonic part of ui. Let us denote byX ◦
h(Ω)

the subspace ofXh(Ω) defined byX◦
h(Ω) := X◦

1 (Ω1)×· · ·×X◦
N(ΩN ) and consider

the global projectionsHu := {Hiui}Ni=1 andPu := {Piui}Ni=1 : Xh(Ω) → X◦
h(Ω)

in the sense of
∑N
i=1 ai(·, ·). Hence, a function u ∈ Xh(Ω) can then be decomposed

as
u = Hu+ Pu. (10)

Alternatively to (10), a function u ∈ Xh(Ω) can be represented as

u = Ĥu+ P̂u, (11)

where P̂u = {P̂iui}Ni=1 : Xh(Ω) → X◦
h(Ω) is the projection in the sense of the

original bilinear for âh(·, ·), see (3), and Ĥu = {Ĥiu}Ni=1 ∈ Xh(Ω) where Ĥiu
is the discrete harmonic part of u in the sense of â i(., .) defined in (4), i.e., Ĥiu ∈
Xi(Ωi) is the solution of⎧⎨⎩

âi(Ĥiu, vi) = 0 for all vi ∈ X◦
i (Ωi),

Ĥiu = ui on ∂Ωi
Ĥiu = uj on every (part of) edge Eji ⊂ ∂Ωj .

(12)

Here the index j in the last equation of (12) runs over all Ωj and j = ∂ such that
Ωi ∩ Ωj and Ωi ∩ ∂Ω has one-dimensional nonzero measure, respectively. In the
latter case, recall that u∂ = 0.

Observe that since P̂iui ∈ X◦
i (Ωi) we have that for all vi ∈ X◦

i (Ωi),

ai(P̂iu, vi) = âh(u,RTi vi),

where RTi is the standard discrete zero extension operator, i.e., RT
i vi := {vj}Nj=1,

where vj vanishes for j �= i; see also Sect. 4 for the definition of other discrete zero
extension operators Ii and Ĩi.

The discrete solution of (2) can be decomposed as u∗
h = Ĥu∗h+P̂u∗h. To compute

the projection P̂u∗h we need to solve the following set of standard discrete Dirichlet
problems:

ai(P̂iu∗h, vi) = f(RTi vi) for all vi ∈ X◦
i (Ωi). (13)
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Note that these problems, for i = 1, . . .N , are local and independent, and so, they
can be solved in parallel. This is a precomputational step.

We next formulate the problem for Ĥu∗h. We first point out that for vi ∈ X◦
i (Ωi)

we have

âi(ui, vi) = (ρi∇ui,∇vi)L2(Ωi) +
∑

Eij⊂∂Ωi

ρij
lij

(
∂vi
∂n

, uj − ui)L2(Eij). (14)

For u ∈ Xh(Ω) observe that (12) is obtained from

âh(Ĥu, v) = 0 (15)

by taking v = {vi}Ni=1 ∈ X◦
h(Ω). It is easy to see that Ĥu = {Ĥiu}Ni=1 and P̂u =

{P̂iui}Ni=1 are orthogonal in the sense of âh(., .), i.e.,

âh(Ĥu, P̂v) = 0, u, v ∈ Xh(Ω). (16)

In addition,
HĤu = Hu and ĤHu = Ĥu (17)

since neither Ĥu nor Hu changes the values of u at the nodes on the boundaries of
the subdomainsΩi; see (8) and (12).

Define
Γh := (∪i∂Ωihi), (18)

where ∂Ωihi is the set of nodal points of ∂Ωi. We note that the definition of Γh in-
cludes the nodes on both triangulations of ∪ i∂Ωi.

We are now in a position to derive the Schur complement problem for ( 2). Ap-
plying the decomposition (11) in (2) we obtain

âh(Ĥu∗h + P̂u∗h, Ĥvh + P̂vh) = f(Ĥvh + P̂vh).

Using (13) and (15) we have

âh(Ĥu∗h, Ĥvh) = f(Ĥvh) for all vh ∈ Xh(Ω). (19)

This is the Schur complement problem for (2). We denote by V the set of all functions
vh inXh(Ω) such that vh ≡ Ĥvh, i.e., the space of discrete harmonic functions in the
sense of the Ĥ. We rewrite the Schur complement problem as follows: Find u∗

h ∈ V
such that

S(u∗h, vh) = g(vh) for all vh ∈ V (20)

where, here and below, u∗
h ≡ Ĥu∗h and

S(uh, vh) := âh(Ĥuh, Ĥvh) and g(vh) := f(Ĥvh). (21)

The Schur complement problem (20) has a unique solution.
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4 Notation and the Interface Condition

We first classify substructures according to their position with respect to the bound-
ary ∂Ω. We say that a substructure Ωi is an interior substructure or floating sub-
structures if Ωi does not share an edge with the boundary of Ω. Otherwise, we say
it is a boundary substructure or nonfloating substructure. We denote by N I andNB
the sets of indices of interior and boundary substructures, respectively.

Let
◦
Ωihi and ∂Ωihi be the interior and boundary nodes of Thi(Ωi) in Ωi and on

∂Ωi, respectively. Define Eijhi as the set of nodes of ∂Ωihi that are on Eij . Recall
that Eij is a closed interval. We also define ∂Eijhi as the set of nodes on Eijhi that

are closest to the boundary ∂Eij . Let
◦
Eijhi := Eijhi \ ∂Eijhi be the set of interior

nodes in Eij . Additionally, we define the extended boundary nodes ∂ eEijhi as the
union of ∂Eijhi and the nodal points y ∈ ∂Ωi \ Eij closest to x ∈ ∂Eij when x is
not a nodal point. Note that when Eij is a full edge of ∂Ωi, then ∂eEijhi = ∂Eij .

Let Eijhi :=
◦
Eijhi ∪ ∂eEijhi . We define

Γi := ∂Ωihi ∪
⋃

Eij⊂∂Ωi

Ejihj . (22)

Note that Γi is defined to include the nodes on Γh necessary for computing Ĥi;
see (12). Define Wi as the space of piecewise linear functions or its vector represen-
tation defined by the nodal values on Γ i extended via Ĥi (defined in (12)) inside Ωi,
i.e.,

Wi :=
{

nodal values of v defined on
◦
Ωihi ∪ Γi : v ≡ Ĥiv in Ωi

}
. (23)

Observe that a function u(i) ∈Wi can be represented as

u(i) = {u(i)
l }l∈#(i) where #(i) = {i} ∪ {j : Eij ⊂ ∂Ωi}.

Here u(i)
i and u(i)

j stand for the nodal values of u(i) onΩi and onEjihj , respectively.
Recall also that sometimes we write u = {ui}Ni=1 ∈ V to refer to a function defined
on all of Γh with each ui defined (only) on ∂Ωi; see Sect. 3.2. We point out that
Eij andEji are geometrically the same even though the mesh on the side E ij comes
from the Ωi triangulation while the mesh on the side Eji corresponds from the Ωj

triangulation. Note also that, according to our conventions, if i ∈ NB and u(i) ∈ Wi

then u(i)
∂ = 0 on the fictitious edge E∂i.

Define the extension operator Ĩi : Wi → V as follows: Given u(i) ∈ Wi, let

Ĩiu
(i) be equal to u(i) at the nodes of Γi and

◦
Ωihi , equal to zero on Γh\Γi, and

extended by ĤĨiu(i) elsewhere and denoted also by Ĩi, i.e.,
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Ĩiu(x) =

⎧⎨⎩
u(x) if x ∈ Γi
0 if x ∈ Γh\Γi
ĤĨiu elsewhere,

(24)

where the last condition on (24) means that Ĩiu is discrete harmonic in the sense of
Ĥ.

To each pair {Eij , Eji} we assign one master and one slave side. IfEij is chosen
to be the slave side then Eji must be the master one. Note that since we are working
with a geometrically nonconforming decomposition of Ω, a part of an edge can be
labeled as master side while other part of the same edge can be marked as the slave
side. The choice of slave-master sides is such that the interface condition, stated
next in Assumption 1, can be satisfied. Under this assumption, Theorems 1 below
hold with constants C1 and C2 independent of the ρi, hi and Hi. This assumption
says basically that the coarser meshes hi should be chosen where the coefficients
ρi are larger, and additionally, the master side should be chosen on the side where
the coefficient is larger. In terms of accuracy, this condition is satisfied in practice
since the solution u∗ in general varies less where the coefficient is larger. We note
that this condition is similar to the ones adopted in mortar studies for geometrical
nonconforming cases; [7].

Assumption 1 (The interface condition) We say that the coefficients {ρi} and the
local mesh sizes {hi} satisfy the interface condition if there exist constants β1 and
β2, of order 1, such that for any (part of) edge Eij , one of the following inequalities
hold: {

hi ≤ β1hj and ρi ≤ β2ρj if Eij is a slave side, or
hj ≤ β1hi and ρj ≤ β2ρi if Eij is a master side.

(25)

We associate to eachΩi 1, · · · , N , a diagonal weighting matrixD (i) = {D(i)
l }l∈#(i)

on Γi∪
◦
Ωihi . Let x be a nodal point of Γi∪

◦
Ωihi . Then, the diagonal element ofD (i)

associated to x is defined by:

• On
◦
Ωihi ∪ ∂Ωi,hi (l = i)

D
(i)
i (x) =

{
0 if x ∈

◦
Eijhi and Eij is a slave side

1 otherwise,
(26)

• On Ejihj (l = j)

D
(i)
j (x) =

⎧⎪⎨⎪⎩
0 if x ∈ ∂eEjihj ,

1 if x ∈
◦
Ejihj and Eij is a master side

0 if x ∈
◦
Ejihj and Eij is a slave side,

(27)
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• On Ei∂hi

D
(i)
i (x) = 1 for all x ∈ Ei∂hi .

The prolongation operators Ii : Wi → V , i = 1, · · · , N , are defined as

Ii = ĨiD
(i). (28)

It is easy to see that the image of Ii forms a decomposition of V since

N∑
i=1

IiĨ
T
i u = u, (29)

where the ĨTi stand for the restriction of V to Wi.

5 Additive Preconditioners

To design and analyze additive N–N type methods for solving ( 20) we use the gen-
eral framework of ASMs; see Theorem 2.7 in [10]. We now consider an additive
Schwarz method based on the coarse space V0,I , i.e., a coarse space with one degree
of freedom per interior substructure and no degrees of freedom for any boundary
substructure; see (34). We now introduce the local and coarse problems to define the
additive Schwarz method Tas,I .

5.1 Local Problems

Recall the definition of Γi in (22), the space Wi in (23) and the sets of NB and NI
substructures, see Sect. 4. Define⎧⎪⎨⎪⎩

Vi = Vi(Γi) :=
{
u(i) ∈ Wi :

∫
∂Ωi

u
(i)
i = 0

}
, if i ∈ NI

Vi = Vi(Γi) := Wi, if i ∈ NB
(30)

i.e., for interior substructures Ωi, Vi is the subspace of Wi consisting of functions
with zero average value on ∂Ωi, while for boundary substructures, V i is the whole
space Wi. We recall that for v(i) ∈ Wi (or Vi) then v(i) ≡ Ĥiv(i) and v ∈ V we
have v(i) = Ĥiv(i) and v = Ĥv.

For u(i), v(i) ∈ Vi, i = 1, . . . , N , we define the local bilinear form bi as

bi(u(i), v(i)) := âi(u(i), v(i)), (31)

where the bilinear form âi is defined in (4). We define the operators Ti : V → V ,
i = 1, . . . , N , by defining T̃i : V → Vi as

bi(T̃iu, v(i)) = âh(u, Iiv(i)) for all v(i) ∈ Vi, (32)

and then set Ti = IiT̃i. It is easy to see that these problems are well posed and that
the Ti are symmetric with respect to the âh-inner product.
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5.2 Coarse Problems

Let e(i) ∈ Wi be the vector with value one at the nodes of Γ i and on
◦
Ωihi . Recall

that the prolongation operators Ĩi and Ii are defined in (24) and (28), respectively.
Define Θi ∈ V , for i = 1, . . . , N , as Θi := ĨiΘ

(i) where Θ(i) = D(i)e(i), hence,
Θi = Iie

(i). Note from (26) and (27) we have that

N∑
i=1

Θi = 1 on Γh. (33)

We consider the following coarse space:

V0,I = Span {Θi}i∈NI
⊂ V. (34)

The coarse bilinear form is defined according to

b0(u, v) =
(

1 + log
H

h

)−2

âh(u, v), u, v ∈ V0,I . (35)

Next we define the projection-like operator T0 : V → V0,I as

b0(T0u, v
(0)) = âh(u, v(0)) for all v(0) ∈ V0,I . (36)

This problem is well posed and symmetric with respect to the âh-inner product.

The additive preconditioner is defined by

Tas,I =
N∑
i=0

Ti. (37)

Note that Tas,I is symmetric with respect to the inner product âh(·, ·).

5.3 Condition Number Estimate for Tas,I

In this section we state the main result concerning the preconditioner defined in ( 37)
with V0 = V0,I .

Theorem 1. Let Assumption 1 be satisfied. In addition, assume that for i ∈ NB , the
size of ∂Ωi∩∂Ω is of the same order as the diameter ofΩi. Then there exist positive
constants C1 and C2 independent of hi, Hi, hi/hj and the jumps of ρi such that

C1âh(u, u) ≤ âh(Tas,Iu, u) ≤ C2

(
1 + log

H

h

)2

âh(u, u) for all u ∈ V. (38)

Here log(H/h) = maxi log(Hi/hi).

Proof. By the general theory of ASMs we need to check three key assumptions; see
Theorem 2.7 [10]. The proof can be found in [5].
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6 Final Remarks

The ASM considered can be generalized replacing the coarse space V 0,I , see (34),
by adding boundary coarse basis functions, i.e.,

V0,I∪B = Span {Θi}i∈NI∪NB
. (39)

The additive preconditioner is then defined by

Tas,I∪B =
N∑
i=0

Ti, (40)

where the T0 is defined as in (36) except that now we replace V0,I by V0,I∪B . For
this preconditioner, the Theorem 1 is also valid, moreover, it is valid without the as-
sumption that the size of ∂Ωi∩∂Ω is of the same order as the diameter of ∂Ωi when
i ∈ NB .

The tools of the discussed methods can be used to design and analyze hybrid
(BDD) methods for (20). We can also consider hybrid versions of Tas,I∪B, see [5].

The numerical tests carried out for the above methods confirm the theoretical re-
sults, see [5]. In particular, Assumption 1 is necessary and sufficient.

The discussed methods can be straightforwardly extended to 3-D cases.
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1 Introduction

The BDDC method [2] is one of the most advanced methods of iterative substructur-
ing. In the case of many substructures, solving the coarse problem exactly becomes a
bottleneck. Since the coarse problem has the same structure as the original problem,
it is straightforward to apply the method recursively to solve it only approximately.
The two-level BDDC analysis has been extended into three-levels in a pioneering
work in [14, 15], and into a general multilevel method in [11]. The methods for the
adaptive selection of constraints for the two-level BDDC method have been studied
in [9, 12]. Here we combine the two approaches into a new method preserving par-
allel scalability with increasing number of subdomains and excellent convergence
properties.

The theoretical aspects of the design of the BDDC and a closely related FETI-DP
on irregular subdomains in the plane has been studied in [ 6]. The authors in particular
demonstrated that a proper choice of a certain scaling can significantly improve con-
vergence of the methods. Our goal here is different. We consider only the standard
stiffness scaling and we look for a space where the action of the BDDC precondi-
tioner is defined. A combination of these two approaches, also with the proper choice
of initial constraints [1], would be of independent interest. The presented algorithm
has been recently extended into 3D in [13].

[4, 5] have recently successfully developed and extensively used several inex-
act solvers for the FETI-DP method, and [16] has extended the three-level BDDC
methods to the saddle point problems.

All abstract spaces in this paper are finite dimensional. The dual space of a linear
space U is denoted by U ′, and 〈·, ·〉 is the duality pairing.

∗ Partially supported by National Science Foundation under grant DMS-0713876 and by the
Grant Agency of the Czech Republic under grant 106/08/0403.

† Supported by National Science Foundation under grant DMS-0713876.
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2 Abstract BDDC for a Model Problem

Let Ω ⊂ R2 be a bounded polygonal domain, decomposed into N nonoverlapping
polygonal substructures Ωi, i = 1, ..., N , which form a conforming triangulation.
That is, if two substructures have a nonempty intersection, then the intersection is a
vertex, or a whole edge. Substructure vertices will also be called corners. Let W i be
the space of Lagrangean P1 or Q1 finite element functions with characteristic mesh
size h onΩi, and which are zero on the boundary ∂Ω. Suppose that the nodes of the
finite elements coincide on edges common to two substructures. Let

W = W1 × · · · ×WN ,

and let U ⊂W be the subspace of functions that are continuous across the substruc-
ture interfaces. We wish to solve the abstract linear problem

u ∈ U : a(u, v) = 〈f, v〉 , ∀v ∈ U, (1)

for a given f ∈ U ′, where a is a symmetric positive semidefinite bilinear form on
some space W ⊃ U and positive definite on U . The form a (·, ·) is called the energy
inner product, the value of the quadratic form a (u, u) is called the energy of u, and
the norm ‖u‖a = a (u, u)1/2 is called the energy norm. The operator A : U �→ U ′

associated with a is defined by

a(u, v) = 〈Au, v〉 , ∀u, v ∈ U.

The values of functions from W at the corners and certain averages over the
edges will be called the coarse degrees of freedom. Let W̃ ⊂ W be the space of
all functions such that the values of any coarse degrees of freedom have a common
value for all relevant substructures and vanish on ∂Ω. Define U I ⊂ U ⊂ W as the
subspace of all functions that are zero on all substructure boundaries ∂Ω i, W̃Δ ⊂W

as the subspace of all function such that their coarse degrees of freedom vanish, W̃Π

as the subspace of all functions such that their coarse degrees of freedom between
adjacent substructures coincide and such that their energy is minimal. Then

W̃ = W̃Δ ⊕ W̃Π , W̃Δ ⊥a W̃Π . (2)

The component of the BDDC preconditioner computed in W̃Π is called the
coarse problem, cf. [11, Algorithm 11]. Functions that are a-orthogonal to U I are
called discrete harmonic. In [7, 9], the analysis was done in spaces of discrete har-
monic functions after eliminatingUI ; this is not the case here, so W̃ does not consist
of discrete harmonic functions only. Denote by P the energy orthogonal projection
from U to UI . Then I − P is known as the projection onto the discrete harmonic
functions. Finally, let E be a projection from W̃ onto U defined by taking some
weighted average over the substructure interfaces.

Let us briefly describe the construction of the space W̃ using the coarse degrees
of freedom. Suppose we are given a space X and a linear operator C : W �→ X and
define
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W̃ = {w ∈ W : C (I − E)w = 0} . (3)

The values Cw will be called the local coarse degrees of freedom. To represent their
common values, i.e. the global coarse degrees of freedom, suppose there is a space
Uc and linear operators

QTP : U → Uc Rc : Uc → X R : U →W,

such that
CR = RcQ

T
P .

The operator QT
P selects global coarse degrees of freedom in Uc as linear combina-

tions of global degrees of freedom; a global coarse degree of freedom is given by a
row ofQP . The operatorR (resp. Rc) restricts a vector of global (coarse) degrees of
freedom into a vector of local (coarse) degrees of freedom. See [ 9] for more details.

2.1 Multilevel BDDC

The substructuring components (the domains, spaces and operators) from the previ-
ous section will be denoted by an additional subscript 1, as Ωi1, i = 1, . . .N1, etc.,
and called level 1. We will call the coarse problem in W̃Π1 the level 2 problem. It
has the same finite element structure as the original problem (1) on level 1, so we
have U2 = W̃Π1. Level 1 substructures are level 2 elements, level 1 coarse degrees
of freedom are level 2 degrees of freedom. The shape functions on level 2 are the
coarse basis functions in W̃Π1, which are given by the conditions that the value of
exactly one coarse degree of freedom is one and the others are zero, and that they
are energy minimal in W̃1. Note that the resulting shape functions on level 2 are
in general discontinuous between level 2 elements. Level 2 elements are then ag-
glomerated into nonoverlapping level 2 substructures, etc. Level 
 elements are level

−1 substructures, and the level 
 substructures are agglomerates of level 
 elements.
Level 
 substructures are denoted by Ω i

	, and they are assumed to form a quasiuni-
form conforming triangulation with characteristic substructure size H 	. The degrees
of freedom of level 
 elements are given by level 
 − 1 coarse degrees of freedom,
and shape functions on level 
 are determined by minimization of energy on each
level 
 − 1 substructure separately, so U	 = W̃Π,	−1. The averaging operators on

level 
, E	 : W̃	 → U	, are defined by averaging of the values of level 
 degrees of
freedom between level 
 substructuresΩ i

	. The space UI	 consists of functions in U	
that are zero on the boundaries of all level 
 substructures, and P 	 : U	 → UI	 is the
a-orthogonal projection in U	 ontoUI	. For convenience, letΩ i

0 be the original finite
elements, H0 = h.

Algorithm 1 (Multilevel BDDC, [11], Algorithm 17) Define the preconditioner r1 ∈
U ′

1 �−→ u1 ∈ U1 as follows:
for 
 = 1, . . . , L− 1,

Compute interior pre-correction on level 
,

uI	 ∈ UI	 : a (uI	, zI	) = 〈r	, zI	〉 , ∀zI	 ∈ UI	. (4)
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Get updated residual on level 
,

rB	 ∈ U	, 〈rB	, v	〉 = 〈r	, v	〉 − a (uI	, v	) , ∀v	 ∈ U	. (5)

Find the substructure correction on level 
,

wΔ	 ∈WΔ	 : a (wΔ	, zΔ	) = 〈rB	, E	zΔ	〉 , ∀zΔ	 ∈WΔ	. (6)

Formulate the coarse problem on level 
,

wΠ	 ∈ WΠ	 : a (wΠ	, zΠ	) = 〈rB	, E	zΠ	〉 , ∀zΠ	 ∈ WΠ	, (7)

If 
 = L− 1, solve the coarse problem directly and set uL = wΠL−1,
otherwise set up the right-hand side for level 
+ 1,

r	+1 ∈ W̃ ′
Π	, 〈r	+1, z	+1〉 = 〈rB	, E	z	+1〉 , ∀z	+1 ∈ W̃Π	 = U	+1, (8)

end.
for 
 = L− 1, . . . , 1,

Average the approximate corrections on substructure interfaces on level 
,

uB	 = E	 (wΔ	 + u	+1) . (9)

Compute the interior post-correction on level 
,

vI	 ∈ UI	 : a (vI	, zI	) = a (uB	, zI	) , ∀zI	 ∈ UI	. (10)

Apply the combined corrections,

u	 = uI	 + uB	 − vI	. (11)

end.

A condition number bound follows, cf. [[11], Lemma 20].

Lemma 1. If for some ω	 ≥ 1, for all 
 = 1, . . . , L− 1,

ω	 = sup
w�∈(I−P�)fW�

J	(w	), J	(w	) =
‖(I − E	)w	‖2a

‖w	‖2a
, (12)

then the multilevel BDDC preconditioner satisfies κ ≤ ω =
∏L−1
k=1ω	.
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3 Indicator of the Condition Number Bound

As in [9], we propose as an indicator of the condition number the maximum of the
bounds from Lemma 1 computed by considering on each level 
 only one pair of
adjacent substructures s and t at a time:

ω ≈ ω̃ = ΠL−1
	=1 max

st
ωst	 , ωst	 = sup

wst
� ∈(I−P st

� )fW st
�

Jst	
(
wst	

)
, (13)

where a pair of substructures is called adjacent if they share an edge, and the quan-
tities with the superscript st are defined using the domain consisting of the level 

substructures s and t only.

The quantity ω̃ is called an indicator of the condition number bound.
Let Sst	 be the Schur complement operator associated with the bilinear form

a (·.·) on the space (I − P st	 ) W̃ st
	 . The next theorem is [8, Theorem 2] written in

a way suitable for our purposes.

Theorem 1 Let for a > 0, Πst
	 be the orthogonal projection onto (I − P st

	 )W̃ st
	 ,

and I −Πst

	 the orthogonal projection onto

null
(
Πst
	 S

st
	 Π

st
	 + a

(
I −Πst

	

))
.

Then the stationary values ωst	,1 ≥ ωst	,2 ≥ . . . and the corresponding stationary
vectors wst	,k of the Rayleigh quotient J st	 in (13) satisfy

Xst
	 w

st
	,k = ωst	,kY

st
	 w

st
	,k (14)

with Y st	 positive definite, where

Xst
	 = Πst

	

(
I − Est	

)T
Sst	

(
I − Est	

)
Πst
	 ,

Y st	 =
(
Π
st

	

(
Πst
	 S

st
	 Π

st
	 + a

(
I −Πst

	

))
Π
st

	 + a
(
I −Πst

	

))
.

The eigenvalue problem (14) is obtained by projecting the gradient of the
Rayleigh quotient J st	 (wst	 ) onto the complement in (I − P st

	 )W̃ st
	 of the subspace,

where its denominator is zero, in two steps. Both projections Π st
	 and Π

st

	 are com-
puted by matrix algebra, which is straightforward to implement numerically. The
projection Πst

	 projects onto null Cst	 (I − Est	 ), and I − Π
st

	 projects onto a sub-
space of null Sst	 , which can be easily constructed computationally if a matrix Z st

	

is given such that null Sst	 ⊂ rangeZst	 . For this purpose, the rigid body modes are
often available directly or they can be computed from the geometry of the finite el-
ement mesh. For levels 
 > 1, we can use the matrix Z st

	 with columns consisting
of coarse basis functions, because the span of the coarse basis functions contains
the rigid body modes. In this way, we can reduce (14) to a symmetric eigenvalue
problem, which is easier and more efficient to solve numerically.



44 B. Sousedı́k and J. Mandel

4 Optimal Coarse Degrees of Freedom

Writing W̃ st
	 = nullCst	 (I − Est	 ) suggests how to add coarse degrees of freedom to

decrease the value of indicator ω̃. The following theorem is an analogy of [ 8, Theo-
rem 3]. It follows immediately from the standard characterization of eigenvalues as
minima and maxima of the Rayleigh quotient on subspaces spanned by eigenvectors,
applied to (14).

Theorem 2. Suppose nst	 ≥ 0 and the coarse dof selection matrix C st
	 (I − Est	 ) is

augmented by the rowswstT	,k (I − Est	 )T Sst	 (I − Est	 ), wherewst	,k are the eigenvec-
tors from (14). Then ωst	 = ωst	,nst

� +1, andωst	 ≥ ωst	,nst
� +1 for any other augmentation

by at most nst	 columns.
In particular, if ωst	,nst

� +1 ≤ τ for all pairs of adjacent substructures s, t and for

all levels 
 = 1, . . . , L− 1, then ω̃ ≤ τL−1.

Theorem 2 allows us to guarantee that the condition number indicator ω̃ ≤ τ L−1

for a given target value τ , by adding the smallest possible number of coarse degrees
of freedom.

The primal coarse space selection mechanism that corresponds to this augmen-
tation can be explained as follows. Let us write the augmentation as

cst	,k =
[
cs	,k c

t
	,k

]
= wstT	,k

(
I − Est	

)T
Sst	

(
I − Est	

)
,

where cs	,k and ct	,k are blocks corresponding to substructures s and t. It should be
noted that the matrix Est

	 is constructed for a pair of substructures s, t in such a way
that, cf., e.g. [10, Eq. (7)],

BstTD,	B
st
	 = I − Est	 ,

where BstD,	 and Bst	 are matrices known from the FETI-DP method. In particular,
the entries of Bst

	 are +1 for substructure s and −1 for substructure t. This also
relates our algorithm to the one from [8, 9]. Next, let us observe that, due to the
application of I − Est

	 , for the two blocks of cst	,k it holds that cs	,k = −ct	,k, i.e.,
for the two substructures the constraint weights have the same absolute values and
opposite sign. Hence it is sufficient to consider only one of the two blocks, e.g.,
cs	,k. The augmentation of the global coarse degrees of freedom selection matrix
[QP,	, qk,	] is constructed by adding a block of k columns computed as

qk,	 = RsT	 csTk .

Each column of qk,	 defines a coarse degree of freedom associated with the interface
of level 
 substructures s and t. Because Rs

	 is a 0− 1 matrix, it means that columns
in qk,	 are formed by a scattering of the entries in csTk .



On Adaptive-Multilevel BDDC 45

5 Adaptive-Multilevel BDDC in 2D

We describe in more detail the implementation of the algorithm. It consists of two
main steps: (i) setup, and (ii) the loop of preconditioned conjugate gradients with
the Adaptive-Multilevel BDDC as a preconditioner. The setup was outlined in the
previous section, and it can be summarized as follows:

Algorithm 2 Adding of coarse degrees of freedom in order to guarantee that the
condition number indicator ω̃ ≤ τ L−1, for a given a target value τ :

for levels 
 = 1 : L− 1,

Create substructures with roughly the same numbers of degrees of freedom, min-
imizing the number of “cuts”(use a graph partitioner, e.g., METIS 4.0 ([ 3]) with
weights on both, vertices and edges).

Find a suitable set of initial constraints (corners in 2D), and set up the BDDC
structures for the adaptive algorithm.

for all edges E	 on level 
,

Compute the largest local eigenvalues and corresponding eigenvectors, until the
first mst is found such that λstmst ≤ τ , put k = 1, . . . ,mst.

Compute the constraint weights cstk = [csk c
t
k] as

cstk = wstTk ΠIst
	

(
I − Est	

)T
Sst	

(
I − Est	

)
ΠIst
	 , (15)

where ΠIst
	 is a projection constructed using the set of initial constraints.

Take one block, e.g., csk and keep nonzero weights for the edge E	.
Add to the global coarse dofs selection matrix QP,	 the k columns qk,	 as

qk,	 = RsT	 csTk . (16)

end.

Setup the BDDC structures for level 
 and check size of the coarse problem:
if small enough, call this the level L problem, factor it directly, and exit from the
loop.

end.

We remark that the adaptive algorithm is significantly simpler and easier to im-
plement compared to our previous algorithm from [ 8, 9]. The constraints in (15) are
generated from the eigenvectors by the same function that evaluates the left hand
side in (14). Then they are “torn” into two blocks, and entries of one of them, that
correspond to a particular edge shared by substructures s and t on the level 
, are
scattered into additional columns of the matrixQP,	.
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The adaptive algorithm uses matrices and operators that are readily available in
our implementation of the standard BDDC method (unlike in [ 12] this time with an
explicit coarse space solve) with one exception: in order to satisfy the local partition
of unity property, cf. [10, Eq. (9)],

Est	 R
st
	 = I,

we need to generate locally the weight matrices E st
	 .

The substructures on higher levels are then treated as (coarse) elements with
energy minimal basis functions. However, the number of added constraints is a-priori
unknown. For this reason, the coarse elements must allow for variable number of
nodes per element, and also for variable number of degrees of freedom per node. It
is also essential to generate a sufficient number of corners as initial constraints, in
particular to prevent rigid body motions between any pair of adjacent substructures.
This topic has been addressed several times cf., e.g., a recent contribution in [ 1].

Finally, we remark that instead of performing interior pre-correction and post-
correction on level 
 = 1, cf. Eqs. (4)–(5) and (10)–(11), we can benefit from reduc-
ing the problem to interfaces in the pre-processing step.

6 Numerical Examples and Conclusion

The adaptive-multilevel BDDC preconditioner was implemented in Matlab for the
2D linear elasticity problem (with λ = 1, and μ = 2) on a square domain discretized
by finite elements with 1,182,722 degrees of freedom. The domain was decomposed
into 2,304 subdomains on the second level and into 9 subdomains on the third-level.
Such decomposition leads to the coarsening ratio H 	/H	−1 = 16, with 
 = 1, 2. In
order to test the adaptive selection of constraints, one single edge has been jagged
on both decomposition levels, see Fig. 1. We have computed the eigenvalues and
eigenvectors of (14) by setting up the matrices and using standard methods for the
symmetric eigenvalue problem in Matlab, version 7.8.0.347 (R2009a).

In the first set of experiments, we have compared performance of the non-
adaptive BDDC method with 2 and 3 decomposition levels. The results are presented
in Tables 1 and 2. As expected from the theory the convergence of the algorithm de-
teriorates when additional levels are introduced.

In the next set of experiments, we have tested the adaptive algorithm for the two-
level BDDC. The results are summarized in Table 6. The algorithm performs consis-
tently with our previous formulation in [9]. The eigenvalues associated with edges
between substructures clearly distinguish between the single problematic edge and
the others (Table 3). Adding the coarse dofs created from the associated eigenvectors
according to Theorem 2 decreases the value of the condition number indicator ω̃ and
improves convergence at the cost of increasing the number of coarse dofs.

Finally, we have tested the performance of the Adaptive-Multilevel BDDC for
the model problem with three-level decomposition (Fig. 1). Because the number of
coarse degrees of freedom depends on an a-priori chosen value of τ and the coarse



On Adaptive-Multilevel BDDC 47

Fig. 1. The two-level decomposition into 48 × 48 (= 2,304) subdomains (top), and the de-
composition into 9 subdomains for the three-level method (bottom); the jagged edge from the
lower decomposition level is indicated here by a thick line.
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Table 1. Results for non-adaptive 2-level method. Constraints are corners, or corners and
arithmetic averages over edges, denoted as c, c+e, resp. Nc is number of constraints, C is
size of the coarse problem related to size of a subdomain problem, κ is the condition number
estimate, it is number of iterations (tol. 10−8).

Constraint Nc C κ it

c 4794 9.3 18.41 43
c+e 13818 26.9 18.43 32

Table 2. Results for non-adaptive 3-level method. Headings are as in Table 1.

Constraint Nc C κ it

c 4794 + 24 1.0 67.5 74
c+e 13818 + 48 3.0 97.7 70

Table 3. Eigenvalues of the local problems for several pairs of subdomains s and t on the
decomposition level � = 1 (the jagged edge is between subdomains 2 and 50).

s t λst,1 λst,2 λst,3 λst,4 λst,5 λst,6 λst,7 λst,8

1 2 3.8 2.4 1.4 1.3 1.2 1.1 1.1 1.1
1 49 6.0 3.5 2.7 1.4 1.3 1.1 1.1 1.1
2 3 5.4 2.6 1.6 1.3 1.2 1.1 1.1 1.1
2 50 24.3 18.4 18.3 16.7 16.7 14.7 13.5 13.1
3 4 3.4 2.4 1.4 1.3 1.1 1.1 1.1 1.1
3 51 7.4 4.6 3.7 1.7 1.4 1.3 1.2 1.1

49 50 12.6 5.1 4.3 1.9 1.6 1.3 1.2 1.2
50 51 8.7 4.8 3.9 1.8 1.5 1.3 1.2 1.2
50 98 7.5 4.6 3.7 1.7 1.4 1.3 1.2 1.1

basis functions on level 
 become shape basis functions on level 
+ 1, the solutions
of local eigenvalue problems will depend on τ as well. This fact is illustrated by
Table 4 for τ = 2, and by Table 5 for τ = 10 (the local eigenvalues for τ = 3 were
essentially same as for τ = 2). Comparing the values in these two tables, we see that
lower values of τ result in worse conditioning of the local eigenvalue problems on
higher decomposition level. This immediately gives rise to a conjecture that it might
not be desirable to decrease the values of τ arbitrarily low in order to achieve a better
convergence of the method. On the other hand, for the model problem, comparing the
convergence results for the two-level method (Table 6) with the three-level method
(Table 7), we see that with the adaptive constraints we were able to achieve nearly
the same convergence properties for the two methods.
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Table 4. Eigenvalues of the local problems for several pairs of subdomains s, t on level � = 2
with τ = 2 (the jagged edge is between subdomains 2 and 5).

s t λst,1 λst,2 λst,3 λst,4 λst,5 λst,6 λst,7 λst,8

1 2 16.5 9.0 5.4 2.6 2.1 1.4 1.3 1.3
1 4 6.5 4.7 1.9 1.7 1.3 1.2 1.2 1.1
2 3 23.1 9.4 4.6 3.2 2.1 1.6 1.4 1.3
2 5 84.3 61.4 61.4 55.9 55.8 49.3 48.0 46.9
3 6 13.7 8.8 4.4 2.2 1.9 1.4 1.3 1.2
4 7 6.5 4.7 1.9 1.7 1.3 1.2 1.2 1.1
5 6 18.9 13.1 11.3 3.8 2.6 2.1 1.9 1.5
5 8 17.3 12.9 10.8 3.6 2.3 2.0 1.8 1.4
8 9 13.7 8.8 4.4 2.2 1.9 1.4 1.3 1.2

Table 5. Eigenvalues of the local problems for several pairs of subdomains s, t on level � = 2
with τ = 10 (the jagged edge is between subdomains 2 and 5).

s t λst,1 λst,2 λst,3 λst,4 λst,5 λst,6 λst,7 λst,8

1 2 7.7 4.5 2.7 1.6 1.4 1.2 1.2 1.1
1 4 3.6 3.0 1.5 1.5 1.2 1.2 1.1 1.1
2 3 10.9 4.8 2.7 1.7 1.5 1.2 1.2 1.1
2 5 23.2 17.2 13.7 13.7 12.7 12.4 11.0 10.9
3 6 6.1 4.2 2.5 1.5 1.3 1.2 1.1 1.1
4 7 3.6 3.0 1.5 1.5 1.2 1.2 1.1 1.1
5 6 9.8 6.2 4.1 2.1 1.6 1.5 1.3 1.2
5 8 8.6 5.9 3.9 2.0 1.5 1.4 1.2 1.2
8 9 6.1 4.2 2.5 1.5 1.3 1.2 1.1 1.1

Table 6. Results for the adaptive 2-level method. Headings are same as in Table 1, and τ is
the condition number target, eω is the condition number indicator.

τ Nc C eω κ it

∞(=c) 4,794 9.3 – 18.41 43
10 4,805 9.4 8.67 8.34 34
3 18,110 35.3 2.67 2.44 15
2 18,305 35.7 1.97 1.97 13

Table 7. Results for the adaptive 3-level method. Headings are as in Table 6, but the threshold
τ is now used on each of the two decomposition levels and so eω ≤ τ2.

τ Nc C eω κ it

∞(=c) 4,794 + 24 1.0 – 67.5 74
10 4,805 + 34 1.0 84.97 37.42 60
3 18,110 + 93 3.9 7.88 3.11 19
2 18,305 + 117 4.0 3.84 2.28 15
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Summary. In this paper, we propose an interpolation based local postprocessing
approach for finite element electronic structure calculations over locally refined hex-
ahedral finite element meshes. It is shown that our approach is very efficient in finite
element approximations of ground state energies.
Key words: adaptive finite element, eigenvalue, electronic structure, interpolation,
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1 Introduction

It is significant to obtain the ground state energy in the electronic structure study. In
modern electronic structure calculations, the ground state energy is usually obtained
from solving the Kohn–Sham equation [4, 17]. A general concern is the Kohn–Sham
equation of a confined system posed on a bounded domainΩ ⊂ R 3:{

(− 1
2Δ+ Veff (ρ))ψi = εiψi, in Ω,

ψi = 0, on ∂Ω, i = 1, . . . , Ns,
(1)

where ρ(r) ≡
∑Ns

i=1 fi|ψi(r)|2 is the electron density, Ns the number of electron
orbitals ψi with associated occupancy number fi, and Veff (ρ) the so-called effective
potential that is a nonlinear functional of ρ.
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To solve nonlinear eigenvalue problem (1), a self-consistent approach such as
DIIS (Direct Inversion Iterative Subspace) or Pulay’s method in [ 22, 23] is required.
As a result, the central computation in solving the Kohn–Sham equation is the re-
peated solution of the following type of linear eigenvalue problem:{

−Δu+ V u = λu, in Ω,
u = 0, on ∂Ω,

(2)

where V is some effective potential. Since the electron density at the ground state
decays exponentially [2, 13, 27], we may setΩ to be a cube in the computation. Note
that even though V in (2) was relatively smooth in the pseudopotential setting, the
eigenfunctions of (2) would vary rapidly in the neighborhood of the nuclei but be
diffuse further away. Thus some efficient multi-resolution is significant for approxi-
mating eigenfunctions in the real space [4, 6, 20].

The multi-resolution can be achieved by adaptive finite element discretizations.
Indeed, the preponderant strength of the finite element method lies in its ability to
arrange local refinements in the regions where there are strong variations and high
resolution is needed while treating the distant zones from nuclei at a coarser scale.
We refer the reader to [4, 8, 9, 10, 21, 28, 33] and the references cited therein for
the applications of finite element methods to electronic structure calculations. In this
work, adaptive hexahedral finite elements will be studied for a better accuracy and
efficiency on such a cubic domain [5, 11].

Once finite element eigenfunctions reach the self-consistent convergence, some
postprocessing techniques are worth while to enhance the approximations when the
extra cost is low. Indeed, the effectiveness of finite element postprocessing has been
already shown in [8, 9, 10, 26]. In this paper we propose an interpolation based local
postprocessing scheme for finite element quantum eigenvalue approximations and
apply the approach to improve the ground state energy approximation. This scheme
is derived from our understanding of the behavior of wavefunctions. For a quantum
many-particle system, there is a general principle of locality or “nearsightedness”
that the properties at one point may be considered independent of what happens
at distant points [14, 16, 20]. And wavefunctions of a quantum many-particle sys-
tem are somehow smooth and oscillate in the region where the system is located
only [2, 15, 32]. Thus local higher order finite elements should be used (c.f., e.g.,
[8, 9, 10]). The computational complexity of higher order finite element discretiza-
tions, however, is larger than that of lower order finite element discretizations. To
reduce the complexity, in this paper, we will propose some higher order interpola-
tion approach for fast higher order finite element eigenvalue approximations. This
approach is a local postprocessing on the lower order finite element approximations
with little extra cost.

Now let us give some more details for an illustrative exhibition of the main idea
in this paper. The trilinear finite element eigenfunctions are expanded by the basis
of trilinear finite elements distributed on the locally refined mesh. In the case of the
self-consistent convergence, we locate the father cell with eight children lying at
the finest level of the hierarchy of grids. Based on trilinear finite element solutions
on the children, a new eigenfunction approximation can be easily constructed as a



Interpolation Based Local Finite Element Postprocessing 53

triquadratic polynomial on this father cell. And the local accuracy enhancement of
eigenfunctions in the high-resolution regions will effectively improve the approxi-
mations of the associated eigenvalues as well as ground state energies by Rayleigh
quotients.

Our interpolation approach may be viewed as an averaging technique over adap-
tive finite element meshes while the existing averaging technique for quantum eigen-
value approximations in [26] is set for the gradient of eigenfunctions, in particular,
employs some global projection. It is significant that our interpolation based local
postprocessing is carried out only over the local domain where the molecular system
is located. More notably, there are no auxiliary degrees of freedom needed by our
postprocessing since the high-order interpolation is locally constructed over the se-
lected father cells at the coarser level next to the finest. So, our approach is good at
memory requirement and computation complexity. The theoretical tool for motivat-
ing this idea is the local error estimates for finite element approximations developed
in [29, 31] (see also Sect. 2.1). We should mention that an interpolation global post-
processing is first introduced in [18] for finite element eigenvalue approximations
over uniformly finite element meshes.

It is shown numerically that our scheme is a potentially efficient postprocessing
technique for computing quantum eigenvalues (see Sect. 3.2). In fact, the computed
electron density in the region of the system can be improved by the local high-order
interpolation postprocessing. So it is expected that our approach would also benefit
calculations of other quantum quantities.

The rest of this paper is organized as follows. In the next section, we first intro-
duce our hexahedral finite element discretizations and then illustrate the local inter-
polation postprocessing theoretically and numerically. We present some applications
to electronic structure calculations in Sect. 3 and finally we provide some concluding
remarks.

2 Interpolation Based Finite Element Postprocessing

In this section, we shall first describe some basic notation and a finite element dis-
cretization for eigenvalue problem (2) and then introduce our local interpolation post-
processing, which will be supported by numerical experiments for a model example.

We shall use the standard notation for Sobolev spacesW s,p(Ω) and their associ-
ated norms and seminorms (see, e.g., [1]). For p = 2, we denoteH s(Ω) = W s,2(Ω)
and H1

0 (Ω) = {v ∈ H1(Ω) : v|∂Ω = 0}, where v|∂Ω = 0 is in the sense of trace,
‖ · ‖s,Ω = ‖ · ‖s,2,Ω and ‖ · ‖Ω = ‖ · ‖0,2,Ω. (In some places in this paper, ‖ · ‖s,2,Ω
should be viewed as piecewise defined if necessary.)

Throughout this paper, we shall use the letter C (with or without subscripts) to
denote a generic positive constant which may stand for different values at its different
occurrences. One basic assumption on the mesh is that the level difference of two
adjacent cells cannot be more than one. For D ⊂ Ω0 ⊂ Ω, we use the notation
D ⊂⊂ Ω0 to mean that dist(∂D \ ∂Ω, ∂Ω0 \ ∂Ω) > 0.
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Let Ω = (a, b)3 with a, b ∈ R. Let T h(Ω) consist of hexahedra whith edges
parallel to x-axis, y-axis and z-axis respectively, where h is the mesh size. Define

Sh(Ω) = {v ∈ C(Ω̄) : v|τ ∈ Qτ ∀τ ∈ T h(Ω)}, (3)

where Qτ = span{xiyjzk : 0 ≤ i, j, k ≤ 1}. Set Sh0 (Ω) = Sh(Ω) ∩H1
0 (Ω). These

are Lagrange finite element spaces. We refer the reader to [7, 29] (see also [24, 25])
for their basic properties that will be used in our analysis.

If Ih : C(Ω̄) −→ Sh(Ω) is the trilinear Lagrange finite element interpolation
operator associated with T h(Ω), then we derive from integration by parts that (see,
e.g., [12, 19])∣∣∣∣∫

τ

∇(w − Ihw)∇v
∣∣∣∣ ≤ Ch2

τ |w|3,τ |∇v|0,τ ∀v ∈ Sh(Ω), ∀τ ∈ T h(Ω), (4)

where hτ is the diameter of τ .

2.1 Finite Element Discretizations

A standard finite element discretization for (2) is: Find a pair of (λh, uh) ∈ R ×
Sh0 (Ω) satisfying ‖uh‖0,Ω = 1 and

a(uh, v) = λh(uh, v) ∀v ∈ Sh0 (Ω). (5)

We use (λh, uh) as an approximation to (λ, u) ∈ R × H 1
0 (Ω), where (λ, u) is a

solution of

a(u, v) = λ(u, v) ∀v ∈ H1
0 (Ω) (6)

with ‖u‖0,Ω = 1 and

a(w, v) =
∫
Ω

1
2
∇w∇v + V wv ∀w, v ∈ H1

0 (Ω).

If V ∈ L∞(Ω), then the associated exact eigenfunction u ∈ H 1
0 (Ω) ∩H2(Ω).

Thus we may assume that (see, e.g., [3])

|λ− λh|+ h‖∇(u− uh)‖0,Ω + ‖u− uh‖0,Ω ≤ Ch2. (7)

Let Ph : H1
0 (Ω) −→ Sh0 (Ω) be the Galerkin projection defined by

a(w − Phw, v) = 0 ∀v ∈ H1
0 (Ω). (8)

Then we have (see [30])

Proposition 1. There holds

‖Phu− uh‖1,Ω ≤ Ch2. (9)
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2.2 Interpolation Based Local Postprocessing

Let Ω0 be a subdomain of Ω. The following local superclose result can be derived
from (4) and the local error estimation of finite element Galerkin approximations
(see, e.g., [19])

Proposition 2. Let D ⊂⊂ Ω0. If u ∈ H1
0 (Ω) ∩H3(Ω0), then

‖Phu− Ihu‖1,D ≤ Ch2. (10)

It is seen that we can define a triquadratic Lagrange interpolation Π 2h on any
father cell � that consists of 27 children elements in T h(Ω). LetΩ0 be covered by a
group of father cells and aligned with T h(Ω). Note that

Π2hIh = Π2h,

‖∇Π2hv‖0,� ≤ ‖∇v‖0,� ∀v ∈ Sh(Ω),
‖Π2hw − w‖1,� ≤ Ch2‖w‖3,�.

We obtain

‖Π2huh − u‖1,D ≤ Ch2 (11)

from Proposition 1, Proposition 2, and the identity

Π2huh − u = Π2h(uh − Phu) +Π2h(Phu− Ihu) +Π2hu− u.

We may use some a Rayleigh quotient to get a new eigenvalue approximation λ h

as follows

λh =
a(uh, uh)
‖ uh ‖20,Ω

,

where

uh =
{
Π2huh , in Ω̄0,
uh , in Ω \ Ω̄0.

(12)

Indeed, our numerical experiments show that λh is much more accurate than λh even
if Ω0 is a part of Ω where local quadratic interpolationΠ2h can be carried out.

2.3 Quantum Harmonic Oscillator

For illustration, we consider an oscillator model, which is a simple problem in quan-
tum mechanics:

−1
2
Δu+

1
2
|x|2 u = λu, in R3. (13)

The first eigenvalue of (13) is λ = 1.5 and is associated with the eigenfunction

u = γe−
|x|2
2 , where γ is a nonzero constant so that ‖u‖0,R3 = 1.
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In our experiments, we choose Ω = (−5.0, 5.0)3 as the computational domain,
on which the zero Dirichlet boundary condition is imposed. We use a uniform mesh
as the initial mesh. We carry out local refinements on subdomainΩ0 = (−2.5, 2.5)3

by uniformly refining once and consider D = (1.25, 1.25)3. Let(λh, uh), (λh, uh)
be the trilinear finite element approximation to (λ, u) and the interpolation postpro-
cessing eigenpair, respectively. Define

eh = |λh − λ| , eh =
∣∣λh − λ∣∣ .

ηh = ‖∇(uh − u)‖0,D , η
h = ‖∇(Π2huh − u)‖0,D .

Numerical results in Table 1 show the errors of the first eigenpair which supports our
theory.

Table 1. Oscillator: interpolation on Ω0.

Initial mesh size ηh Order(ηh) eh ηh Order(ηh) eh

1/2−3 × 10.0 0.20743 0.03846 0.14364 0.01407
1/2−4 × 10.0 0.10508 0.98114 0.00975 0.03265 2.13730 0.00141
1/2−5 × 10.0 0.05269 0.99589 0.00244 0.00817 1.99868 0.00024
1/2−6 × 10.0 0.02636 0.99918 0.00061 0.00205 1.99471 0.00005

3 Applications to Electronic Structure Calculations

Now we apply the interpolation based local postprocessing approach to solving
Kohn–Sham equation (1), from which we see that highly accurate finite element
approximations can be obtained over adaptive finite element meshes by using tri-
quadratic interpolation postprocessing on each father cell of the coarser level next to
the finest of the grid hierarchy.

3.1 Linearization of Kohn–Sham Equation

Since Kohn–Sham equation (1) is a nonlinear eigenvalue system, we need to linearize
and solve it iteratively, which is called self-consistent field iteration (SCF). The SCF
iteration is described as follows:

1. Given an initial electron density ρin(r).
2. Compute Veff (ρin) and solve⎧⎨⎩ (− 1

2Δ+ Veff (ρin))ψi = εiψi, in Ω,
ψi = 0, on ∂Ω,∫

Ω
ψiψj = δij , i, j = 1, . . . , Ns.

(14)

3. Set ρout =
∑Ns

i=1 fi|ψi(r)|2.
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4. Compute the difference between ρin and ρout. If the difference is not small
enough, “mix” density using Pulay’s method to obtain the new ρ in, repeat from
Step 2. Otherwise stop.

In our computation, Pulay’s method [22, 23] will be used. After self-consistent
convergence is reached, we (carry out the postprocessing and) compute the total
energy of the ground state [20]:

Etot =
Ns∑
i=1

fiεi −
∫
Ω

drVxc(r)ρ(r) −
1
2

∫
Ω

∫
Ω

ρ(r)ρ(r′)
|r− r′| + Exc(ρ)

+
1
2

Nnuclei∑
I,J=1,I 
=J

ZIZJ
|RI −RJ |

, (15)

where Vxc is the exchange-correlation potential, Exc the exchange-correlation en-
ergy, εi(i = 1, . . . , Ns) the eigenvalues, and RI and Z ionI represent position and
valence of the I-th atom, respectively.

3.2 Experiments

The initial electron density in our computation is constructed by some combination
of the pseudo atomic obitals [11] and the adaptive refinement is done through the
following a posteriori error estimators [8]:

hτ‖∇ρ‖0,τ ∀τ ∈ T h(Ω). (16)

The mesh should be locally refined so as to meet the multi-resolution require-
ments (see Sect. 1). We locate father cells on the coarser level next to the finest of the
grid hierarchy and carry out the triquadratic interpolation on these father cells. Our
hexahedral mesh is well suited for this local interpolation: values of the trilinear fi-
nite element solutions on the 27 nodes are employed to determine the 27 coefficients
of the required triquadratic Lagrange interpolating functions.

Figures 1, 2 and 3 are schematic figures illustrating the hexahedral discretizations
before and after a local refinement around nuclei and the way to do the triquadratic
interpolation. Figure 1 shows the standard hexahedral finite element discretizations
and there is a nucleus within the dashed cell, for instance. Figure 2 gives the grid after
refinement. The dashed subdomain has been divided into eight child cells. Figure 3
emphasizes those 27 nodes for the triquadratic Lagrange interpolation on the father
cell.

After this “smoothing” of the eigenfunctions, we construct new eigenvalue ap-
proximations by the following Rayleigh quotients:

εi =
1
2

∫
Ω

∣∣∇uhi ∣∣2 +
∫
Ω
Veff (ρin)(uhi )

2∫
Ω(uhi )2

. (17)

Consequently, the ground state total energy can be improved by these updated eigen-
values (c.f. (15)).
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Fig. 1. Standard hexahedral
FE discretizations with a
nucleus in the dashed cell.

Fig. 2. Hexahedral mesh af-
ter local refinement on the
dashed cell.

Fig. 3. 27 marked points for
triquadratic interpolation on
the father cell.

Our computing platform is a Dell Optiplex 755 (Intel Core Duo 2.6 GHz, 4 MB
L2 cache, 2 GB memory), provided by the State Key Laboratory of Scientific and
Engineering Computing (LSEC) of Chinese Academy of Sciences. Our programs
are compiled with “g++ -O3” and run on a single core. The package ARPACK is
employed as the eigensolver. The hexahedral grids are visualized by JaVis-1.2.3 de-
veloped by HPCC of Institute of Applied Physics and Computational Mathematics.

Benzene

Our computational domain for molecule benzene is [−20.0, 20.0] 3 and the adaptive
finite element grids are generated on the basis of initial density and the a posteriori
error estimators mentioned above. We see that the total energy decreases significantly
after interpolation postprocessing. Note that the time of postprocessing is 5 s out of
a total time of about 1 min.

Fig. 4. A coarser mesh of C6H6

next to the finest mesh at z = 0.0 au.
Fig. 5. The finest mesh of C6H6 at z = 0.0 au.
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Table 2. Benzene: interpolation on a part of the father cells.

Etot Err. w.r.t SIESTA’s Epost
tot Err. w.r.t SIESTA’s

−37.03 au 1.5% −37.58 au 0.053%

Table 3. Benzene: total CPU time and time for postprocessing.

Total CPU time CPU time for postprocessing Percentage
66.74 s 5.08 s 7.61%

Fullerene

To simulate the moleculeC60, we use [−30.0, 16.0]×[−23.0, 22.0]×[−24.0, 21.0]as
the computational domain. Table 4 shows that, after interpolation postprocessing on
the father cells, we obtain a satisfactory approximation of the total energy. Besides,
the computational cost is small compared to solving the linear eigenvalue problems.
In this example, based on our choice of initial density, we achieve convergence after
four self-consistent steps, and the time of postprocessing is 5 min out of a total time
of about 80 min.

Fig. 6. A coarser mesh of C60

next to the finest mesh at z = 0.0 au.
Fig. 7. The finest mesh of C60 at z = 0.0 au.

Table 4. Fullerene: interpolation on a part of the father cells.

Etot Err. w.r.t SIESTA’s Epost
tot Err. w.r.t SIESTA’s

−328.78 au 3.67% −335.78 au 1.62%



60 J. Fang et al.

Table 5. Fullerene: total CPU time and time for postprocessing.

Total CPU time CPU time for postprocessing Percentage
81 m 7.65 s 5 m 9.67 s 6.37%

4 Concluding Remarks

In this paper, we have proposed an interpolation based local postprocessing approach
to adaptive finite element approximations in electronic structure calculations. It is
shown by the theoretical analysis for linear eigenvalue problems and particularly
successful applications to ground state energy calculations that this is a simple but
powerful approach for highly accurate approximations. In our ongoing work, we ap-
ply this approach to computations of other quantum quantities of complex molecular
systems.
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1 Introduction

In many scientific problems, adaptive finite element methods has been widely used
to improve the accuracy of numerical solutions. The general idea is to refine or adjust
the mesh such that the errors are “equally” distributed over the computational mesh,
with the aim of achieving a better accurate solution using an optimal number of
degrees of freedom. By using the information from the approximated solution and the
known data, the a posteriori error estimator provides the information about the size
and the distribution of the error of the finite element approximation. There is a large
numerical analysis literature on adaptive finite element methods, and various types
of a posteriori estimates have been proposed for different problems, see e.g. [ 1]. The
a posterior error estimate and adaptive finite element method were first introduced by
[2]. Since the later 1980s, much research work on a posteriori error estimate has been
developed including the residual type a posteriori error estimate [ 8], recovery type
a posteriori error estimate [16], a posteriori error estimate based on hierarchic basis
[4, 5], and so on. For the literature, the readers are referred to the books [ 1, 3, 12, 14],
the papers [6, 13, 15], and the references cited therein.

LetΩ ⊂ R2 be a bounded domain with Lipschitz boundary ∂Ω. We assume that
Th is a shape regular triangulation of Ω. Let Vh ⊂ H1(Ω) be the corresponding
continuous piecewise linear finite element space associated with Th, and uh ∈ Vh be
a finite element approximation to a second order elliptic boundary value problem.

In this paper, we consider the adaptive finite element methods for a second or-
der elliptic boundary value problem. We propose a new a posteriori error estimate
which is motivated from the smoothing iteration of the multilevel iterative methods.
In particular, on current mesh Th, we solve the equation to obtain the finite element
solution uh, then global refine the mesh Th to obtain the auxiliary mesh Th/2. On
the fine mesh, we use a simple smoother such as Gauss–Seidel iteration with uh as
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the initial value. After m iterations, we obtain an approximation solution u h/2,m of
finite element solution uh/2 on fine mesh Th/2. Then take ‖∇(uh − uh/2,m)‖ as the
a posteriori estimate to guide the mesh refinement on Th. In practice, it only need
small number of smoothing steps to obtain an efficient a posteriori error estimator
‖∇(uh − uh/2,m)‖, the computational cost is relatively small.

The rest of the paper is organized as follows: In Sect. 2 we propose the new a
posteriori error estimate and investigate its properties. And we describe adaptive fi-
nite element algorithm with our new a posteriori error estimator for a second order
elliptic boundary value problem. We present some numerical investigations in the
efficiency of the new a posteriori error estimate and the performance of the corre-
sponding adaptive finite element algorithm in Sect. 3.

2 A Posteriori Error Estimate

We consider the boundary value problem{
−Δu = f in Ω,
u = g on ∂Ω,

(1)

where Ω ∈ R2 is a bounded domain with Lipschitz boundary ∂Ω, for simplicity, Ω
is assumed to be a polygonal domain.

In weak form, this problem reads: Find u ∈ V = {v ∈ H 1(Ω) : v|∂Ω = g} such
that

a(u, v) = f(v) ∀v ∈ H1
0 (Ω), (2)

where

a(u, v) =
∫
Ω

∇u∇vdx,

and

f(v) =
∫
Ω

fvdx.

Let Th be a shape regular triangulation of Ω. Consider the C 0 linear finite element
space Vh associated with Th and defined by

Vh = {v ∈ H1(Ω) : v ∈ P1(τ), ∀τ ∈ Th},

where Pl(D) denotes the set of all polynomials defined of D ⊆ R2 of total degree
≤ l. The discrete approximation to (1) is obtained in the standard way: Find uh ∈
Vh ∩ V such that

a(uh, v) = f(v) ∀v ∈ Vh ∩H1
0 (Ω). (3)

Suppose that {ψi : i = 1, 2, · · · , N} are the basis for Vh, and define the matrix Ah,
and a vector, F h, via
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Ahij := a(ψi, ψj) and Fhi := f(ψi) ∀i, j = 1, 2, · · · , N.

Then (3) is equivalent to solving AhU = Fh with uh =
N∑
i=1

uiψi and U = (ui).

Clearly, the matrix Ah is a symmetric positive definite (SPD) matrix as a(·, ·) is
SPD.

Let Th/2 be a global refinement of the triangulation Th and Vh ⊂ Vh/2, suppose
uh, uh/2 are then the discrete finite element solutions over Th and Th/2, respectively.
We have the following orthogonality relation between u−uh/2 and uh−uh/2, which
follows immediately from the Galerkin orthogonality.

‖∇(u− uh/2)‖20,Ω = ‖∇(u− uh)‖20,Ω − ‖∇(uh − uh/2)‖20,Ω. (4)

Using the orthogonality (4), we have

‖∇uh/2 −∇uh‖20,Ω
‖∇u−∇uh‖20,Ω

=
‖∇u−∇uh‖20,Ω − ‖∇u−∇uh/2‖20,Ω

‖∇u−∇uh‖20,Ω

= 1−
‖∇u−∇uh/2‖20,Ω
‖∇u−∇uh‖20,Ω

.

With the saturation assumption:

‖∇u−∇uh/2‖0,Ω ≤ β‖∇u−∇uh‖0,Ω, β ∈ [0, 1),

we have √
1− β2 ≤

‖∇uh/2 −∇uh‖0,Ω
‖∇u−∇uh‖0,Ω

≤ 1. (5)

Numerical examples show that

‖∇uh/2 −∇uh‖0,Ω
‖∇u−∇uh‖0,Ω

→
√

3
2
. (6)

So ‖∇(uh/2 − uh)‖0,Ω can be used as a posteriori error estimate if uh/2 is at
hand. Notice that uh/2 − uh is of high frequency which can be easily obtained by
a few smoothing iterations. So we can use the ‖∇(uh/2,m − uh)‖0,Ω instead of
‖∇(uh/2 − uh)‖0,Ω after m steps of the a posteriori error estimate, where uh/2,m is
an approximation of uh/2 by the smoothing iterations, and the computational cost is
much cheaper. From (6), it is possible that

‖∇uh/2,m −∇uh‖0,Ω
‖∇u−∇uh‖0,Ω

→
√

3
2
. (7)

Note that if we have the approximation uh/2,m on Th/2, we then could obtain
I2uh/2,m by interpolating uh/2,m into the piecewise quadratic finite element spaces
on Th. In Sect. 3, the numerical examples show
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‖∇I2uh/2,m −∇uh‖0,Ω
‖∇u−∇uh‖0,Ω

→ 1, (8)

it means that the error estimate ‖∇I2uh/2,m − ∇uh‖0,Ω is an asymptotically exact
a posteriori error estimate for adaptive finite element methods.

For our error estimator, we find a better approximation uh/2,m in a bigger space,
which shares the same principle as the hierarchical basis error estimator of [ 4]. Com-
paring with the hierarchal basis error estimator, we obtain the error estimator by
solving the problem on the finer mesh, and Bank and Smith solve an approximation
problem on the enriched subspace to estimate the error.

We now describe an algorithm to obtain our new a posteriori error estimate for
mesh Th in detail. Given the finite element solution uh, the number of smoothing
iterations m, we carry out the following steps to obtain the new a posteriori error
estimate.

1. Global refine Th to obtain an auxiliary fine mesh Th/2.
2. Build the finite element space Vh/2 on the fine mesh Th/2, and the corresponding

stiffness matrix Ah/2 and load vector F h/2.
3. Obtain Ih/2h uh by interpolating uh from Vh to Vh/2, taking Ih/2h uh as the initial

value uh/2,0 and solving the linear equations

Ah/2U = Fh/2 (9)

in m smoothing iterations to obtain Um = (umi ). We then obtain an approxima-
tion of uh/2

uh/2,m =
Nh/2∑
i=1

umi ψi,

where Nh/2 is the number of basis function of Vh/2.
4. For each τ ∈ Th, we calculate

ητ,m = ‖∇(uh − uh/2,m)‖0,τ

as the error estimator on τ , and take

η2
h,m =

∑
τ∈Th

η2
τ,m

as the a posteriori error estimate.

For the condition number of the finite element equations on adaptively refined
meshes {Tl : l ∈ N}, a mesh family {Tl : l ∈ N} is said to be nondegenerate if
there exists a constant ρ > 0 such that for all l ∈ N and for all τ ∈ T l there is a ball
of radius ρ · diam(τ) contained in τ , where diam(τ) denotes the diameter of τ .

Following [7], we assume that the basis {ψi : i = 1, 2, · · · , N} of Vh is a local
basis:

max
1≤i≤N

cardinality{τ ∈ Th, supp(ψi) ∩ τ �= ∅} ≤ C. (10)

We have the following estimates:
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Lemma 1. Suppose that the mesh Th is nondegenerate. Let Ah denote the matrix
corresponding to the inner product a(·, ·), i.e., Ah

ij = a(ψi, ψj) where {ψi : i =
1, 2, · · · , N} are the standard linear Lagrange basis. Then the maximum eigenvalue
λmax of Ah is bounded by

λmax ≤ C. (11)

Proof. First note that if we set v =
N∑
i=1

viψi then

a(v, v) = V tAhV,

where V = (vi), because a(·, ·) is bilinear. From the inverse estimate and (10), we
have

a(v, v) ≤ C‖v‖21 = C
∑
τ∈Th

‖v‖21,τ ≤ C
∑
τ∈Th

‖v‖20,∞,τ

≤ C
∑
τ∈Th

∑
supp(ψi)∩τ 
=∅

v2
i ≤ CV tV.

Then we obtain (11).

For solving the linear equations AU = F , a basic linear iterative method can be
written in the following form:

Uk+1 = Uk +B(F −AUk), k = 0, 1, 2, · · · , (12)

starting from an initial guess U 0 ∈ Rn.
The Richardson iterative scheme corresponds to (12) with B = ω

ρ(A)I . Namely,

Uk+1 = Uk +
ω

ρ(A)
(F −AUk), k = 0, 1, 2, · · · . (13)

We first discuss its “smoothing property”. Set ω = 1 in (13) and define

S = I − 1
ρ(A)

A.

Theorem 1. For the smoother S, we have

‖SmV ‖A ≤ Cm−1/2‖V ‖0, ∀V ∈ Rn, (14)

where ‖V ‖0 = (V, V )1/2 is the l2-norm in Rn and

‖V ‖A = (AV, V )1/2, (15)

is the A-norm corresponding to the linear system we wish to solve.
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Proof. Since A is an symmetric positive define matrix, then we have Aφ i = λiφi
with λmin = λ1 ≤ λ2 ≤ · · · ≤ λn = λmax, (φi, φj) = δij , and ∀v ∈ Rn,

V =
n∑
i=1

viφi.

Then

SmV =
(
I − 1

ρ(A)
A

)m
V =

n∑
i=1

(
1− λi

λmax

)m
viφi.

And

‖SmV ‖2A =
n∑
i=1

(
1− λi

λmax

)2m

v2
i λi

= λmax

(
n∑
i=1

(
1− λi

λmax

)2m
λi
λmax

v2
i

)

≤ λmax

{
sup

0≤x≤1
(1 − x)2mx

} n∑
i=1

v2
i .

Clearly,

sup
0≤x≤1

(1− x)2mx ≤ 1
2m+ 1

.

From (11), we have
λmax ≤ C.

Then, from the above inequalities, we obtain

‖SmV ‖2A ≤ Cm−1‖V ‖20.

On the quasi-uniformly meshes, the smoother operator S have the well known
smoothing property

‖Smvh‖A ≤ C
h−1

m1/2
‖vh‖0,Ω, ∀vh ∈ Vh.

In the following, from a numerical example, we investigate the smoothing prop-
erty of Gauss–Seidel smoother on locally refined meshes. We solve the Laplace equa-
tion with the exact solution u = r

2
3 sin(2

3θ), r =
√
x2 + y2 on a L-Shape domain

by the adaptive algorithm. We consider one of the adaptive level, we obtain the finite
element solution uh on Th, then we get Th/2 (see Fig. 1 (Left)) by globally refining
Th. Set uh as the initial value, and solve the Eq. (16) by executing m smoothing
steps on the Th/2, the results are plotted in Fig. 1 (Right), we see that the smoother
operator S admits the similar property on the locally refined meshes.

It is obviously that we can obtain an approximation uh/2,m for uh/2 at any ac-
curacy with a larger m. And we known that the error between u h/2 and uh/2,mis
reduced quickly at the beginning of several iterative steps, then we need to do only
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Fig. 1. Left: Refined mesh. Right: Gauss–Seidel convergence history.

a few smoothing steps to obtain an approximation uh/2,m for our a posteriori error
estimator. From our numerical examples in Sect. 3, m = 3 performs well.

The standard adaptive finite element methods through local refinement can be
written in the following loop

SOLVE → ESTIMATE→ MARK → REFINE.

Using the above new a posteriori error estimator, the adaptive algorithm has the fol-
lowing general steps:

1. Construct an initial coarse mesh T0 representing sufficiently well the geometry
of the problem. Put k := 0.

2. Solve the discrete problem on Tk to obtain the solution uk.
3. For each element τ ∈ Tk compute the a posteriori error estimate. In detail, first

globally refine Tk to obtain the fine mesh T ′
k , then take uk as the initial value, use

the Gauss–Seidel iteration inm steps, solve the discrete problem on T ′
k to obtain

the approximation uk,m. Then we get the error estimator ‖∇uk−∇uk,m‖0,τ on
each τ ∈ Tk.

4. If the estimated global error ‖∇uk −∇uk,m‖o,Ω is sufficiently small then stop.
Otherwise, using a suitable marking strategy, decide which elements have to be
refined and construct the next mesh Tk+1 through local refinement. Replace k
by k + 1 and return to step 2.

One drawback of hierarchical type error estimators is the computational cost to
refine the mesh and assemble the matrix equation on the finer mesh. For our error
estimator, in step 3, we can assemble the matrix equation in the finer mesh Th/2 by
using the element stiffness matrix in Th, as the finer mesh Th/2 is the global refine-
ment of Th, each element are refined into four children elements, the children’s ele-
ment stiffness matrix is the same as its farther’s element stiffness matrix for constant
coefficients. For smoothing coefficient we can also use the element stiffness matrix
on Th to assemble the stiffness matrix on Th/2. Then we obtain the a posteriori error
estimator at a relatively small computational cost. Thus the adaptive algorithm with
our new a posteriori error estimate is efficient and simple in practice. We present
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some numerical examples in the following section to investigate in the performance
of the adaptive finite element algorithm.

3 Numerical Validation and Applications

In this section, we present some numerical examples to verify the results in Sect. 2
with the model problem {

−Δu = f in Ω,
u = g on ∂Ω,

(16)

where Ω ∈ R2 is a bounded domain with Lipschitz boundary ∂Ω.
For a τ ∈ Th,

ητ = ‖∇uh/2 −∇uh‖0,τ , and ηh = ‖∇uh/2 −∇uh‖0,Ω,

the new a posteriori error estimator in τ is

ητ,m = ‖∇uh/2,m −∇uh‖0,τ , and ηh,m = ‖∇uh/2,m −∇uh‖0,Ω.

To measure the accuracy of ηm, we use the index θτ , θh defined by

θτ =
ητ,m

‖∇u−∇uh‖0,τ
, and θh =

ηh,m
‖∇u−∇uh‖0,Ω

.

Accordingly, for the error estimator η ′
τ,m = ‖∇I2uh/2,m−∇uh‖0,τ and η′h,m =

‖∇I2uh/2,m−∇uh‖0,Ω, where I2uh/2,m is a piecewise quadratic polynomial which
obtained by the interpolation postprocessing. We define

θ′τ =
η′τ,m

‖∇u−∇uh‖0,τ
, θ′h =

η′h,m
‖∇u−∇uh‖0,Ω

.

In the following examples, we investigate the performance of our new a posteriori
error estimator. In detail, we consider two types of methods for local mesh refine-
ment, one based on Centroidal Voronoi Delaunay Triangulation(CVDT) [ 10, 11], the
other on bisection, 3 Gauss–Seidel iterations are used to obtain the approximation
uh/2,m, and then ηh,τ is used as the error estimator. We implement our numerical
tests with the Matlab package iFEM [9].

Example 1 In this example, we solve (16) with f = 0 and the exact solution
u = r

2
3 sin(2

3θ), r =
√
x2 + y2 on the L-Shape domain Ω = {−1 ≤ x, y ≤

1}\{0 ≤ x ≤ 1,−1 ≤ y ≤ 0}. The mesh refinement is based on CVDT. The results
are shown in Fig. 2. We see that

‖∇u−∇uh‖0 = O(N−1/2), ,
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‖∇u−∇I2uh/2,3‖0 = O(N−0.7), ‖∇uh/2 −∇uh/2,3‖0 = O(N−0.67).

For the efficient index, it shows that

θh →
√

3
2
, θ′h → 1.

Notice that the decay of ‖∇u−∇uh‖0 is quasi-optimal.
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Fig. 2. Results of example 1. (a): initial mesh; (b): refined mesh after 4 refinements; (c): errors;
(d): effectivity index.

Example 2 In this example, as in Example 1, we solve (16) with the exact solution
u = r

2
3 sin(2

3θ) on the L-Shape domain. But, we use the bisection for local mesh
refinement. We obtain similar results; Fig. 3 plots the initial mesh and the adaptively
refined mesh after 8 adaptive iterations. From Fig. 3, we see that

‖∇u−∇uh‖0 = O(N−1/2),

‖∇u−∇I2uh/2,3‖0 = O(N−0.85), ‖∇uh/2 −∇uh/2,3‖0 = O(N−3/4).

For the efficient index, it shows that

θh →
√

3
2
, θ′h → 1.
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Notice that the decay of ‖∇u−∇uh‖0 is also quasi-optimal.
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Fig. 3. Results of example 2. (a): initial mesh; (b): refined mesh after 8 refinements; (c): errors;
(d): effectivity index.

Example 3 In this example, we solve (16) with f = 1 and the exact solution

u =
√

1
2 (r − x) − 1

4r
2, r =

√
x2 + y2 on a crack domain Ω = {|x| + |y| <

1} \ {0 ≤ x ≤ 1, y = 0}. Figure 4 plots the initial mesh and the adaptively refined
mesh after 8 adaptive iterations, and shows the performance of the error estimator.
We see that

‖∇u−∇uh‖0 = O(N−1/2),

‖∇u−∇I2uh/2,3‖0 = O(N−0.65), ‖∇uh/2 −∇uh/2,3‖0 = O(N−0.65).

For the efficient index, it shows that

θh →
√

3
2
, θ′h → 1.

The decay of ‖∇u−∇uh‖0 is also quasi-optimal.
Finally, based on the numerical observation and rough analysis, we may propose

a conjecture on the convergence property of the finite element method.
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Fig. 4. Results of example 3. (a): initial mesh; (b): refined mesh after 8 refinements; (c): errors;
(d): efficient index.

Conjecture For linear triangular element approximation on a sequence of trian-
gulations Th, if the convergence rate is optimal in the sense of

‖u− uh‖1 ≤ CN−1/2,

where N is the total number of unknowns. Then there holds

‖uh − uh/2‖1
‖u− uh‖1

→
√

3
2

(N →∞) and
‖uh − I2uh/2‖1
‖u− uh‖1

→ 1 (N →∞).
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1 Introduction

In many fields of applications it is necessary to couple models with very different spa-
tial and time scales and complex geometries. Amongst them are ocean-atmosphere
coupling and far field simulations of underground nuclear waste disposal. For such
problems with long time computations, a splitting of the time interval into windows
is essential. This allows for robust and fast solvers in each time window, with the
possibility of nonconforming space-time grids, general geometries, and ultimately
adaptive solvers.

Optimized Schwarz Waveform Relaxation (OSWR) methods were introduced
and analyzed for linear advection-reaction-diffusion problems with constant coef-
ficients in [1, 3, 9]. All these methods rely on an algorithm that computes inde-
pendently in each subdomain over the whole time interval, exchanging space-time
boundary data through optimized transmission operators. They can apply to different
space-time discretization in subdomains, possibly nonconforming and need a very
small number of iterations to converge. Numerical evidences of the performance of
the method with variable smooth coefficients were given in [9].

An extension to discontinuous coefficients was introduced in [4], with asymptot-
ically optimized Robin transmission conditions in some particular cases. In [ 2, 6],
semi-discretization in time in one dimension was performed using discontinuous
Galerkin, see [8, 10]. In [7], we extended the analysis to the two dimensional
case. We obtained convergence results and error estimates for rectangular or strip-
subdomains.

For the space discretization, we extended numerically the nonconforming ap-
proach in [5] to advection-diffusion problems and optimized order 2 transmission
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conditions, to allow for non-matching grids in time and space on the boundary. The
space-time projections between subdomains were computed with an optimal projec-
tion algorithm without any additional grid, as in [5]. In [7], two dimensional simula-
tions with continuous coefficients were presented.

We present here new results in two directions: we extend the proof of conver-
gence of the OSWR algorithm to nonoverlapping subdomains with curved interfaces.
We also present simulations for two subdomains, with piecewise smooth coefficients
and a curved interface, for which no error estimates are available. We finally present
an application to the porous media equation.

We consider the advection-diffusion-reaction equation,

∂tu+∇ · (bbbu− ν∇u) + cu = f in RN × (0, T ), (1)

with initial condition u0, and N = 2. The advection, diffusion and reaction coeffi-
cients bbb, ν and c, are piecewise smooth, we suppose ν ≥ ν0 > 0 a.e..

2 The Continuous OSWR Algorithm

We consider a decomposition into nonoverlapping subdomains Ω i, i ∈ {1, ..., I},
organized as depicted in Fig. 1. The interfaces between the subdomains are supposed
to be flat at infinity. For any i ∈ {1, ..., I}, ∂Ωi is the boundary of Ωi, nnni the unit
exterior normal vector to ∂Ωi, Ni is the set of indices of the neighbors of Ωi. For
j ∈ Ni, Γi,j is the common interface.

Ωi Ωi

Fig. 1. Decomposition in subdomains. Left: Robin transmission conditions, right: second order
transmission conditions.

Following [1, 2, 3, 4], we introduce the boundary operators S i,j acting on func-
tions defined on Γi,j :

Si,jϕ = pi,jϕ+ qi,j(∂tϕ+∇Γi,j · (rrri,jϕ− si,j∇Γi,jϕ)),

with respectively∇Γ and∇Γ · the gradient and divergence operators on Γ . p i,j , qi,j ,
rrri,j , si,j are real parameters. qi,j = 0, will be referred to as a Robin operator. We
introduce the coupled problems

∂tui +∇ · (bbbiui − νi∇ui) + ciui = f in Ωi × (0, T )(
νi∂nnni − bbbi ·nnni

)
ui + Si,jui =(

νj∂nnni
− bbbj ·nnni

)
uj + Si,juj on Γi,j × (0, T ), j ∈ Ni.

(2)
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As coefficients ν and bbb are possibly discontinuous on the interface, we note, for
s ∈ Γi,j , νi(s) = limε→0 ν(s−εnnni). The same notation holds for bbb. Under regularity
assumptions, solving (1) is equivalent to solving (2) for i ∈ {1, ..., I} with ui the
restriction of u to Ωi. We now introduce an algorithm to solve (2). An initial guess
(gi,j) is given in L2((0, T )× Γi,j) for i ∈ {1, ..., I}, j ∈ Ni. We solve iteratively

∂tu
k
i +∇ · (bbbiuki − νi∇uki ) + ciu

k
i = f in Ωi × (0, T ),(

νi∂nnni
− bbbi ·nnni

)
uki + Si,juki =(

νj∂nnni
− bbbj ·nnni

)
uk−1
j + Si,juk−1

j on Γi,j × (0, T ), j ∈ Ni.
(3)

with the convention
(
νi∂nnni

− bbbi ·nnni
)
u1
i + Si,ju1

i = gi,j , j ∈ Ni.

Theorem 1. Assume bbbi ∈ (W 1,∞(Ωi))N , νi ∈ W 1,∞(Ωi), pi,j ∈ W 1,∞(Γi,j) with
pi,j > 0 a.e.. If qi,j = 0, or if qi,j = q > 0 with rrri,j ∈ (W 1,∞(Γi,j))N−1,
rrri,j = rrrj,i on Γi,j , si,j ∈ W 1,∞(Γi,j), si,j > 0, si,j = sj,i on Γi,j , the algorithm
(3) converges in each subdomain to the solution of problem ( 2).

Proof. We first need some results in differential geometry. For every j ∈ N i, the
normal vector nnni can be extended in a neighbourhood of Γ i,j as a smooth function
ñnni with length one. Let ψi,j ∈ C∞(Ωi), such that ψi,j ≡ 1 in a neighbourhood of
Γi,j , ψi,j ≡ 0 in a neighbourhood of Γi,k for k ∈ Ni, k �= j and

∑
j∈Ni

ψi,j > 0
on Ωi. Let ñnni be defined on a neighbourhood of the support of ψ i,j . We can extend
the tangential gradient and divergence operators in the support of ψ i,j by:

∇̃Γi,jϕ := ∇ϕ− (∂ñnni
ϕ)ñnni, ∇̃Γi,j ·ϕϕϕ := ∇ · (ϕϕϕ− (ϕϕϕ · ñnni)ñnni).

It is easy to see that (∇̃Γi,jϕ)|Γi,j
= ∇Γi,jϕ, (∇̃Γi,j ·ϕϕϕ)|Γi,j

= ∇Γi,j ·ϕϕϕ and for ϕϕϕ
and χ with support in supp(ψi,j), we have∫

Ωi

(∇̃Γi,j ·ϕϕϕ)χdx = −
∫
Ωi

ϕϕϕ · ∇̃Γi,jχdx. (4)

Now we prove Theorem 1. The key point is to obtain energy estimates for the homo-
geneous problem (2), i.e. for f = u0 = 0. We sketch the proof in the most difficult
case qi,j = q > 0. For the geometry, we consider the case depicted in the right part
of Fig. 1. In that case Ωi has at most two neighbours with

We set ‖ϕ‖i = ‖ϕ‖L2(Ωi), �ϕ�2
i = ‖√νi∇ϕ‖2L2(Ωi)

, ‖ϕ‖i,∞ = ‖ϕ‖L∞(Ωi),

‖ϕ‖i,1,∞ = ‖ϕ‖W 1,∞(Ωi) and βi =
∑

j∈Ni
ψi,jβi,j with βi,j =

√
pi,j+pj,i

2 .

1. We multiply the first equation of (3) by β2
i u

k
i , integrate onΩi×(0, t) then integrate

by parts in space,
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1
2
‖βiuki (t)‖2i +

∫ t

0

�βiu
k
i (τ, ·) �2

i dτ −
∫ t

0

∫
Ωi

βi(bbbi · ∇βi)(uki )2 dx dτ

+
∫ t

0

∫
Ωi

(ci +
1
2
∇ · bbbi)β2

i (u
k
i )

2 dx dτ −
∫ t

0

∫
Ωi

νi|∇βi|2(uki )2 dx dτ

−
∫ t

0

∫
Γi,j

β2
i,j(νi∂nnni

uki −
bbbi ·nnni

2
uki )u

k
i dσ dτ = 0. (5)

2. We multiply the first equation of (3) by ∂tuki , integrate onΩi× (0, t) and integrate
by parts in space,∫ t

0

‖∂tuki ‖2i dτ +
1
2

� uki (t) �2
i +

∫ t

0

∫
Ωi

(ciuki +∇ · (bbbiuki )) ∂tuki dx dτ

−
∫ t

0

∫
Γi,j

νi∂nnniu
k
i ∂tu

k
i dσ dτ = 0. (6)

3. We multiply the first equation of (3) by ∇̃Γi,j ·(ψ2
i,jrrri,ju

k
i ) integrate onΩi×(0, t)

integrate by parts in space to obtain∫ t

0

∫
Ωi

∂tu
k
i ∇̃Γi,j ·(ψ2

i,jrrri,ju
k
i ) dx dτ+

∫ t

0

∫
Ωi

∇·(bbbiuki ) ∇̃Γi,j ·(ψ2
i,jrrri,ju

k
i ) dx dτ

+
∫ t

0

∫
Ωi

ciu
k
i ∇̃Γi,j ·(ψ2

i,jrrri,ju
k
i ) dx dτ−

∫ t

0

∫
Γi,j

νi∂nnniu
k
i ∇Γi,j ·(rrri,juki ) dσ dτ

− 1
4

∫ t

0

‖ψi,j
√
νi si,j ∇∇̃Γi,j u

k
i ‖2i dτ ≤ C

∫ t

0

(‖√νi∇uki ‖2i + ‖βiuki ‖2i ) dτ. (7)

4. We multiply the first equation of (3) by −∇̃Γi,j · (ψ2
i,jsi,j ∇̃Γi,j u

k
i ) integrate on

Ωi × (0, t), integrate by parts in space using (4). Using that

−
∫ t

0

∫
Ωi

νi∇uki · ∇(∇̃Γi,j · (ψ2
i,jsi,j ∇̃Γi,j u

k
i )) dx dτ

≥ 1
2

∫ t

0

‖ψi,j
√
νi si,j ∇∇̃Γi,j , u

k
i )‖2i dτ − C

∫ t

0

‖√νi∇uki ‖2i dτ,

we obtain

1
2
‖ψi,j

√
si,j ∇̃Γi,j u

k
i (t)‖2i +

1
2

∫ t

0

‖ψi,j
√
νi si,j ∇∇̃Γi,j u

k
i )‖2i dτ

+
∫ t

0

∫
Ωi

ψ2
i,jsi,j ci|∇̃Γi,ju

k
i |2 dx dτ+

∫ t

0

∫
Γi,j

νi∂nnni
uki ∇Γi,j ·(si,j ∇Γi,j u

k
i ) dσ dτ

≤
∫ t

0

∫
Ωi

∇ · (bbbiuki ) ∇̃Γi,j · (ψ2
i,jsi,j ∇̃Γi,j u

k
i ) dx dτ + C

∫ t

0

‖√νi∇uki ‖2i dτ. (8)

We add (6), (7) and (8), multiply the result by q, and add it to (5). We use ab ≤
a2

2ε + ε
2b

2 in the integral terms in the right-hand side, simplify with the left-hand side,
and obtain
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1
2

(
‖βiuki (t)‖2i + q � uki (t) �2

i +q‖ψi,j
√
si,j ∇̃Γi,j u

k
i (t)‖2i

)
+
∫ t

0

�βiu
k
i (τ, ·)�2

i dτ

+
q

2

∫ t

0

‖∂tuki ‖2i dτ +
q

8

∫ t

0

‖ψi,j
√
νi si,j ∇∇̃Γi,j u

k
i ‖2i dτ

− q
∫ t

0

∫
Γi,j

νi∂nnni
uki

(
∂tu

k
i +∇Γi,j · (rrri,juki )−∇Γi,j · (si,j ∇Γi,j u

k
i )
)
dσ dτ

−
∫ t

0

∫
Γi,j

β2
i,j(νi∂nnni

uki −
bbbi ·nnni

2
uki )u

k
i dσ dτ ≤

q

2
(‖bbbi‖i,1,∞ + ‖ci‖i,∞)‖uki (t)‖2i

+ C

(∫ t

0

‖βiuki ‖2i dτ + q

∫ t

0

‖√νi∇uki ‖2i dτ
)
. (9)

Recalling that si,j = sj,i on Γi,j and rrri,j = rrrj,i on Γi,j , we use now the identity:

(
νi∂nnni

uki − bbbi ·nnniuki + Si,juki
)2 −

(
νi∂nnni

uki − bbbi ·nnniuki − Sj,iuki
)2

= 4
(
β2
i,j(νi∂nnni

uki −
bbbi ·nnni

2
uki )u

k
i + qνi∂nnni

uki (∂tu
k
i +∇Γi,j · (rrri,juki ))

)
− 4∇Γi,j · (si,j ∇Γi,j u

k
i ) + 2q(pi,j − pj,i − 2bbbi ·nnni)(∂tuki +∇Γi,j · (rrri,juki )

−∇Γi,j · (si,j ∇Γi,j u
k
i ))u

k
i + (pi,j + pj,i)(pi,j − pj,i − bbbi ·nnni)(uki )2. (10)

Replacing (10) into (9), we obtain

1
2

(
‖βiuki (t)‖2i + q � uki (t) �2

i +q‖ψi,j
√
si,j ∇̃Γi,j u

k
i (t)‖2i

)
+
∫ t

0

�βiu
k
i (τ, ·)�2

i dτ

+
q

2

∫ t

0

‖∂tuki ‖2i dτ +
1
4

∫ t

0

∫
Γi,j

(
νi∂nnni

uki − bbbi ·nnni uki − Sj,iuki
)2
dσ dτ

+
q

8

∫ t

0

‖ψi,j
√
νi si,j ∇∇̃Γi,j u

k
i ‖2i dτ ≤

1
4

∫ t

0

∫
Γi,j

(
νi∂nnni

uki − bbbi ·nnni uki + Si,juki
)2
dσ dτ

+
∫ t

0

∫
Γi,j

(pi,j+pj,i)(−pi,j+pj,i+bbbi·nnni)(uki )2 dσ dτ+
q

2
(‖bbbi‖i,1,∞+‖ci‖i,∞)‖uki (t)‖2i

+
q

2

∫ t

0

∫
Γi,j

(−pi,j+pj,i+2bbbi·nnni)(∂tuki+∇Γi,j ·(rrri,juki )−∇Γi,j ·(si,j ∇Γi,j u
k
i ))u

k
i dσ dτ

+ C

(∫ t

0

‖βiuki ‖2i dτ + q

∫ t

0

‖√νi∇uki ‖2i dτ
)
. (11)

In order to estimate the fourth term in the right-hand side of ( 11), we observe that∫ t

0

∫
Γi,j

(−pi,j+pj,i+2bbbi·nnni)uki ∂tuki dσ dτ =
1
2

∫
Γi,j

(−pi,j+pj,i+2bbbi·nnni)uki (t)2 dσ.

By the trace theorem in the right-hand side, we write:∫ t

0

∫
Γi,j

(−pi,j + pj,i + 2bbbi ·nnni)uki ∂tuki dσ dτ ≤ C‖uki (t)‖i‖
√
νi∇uki (t)‖i,
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and

‖uki (t)‖2i = 2
∫ t

0

∫
Ωi

(∂tuki )u
k
i ≤ 2

(∫ t

0

‖∂tuki ‖2i
) 1

2
(∫ t

0

‖uki ‖2i
) 1

2

, (12)

we obtain

q

2

∫ t

0

∫
Γi,j

(−pi,j + pj,i + 2bbbi ·nnni)uki ∂tuki dσ dτ

≤ q

8

∫ t

0

‖∂tuki ‖2i dτ +
q

4
� uki (t) �2

i +C
(∫ t

0

‖βiuki ‖2i dτ
)
. (13)

Moreover, integrating by parts and using the trace theorem, we have:

− q

2

∫ t

0

∫
Γi,j

∇Γi,j · (si,j ∇Γi,j u
k
i )(−pi,j + pj,i + 2bbbi ·nnni)uki dσ dτ

≤ q

16

∫ t

0

‖ψi,j
√
νi si,j ∇∇̃Γi,j u

k
i ‖2i dτ

+ C(
∫ t

0

‖∇̃Γi,j u
k
i ‖2i dτ +

∫ t

0

‖βiuki ‖2i dτ). (14)

Using (12), we estimate the third term in the right-hand side of (11) by:

q

2
(‖bbbi‖i,1,∞ + ‖ci‖i,∞)‖uki (t)‖2i ≤

q

8

∫ t

0

‖∂tuki ‖2i dτ + C

∫ t

0

‖βiuki ‖2i dτ. (15)

Replacing (14), (13) and (15) in (11), then using the transmission conditions, we
have:

1
2

(
‖βiuki (t)‖2i +

q

2
� uki (t) �2

i +q‖ψi,j
√
si,j ∇̃Γi,j u

k
i (t)‖2i

)
+
∫ t

0

�βiu
k
i (τ, ·)�2

i dτ+
q

4

∫ t

0

‖∂tuki ‖2i dτ+
q

16

∫ t

0

‖ψi,j
√
νi si,j ∇∇̃Γi,j u

k
i ‖2i dτ

+
1
4

∫ t

0

∫
Γi,j

(
νi∂nnniu

k
i − bbbi ·nnni uki − Sj,iuki

)2
dσ dτ

≤ 1
4

∫ t

0

∫
Γi,j

(
νj∂nnniu

k−1
j − bbbj ·nnni uk−1

j + Si,juk−1
j

)2
dσ dτ

+ C

(∫ t

0

‖βiuki ‖2i dτ +
q

2

∫ t

0

‖√νi∇uki ‖2i dτ
)
.

We now sum up over the interfaces j ∈ Ni, then over the subdomains for 1 ≤ i ≤ I ,
and over the iterations for 1 ≤ k ≤ K , the boundary terms cancel out, and with
α(t) = 1

4

∑
i∈{1,...,I}

∑
j∈Ni

∫ t
0

∫
Γi,j

(
νj∂nnni

u0
i − bbbj ·nnni u0

j + Si,ju0
j

)2
dσ dτ, we

obtain for any t ∈ (0, T ),∑
k∈{1,...,K}

∑
i∈{1,...,I}

(
‖βiuki (t)‖2i +

q

2
‖√νi∇uki (t)‖2i + ν0

∫ t

0

‖∇(βiuki )‖2i dτ
)

≤ α(t) + C
∑

k∈{1,...,K}

∑
i∈{1,...,I}

(∫ t

0

‖βiuki ‖2i dτ +
q

2

∫ t

0

‖√νi∇uki ‖2i dτ
)
.
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We conclude with Gronwall’s lemma that the sequence converges inL 2(0, T ;H1(Ωi)).

3 Numerical Results

We recall the discrete time nonconforming Schwarz waveform relaxation method
developed in [7].

Let Ti be the time partition in subdomainΩi, with Ni + 1 intervals I in, and time
step kin. We define interpolation operators I i and projection operators P i in each
subdomain as in [7], and we solve

∂t(IiUki ) +∇ · (bbbUki − νi∇Uki ) + ci U
k
i = P if in Ωi × (0, T ),(

νi∂nnni −
bbbi ·nnni

2
)
Uki + Si,jU

k
i =

P i
(
(νj∂nnni

− bbbj ·nnni
2

)Uk−1
j + S̃i,jU

k−1
j

)
on Γi,j × (0, T ),

with Si,j U = pi,j U + qi,j (∂t(IiU) + ∇Γi,j · (rrri,jU − si,j∇Γi,jU)), and

S̃i,j U = pi,j U + qi,j (∂t(IjU) +∇Γi,j · (rrri,jU − si,j∇Γi,jU)).
The coefficients pi,j and qi,j are defined through an optimization procedure, see

[1], restricted to values such that the subdomain problems are well-posed. The time
semi-discrete analysis was performed in [7] in the case ∇ · bbb = 0. For the space
discretization, we use the nonconforming approach in [ 5] extended to problem (1)
and order 2 transmission conditions, to allow non-matching grids in time and space
on the boundary. We have implemented the algorithm with P 1 finite elements in
space in each subdomain. Time windows are used in order to reduce the number of
iterations of the algorithm. To reduce the number of parameters and following [ 1],
we choose rrri,j =ΠΠΠΓi,jbbbj withΠΠΠΓi,j the tangential trace on Γi,j , and si,j = νj (even
though the present analysis does not cover this case). The optimized parameters are
constant along the interface. They correspond to a mean value of the parameters
obtained by a numerical optimization of the convergence factor.

We first give an example of a multidomain solution with one time window. The
physical domain is Ω = (0, 1)× (0, 2), the final time is T = 1. The initial value is
u0 = 0.25e−100((x−0.55)2+(y−1.7)2) and the right-hand side is f = 0. The domainΩ
is split into two subdomainsΩ1 = (0, 0.5)× (0, 2) and Ω2 = (0.5, 1)× (0, 2). The
reaction factor c is zero, the advection and diffusion coefficients are bbb1 = (0,−1),
ν1 = 0.001

√
y, and bbb2 = (−0.1, 0), ν2 = 0.1 sin(xy). The mesh size over the

interface and time step in Ω1 are h1 = 1/32 and k1 = 1/128, while in Ω2, h2 =
1/24 and k2 = 1/94. On Fig. 2, we observe, at final time T = 1, a very good
behavior of the multidomain solution after 5 iterations. The relative error with the
one domain solution is of the same order as the error of the scheme.

We analyze now the precision in time. The space mesh is conforming and the
converged solution is such that the residual is smaller than 10−8. We compute a vari-
ational reference solution on a time grid with 4,096 time steps. The nonconforming
solutions are interpolated on the previous grid to compute the error. We start with a
time grid with 128 time steps for the left domain and 94 time steps for the right do-
main. Thereafter the time steps are divided by 2 several times. Figure 3 (left) shows
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Fig. 2. Nonconforming DG-OSWR solution after 5 iterations.
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Fig. 3. Error between variational and DG-OSWR solutions versus the refinement in time (left),
and versus the iterations (right).

the norms of the error in L∞(I;L2(Ωi)) versus the number of refinements, for both
subdomains. First we observe the order 2 in time for the nonconforming case. This
fits the theoretical estimates, even though we have theoretical results only for Robin
transmission conditions. Moreover, the error obtained in the nonconforming case, in
the subdomain where the grid is finer, is nearly the same as the error obtained in the
conforming finer case.
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The computations are done using Order 2 transmissions. Indeed, the error be-
tween the multidomain and variational solutions decreases much faster with the Or-
der 2 transmissions conditions than with the Robin transmissions conditions as we
can see on Fig. 3 (right), in the conforming case.

We now consider advection-diffusion equations with discontinuous porosity:

ω∂tu+∇ · (bbbu− ν∇u) = 0.

The physical domain is Ω = (0, 1) × (0, 2), the final time is T = 1.5. The ini-
tial value is u0 = 0.5e−100((x−0.7)2+(y−1.5)2). Domain Ω is split into two sub-
domains Ω1 × (0, 1.5) and Ω2 × (0, 1.5) with ( 1

2 −
sin(2πs)

8 , 2s), 0 < s < 1 a
parametrization of the interface, as in Fig. 4. The advection and diffusion coeffi-
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Fig. 4. Domain decomposition with Ω1 (left) and Ω2 (right).

cients are bbb1 = (−sin(π2 (y − 1))cos(π(x − 1
2 )), 3cos(π2 (y − 1))sin(π(x − 1

2 ))),
ν1 = 0.003, ω1 = 0.1, and bbb2 = bbb1, ν2 = 0.01, ω2 = 1. We consider first a
conforming grid in space. The mesh size over the interface is h = 1/104 and time
step in Ω1 is k1 = 1/128, while in Ω2, k2 = 1/94. On Fig. 5, we observe, at fi-
nal time T = 1.5, that the approximate solution computed using ten time windows
and 3 iterations in each time window is close to the variational solution computed
in one time window on the conforming finer space-time grid as shown on the error.
We now consider nonconforming grids in space as shown on Fig. 4. The mesh size
over the interface and time step in Ω1 are h1 = 1/104 and k1 = 1/128, while in
Ω2, h2 = 1/81 and k2 = 1/94. On Fig. 6, we observe, at final time T = 1.5, that
the approximate solution computed using 5 iterations in one time window is close to
the variational solution computed on the conforming finer space-time grid. On Fig. 7
we observe the precision versus the mesh size and time step. The converged solu-
tion is such that the residual is smaller than 10−8. A variational reference solution is
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computed on a time grid with 2,048 time steps and 384 mesh grid. The space-time
nonconforming solutions are interpolated on the previous grid to compute the error.
We start with a time grid with 32 time steps and 24 mesh size for the left domain and
time steps 12 and 12 mesh size for the right domain and divide by 2 the time step
and mesh size several times. Figure 7 shows the norms of the error in L2(I;L2(Ωi))
versus the time steps, for both subdomains. We observe the order 2 for the noncon-
forming space-time case, even though we have theoretical results only for the time
semi-discretized case in [7].
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Fig. 5. Error between variational and DG-OSWR solutions, at final time, after 10 time win-
dows and 3 iterations per window.

4 Conclusions

We have analyzed the continuous algorithm for variable discontinuous coefficients
and general decompositions. We have shown numerically that the method preserves
the order of the one domain scheme in the case of discontinuous variable coefficients,
nonconforming grids in space and time and a curved interface. An analysis of the
influence of the decomposition in time windows is in progress.
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Fig. 6. DG-OSWR solution at final time, after 5 iterations.
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Convergence Behaviour of Dirichlet–Neumann and
Robin Methods for a Nonlinear Transmission Problem

Heiko Berninger, Ralf Kornhuber, and Oliver Sander ∗

Fachbereich Mathematik und Informatik, Freie Universität Berlin, Berlin, Germany

Summary. We investigate Dirichlet–Neumann and Robin methods for a quasilinear elliptic
transmission problem in which the nonlinearity changes discontinuously across two subdo-
mains. In one space dimension, we obtain convergence theorems by extending known results
from the linear case. They hold both on the continuous and on the discrete level. From the
proofs one can infer mesh-independence of the convergence rates for the Dirichlet–Neumann
method, but not for the Robin method. In two space dimensions, we consider numerical exam-
ples which demonstrate that the theoretical results might be extended to higher dimensions.
Moreover, we investigate the asymptotic convergence behaviour for fine mesh sizes quantita-
tively. We observe a good agreement with many known linear results, which is remarkable in
view of the nonlinear character of the problem.

1 Introduction

We consider the following setting. Let Ω ⊂ Rn be a bounded Lipschitz domain
divided into two non-overlapping subdomains Ω 1, Ω2 with the interface Γ = Ω1 ∩
Ω2. The outer normal of Ω1 is denoted by n. Furthermore, let f ∈ L2(Ω) and k1,
k2 ∈ L∞(R) with ki ≥ α > 0 for i = 1, 2. In strong form the domain decomposition
problem that we aim at reads:

Find a function p in Ω, pi := p|Ωi
∈ H1(Ωi), i = 1, 2, p|∂Ω = 0, such that

− div(ki(pi)∇pi) = f on Ωi, i = 1, 2 (1)

p1 = p2 on Γ (2)

k1(p1)∇p1 · n = k2(p2)∇p2 · n on Γ . (3)

A powerful tool to treat problems of this kind is to introduce new variables u i,
i = 1, 2, by Kirchhoff transformations κi, defined by

ui(x) := κi(pi(x)) =
∫ pi(x)

0

ki(q) dq a.e. in Ωi . (4)

∗ This work was supported by the BMBF–Programm “Mathematik für Innovationen in In-
dustrie und Dienstleistungen”. We thank J. Schreiber for computational assistance.
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This entails ki(pi)∇pi = ∇ui and, therefore, problem (1), (2) and (3) can be rewrit-
ten in the following form, in which the nonlinearity only appears on Γ , but now as a
discontinuity condition on the primal variable:

Find a function u in Ω, ui := u|Ωi
∈ H1(Ωi), i = 1, 2, u|∂Ω = 0, such that

−Δui = f on Ωi, i = 1, 2 (5)

κ−1
1 (u1) = κ−1

2 (u2) on Γ (6)

∇u1 · n = ∇u2 · n on Γ . (7)

In the linear case, where ki, i = 1, 2, are constant functions, Dirichlet–Neumann
and Robin methods are well-understood iteration procedures for the treatment of
non-overlapping elliptic domain decomposition problems, see, e.g., [ 7, 8, 10]. We
introduce nonlinear versions of these methods applied to ( 5), (6) and (7) without
using linearization. In one space dimension, both on the continuous and on the dis-
crete level, we obtain convergence results by extending approaches used in the linear
case, see [1]. We also obtain mesh-independent convergence rates for the damped
Dirichlet–Neumann method, but not for the Robin method, just as in the linear case.
However, these generalizations of the convergence proofs for the linear setting do
not work in dimensions higher than one. Therefore, we investigate the qualitative
and quantitative convergence properties in 2D numerically.

Concerning the nonlinear Dirichlet–Neumann method, we observe asymptoti-
cally mesh-independent optimal convergence rates for a certain mesh-independent
optimal damping parameter. Moreover, if the nonlinearities k 1 and k2 are of different
orders of magnitude, the Dirichlet–Neumann method converges considerably faster
than if they are of the same order of magnitude. Strangely enough, this observation
can be made plausible by investigations that have been carried out on corresponding
settings for the Robin method in the linear case, see [5].

As to the nonlinear Robin method, we observe degenerating optimal convergence
rates and parameters if the two Robin parameters involved in the method coincide.
What is more, we can even establish formulas, which quantitatively describe the
asymptotic behaviour of this degeneracy, and which are very similar to the ones, that
have been discovered for the Robin method applied to the linear case, cf. [ 9]. Re-
sults from the theory of optimized Schwarz methods in linear cases (see, e.g., [ 7])
show, that the convergence speed can be further increased by allowing the two Robin
parameters to be different. Indeed, we obtain a better asymptotic behaviour for our
test cases if we choose the parameters independently from each other. Finally, if the
nonlinearities k1 and k2 are of different orders of magnitude, the optimized Robin
method with different parameters converges quite fast with mesh-independent con-
vergence rates, which, again, reproduces the linear situation as considered in [ 5].

Altogether, the observations we make in our nonlinear numerical examples, re-
semble strikingly well the proved results for linear cases.
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2 Transmission Problem with Jumping Nonlinearities

In this section, we introduce some further notation (cf. [ 10]) and give a weak for-
mulation of problem (5), (6) and (7). Then, we point out the equivalence of it with
Steklov–Poincaré interface equations (cf. [3]).

In addition to the notation and definitions above, we introduce the spaces

Vi := {vi ∈ H1(Ωi) | vi|∂Ω∩∂Ωi
= 0}, V 0

i := H1
0 (Ωi), Λ := H

1/2
00 (Γ )

and for wi, vi ∈ Vi the form ai(wi, vi) := (∇wi,∇vi)Ωi , where (·, ·)Ωi stands for
the L2 inner product on Ωi. The norm in Λ will be denoted by ‖ · ‖Λ.

Let Ri, i = 1, 2, be any continuous extension operator from Λ to V i. Then the
variational formulation of problem (5), (6) and (7) reads as follows:

Find ui ∈ Vi, i = 1, 2, such that

ai(ui, vi) = (f, vi)Ωi ∀vi ∈ V 0
i , i = 1, 2 (8)

κ−1
1 (u1|Γ ) = κ−1

2 (u2|Γ ) in Λ (9)

a1(u1, R1μ)− (f,R1μ)Ω1 = −a2(u2, R2μ) + (f,R2μ)Ω2 ∀μ ∈ Λ . (10)

For details concerning the Kirchhoff transformations in the weak sense in ( 9),
i.e., in the sense of superposition operators on H 1(Ωi), see [2], where one can also
find a proof of

Proposition 1. The weak form of problem (1), (2) and (3) is equivalent to (8), (9)
and (10).

Now, for a given λ ∈ Λ (and omitting brackets for operators applied to λ from
now on), we consider the harmonic extensionsH i(κiλ) ∈ Vi of the Dirichlet bound-
ary value κiλ onΓ for i = 1, 2.With these operators and denoting by 〈·, ·〉 the duality
pairing betweenΛ′ andΛ, we recall that the Steklov–Poincaré operatorsS i : Λ→ Λ′

are defined by

〈Siη, μ〉 = ai(Hiη,Hiμ) ∀η, μ ∈ Λ , i = 1, 2 .

Furthermore, let Gif be the solutions of the subproblems (8) with homogeneous
Dirichlet data (Gif)|∂Ωi

= 0. We define the functional χ = χ1 + χ2 ∈ Λ′ by

〈χi, μ〉 = (f,Hiμ)Ωi − ai(Gif,Hiμ) ∀μ ∈ Λ , i = 1, 2 .

Proposition 2. By (4) and the relation

ui = Hiκiλ+ Gif , i = 1, 2 ,

between λ and ui as well as with λ2 = κ2λ, problem (8), (9) and (10) is equivalent
to each of the two Steklov–Poincaré interface equations

find λ ∈ Λ : (S1κ1 + S2κ2)λ = χ , (11)

find λ2 ∈ Λ : (S1κ1κ
−1
2 + S2)λ2 = χ . (12)
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3 Nonlinear Dirichlet–Neumann and Robin Methods

In this section, we note the nonlinear Dirichlet–Neumann and Robin methods that
we apply to (8), (9) and (10) in weak forms. We give Steklov–Poincaré formulations
of the methods and convergence results in 1D generalizing linear theory.

3.1 The Methods and Their Steklov–Poincaré Formulations

The nonlinear Dirichlet–Neumann method applied to problem ( 8), (9) and (10) reads:
Given λ0

2 ∈ Λ, find uk+1
1 ∈ V1 and uk+1

2 ∈ V2 for each k ≥ 0 such that

a1(uk+1
1 , v1) = (f, v1)Ω1 ∀v1 ∈ V 0

1 (13)

uk+1
1|Γ = κ1κ

−1
2 (λk2) in Λ (14)

and then
a2(uk+1

2 , v2) = (f, v2)Ω2 ∀v2 ∈ V 0
2 (15)

a2(uk+1
2 , H2μ)− (f,H2μ)Ω2 = −a1(uk+1

1 , H1μ) + (f,H1μ)Ω1 ∀μ ∈ Λ . (16)

Then, with some damping parameter θ ∈ (0, 1), the new iterate is defined by

λk+1
2 := θ uk+1

2|Γ + (1 − θ)λk2 . (17)

For the analysis (cf. [1, Sect. 3.3.2/3]), it is necessary to carry out the damping in
the transformed space and to have a linear preconditioner in

Proposition 3. The Dirichlet–Neumann method (13), (14), (15), (16) and (17) ap-
plied to problem (8), (9) and (10) is a preconditioned Richardson procedure for
Eq. (12) with S2 as a preconditioner. The iteration is given by Tθ : Λ → Λ defined
as

Tθ : λk2 �→ λk+1
2 = λk2 + θS−1

2 (χ− (S1κ1κ
−1
2 + S2)λk2) . (18)

In contrast to the Dirichlet–Neumann method, the Robin iteration is related to the
symmetric equation (11), and it comes with two acceleration parameters γ1, γ2 > 0
rather than one. For problem (8), (9) and (10) it reads:

Given a u0
2 ∈ V2 find uk+1

1 ∈ V1 and uk+2
2 ∈ V2 for k ≥ 0 such that

a1(uk+1
1 , v1) = (f, v1)Ω1 ∀v1 ∈ V 0

1 (19)

a1(uk+1
1 , R1μ)− (f,R1μ)Ω1 + γ1(κ−1

1 uk+1
1 , μ)Γ =

− a2(uk2 , R2μ) + (f,R2μ)Ω2 + γ1(κ−1
2 uk2 , μ)Γ ∀μ ∈ Λ (20)

and then
a2(uk+1

2 , v2) = (f, v2)Ω2 ∀v2 ∈ V 0
2 (21)

a2(uk+1
2 , R2μ)− (f,R2μ)Ω1 + γ2(κ−1

2 uk+1
2 , μ)Γ =

− a1(uk+1
1 , R1μ) + (f,R1μ)Ω1 + γ2(κ−1

1 uk+1
1 , μ)Γ ∀μ ∈ Λ . (22)
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With the notation

〈Iη, μ〉 = (η, μ)Γ ∀η, μ ∈ Λ .

we obtain the following formulation of the Robin method in terms of Steklov–
Poincaré operators (cf. [1, Sect. 3.4.2]), generalizing linear theory in [4, Sect. 5.4].

Proposition 4. The Robin iteration (19)–(22) applied to (8)–(10) is equivalent to the
Alternating Direction Iterative (ADI) method applied to ( 11). With a given λ0

2 ∈ Λ
the operator Tγ1,γ2 : Λ → Λ , Tγ1,γ2 : λk2 �→ λk+1

2 provided the ADI method is
given by

λk+1
2 = (γ2I+S2κ2)−1(χ+(γ2I−S1κ1)(γ1I+S1κ1)−1(χ+(γ1I−S2κ2)λk2)) .

3.2 Convergence Results

The approach for proving convergence is as follows, cf. [ 1]. First, note that a fixed
point λ of the iterative scheme in Proposition 3 or 4 is a solution of (12) or (11),
respectively. Secondly, convergence proofs for linear cases can be extended so that
Banach’s fixed point theorem can be applied to Tθ and Tγ1,γ2 .

We give sufficient conditions for convergence which are almost the same for
both methods. In case of the Dirichlet–Neumann method they entail that T θ is a
contraction if θ is small enough, so that we obtain mesh-independent convergence
rates. This is not provided by the convergence proof for the Robin method, and, even
in linear cases, it is not true for the Robin iteration.

Generalizing [10, pp. 118/9] for the Dirichlet–Neumann method, we obtain

Theorem 1. Let β2 be the Lipschitz and α2 be the coercivity constant of S2. Let
S1κ1κ

−1
2 be Lipschitz continuous with Lipschitz constant β1 and strongly monotone

with monotonicity constant α1. Then (12) has a unique solution λ2 ∈ Λ. Further-
more, for any given λ0

2 ∈ Λ and any θ ∈ (0, θmax) with θmax as in (23) the sequence
given by (18) converges in Λ to λ2. Theoretically optimal (i.e., minimal) convergence
rates ρopt for corresponding optimal damping parameters θopt are given by

θopt =
θmax

2
=

α1 + α2

(β1 + β2)2
· α

2
2

β2
and ρ2

opt = 1−
(
α1 + α2

β1 + β2

)2

·
(
α2

β2

)2

. (23)

Theorem 2. The assumptions in Theorem 1 are satisfied in 1D.

We do not know whether the assertion of Theorem 1 is true for higher dimen-
sions. We remark, however, that there are operators S1κ1κ

−1
2 : Λ → Λ′ in 2D, that

are not monotone, see [1, Sect. 3.3.4].

Theorem 3. We assume that the problems in (8) and (10) are discretized by piecewise
linear finite elements and that in (9) piecewise linear interpolation is applied to the
function after having been Kirchhoff–transformed at the nodes of the interface. Then
Theorem 1 can also be applied to this discretization with the same constants and,
thus, leads to mesh-independent optimal convergence rates and optimal damping
parameters.
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For proving convergence of the Robin method (generalizing the linear result in
[4, pp. 99/100]) we need S1κ1, S2κ2 : Λ → Λ′ to be Lipschitz continuous and
strongly monotone, which, by Theorem 2, is satisfied in 1D.

Theorem 4. Let γ1 = γ2 = γ > 0 and Ω ⊂ R. Then for any initial iterate λ0
2 ∈

Λ the operator Tγ = Tγ1,γ2 in Proposition 4 provides a sequence (λk2)k≥0 which
converges in Λ to the unique fixed point of Tγ . Moreover, the sequence (uki )k≥1,
i = 1, 2, of Robin iterates converges to the solution of (8), (9) and (10).

For the discretization of problem (8), (9) and (10) in Theorem 3 the correspond-
ing discrete version of the Robin method converges to the discrete solution.

4 Parameter Studies for the Dirichlet–Neumann Method

The purpose of this section is to apply our nonlinear Dirichlet–Neumann method
(13), (14), (15), (16) and (17) to two concretely specified cases of the transmission
problem in two space dimensions, discretized as in Theorem 3. After a detailed de-
scription of these two examples we present the numerical results which we discuss
and compare to the linear case.

We consider problem (1), (2) and (3) on the unit Yin Yang domain Ω within
a circle of radius 1 as shown in Fig. 1, with the coarse grid. We denote the white
subdomain together with the grey circle B1 by Ω1 and the grey subdomain with the
white circleB2 byΩ2. Furthermore, we select data f onΩ with f |Bi

= fi vanishing
outside B1 ∪B2 and nonlinearities

ki(pi) =

{
Ki pb,imax{(−pi)−3λi−2, c} for pi ≤ −1

1 for pi ≥ −1

with parametersKi, pb,i, λi specified in Tables 1 and 2. The ellipticity constant c > 0
is supposed to enforce convergence.

Our choice represents a nondegenerate stationary Richards equation without
gravity on Ω1 and Ω2 containing two different soil types. f1 and f2 can be regarded
as a source and a sink. In Case I, which we call mildly heterogeneous, we only al-
ter one soil parameter λ1 �= λ2 and choose pb,i = −1.0 and Ki = 2.0 · 10−3 in
both subdomains Ωi as well as c = 0.1. In Case II, which we refer to as strongly
heterogeneous, we change all parameters and use c = 0.01.

Starting with the coarse grid (level 1), we apply uniform refinement in order to
obtain finer meshes, i.e., higher (refinement) levels. We discretize (8), (9) and (10)
as described in Theorem 3. Figures 2 and 3 show the solutions p onΩ for the mildly

fi λi

i = 1 1.0 0.1

i = 2 −1.0 1.0

Table 1. Case I.

fi λi pb,i Ki

i = 1 5.0 · 10−5 0.165 −0.373 1.67 · 10−7

i = 2 −2.5 · 10−3 0.694 −0.0726 6.54 · 10−5

Table 2. Case II.
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Fig. 1. Yin Yang domain Ω.
Fig. 2. Solution p on Ω in

Case I (mildly heterogeneous).

Fig. 3. Solution p on Ω in
Case II (strongly heterogeneous).
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Fig. 4. ρ vs. θ on levels 1 (rightmost
curve) to 6 (leftmost curve) in Case I.

and the strongly heterogeneous case, respectively. The crater-like parts of the graphs
(indicated by a black line in Fig. 2) correspond to the nonlinear (hydrologically, the
unsaturated) regime of the equation.
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Fig. 5. θopt vs. level in Case II.
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Fig. 6. ρopt vs. level in Case II.
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For Case I, Fig. 4 shows average convergence rates ρ of the Dirichlet–Neumann
method with respect to the damping parameter θ on the first six levels, from the
rightmost curve representing the first level to the leftmost curve corresponding to the
6th level. The convergence rates are measured in the energy norm for the transformed
variables. Starting with the initial iterates u0

i = 0, i = 1, 2, the Dirichlet–Neumann
iteration is stopped when the relative error is below 10−12. Each of the local prob-
lems on the subdomains is solved by 50 iterations of a linear multigrid which leads
to numerically exact solutions. For the implementation we used the numerics envi-
ronment DUNE [6].

Figure 4 shows that, as on the continuous level in Theorem 1, one obtains con-
vergence if the damping parameter θ ∈ (0, 1) is below a threshold θmax, and one
observes optimal convergence rates ρopt for a certain θopt. Both the threshold and the
optimal parameter as well as the corresponding optimal rates are level-dependent –
however, these values seem to stabilize for higher levels. Concretely, the damping
parameter θopt ≈ 0.17 leads to the optimal convergence rates ρopt ≈ 0.77 on levels
5, 6 and 7. This indicates that mesh-independence is obtained in this 2D-case as was
proved for 1D-cases (Theorem 3) and is known in linear settings (see [10, pp. 122–
128]). Finally, we have the relationship ρopt ≈ 1− 7

5 θopt on all levels 1 to 7, which
reflects (23).

In principle, the situation for Case II is the same as for Case I, see Figs. 5
and 6. Again, optimal convergence rates corresponding to optimal damping parame-
ters seem to stabilize asymptotically for high levels, but now we need considerably
less damping θopt ≈ 0.85 for much better optimal rates ρopt ≈ 0.15 (on levels 5, 6
and 7) than in Case I. In addition, even for overrelaxation, i.e. for parameters θ > 1,
convergence can be observed (concretely, we obtain θ opt = θmax/2 as in (23)). In
contrast to Case I, the convergence rates remain stable even if we choose a much
smaller c > 0, e.g., c = 10−100.

A possible reason for this considerably improved convergence behaviour of the
Dirichlet–Neumann method might be the big jumps of the diffusion coefficients K 1

and K2 in Case II. Surprisingly, the numerical results in the next section, where we
present the convergence behaviour of the nonlinear Robin method for the two test
cases, will shed some light on this phenomenon, again supported by linear theory.
Here, we want to discuss this issue heuristically, regardless of the linear or nonlinear
nature of the problem, by considering the corresponding constants in Theorem 1.
Motivated by K1 � K2 in Table 2, we assume that α2 � β2 have the same order of
magnitude which is “big” compared to α1 � β1. Then, considering (23), we estimate
roughly

ρopt =
√

1− α1 + α2

β2
θopt � 1− 1

2
θopt .

(Compare this to the striking relationship ρopt = 1−θopt obtained for levels 1 to 7 in
Figs. 5 and 6.) With the same arguments, we find that θopt has the order of magnitude
of 1 in this case, whereas it has the order of magnitude of α1/β2 if we exchange the
Dirichlet-subdomain Ω1 and the Neumann-subdomain Ω2. Indeed, here, we only
observe convergence for very small damping parameters in Case II, whereas we do
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hardly see any change in Case I. Also, the convergence rates are very bad for Case II
after exchanging domains. This, however, cannot be inferred from the formula in
(23), but by numerical stability: One can argue that the smaller K 1 is, the better
the Dirichlet problem is conditioned on Ω1 (with respect to the Dirichlet value),
and the bigger K2 is, the better the Neumann problem is conditioned on Ω2 (with
respect to the Neumann value). For more illuminating theory on linear cases with
discontinuous coefficients, which confirms some of our findings in Case II, consult
[5, p. 97]. Altogether, in such asymmetric cases, the asymmetry of the Dirichlet–
Neumann method reveals itself dramatically.

5 Parameter Studies for the Robin Method

In this last section, we present numerical results obtained by applying the nonlinear
Robin method (19)–(22) to the test cases introduced in Sect. 4. For both cases, we
first consider the Robin method with one Robin parameter γ = γ1 = γ2, for which
our convergence result (Theorem 4) in 1D is valid, and secondly, we investigate the
situation with different γ1 and γ2. In contrast to the Dirichlet–Neumann method, each
subproblem (19)–(20) and (21)–(22) in the Robin iteration is nonlinear. We solve
these local problems by a monotone multigrid method, see [ 1, Sect. 3.4.5]. The latter
is stopped if the relative error of succeeding iterates in the energy norm drops below
10−12. Otherwise, we use the same stopping criterion and average convergence rates
as for the Dirichlet–Neumann method above.

Using the Robin iteration with γ = γ1 = γ2, we find that the numerical results
of the two cases are virtually the same. Therefore, we only present Case II here. As
one can see in Fig. 7, there are certain ranges for the Robin parameter γ on each
level 1–6, where convergence rates are bounded away from 1. This is remarkable
since Theorem 4 guarantees convergence for all γ > 0 in 1D. Furthermore – as for
the Dirichlet–Neumann method – there is an optimal convergence rate ρ opt obtained
for an optimal γopt on each level. However – in contrast to the Dirichlet–Neumann
method – these optimal rates and the corresponding parameters seem to degenerate
rather than become asymptotically mesh-independent. The situation in Case I is al-
most the same as in Case II. However, the range of Robin parameters, for which an
acceptable convergence speed is observed in the numerics, is about 10 4 times bigger
than in Case II. Thus, a good choice of γ seems to be correlated to the factor in front
of the Laplacian (compare (20)), which is by some orders of magnitude bigger in
Case I than in Case II.

In convergence proofs for the Robin method on the continuous level, as in the
original [8], one usually does not derive convergence rates (compare Sect. 3.2). This
is because, usually, they are just not available. On the contrary, degeneracy of con-
vergence rates is observed and proved on the discrete level for fine mesh sizes. In
the world of optimized Schwarz methods, the latter can even be formulated quanti-
tatively in form of asymptotic convergence results. For example, in linear cases the
asymptotic behaviour

γlinopt = O(h−1/2) and ρlinopt = 1−O(h1/2) (24)
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Fig. 7. ρ vs. γ on levels 1 (leftmost)
to 6 (rightmost) for γ1 = γ2 in Case II
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Fig. 8. ρopt vs. level for
γ1 �= γ2 in Case II

of the optimal parameters and convergence rates with respect to the mesh size h is
known for quite general domains, see [9]. Now, if we investigate the asymptotics of
the optimal parameters and rates in the nonlinear case II, displayed in Fig. 7, with
respect to h, we find

γopt = O(h−0.45) and ρopt = 1−O(h0.44) . (25)

Thus, we do not only observe an asymptotic behaviour of a similar kind as in the
linear case, but even with similar exponents. The situation for Case I is virtually the
same.

The convergence speed of the Robin method can be further increased by allow-
ing the Robin parameters γ1 and γ2 to be different. We have carried out extensive
numerical parameter studies for the performance of the nonlinear Robin method in
both our cases on levels 1–8. Figures 9 and 10 shall serve as examples of the results
we obtained on the 4th level in Case I (with 34,000 parameter pairs) and in Case II
(with 77,000 parameter pairs), respectively. First of all, in both graphics, which con-
tain the case γ = γ1 = γ2 on the diagonal, one can clearly see that the convergence
speed can be increased by an appropriate choice of different Robin parameters.

Now, however, the situations in Case I and in Case II are completely different. We
start by considering Case I, where the slopes of the nonlinearities in the subdomains
are different but not their order of magnitude. Here, we observe that the convergence
rates are nearly symmetric with respect to the diagonal γ1 = γ2 and that two lo-
cal minima occur off the diagonal – a left (asymptotically global) one and a right
one in Fig. 9. Although the convergence speed can be increased by choosing differ-
ent instead of equal Robin parameters, asymptotically we still obtain degenerating
optimal parameters and rates. However, we observe a weaker mesh-dependence of
the convergence rates than for γ1 = γ2 in (25). Concretely, we find the asymptotic
behaviour

γ1,opt = O(h−0.37) , γ2,opt = O(h−0.55) and ρopt = 1−O(h0.34) (26)

for the left minima and a similar one for the right minima.
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Fig. 9. ρ vs. γ1 (x-axis) and
γ2 (y-axis) on level 4 for Case I.
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Fig. 10. ρ vs. γ1 (x-axis) and
γ2 (y-axis) on level 4 for Case II.

As before in (24), our observations (26) in the nonlinear case I can be compared
to known results from the linear theory of optimized Schwarz methods. In [ 7, p. 17]
the asymptotic behaviour of different optimized Robin parameters and corresponding
convergence rates has been derived for a linear equation on R 2 decomposed into two
half planes. The asymptotics is given by the formulas

γlin1,opt = O(h−1/4) , γlin2,opt = O(h−1/4) and ρlinopt = 1−O(h1/4) . (27)

A comparison with (27) shows that, quantitatively, the asymptotic behaviour of the
different optimal Robin parameters in (26) does not seem to follow the linear results.
Also, we do not obtain the same degree of acceleration of the convergence speed in
(26) as suggested by the linear case. However, we observe a similar kind of asymp-
totic behaviour for ρopt and, at least, the asymptotics lies between the situations (24)
and (27).

In contrast to Case I, the situation in Case II is very unsymmetric with respect
to the diagonal γ1 = γ2, and we do no longer observe two distinct local minima
of convergence rates. We rather have a whole strip of parameter pairs, where one
parameter γ2 is more or less fixed while the other γ1 is free (as long as it is big
enough), in which nearly constant globally minimal rates occur. Even for the global
minimum, which is not distinct, one observes a difference in order of magnitude of
at least γ1,opt ≈ 104 γ2,opt on levels 1–8. Most importantly, however, the globally
minimal rates in the strip are asymptotically stable, i.e., mesh-independent. This can
be seen in Fig. 8, where the value for the 7th level is the same as for the 8th level.
Note that with extreme values γ1,opt � γ2,opt subproblems (19)–(20) and (21)–(22)
resemble Dirichlet and Neumann problems, respectively, i.e. the Robin method be-
comes an undamped Dirichlet–Neumann method. This observation is quite striking
if we compare Fig. 8 for the optimized Robin method with two different parameters
with Fig. 6, which shows the optimal convergence rates for the damped Dirichlet–
Neumann method.
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We close this section by mentioning a known result on the Robin method applied
to a linear equation with discontinuous coefficients K1/K2 < 1 in R2, decomposed
into two half planes, see [5, p. 84]. The asymptotic behaviour in this case is given by

γlin1,opt = O(1) , γlin2,opt = O(h−1) and ρlinopt =
K1

K2
−O(h1/2) .

Although, again, we cannot confirm the asymptotic behaviour for the optimized
Robin parameters in our Case II, this rare result of a mesh-independent convergence
rate for the Robin method makes our findings in this and in the previous section on
the good convergence of our optimized methods in Case II a bit more understandable.
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Martin.Gander@unige.ch; Felix.Kwok@unige.ch

Summary. The use of Dirichlet-to-Neumann operators as transmission conditions is known
to yield optimal Schwarz methods that converge in a finite number of iterations when the
subdomain decomposition has tree-like connectivity. However, it remains an open problem
whether it is possible to construct a finitely terminating algorithm for arbitrary decomposi-
tions. In this article, we construct a Schwarz method that converges in exactly two steps for
any decomposition into subdomains with minimal overlap. In this method, every subdomain
must communicate with all other subdomains, but only data along subdomain boundaries need
to be exchanged.

1 Optimal Interface Conditions

The convergence rate of Schwarz-type domain decomposition methods is very sen-
sitive to the transmission condition used. Thus, it is natural to ask, for a given PDE
and a given decomposition into subdomains, whether there exists a set of optimal in-
terface conditions that leads to convergence in a finite number of steps. For a decom-
position into vertical strips, we know that the Dirichlet-to-Neumann (DtN) operators
yield such an optimal algorithm, see [4, 5, 6]. A similar result for decompositions
whose connectivity graph contains no cycles is shown in [7]. It remains an open
question to show whether similar operators exist for arbitrary decompositions.

The goal of this paper is to show that such an operator exists, at least in the
discrete case, if we allow global communication between the subdomains, i.e., if
each subdomain has access to the interface values of all the other subdomains. More
precisely, we construct a subdomain iteration that converges to the exact solution in
two steps by exchanging only data along subdomain boundaries.

We note that in general, these optimal interface conditions are nonlocal pseudo-
differential operators, which are difficult to use in practice. Thus, the algorithm pre-
sented here is not meant to be implemented in a practical solver. However, practical
algorithms can by derived by approximating the optimal operators by differential op-
erators, see [3, 5] as well as [2] and references therein. Thus, our results serve as a
starting point for this approximation process.
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2 Notation and Assumptions

Let Ω ⊂⊂ Rn be an open set. Suppose we want to solve the elliptic PDE

Lu = f on Ω, u = g on ∂Ω (1)

by discretizing it to obtain the non-singular system Au = f and using a domain
decomposition method. Let Σ be the degrees of freedom therein. Suppose Ω is
subdivided into nonoverlapping subdomains Ω̃j , j = 1, . . . , N , and let Σ̃j be the
discrete degrees of freedom contained within Ω̃j . Let {Ωj}Nj=1 be an overlapping

decomposition with degrees of freedom Σ j , such that Ω̃j ⊂ Ωj (and correspond-
ingly Σ̃j ⊂ Σj), and let Rj andR¬j be operators that restrictΣ ontoΣj andΣ \Σj
respectively. We then define, for each l = 1, . . . , N , the operator R̃l, which has the
same size as Rl, such that

[R̃l]ij =

{
1 if [Rl]ij = 1 and j ∈ Σ̃l,
0 otherwise.

For each j = 1, . . . , N , we define the matrices

Aj = RjAR
T
j , Bj = RjAR

T
¬j , Cj = R¬jAR

T
j , Dj = R¬jAR

T
¬j .

We assume that Dj is nonsingular for all j, so that the Schur complement A j −
BjD

−1
j Cj is well-defined and non-singular. We now state the main assumption that

will be used throughout the paper.

Assumption 1 (Sufficient Overlap) For all j = 1, . . . , N , we have

R̃Tj (RjA−AjRj) = 0. (2)

Assumption 1 states that the overlapping subdomainΣ j needs to be sufficiently large,
so that if v is a degree of freedom in Σ̃j , then its stencil does not extend beyondΣj .
This assumption is easily satisfied if the PDE is discretized using a compact stencil,
because we can always constructΣj (and hence Ωj) based on Σ̃j by extending it to
include all points touched by the stencil.

3 Construction of the Method

The first step in constructing the method is to observe that the exact subdomain
solution uj = Rju can be obtained by solving the Schur complement system

(Aj −BjD−1
j Cj)uj = Rjf −BjD−1

j R¬jf . (3)

If each subdomain has access to the right-hand side of all the other subdomains, then
in principle we would be able to obtain uj in one pass by solving each Schur com-
plement system independently. However, this would not lead to an optimal Schwarz
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method, because Schwarz methods only exchange information on u i along subdo-
main boundaries. Thus, to construct an optimal Schwarz method, we must try to
recoverR¬jf using subdomain solutions only.

To do so, let us examine more closely what happens when we solve ( 3). First, we
rewrite (3) using the definitions of Aj , Bj :

RjA(RTj −RT¬jD−1
j Cj)uj = Rjf −RjAR¬jD

−1
j R¬jf . (4)

If we multiply (4) from the left by R̃Tj , then the sufficient overlap assumption (2)

implies that R̃Tj RjA = R̃Tj AjRj . Thus, we get

R̃Tj AjRj(R
T
j −RT¬jD−1

j Cj)uj = R̃Tj Rjf − R̃Tj AjRjRT¬jD−1
j R¬jf .

SinceRjRTj = I andRjRT¬j = 0 (they restrict toΣj andΣ \Σj respectively, which
are disjoint sets), the above equation simplifies to

R̃Tj Ajuj = R̃Tj Rjf . (5)

This means if uj is the solution of (3), it is always possible to reconstruct R̃jf , the
portion of f located in the nonoverlapping part of the subdomain, using only the
subdomain solution uj . Since f =

∑N
i=1 R̃

T
i Rif andR¬jR̃

T
j = 0, we can substitute

these relations into (3) to obtain the following algorithm.

Algorithm 1 For k = 1, 2, . . . , and for j = 1, . . . , N , solve

(Aj −BjD−1
j Cj)uk+1

j = Rjf −
∑

i
=jTjiu
k
i , (6)

where Tji = BjD
−1
j R¬jR̃

T
i Ai is the transmission operator fromΣi to Σj .

Theorem 1. Let u be the exact solution to the problem Au = f . Then for any initial
guess u0

j , Algorithm 1 converges to the exact solution in at most two iterations, i.e.,
u2
j = Rju.

Proof. Since u1
j is the solution of (3), by (5) we have R̃Tj Aju

1
j = R̃Tj Rjf . So the

second step of Algorithm 1 gives

(Aj −BjD−1
j Cj)u2

j = Rjf −
∑
i
=j

BjD
−1
j R¬jR̃

T
i Aiu

1
i

= Rjf −BjD−1
j R¬j

∑
i
=j

R̃Ti Rif

= Rjf −BjD−1
j R¬j

N∑
i=1

R̃Ti Rif (since R¬jR̃
T
j = 0)

= Rjf −BjD−1
j R¬jf ,

which is exactly the Schur complement formulation of the system with the correct
right hand side. This implies u2

j = Rju, as required.
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We now compare Algorithm 1 with the well-known parallel Schwarz method
with optimal transmission conditions for the tree case:

(Aj − BjD−1
j Cj)uk+1

j = Rjf −
∑

(i,j)∈E(BjR¬jR
T
i +BjD

−1
j CjRjR

T
i )uki ,

where the sum is over allΩi that are neighbors ofΩj . We know that the classical op-
timal algorithm only converges afterD+1 iterations, whereD is the diameter of the
connectivity graph, see [4, 6, 7]. In contrast, Theorem 1 shows that Algorithm 1 will
converge in at most two iterations, regardless of the number of subdomains and the
topology of the decomposition. This comes at a cost: Algorithm 1 requires global
communication among subdomains at every iteration, unlike its classical counter-
part, which only requires communication between neighbors. Finally, we will show
numerically in Sect. 5 that the classical algorithm can fail to converge when the
decomposition is not a tree, while Algorithm 1 converges for decompositions with
arbitrary connectivity.

4 Sparsity Pattern

Formula (6) seems to suggest at every step of Algorithm 1, every subdomain must
have access to the entire solution in every other subdomain. This is in fact not the
case. To understand which values really need to be transmitted, we study the sparsity
pattern of Tji, the operator through which subdomain j obtains information from u i.
We show that this operator contains mostly zero columns, which means the corre-
sponding nodal values are in fact discarded (and thus not needed). We first introduce
the notion of the support of a vector.

Definition 1 (Support of a vector) Let v be a vector with degrees of freedom in Σ.
Then the support of v, denoted by supp(v), is the set of all points in Σ correspond-
ing to nonzero entries in v.

The following equivalences are immediate based on the definitions of supp:

(i) supp(v) ⊂ Σj ⇐⇒ RTj Rjv = v ⇐⇒ R¬jv = 0,

(ii) supp(v) ⊂ Σ̃j ⇐⇒ R̃Tj Rjv = v,
(iii) supp(v) ∩Σj = ∅ ⇐⇒ RT¬jR¬jv = v ⇐⇒ Rjv = 0.

(iv) supp(v) ∩ Σ̃j = ∅ ⇐⇒ R̃jv = 0.

Next, we identify the zero columns of Tji. We do so by multiplying Tji by a
standard basis vector ex and checking whether the product is zero.

Lemma 1. Let x ∈ Σi and ex be its basis vector (1 at x and 0 everywhere else).
Then we have TjiRiex = 0 in each of the following cases:

(i) supp(Aex) ∩ Σ̃i = ∅;
(ii) supp(Aex) ⊂ Σj;

(iii) {x} ∪ supp(Aex) ⊂ Σ̃i \Σj .
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Proof. First, we rewrite TjiRiex as

TjiRiex = BjD
−1
j R¬jR̃

T
i AiRiex = BjD

−1
j R¬jR̃

T
i RiAex

by the sufficient overlap condition. We then consider the three cases:

(i) supp(Aex) ∩ Σ̃i = ∅: we have

TjiRiex = BjD
−1
j R¬j(R̃Ti RiAex) = BjD

−1
j R¬j(RTi R̃iAex︸ ︷︷ ︸

=0

) = 0.

(ii) supp(Aex) ⊂ Σj :

We have supp(R̃iRTi Aex) ⊂ supp(Aex) ⊂ Σj , so R¬jR̃iR
T
i Aex = 0.

(iii) {x} ∪ supp(Aex) ⊂ Σ̃i \Σj :
Since supp(Aex) ⊂ Σ̃i, we have R̃iRTi Aex = Aex. Now consider the linear

system Djy = R¬jAex, which can be rewritten as R¬jAR
T
¬jy = R¬jAex.

Since x /∈ Σj , we see that y = R¬jex satisfies the equation (because
RT¬jR¬jex = ex). This is also the unique solution because Dj is nonsingu-

lar. Thus, we have D−1
j R¬jR̃

T
i RiAex = D−1

j R¬jAex = R¬jex. Now we
multiply from the left by Bj to obtain

TjiRiex = RjAR
T
¬j︸ ︷︷ ︸

Bj

R¬jex = RjAex = 0,

since supp(Aex) lies completely outsideΣj .

Ωi

Ωj

Ω̃i

(i)

(ii)

(iii)

Fig. 1. A sketch showing stencils associated with different points in Ωi. Stencils with solid
nodes indicate points x at which TjiRiex �= 0; those with hollow nodes indicate points at
which TjiRiex = 0 for the three cases indicated in Lemma 1.

Each of the three cases in Lemma 1 is illustrated in Fig. 1, where the hollow
stencils indicate points that get mapped to zero by T ji. Case (i) (top right-hand cor-
ner) happens when the stencil falls completely outside Ω̃i; case (ii) (bottom-left of
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Ωi) occurs when the stencil falls entirely within Ωj . Finally, case (iii) occurs when
the stencil is completely inside Ω̃i \ Ωj , just like the stencil near the center of the
graphic. Thus, we see from Fig. 1 that the only points with TjiRiex �= 0 are those
indicated by solid nodes, i.e. those that are so close to the boundary of Ω̃i \ Ωj that
their stencils straddle the boundary. These, in fact, are the only nodal values that must
be transmitted. For a five-point stencil, this corresponds to a layer with a thickness of
two nodes (one on each side of the boundary, see Fig. 2 in the next section); for wider
stencils, e.g., for higher-order equations, this layer becomes thicker, but the number
of values transmitted is still proportional to the length of ∂(Ω̃i \ Ωj), which is one
dimension lower than the set of all nodes in Ω̃i. If we define Pji to be the restriction
operator fromΣi to the set of boundary nodes along ∂(Ω̃i \Ωj), then we can rewrite
Algorithm 1 as follows:

Algorithm 2 For k = 1, 2, . . ., and for j = 1, . . . , N , solve

(Aj −BjD−1
j Cj)uk+1

j = Rjf −
∑

i
=j T̃jiũ
k
i ,

where T̃ji = BjD
−1
j R¬jR̃

T
i AiP

T
ji and ũki = Pjiuki .

Remark Algorithms 1 and 2 have identical iterates if the same initial guesses are
used. Their only difference is that the latter does not transmit data corresponding
to zero columns in Tji, i.e., data that would be discarded anyway. This reduces the
communication costs by a factor of H/h, where h is the fine mesh parameter and H
is the size of the subdomain.

5 Numerical Examples

In this section, we present two examples in which we compare the convergence be-
havior of Algorithm 2 with that of the classical parallel Schwarz method with optimal
transmission conditions, which is known to converge in a finite number of iterations
in the tree case. For simplicity, in both cases we solve the 2D Poisson equation with
Dirichlet boundary conditions, using the standard 5-point discretization. However,
since the methods are derived purely algebraically, they are in principle applicable to
any discretized PDE, provided we can define the subdomains so that they satisfy the
sufficient overlap assumption, and that the subdomain problems are well posed.

Example 1 Here we decompose a rectangular domain into 6 vertical strips, as shown
in Fig. 2a. Since the diameter of the connectivity graph is D = 5, we know that the
parallel Schwarz method with optimal transmission conditions will converge in at
most 6 steps; this is verified by the numerical results shown in Table 1. In contrast,
Algorithm 2 converges in exactly two steps; this is in agreement with Theorem 1.
Finally, Fig. 2a shows the communication pattern for both algorithms. As predicted
by Lemma 1, the only nodal values that need to be transmitted are located on either
side of the subdomain boundaries. Also, whereas the classical algorithm only takes
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information from its neighbors, Algorithm 2 communicates with every subdomain,
which makes it possible to converge in two iterations.

Example 2 In this example, we use the 4× 4 decomposition shown in Fig. 2b. Since
the connectivity graph is no longer a tree, we can no longer expect optimal parallel
Schwarz to converge after a finite number of steps. Indeed, we see from Table 1 that
the iteration diverges. This happens because of two reasons. First, since there are
points belonging to more than two subdomains (i.e., cross points), optimal parallel
Schwarz actually applies redundant updates at these points, leading to divergence,
see [1]. In addition, unlike the tree case, ∂Ωj is divided among several subdomains,
so the boundary values obtained byΩj are no longer the trace of a harmonic function;
instead, they are the trace of a function that fails to be harmonic at the partition points.
Despite these difficulties, Algorithm 2 still converges in two iterations; the operators
T̃ji are able to extract the right interface information and combine them the right way
for the method to converge.

1 2 3 4 5 6

Ωj

1 2 3 4 5 6

Ωj

(a)

1

2

3

4

1 2 3 4

Ωj

(b)

Fig. 2. Communication pattern for two decompositions into subdomains. Black squares indi-
cate nodal values required by Ωj , which is enclosed by thick solid lines. (a) decomposition
into vertical strips. The top figure shows the values required by Algorithm 2, and the bottom
those required by classical Parallel Schwarz with optimal transmission conditions. (b) a 4× 4
decomposition, shown with the communication pattern for Algorithm 2.

6 Conclusion

We presented a new Schwarz method that converges in exactly two iterations when
the domain decomposition satisfies the sufficient overlap assumption. Unlike the
classical algorithm, the optimal transmission conditions we derived can handle ar-
bitrary subdomain topologies. In our algorithm, each subdomain must communicate
with all the other subdomains at each step; however, one only needs to exchange
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Table 1. Parallel Schwarz with optimal transmission conditions versus Algorithm 2. In each
case, we report the maximum L∞ errors over all subdomains.

Example 1 (6× 1) Example 2 (4× 4)
Its. Parallel Schwarz Algorithm 2 Parallel Schwarz Algorithm 2

1 3.605 × 100 3.681 × 100 6.987 × 101 6.965 × 101

2 2.176 × 10−1 1.066 × 10−14 1.191 × 102 8.527 × 10−13

3 1.252 × 10−2 5.438 × 101

4 7.328 × 10−4 4.652 × 102

5 3.278 × 10−5 1.118 × 103

6 1.066 × 10−14 3.894 × 103

data along a coarse grid structure containing the subdomain boundaries. Since its
derivation is based only on sparse matrices, the method is in principle applicable to
any PDE, or even systems of PDEs, as long as the subdomain problems remain solv-
able. Ongoing work focuses on deriving approximate local operators to obtain more
efficient implementations.
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1 Introduction

Optimized Schwarz methods form a class of domain decomposition methods for
the solution of partial differential equations. Optimized Schwarz methods employ a
first or higher order boundary condition along the artificial interface to accelerate
its convergence. In the literature, analysis of optimized Schwarz methods rely on
Fourier analysis and so the domains are restricted to be regular (rectangle or disk).
By expressing the interface operator in terms of Poincare–Steklov operators, we are
able to derive upper bounds of the spectral radius of the operator for Poisson-like
problems for two essentially arbitrary subdomains. For a first order (Robin) boundary
operator, an optimal choice of the parameter in the boundary operator leads to an
upper bound of 1 − O(h1/2) of the spectral radius, where h is the discretization
parameter. For a certain higher order boundary operator, a clever choice of the two
parameters in the boundary operator leads to an upper bound of 1 − O(h 1/4) of
the spectral radius. These agree with the predicted rates for rectangular subdomains
available in the literature and are also the observed rates in numerical simulations.
This contribution summarizes the author’s work in [11, 12].

Let Ω be a bounded domain in IRN with a smooth boundary. Suppose Ω is
composed of two nonoverlapping open subdomains, that is, Ω = Ω 1 ∪ Ω2 with
Ω1 ∩Ω2 = ∅. Assume that the artificial boundary Γ = Ω 1 ∩Ω2 is non-trivial (non-
zero measure in RN−1) and is a smooth curve. We shall always assume that ∂Ωi \Γ
is non-trivial for both i = 1, 2.

Recall the trace space

H
1/2
00 (Γ ) = {v|Γ , v ∈ H1

0 (Ω)}

with dual H−1/2(Γ ). For i = 1, 2, let

Vi = {vi ∈ H1(Ωi), vi = 0 on ∂Ωi ∩ ∂Ω}.

Define the trace operators Ti : Vi → H
1/2
00 (Γ ) by
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Tivi = vi|Γ , vi ∈ Vi.

For simplicity, consider the model problem

−�u = f onΩ, u = 0 on ∂Ω.

One candidate for the subdomain problem is

−�ui = f on Ωi,

ui = p on Γ

with ui ∈ Vi for some function p ∈ H
1/2
00 (Γ ). Note that p is the correct function

(p = Tiu) if
∂u1

∂ν1
+
∂u2

∂ν2
= 0 on Γ.

This is known as the transmission condition. Define u i = uei +zi where uei = Hip ∈
Vi is the harmonic extension of p:

−�uei = 0 on Ωi,

uei = p on Γ

and zi = �−1
i f where �i is the Laplacian operator with domain H 1

0 (Ωi). Define

the Poincare–Steklov operators Si : H1/2
00 (Γ )→ H−1/2(Γ ) by

Sip =
∂Hip
∂νi

or by

〈Sip, q〉 =
∫
Ωi

∇pe · ∇qe, ∀p, q ∈ H1/2
00 (Γ )

with pe = Hip, qe = Hiq. In the above inner product, S i is self-adjoint and positive
definite. Hence the transmission condition can also be expressed as

(S1 + S2)u|Γ = w (1)

for some w.

2 First-Order Boundary Condition

In [10], the author defined the Schwarz sequence {u (n)
i ∈ Vi, n ≥ 0} by

−�u(n)
i = f on Ωi,

∂u
(n)
i

∂νi
+ λu

(n)
i = g

(n)
i on Γ. (2)
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Here λ is a positive constant. Noting that ν1 = −ν2 on Γ , the Robin data can be
updated as

g
(n+1)
3−i = −∂u

(n)
i

∂νi
+ λu

(n)
i on Γ, i = 1, 2.

The iteration can be started for any initial g (0)
i ∈ L2(Γ ). In practice, the choice

g
(0)
i = 0 is convenient.

The following is an equivalent update ([2]):

g
(n+1)
3−i = 2λu(n)

i − g(n)
i on Γ, i = 1, 2. (3)

Note that the subdomain computations can be carried out concurrently. Many authors
have studied the convergence of this method and the choice of the optimal parameter.
See [1, 12, 15] which are most pertinent to this paper.

The function g2 can be eliminated in (3) to obtain the following equation for g1:[
I − (I − 2λ(S2 + λ)−1)(I − 2λ(S1 + λ)−1)

]
g1

= 2λb ≡ 2λ(T2z2 − (I − 2λ(S2 + λ)−1)T1z1).

The operator for g1 has alternative representations

I − (S2 + λ)−1(S2 − λ)(S1 − λ)(S1 + λ)−1

= (S2 + λ)−1
(
(S2 + λ)(S1 + λ)− (S2 − λ)(S1 − λ)

)
(S1 + λ)−1

= 2λ(S2 + λ)−1(S1 + S2)(S1 + λ)−1.

Thus the above equation for g1 is equivalent to

(S2 + λ)−1(S1 + S2)(S1 + λ)−1g1 = b.

Recognizing that (S1 + λ)−1g1 = T1(u − z1) where u is the exact solution of the
global Poisson equation and (g1, g2) is the solution of (3), we see that Lions’ method
is an iterative method which solves (1) using the left preconditioner (S2 + λ)−1.

Lions’ method is equivalent to the following iterative method

g
(n+1)
1 = Ghg(n−1)

1 + b (4)

to solve for the discrete counterpart of the boundary function g 1 where

Gh ≡ (I − 2λ(S2,h + λ)−1)(I − 2λ(S1,h + λ)−1)
= (S2,h + λ)−1(S2,h − λ)(S1,h + λ)−1(S1,h − λ).

Here Si,h is a finite element discretization of Si.
For a square matrix A, let the spectral radius of A be denoted by ρ(A). The

convergence of the iteration (4) depends on ρ(Gh) which will be analyzed below. In
the following, | · | denotes the two-norm. We shall use c, c1, c2 to denote positive
constants whose values may differ in different occurrences.
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The analysis for the upper bound of ρ(Gh) is identical to that for the ADI method
to solve PDEs. This is because Gh has the same form as the operator in the ADI
method. Note

ρ(Gh) ≤ |Gh| ≤ |(S1,h + λ)−1(S1,h − λ)| |(S2,h + λ)−1(S2,h − λ)|,

Since S1,h and S2,h are symmetric and their eigenvalues have the same asymptotic
behaviour, it is not difficult to show

Theorem 1.

ρ(Gh) ≤
{

1− c1λh, λ ≤ h−1/2;
1− c2λ−1, λ ≥ h−1/2.

(5)

In case λ = O(h−1/2), then ρ(Gh) ≤ 1− ch1/2.

A lower bound for ρ(Gh) is considerably more difficult to establish than an upper
bound. In fact, we have only been able to obtain a lower bound for λ in special
intervals. For λ = hs with s ∈ (−∞,−1) ∪ (0,∞), the upper bound established in
the theorem is actually sharp. In the more interesting range s ∈ [−1, 0], the analysis
is more complicated because Gh is a product of two symmetric indefinite matrices.
We conjecture that the bounds in (5) are sharp for s ∈ [−1, 0] as well.

We conclude this section by mentioning that the analysis has been extended to
the case of PDEs with discontinuous coefficients. See [3].

3 Higher-Order Boundary Condition

One popular optimized Schwarz method using a second order boundary condition
along the artificial interface is

−d
2ui
dτ2

+ η
dui
dνi

+ λui = gi on Γ

where η and λ are positive parameters and τ is a unit tangent vector along Γ . In the
literature, see [4, 5, 6, 7, 8, 9, 13, 14], for instance, Fourier analysis is used to analyze
the convergence of the schemes, which means that the theory is applicable only to
regular (rectangular) subdomains.

For i = 1, 2, the subdomain problems are

−�u(n)
i = f on Ωi,

−∂
2u

(n)
i

∂τ2
+ η

∂u
(n)
i

∂νi
+ λu

(n)
i = g

(n)
i on Γ (6)

where g(n)
i is some given function. Henceforth, we shall assume f ≡ 0. Unfortu-

nately, we are also unable to prove a rate of convergence of g (n)
i to zero in non-

rectangular geometry. Instead, we propose a different boundary condition for which
a spectral radius estimate 1−O(h1/4) can be proven for a general class of domains.
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This is the same estimate as that for (6) for rectangular domains which is available
in the literature.

We now give a heuristic derivation of our new boundary condition. Along Γ ,

0 = f = �u =
∂2u

∂ν2
+
∂2u

∂τ2
+ Lu

where L = ∇· τ ∂τ +∇· ν ∂ν is a linear first order differential operator. We shall be
taking η = O(h−3/4) and λ = O(h−1) where h is the discretization parameter and
thus the term containing L will be insignificant. Ignoring it, ( 6) can be approximated
as

∂2u
(n)
i

∂ν2
i

+ η
∂u

(n)
i

∂νi
+ λu

(n)
i = g

(n)
i on Γ. (7)

A natural update for the boundary function g (n)
i is

g
(n+1)
3−i = g

(n)
i − 2η

∂u
(n)
i

∂νi
. (8)

To see this, note that ν1 = −ν2 and

g
(n+1)
3−i =

∂2u
(n+1)
3−i

∂ν2
3−i

+ η
∂u

(n+1)
3−i

∂ν3−i
+ λu

(n+1)
3−i

≡ ∂2u
(n)
i

∂ν2
i

− η∂u
(n)
i

∂νi
+ λu

(n)
i

= g
(n)
i − 2η

∂u
(n)
i

∂νi
.

We next approximate the second normal derivative in (7) by S2
i , leading to the

new boundary condition

(S2
i + ηSi + λ)Tiu

(n)
i = g

(n)
i on Γ.

We assume that
SiTiu

(n)
i ∈ H1/2

00 (Γ ) (9)

so that S2
i Tiu

(n)
i ∈ H−1/2(Γ ). Two examples of Γ where the assumption (9) holds

are one side of a rectangle and an arc of a circle, provided that u (n)
i is sufficiently

smooth. For these two cases, Si can be worked out analytically and it can be seen
that S2

i and ∂2/∂ν2
i differ when acting upon low order modes. Their difference goes

to zero as the order of modes goes to infinity. It is in this sense that S 2
i approximates

the second normal derivative and is the reason why the algorithms employing the two
boundary conditions have similar convergence rates. By writing an equivalent form

∂2

∂ν2
i

+ ηSi + λ+ L
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of the boundary operator (6), we clearly see the two approximations involved in
the proposed boundary operator S 2

i + ηSi + λ: replacement of the second normal
derivative by S2

i and the removal of L.
Define, for i = 1, 2,

−�u(n)
i = 0 onΩi

(S2
i + ηSi + λ)Tiu

(n)
i = g

(n)
i . (10)

The parameters η and λ are positive. The update (8) is still applicable here and can
be written as

g
(n+1)
3−i = g

(n)
i − 2ηSiTiu

(n)
i .

Since Tiu
(n)
i = (S2

i +ηSi+λ)−1g
(n)
i , the update for the boundary function becomes

g
(n+1)
3−i = g

(n)
i − 2ηSi(S2

i + ηSi + λ)−1g
(n)
i .

Eliminate g(n)
2 from the above to obtain g (n+1)

1 = Kg(n−1)
1 where

K =
(
I − 2ηS2(S2

2 + ηS2 + λ)−1
)(
I − 2ηS1(S2

1 + ηS1 + λ)−1
)
. (11)

The discrete iteration is
g
(n+1)
1 = Khg(n)

1 (12)

where Kh denotes a finite element discretization of K. Convergence of this iteration
depends on ρ(Kh). If ρ(Kh) < 1, then g(n)

1 → 0, the exact solution. Since ρ(Kh) ≤
|Kh|,

ρ(Kh) ≤ |I − 2ηS2,h(S2
2,h + ηS2,h + λ)−1| |I − 2ηS1,h(S2

1,h + ηS1,h + λ)−1|

with the matrices on the right-hand side symmetric. The proof of the following the-
orem appears in [11].

Theorem 2. Let λ = O(h−1) and η = O(h−3/4). Then ρ(Kh) ≤ 1−O(h1/4).

The above theorem gives an upper bound of the spectral radius. As before, a lower
bound is much more difficult to establish. The following are some partial results.
Suppose η < O(1). Then

ρ(Kh) =
{

1−O(ηh), λ ≤ O(h−1);
1−O(ηλ−1), λ ≥ O(h−1).

Suppose η > O(h−1) and λ < O(η). Then

ρ(Kh) =
{

1−O(η−1), λ < O(1);
1−O(η−1λh), λ > O(h−2).

We give one MATLAB numerical experiment. Let the domain be the rectangle
[0, 1.6]× [0, 1] and the artificial interface be the line y = x−0.2. Hence the two sub-
domains are trapezoids. Using a simple finite difference scheme, the result is shown
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Fig. 1. Solid line is a plot of 1 − ρ(Kh) versus h for two trapezoidal subdomains while the
dashed line is a plot of 1−O(h1/4).

in Fig. 1. Observe that for larger values of h, the spectral radius is actually better
than the prediction 1−O(h1/4). However, the spectral radius seems to approach the
predicted rate for smaller values of h. For other numerical results, see [ 11].

There are a number of mathematical questions about the new boundary condition
which have not been answered. Although the discrete iteration ( 12) is well defined
and convergent, it remains to show well-posedness at the continuous level for the
boundary condition (10). Also, the geometric meaning of the assumption (9) requires
investigation. While we have not been able to establish a convergence rate for ( 6) on
arbitrary domains, it is hoped that the present analysis gives some new insight to the
convergence of (6).
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Summary. Schwarz domain decomposition methods can be analyzed both at the continu-
ous and discrete level. For consistent discretizations, one would naturally expect that the dis-
cretized method performs as predicted by the continuous analysis. We show in this short note
for two model problems that this is not always the case, and that the discretization can both
increase and decrease the convergence speed predicted by the continuous analysis.

1 Introduction

Classical Schwarz methods have been analyzed historically both at the continuous
and the discrete level, see for example [7, 8, 9, 10, 11] and references therein for
continuous analysis, [5, 12] and references therein for analysis at the discrete level.
Over the last decade, optimized Schwarz methods have been extensively developed
at the continuous level. These methods converge significantly faster than the clas-
sical Schwarz methods, see for example [6], and references therein. More recently,
Schwarz methods have also been developed for systems of partial differential equa-
tions, see for example [4] for Euler equations, [2] for the Cauchy–Riemann equa-
tions, or [1, 3] for Maxwell’s equations, and it was observed in two particular cases
that a discretized Schwarz method converged faster than predicted by the continuous
analysis. The purpose of this note is to explain this observation for the case of the
Cauchy–Riemann equations, and also to reveal a previously not observed discrep-
ancy for the case of the positive definite Helmholtz operator, η−Δ, η > 0 (note that
we do not treat the indefinite Helmholtz operator, where η < 0).

2 The Cauchy–Riemann Equations

Classical and optimized Schwarz methods have been analyzed in [2] at the continu-
ous level for the Cauchy Riemann equations,
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Lu :=
√
ηu +A∂xu +B∂yu = f , A =

[
−1 0
0 1

]
, B =

[
0 1
1 0

]
, (1)

and it was observed in the classical Schwarz case that the discretized algorithms
converged faster than predicted by the continuous analysis. The finite volume dis-
cretization used in these experiments was on a Cartesian mesh with mesh points
xlm = (lΔx,mΔy), l,m ∈ Z, namely

Lul,m :=
(
L1ul,m
L2ul,m

)
=

(
fl,m
gl,m

)
=: f l,m,

L1ul,m :=
√
ηul,m + (−D+

x −
D+

y −D−
y

2 )ul,m +
D+

y +D−
y

2 vl,m,

L2ul,m :=
√
ηvl,m + (D−

x −
D+

y −D−
y

2 )vl,m +
D+

y +D−
y

2 ul,m,

(2)

whereD±
x andD±

y are the usual finite difference operators in x and y directions. We
consider now a decomposition of Ω = R2 into two subdomainsΩ1 = (−∞, a)×R

and Ω2 = (b,∞) × R. In the interior of Ω1 the Eq. (2) is verified for all l < l1
and for Ω2, it is verified for all l > l2. A discrete Schwarz algorithm with general
transmission conditions is

Lu1,n
l,m = f l,m, l < l1,

L2ul1,m = gl1,m,

u1,n
l1,m

+ S1v1,n
l1,m

= u2,n−1
l1,m

+ S1v2,n−1
l1,m

,

Lu2,n
l,m = f l,m, l > l2,

L1ul2,m = fl2,m,

v2,n
l2,m

+ S2u2,n
l2,m

= v1,n−1
l2,m

+ S2u1,n
l2,m

.
(3)

where l1, l2 are the indices of the interface points, and S 1,2 are finite difference
operators that may contain parameters chosen in order to obtain better convergence
than with the classical algorithm. If only information following the characteristics
are exchanged, S1,2 ≡ 0, we obtain the classical Schwarz algorithm, see [2].

To simplify the analysis, we use the same discretization step in the x and y di-
rection, h := Δx = Δy. We denote the overlap parameter by δ := l1 − l2, and
use a discrete Fourier transform to study convergence properties of algorithm ( 3).
Since we study the evolution of the error, it is sufficient to study the homogeneous
counterpart of (3), and we look for the solutions of the form

uj,nl,m =
∑
k

αj,n(k)elhλ(k)eikmh

(
ûj,nk,m
v̂j,nk,m

)
, (4)

where j = 1, 2 denotes the subdomain index and n the iteration number of the
Schwarz algorithm. At each iteration and in each subdomain, the iterates satisfy for
each discrete frequency k the system of equations

√
ηûk,m − eλ(k)h−1

h ûk,m + 2−eikh−e−ikh

2h ûk,m + eikh−e−ikh

2h v̂k,m = 0,
√
ηv̂k,m + 1−e−λ(k)h

h v̂k,m + 2−eikh−e−ikh

2h v̂k,m + eikh−e−ikh

2h ûk,m = 0.
(5)

If we denote by φ := eλ(k)h−1
h and by ŵ := v̂k,m

ûk,m
, we obtain from the first equation

of (5) that
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φ =
√
η +

akh

2
+ bkŵ, (6)

where bk = i sin(kh)
h = ik + O(h) and ak = 2(1−cos(kh))

h2 = k2 + O(h) are the
symbols of the discrete first and second order derivative with respect to y. Replacing
this result into the second equation of (5) we obtain an equation for ŵ,

bk
((√

η + akh
2

)
h+ 1

)
ŵ2 +

((√
η + akh

2

) ((√
η + akh

2

)
h+ 2

)
+ b2kh

)
ŵ

+ bk
((√

η + akh
2

)
h+ 1

)
= 0.

This equation has solutions ŵ1,2, which give two corresponding values of φ1,2 with
opposite signs, whose asymptotic behavior for h small is

φ1,2(k, h) = ±
√
η + k2 +O(h).

Since subdomain solutions need to remain bounded, they must be of the form

uj,nl,m =
∑
k

αj,n(k)(φjh+ 1)leikmh
(
ûj,nk,m
v̂j,nk,m

)
. (7)

If we denote by σ1,2 the Fourier symbols of the operators S 1,2, and insert (7) into the
interface conditions of algorithm (3), we obtain for each frequency k

α1,n(k)(û1
k,m + σ1v̂

1
k,m)(φ1h+ 1)l1 = α2,n−1(k)(û2

k,m + σ1v̂
2
k,m)(φ2h+ 1)l1 ,

α2,n(k)(v̂2
k,m + σ2û

2
k,m)(φ2h+ 1)l2 = α1,n−1(k)(v̂1

k,m + σ2û
1
k,m)(φ1h+ 1)l2 .

Taking into account that ŵ = v̂k,m

ûk,m
and using (6), the convergence factor of algorithm

(3) is

ρ(k, η, δ, h) =
(

α2,n

α2,n−2

) 1
2

=
(

1+σ1v̂2
1+σ1v̂1

· σ2+v̂1
σ2+v̂2

) 1
2 ·

(
φ2h+1
φ1h+1

) δ
2

=
(
bk+σ1

“
φ2−

√
η− akh

2

”
bk+σ1

“
φ1−

√
η− akh

2

” · bkσ2+
“
φ1−

√
η− akh

2

”
bkσ2+

“
φ2−

√
η− akh

2

”
) 1

2

·
(
φ2h+1
φ1h+1

) δ
2
.

(8)

The maximum ρmax of this convergence factor over all relevant frequencies k ∈
[0, kmax], with the estimate kmax = π

h , determines the overall contraction factor of
the method, and hence the rate of convergence of the associated algorithm. Different
classes of interface conditions were studied at the continuous level in [2]:

Case 1: σ1 = σ2 = 0. This case corresponds to the classical Schwarz algorithm
which exchanges characteristic information at the interfaces.

Proposition 1. Let σ1 = σ2 = 0. In the non-overlapping case of algorithm (3) , δ =
0, the convergence factor attains its maximum for h small at kb = 2

1
2 ·3− 1

4 η
1
8 ·h− 3

4 ,
which leads to the overall contraction factor

ρmax := ρ(kb, η, 0, h) = 1− 2
3
2 · 3− 3

4 η
3
8 h

3
4 +O(h).

In the overlapping case of algorithm (3) , we have for

δ = 1 : kb = η
1
4 · h− 1

2 , ρmax = 1− 2η
1
4 · h 1

2 +O(h),
δ = 2 : kb = η

1
4 · 2− 1

2 · h− 1
2 , ρmax = 1− 2

3
2 η

1
4 · h 1

2 +O(h).
(9)
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Remark 1. In the non-overlapping case, the convergence factor predicted by the con-
tinuous analysis in [2] was 1 − O(h), but faster convergence was observed numer-
ically, a gap closed by the present analysis. In the overlapping case however, for
δ = 1, 2 and probably also bigger δ, the convergence factors from the discrete and
continuous analysis have the same asymptotic behavior, see [2].

Case 2: σ1 = bk√
η+p , σ2 =

√
η−p
bk

, a case with one parameter p > 0 to choose
for best performance. Since bk is the discrete symbol of the tangential derivative,
this case corresponds to the optimized algorithm where local operators are used in
the transmission conditions expressed with first order derivatives. Note that even if
we have bk in the denominator, it suffices to multiply both sides of the transmission
conditions with bk in order to obtain local operators.

Proposition 2. Let σ1 = bk√
η+p and σ2 =

√
η−p
bk

. In the non-overlapping case of
algorithm (3), δ = 0, the optimized parameter p∗ is for h small solution of

ρ(k1(p), η, 0, h, p) = ρ(kmax, η, 0, h, p), (10)

where k1(p) is a maximum of ρ, and we have the asymptotic result

k1 =
Ck1
h
, p∗ =

Cp√
h
, ρmax = 1− 1

4Cp
· (3C2

p + 8
√
η)
√
h+O(h).

The constants Ck1 and Cp can be explicitly computed: if θ denotes the real root of
6x3 − 20x2 + 19x− 3 = 0, then we get Ck1 = arccos(θ) = 1.373593, and

Cp = 2/(−3 · cos(Ck1)3 + 6 · cos(Ck1)2 + 3 · cos(Ck1)− 6
+16 · ((−1 + cos(Ck1 )) · (3 · cos(Ck1)− 5))1/2) · (−(6 · cos(Ck1)

3

−12 · cos(Ck1)2 − 6 · cos(Ck1) + 12
−32 · ((−1 + cos(Ck1 )) · (3 · cos(Ck1)− 5))1/2) · η1/2 · (cos(Ck1)3

−2 · cos(Ck1 )2 − cos(Ck1 ) + 2))1/2

= 0.7460898 · η 1
4 .

Proposition 3. Let σ1 = bk√
η+p and σ2 =

√
η−p
bk

. In the overlapping case, δ = 1, the
optimized parameter p∗ is for h small solution of the equation

ρ(k1(p), η, δ, h, p) = ρ(kmin, η, δ, h, p), (11)

where again k1(p) is a maximum of ρ, and kmin ≥ 0 is the minimum frequency on
the interface, and we have asymptotically

p∗ = 2−
1
3 · (k2

min + η)
1
3 · h− 1

3 , k1 = 2
1
3 · (k2

min + η)
1
6 · h− 2

3 ,

ρmax = 1− 4 · (η + k2
min)

1
6 · 2 1

3 · h 1
3 +O(h).

The same asymptotic behavior is also obtained for bigger overlap, δ > 1.
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Remark 2. In both Propositions 2 and 3, the asymptotic analysis of the discretized
algorithm presented here and the continuous algorithm from [ 2] predict the same
asymptotic performance.

Case 3: σ1 = σ2 = σ = bk√
η+p , where we can again choose p > 0 for best

performance.

Proposition 4. The optimized parameter p∗ is for h small solution of the equation

ρ(k1(p), η, δ, h, p) = ρ(k2(p), η, δ, h, p), (12)

where k1(p) and k2(p) are maxima of ρ. In the case δ ≤ 3, which means no or small
overlap (at most 3 mesh cells), we have the asymptotic result

p∗ =
Cp

h
, k1 =

Ck1√
h
, k2 =

Ck2
h
,

ρmax = 1− 2
2C2

k1
+ Cp

√
η + δC2

k1
Cp

CpCk1

√
h+O(h).

In the case with more overlap, δ ≥ 4, we obtain for h small

p∗ =
Cp√
h
, k1 =

Ck1

h
1
4
, k2 =

Ck2

h
3
4
,

ρmax = 1− 2
2C2

k1
+ Cp

√
η

CpCk1
h

1
4 +O(h

1
2 ).

The constants can again be computed: for example for the zero or small overlapping
case, we obtain

δ = 0 : Cp = 0.383205, Ck1 = 0.437724η
1
4 , Ck2 = 2.29295,

δ = 1 : Cp = 0.068781, Ck1 = 0.182338η
1
4 , Ck2 = 2.71717,

(13)

and for a case with bigger overlap, δ = 4, we get

Cp =
1
2
η

1
4 , Ck1 =

1
2
η

3
8 , Ck2 =

1
2
η

1
8 . (14)

We observed that for δ > 4 the factor one half in the constants (14) is replaced by a
factor that becomes smaller and smaller, as δ becomes larger.

Remark 3. Again there is a substantial difference between the continuous analysis
from [2] and the discrete analysis presented here: the continuous analysis predicted
the convergence factor 1−O(h

1
3 ) without overlap, and 1−O(h

1
4 ) with overlap.

Such differences are not only restricted to the somewhat exotic example of the
Cauchy–Riemann equations, they were also observed when the classical Schwarz
method is applied to Maxwell’s equations, see [3], and we will show in the next
section that even in the case of simple positive definite scalar partial differential
equations such differences can occur.
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3 The Positive Definite Helmholtz Equation

Optimized Schwarz methods have been analyzed thoroughly for the positive definite
Helmholtz equation at the continuous level in [6], and extensive numerical tests have
been presented which illustrate the performance predicted by the continuous analy-
sis. We show in this section that there are certain, quite natural discretizations which
can lead again to differences in the performance.

We use the same Cartesian mesh on Ω = R2 with mesh points xl,m =
(lΔx,mΔy), l,m ∈ Z, and we consider the five point finite difference discretization
of the positive definite Helmholtz equation (η −Δ)u = f ,

Lul,m :=
(
η −D+

xD
−
x −D+

y D
−
y

)
ul,m = fl,m. (15)

With the same decomposition as in Sect. 2, a general discrete Schwarz algorithm
applied to (15) is

Lu1,n
l,m = fl,m, l < l1, Lu2,n

l,m = fl,m, l > l2,

B1u
1,n
l1,m

= B1u
2,n−1
l1,m

, j ∈ Z, B2u
2,n
l2,m

= B2u
1,n−1
l2,m

, j ∈ Z,
(16)

where B1,2 denote the discrete transmission conditions (Dirichlet or Robin). We set
again h := Δx = Δy and δ := l1 − l2 for the overlap. Using a discrete Fourier
analysis in the y direction, one can show the following results:

Proposition 5. For Dirichlet transmission conditions,B1,2 = Id, and one mesh size
overlap, δ = 1, the asymptotic convergence factor of algorithm (16) for h small is
given by

ρmax = 1−√ηh+O(h2),

which is identical to the result obtained from a continuous analysis.

Proposition 6. For Robin transmission conditions discretized by one-sided finite dif-
ferences, B1 := D−

x + p and B2 := D+
x − p, the optimized Robin parameter and

asymptotic convergence factor of algorithm (16) for h small are given by

δ = 1: p∗ = 2
1
4 η

1
4h−

1
2 , ρmax = 1− η 1

4 2
3
4
√
h+O(h),

δ = 2: p∗ = 2−
1
3 η

1
3h−

1
3 , ρmax = 1− 2η

1
6 2

1
3h

1
3 +O(h

2
3 ).

(17)

Remark 4. In the case δ = 2 with overlap 2h, and one-sided finite difference dis-
cretization of the normal derivative, the asymptotic performance of the discretized
algorithm is as predicted by the continuous analysis, see [6]. However with δ = 1,
which means minimal overlap, the asymptotic performance of the discretized over-
lapping algorithm is worse, like predicted for the non-overlapping algorithm by the
continuous analysis in [6]. The benefit of the overlap is thus lost with this discretiza-
tion!

For Robin transmission conditions obtained by centered finite differences, the
algorithm (16) is given by
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Lu1,n
l,m = fl,m, l < l1, j ∈ Z,

(D−
x +(η−D+

y D
−
y )h2 +p)u1,n

l1,m
= (D+

x −(η−D+
y D

−
y )h2 +p)u2,n−1

l1,m
+hfl1,m,

Lu2,n
l,m = fl,m, l > l2, j ∈ Z,

(D+
x −(η−D+

y D
−
y )h2−p)u

2,n
l2,m

= (D−
x +(η−D+

y D
−
y )h2−p)u

1,n−1
l2,m

−hfl2,m.
(18)

Proposition 7. For the discrete optimized Schwarz algorithm (18), the optimized
Robin parameter and asymptotic convergence factor are for h small given by

δ = 0 : p∗ = 2
1
4

√
2

1
2 +1

4+3·2
1
2
η

1
4h−

1
2 , ρmax = 1− 2η

1
4 (2 + 3 · 2− 1

2 )
1
2
√
h+O(h),

δ = 1 : p∗ = 2−
1
3 η

1
3 h−

1
3 , ρmax = 1− 4η

1
6 2

1
3h

1
3 +O(h

2
3 ).

(19)

Remark 5. With the centered finite difference approximation of the normal deriva-
tive, the discretized optimized Schwarz algorithm for the positive definite Helmholtz
equation has the same asymptotic convergence behavior as predicted by the continu-
ous analysis in [6].

4 Conclusions

As we have seen, the discretization can modify the convergence behavior of Schwarz
algorithms, compared to the predicted behavior by a continuous analysis. We note
however that in all cases we have analyzed, different behavior is only observed when
the overlap is sufficiently small. In the case of enough overlap, the results of the
discrete and continuous analysis are consistent. This observation suggests that the
reason for possibly different behavior of the discrete algorithm could lie in the fact
that the physical properties are in those cases not well enough resolved in the over-
lapping region of very few grid points.
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1 Introduction

When a problem is posed on an unbounded domain, the domain needs to be truncated
in order to perform computations, and the pole condition is a new technique devel-
oped over the last few years for this purpose. The subject of domain truncation is
already an established research field. It was started in 1977 in a seminal paper by En-
quist and Majda [6], where a systematic method to obtain absorbing boundary condi-
tions (ABCs) is introduced for wave propagation phenomena. Absorbing boundary
conditions are approximations of transparent boundary conditions (TBCs), which,
when used to truncate the unbounded domain, lead by definition precisely to the re-
striction of the original solution on the unbounded domain. Unfortunately transparent
boundary conditions often involve expensive non-local operators and are thus incon-
venient. Absorbing boundary conditions became immediately a field of interest of
mathematicians in approximation theory, see for example [ 3, 9]. Recent reviews on
non-reflecting or absorbing boundary conditions concerning the wave equation are
[8] by Hagstrom and more recently Givoli [7]. Non-reflecting boundary conditions
for the transient Schrödinger equation are reviewed by Antoine et al. [ 1].

For the description of resonances for Schrödinger operators, the exterior complex
scaling (ECS) method was introduced by Simon [14] in 1979. In the early nineties,
a technique called perfectly matched layers (PMLs) was developed by Bérenger [ 4].
Here the idea is to add a layer just outside where the domain is truncated. In this
layer, a modified equation is solved, which can be interpreted as an area with different
artificial material, which absorbs outgoing waves, without creating reflections. The
PML can be interpreted as a complex coordinate stretching in the layer, by which
the original equation is transformed into a new one with appropriate properties, see
[5, 15]. Hence it is equivalent to ECS.

Absorbing boundary conditions and perfectly matched layers are two compet-
ing techniques with the same purpose, namely to truncate an unbounded domain for
computational purposes. In 2003, a new technique for the derivation and approxi-
mation of transparent boundary conditions was proposed by Schmidt, Hohage and
Zschiedrich [11], based on the so called pole condition:
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“The pole condition is a general concept for the theoretical analysis and the
numerical solution of a variety of wave propagation problems. It says that
the Laplace transform of the physical solution in the radial direction has no
poles in the lower complex half-plane.”

The pole condition leads to a numerical method for domain truncation which is easy
to implement and has shown great promise in numerical experiments for a variety of
problems, see [10, 12, 13]. We show in this paper for a model problem of diffusive
nature an error estimate for the numerical method based on the pole condition: the
domain truncation achieved is a Padé approximation of the transparent boundary
condition.

2 Model Problem

We consider on the domainΩg := R× (0, π) the elliptic model problem

(η −Δ)u = f in Ωg ,
u(x, 0) = u(x, π) = 0, (1)

where η > 0, and we seek bounded solutions. For an illustration, see Fig. 1. In order

x

y

0 1

π

Γ0 Γ1

Ω

support
of f

Fig. 1. Domain and support of f .

to perform computations on this problem, we truncate the domain in the unbounded
x-direction. We assume that f is compactly supported inΩ := (0, 1)× (0, π), which
suggests to truncate the domain along Γj = j × (0, π), j = 0, 1, see Fig. 1, using an
artificial boundary conditions of the form

B0(u)(0) = 0, B1(u)(1) = 0. (2)

Expanding the solution u in eigenmodes in the y direction, which in our case is a
sine-expansion for constant η and the homogeneous Dirichlet conditions at the top
and bottom, yields

(η − ∂xx + k2)û = f̂ ,
β0û(0) = 0, β1û(1) = 0,

(3)
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where βj , j = 0, 1 are the symbols of the artificial boundary conditions, and f̂ =
F(f) denotes the sine transform of f . A direct calculation shows that if β j = ∂n +√
η + k2, the truncated solution and the global solution restricted toΩ coincide, and

therefore the exact or transparent boundary conditions (TBCs) are

∂nû(0, k) +
√
η + k2û(0, k) = 0, ∂nû(1, k) +

√
η + k2û(1, k) = 0, (4)

and we see the well known Dirichlet to Neumann operator F −1(
√
η + k2) appear.

In order to obtain an absorbing boundary condition, one could therefore approximate
the square root either by a polynomial or a rational function.

3 The Pole Condition

In order to explain the pole condition, we follow the quote above and perform now
a Laplace transform in the radial direction, which in our case is the x direction, with
dual variable s̃, and obtain on the right boundary

(η + k2 − s̃2)U(s̃, k) + ∂nû(1, k) + s̃û(1, k) = 0, (5)

and a similar result on the left of the interface Γ0. Solving for U , we obtain

U(s̃, k) = − ∂nû+ s̃û

η + k2 − s̃2 , (6)

and thus U(s̃, k) has two singularities (poles), at s̃ = ±
√
η + k2. When looking

outward from the computational domain, we are interested in bounded solutions,
and hence the singularities in the right half plane R(s̃) > 0 are undesirable, as they
correspond to exponentially increasing solutions. Using a partial fraction decompo-
sition, we find

U(s̃, k) =
û(1, k)− ∂nû(1,k)√

η+k2

2(s̃+
√
η + k2)

+
û(1, k) + ∂nû(1,k)√

η+k2

2(s̃−
√
η + k2)

, (7)

and we see again that if û satisfies the TBC (4), the undesirable pole represented by
the second term of (7) is not present, since the numerator vanishes identically. The
key idea of the pole condition is to enforce that the second term can not be present,
by imposing analyticity of U(s̃, k) in the right half of the complex plane R(s̃) > 0.
In order to do so, it is convenient to first use the Möbius transform M s0 for s0 ∈ C

with positive real part, see Fig. 2, and map the right half plane into the unit circle,

Ms0 : s̃ �→ s =
s̃− s0
s̃+ s0

, M−1
s0 : s �→ s̃ = −s0

s+ 1
s− 1

.

We now exclude singularities of the solution U(s̃, k) in the right half of the complex
plane by enforcing the representation of U in the new variable s by the power-series
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Rs

�s

Rs̃

�s̃

s0

Ms0

Fig. 2. Möbius transform.

U(s, k) =
s− 1
2s0

(
(s− 1)

∞∑
n=0

ans
n − û

)
. (8)

We chose this particular ansatz, because it satisfies automatically the condition from
Laplace transform theory that if û exists, we must have

lim
s̃→∞

s̃U(s̃, k) = lim
s→1

−s0
s+ 1
s− 1

U(s, k) = û(1, k).

To simplify the notation, we set η̃ := η + k2 in what follows. Inserting the power-
series expansion (8) into Eq. (5), and collecting terms, we obtain(

η̃(s− 1)2

2s0
− s0(s+ 1)2

2

) ∞∑
n=0

ans
n =

(
η̃(s− 1)

2s0
− s0

s+ 1
2

− ∂ν
)
û(1, k).

(9)
Matching powers of s, we obtain the equations for the power series coefficients a n,(

η̃ − s20
)
a0 +

(
s20 + η̃

)
û(1, k) = −2s0∂ν û(1, k), (10)(

η̃ − s20
)
a1 − 2

(
η̃ + s20

)
a0 −

(
η̃ − s20

)
û(1, k) = 0, (11)(

η̃ − s20
)
an+1 − 2

(
η̃ + s20

)
an +

(
η̃ − s20

)
an−1 = 0, n = 1, . . . L− 2, (12)

−2
(
η̃ + s20

)
aL−1 +

(
η̃ − s20

)
aL−2 = 0, (13)

where we truncated the power series expansion at the L-th term. We observe that the
expansion coefficients satisfy a three term recurrence relation similar to the relation
satisfied by the original solution in the x direction, when a five point finite difference
stencil is used for the discretization, and since the expansion coefficients depend on
k, and η̃ = η + k2, the recurrence relation shows that the expansion coefficients
also satisfy a second order differential equation in the y direction. This permits an
easy implementation of the expansion coefficients on the same grid as the solution,
as illustrated in Fig. 3, and is the reason why it is so easy to use the pole condition
truncation. Note that this is the same system of equations for the an as obtained using
a Galerkin ansatz in the Hardyspace of the unit disc by Hohage and Nannen [ 10].
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u11

u13
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un3

a01

a03

a11

a13

a21

a23

Fig. 3. Implementation of the expansion coefficients on the same grid as the interior unknowns.

4 Error Estimate

In order to gain insight into the approximation we obtain from the truncation at the
L-th term, we define

b :=
η̃ + s20
η̃ − s20

=
η + k2 + s20
η + k2 − s20

, (14)

and we start resolving the recurrence relation from the last term ( 13), which implies

aL−1 =
1
2b
aL−2.

Using this result and (12) for n = L− 2 then gives

aL−2 =
1

2b− 1
2b

aL−3 =
1

2b−
1
2b
aL−3,

and continuing like this, we arrive when using (12) for n = 1 at

a1 = a0
1

2b− 1
2b−... 1

2b

= a0
1

2b−
1

2b−
1

2b− . . .
1
2b

=
L−1∑
n=1

1
2b− ,

a truncated continued fraction expansion. Using now ( 11) and (10), and rearranging
terms, we obtain the representation of the approximate operator which is defined by
the pole condition, namely

∂ν û(1, k) +
η + k2 − s20

2s0

(
b−

L∑
n=1

1
2b−

)
û(1, k) = 0. (15)

Comparing this relation with the TBC from (4), we see that the term containing the
continued fraction expansion must represent an approximation of the DtN operator√
η + k2.

Theorem 1. If the truncation level L of the continued fraction expansion ( 15) is go-
ing to infinity, it represents the exact Dirichlet to Neumann operator,
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η + k2 − s20
2s0

(
b−

∞∑
n=1

1
2b−

)
û(1, k) =

√
η + k2û(1, k) = −∂ν û(1, k), (16)

independently of the expansion point s0, and therefore the truncation condition ob-
tained from the pole condition converges to the TBC.

Proof. The continued fraction in (16) maybe rewritten as

b−
∞∑
n=1

1
2b− = b− 1

2b− 1
x

with x = 2b− 1
x
. (17)

The roots of x2 − 2bx + 1 are x1,2 = ±
√
b2 − 1 + b. Inserting x =

√
b2 − 1 + b

into (17), and using the identity

b− 1
b+

√
b2 − 1

=
√
b2 − 1,

we find from (15) and using the definition for b in (14) that

η + k2 − s20
2s0

((
η + k2 + s20
η + k2 − s20

)2

− 1

) 1
2

û = −∂ν û,

which can be simplified to give the result. �

We are now interested in obtaining an error estimate if the power series is truncated
at the L-th term. To this end, we use the following well known result for truncated
continued fraction expansions.

Theorem 2 (Sect. 4 [2]). The L-th truncated continued fraction expansion can be
represented by

a0 +
L∑
n=1

bn
an+

=
AL
BL

,

where An and Bn are defined by the recurrence relations

A−1 = 1, A0 = a0, An+1 = an+1An + bn+1An−1,

B−1 = 0, B0 = 1, Bn+1 = an+1Bn + bn+1Bn−1.
(18)

In what follows we will call (an)n the denominator sequence and (bn)n the numer-
ator sequence.

Theorem 3. The truncated recurrence relation (10), (11), (12) and (13) from the
pole condition represents an (L+1,L)-Padé approximation of the symbol of the DtN

operator s0
√

1 + z about z = 0, where z = η+k2−s20
s20

.
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Proof. The Padé approximation of (1 + z)
1
2 expanded at z = 0 is given by the

continued fraction

(1 + z)
1
2 = 1 +

1
2z

1+

1
2z

2+

1
2z

1+

1
2z

2+
. . . .

Hence the denominator sequence is a0 = 1 and an = 3+(−1)n

2 , n ≥ 1, whereas the
numerator sequence is given by bn = 1

2z, see [2], equation (6.4) on page 139. Using
Theorem 2, the L-th approximation is given by the fraction ofAL andBL. Using the
recurrence relations (18) with leading terms 2n+ 1, 2n, and 2n− 1, the even terms
can be eliminated to give

A−1 = 1, A1 = z+2
2 , A2n+1 = (2 + z)A2n−1 − z2

4 A2n−3,

B−1 = 0, B1 = 1, B2n+1 = (2 + z)B2n−1 − z2

4 B2n−3.
(19)

Using the variable z = η+k2−s20
s20

in the continued fraction representation for the
square root stemming from the pole condition (15), we find that the denominator
sequence is

c0 =
η + k2 + s20

2s0
= s0

z + 2
2

, cn = 2
η + k2 + s20
η + k2 − s20

=
2(2 + z)

z
, for n ≥ 1,

and the numerator sequence is

d1 = −η + k2 − s20
2s0

= −s0
z

2
, dn = −1, for n ≥ 2.

Using again Theorem 2, the L-th approximation is given by the fraction of CL and
DL, which are given by

C−1 = 1, C0 = s0
z+2
2 , C1 = s0( z2 + 4 + 4

z ), Cn+1 = 2(2+z)
z Cn − Cn−1,

D−1 = 0, D0 = 1, D1 = 2
z (2 + z), Dn+1 = 2(2+z)

z Dn −Dn−1.

If we define C̃n := (z/2)nCn, D̃n := (z/2)nDn, we obtain for n ≥ 0

C̃0 = s0
z+2
2 , C̃1 = s0

z
2 ( z2 + 4 + 4

z ), C̃n+1 = (2 + z)C̃n − z2

4 C̃n−1,

D̃0 = 1, D̃1 = 2 + z, D̃n+1 = (2 + z)D̃n − z2

4 D̃n−1,
(20)

which is the same recurrence as (19). Since C̃0 = s0A1, C̃1 = s0A3, D̃0 = B1 and
D̃1 = B3, the proof is complete. �
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1 Introduction

In many fields of applications such as reactive transport or ocean-atmosphere cou-
pling, models with very different spatial and time scales have to be coupled. Opti-
mized Schwarz Waveform Relaxation methods (OSWR), applied to linear advection-
reaction-diffusion problems in [1, 8], provide efficient solvers for this purpose. They
have two main advantages: first, they are global in time and thus permit non conform-
ing space-time discretization in different subdomains, and second, few iterations are
needed to compute an accurate solution, due to optimized transmission conditions.
It has been proposed in [4] to use a discontinuous Galerkin method in time as a
subdomain solver. Rigorous analysis can be made for any degree of accuracy and lo-
cal time-stepping, and finally time steps can be adaptively controlled by a posteriori
error analysis, see [6, 7, 10].

We present here the 2D analysis of the method. The time interval is split into time
windows, and in each time window, a few iterations of an OSWR algorithm are com-
puted, using second order optimized transmission conditions. The subdomain solver
is the discontinuous Galerkin method in time, and classical finite elements in space.
Coupling between subdomains is done by a simple and optimal projection algorithm
without any additional grid (see [2, 3]). The mathematical analysis is carried out on
the problem semi-discrete in time. The nonconforming DG-OSWR domain decom-
position method is proved to be well-posed and convergent for a decomposition into
strips, and the error analysis is performed in the case of Robin transmission condi-
tions. We present numerical results in two dimensions which extends the domain of
validity of the approach to the fully discrete problem.

We consider the advection-reaction-diffusion equation in R 2, written for varia-
tional purpose in the form
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∂tu+
1
2
∇ · (bu) +

1
2
b · ∇u−∇ · (ν∇u) + cu = f. (1)

The initial condition is u0. The advection and diffusion coefficients bbb = (b1, b2) and
ν, as well as the reaction coefficient c, are piecewise constant, i.e. constant in the
subdomains Ωi, i ∈ {1, ..., I}. The subdomains are strips Ωi = (αi, αi+1) × R,
with α1 = −∞ and αI+1 = +∞. More general geometries as well as piecewise
smooth coefficients will be studied in [5]. We suppose that ν > 0 and c > 0.

2 Local Problem and Time Discontinuous Galerkin

The optimized Schwarz waveform relaxation algorithm, as described in [ 1], intro-
duces a sequence of initial boundary value problems in Ω = (α, β) × R of the
following type:

∂tu+ 1
2∇ · (bu) + 1

2b · ∇u−∇ · (ν∇u) + cu = f in Ω × (0, T ),

(ν ∂n −
bbb · n

2
)u+ Su = g on Γ × (0, T ),

(2)

where n is the unit outward normal to Γ , and S is the boundary operator defined on
Γ = {α, β}×R by Su = p u+ q (∂tu+ r∂yu− s∂yyu). Here p, q, r and s are real
parameters, constrained to p > 0, q ≥ 0, s > 0. If q = 0, the boundary condition
reduces to a Robin boundary condition. We define the bilinear forms m and a by
m(u, v) = (u, v)L2(Ω) + q(u, v)L2(Γ ), and

a(u, v) :=
∫
Ω

(1
2
((bbb · ∇u)v − (bbb · ∇v)u) + ν∇u · ∇v + cuv

)
dx

+
∫
Γ

(
qs∂y u∂yv + q r∂yuv + puv

)
dy. (3)

By the Green’s formula, we obtain a variational formulation of ( 2):

d

dt
m(u, v) + a(u, v) = (f, v)L2(Ω) + (g, v)L2(Γ ), ∀v ∈ V, (4)

with V = H1(Ω) if q = 0 and V = H1
1 (Ω) defined below, if q > 0. The

problem is well-posed: if q = 0, if f is in L2(0, T, L2(Ω)), u0 is in H1(Ω),
and g is in L2(0, T,H1/2(Γ )), then the subdomain problem (2) has a unique solu-
tion u in L2(0, T,H2(Ω)) ∩ H1(0, T ;L2(Ω)). If q > 0, we introduce the spaces
Hs
s (Ω) = {v ∈ Hs(Ω), v |Γ ∈ Hs(Γ )} which are defined for s > 1/2. If

f is in L2(0, T, L2(Ω)), u0 is in H1
1 (Ω), and g is in L2((0, T ) × Γ ), then the

subdomain problem (2) has a unique solution u in L2(0, T,H2
2 (Ω)) with ∂tu ∈

L2(0, T ;L2(Ω) ∩ L2(Γ )), see [1, 9].
We now introduce the time-discontinuous Galerkin method, as described and

analysed in [6]. We are given a decomposition T of the time interval (0, T ), In =
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(tn, tn+1], for 0 ≤ n ≤ N , the mesh size is kn = tn+1 − tn. For B a Banach space
and I an interval of R, define for any integer d ≥ 0

Pd(B, T ) = {ϕ : (0, T )→ B, ϕ|In
=

d∑
i=0

ϕit
i, ϕi ∈ B, 0 ≤ n ≤ N}.

Let B = H1
1 (Ω) if q > 0, B = H1(Ω) if q = 0. We approximate u by a function

U ∈ Pd(B, T ) such that U(0, ·) = u0 and for all V in Pd(B, T ),∫
In

(m(U̇ , V ) + a(U, V )) dt+m(U(t+n )− U(t−n ), V (t+n )) =
∫
In

L(V ) dt, (5)

with L(V ) = (f, V )L2(Ω) +(g, V )L2(Γ ). Due to the discontinuous nature of the test
and trial spaces, the method is an implicit time stepping scheme, and U ∈ Pd(B, T )
is obtained recursively on each subinterval, which makes the method very flexible.

Theorem 1. If p > 0, q ≥ 0, s > 0, Eq. (5) defines a unique solution.

The result relies on the fact that the bilinear form a is positive definite. This is most
easily seen by using a basis of Legendre polynomials.

We will make use of the following remark due to [7]. Introduce the Gauss-Radau
points, (0 < τ1 < . . . < τd+1 = 1), defined such that the quadrature formula∫ 1

0 f(t)dt ≈
∑d+1
q=1 wqf(τq) is exact in P2d, and the interpolation operator In on

[tn, tn+1] at points (tn, tn+ τ1kn, . . . , tn+ τd+1kn). For any χ ∈ Pd, Inχ ∈ Pd+1,
is such that Inχ(tn) = χ(t−n ), Inχ(tn+1) = χ(t−n+1), and therefore for any ψ in
Pd, we have∫

In

d

dt
(Inχ)ψ dt−

∫
In

dχ

dt
ψ dt = (χ(t+n )− χ(t−n ))ψ(t+n ). (6)

As a consequence, we have a very useful inequality:∫
In

d

dt
(Inψ)ψdt ≥ 1

2
[ψ(t−n+1)

2 − ψ(t−n )2]. (7)

Equation (5) can be written in a strong form as

∂t(I U) + 1
2∇ · (bbbU) + 1

2bbb · ∇U −∇ · (ν∇U) + c U = Pf in Ω × (0, T ),(
ν ∂nnn − bbb·nnn

2

)
U + pU + q(∂t(IU) + r∂yU − s∂yyU) = Pg on Γ × (0, T ),

(8)

where P is the L2 projection in time on Pd(B, T ) (B is defined by the underlying
space), and I is the operator whose restriction to each subinterval is In. We discuss
now the iterative algorithm.

3 The Optimized Schwarz Waveform Relaxation Algorithm
Discretized in Time with Different Subdomain Grids

For each subdomain Ωi, the indices of the neighbouring subdomains are j ∈ N i.
Since b is constant in Ωi, equal to bi, 1

2∇ · (biuki ) + 1
2bi · ∇uki = ∇ · (biuki ). At the

continuous level, the algorithm is
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∂tu
k
i +∇ · (bbbiuki − νi∇uki ) + ciu

k
i = f in Ωi × (0, T ), (9)

(νi∂nnni
− bbbi ·nnni

2
)uki + Sijuki = (νj∂nnni

− bbbj ·nnni
2

)uk−1
j + Sij uk−1

j on Γij , j ∈ Ni,

with ν = νi in Ωi, Siju = pij u+ qij (∂tu+ rij∂yu− sij∂yyu).
Theorem 2. For any value of pij > 0, qij = q ≥ 0, rij = r and sij = s > 0, the
algorithm (9) converges in each subdomain to the solution u of problem ( 1).

The proof of this theorem will be given in [5], for general geometries and variable
coefficients. It relies on elaborate energy estimates, the use of Trace Theorems and
the Gronwall Lemma.

Our purpose here is to describe the discrete formulation in detail. The time par-
tition in subdomainΩi is Ti, with Ni + 1 intervals I in, and mesh size kin. In view of
formulation (8), we define interpolation operators I i and projection operators P i in
each subdomain, and we solve

∂t(IiUki ) +∇ · (bbbiUki − νi∇Uki ) + ci U
k
i = P if in Ωi × (0, T ), (10)(

νi∂nnni
− bbbi ·nnni

2
)
Uki + SijU

k
i = P i

(
(νj∂nnni

− bbbj ·nnni
2

)Uk−1
j + S̃ijU

k−1
j

)
on Γij ,

with SijU = pij U + qij (∂t(IiU) + rij∂yU − sij∂yyU) and S̃ijU = pij U +
qij (∂t(IjU) + rij∂yU − sij∂yyU). If the algorithm converges, it converges to the
solution of

∂t(IiUi) +∇ · (bbbiUi − νi∇Ui) + ci Ui = P if in Ωi × (0, T ),(
νi∂nnni −

bbbi ·nnni
2

)
Ui + Sij Ui = P i

(
(νj∂nnni −

bbbj ·nnni
2

)Uj + S̃ij Uj
)

on Γij . (11)

Theorem 3. Assume pij = p > 0. If qij = 0, or if qij = q > 0 with rij = 0,
sij = s > 0 and bbbi = 0, Problem (11) has a unique solution (Ui)i∈J , and Ui is the
limit of the iterates of algorithm (10).

The proof is based on energy estimates (see [5]).
We now state the error estimate.

Theorem 4. Let k = supn kn. If pij = p > 0 and qij = 0, the error between u and
the solution Ui of (11) is estimated by:

I∑
i=1

‖u− Ui‖2L∞(0,T,L2(Ωi))
≤ Ck2(d+1)‖∂d+1

t u‖2L2(0,T ;H2(Ω)). (12)

Proof. We introduce the projection operator P −
i as

∀n ∈ {1, ..., Ni}, P−
i ϕ ∈ Pd(Iin),

P−
i ϕ(tin+1) = ϕ(tin+1), ∀ψ ∈ Pd−1(Iin),

∫
Ii

n

(P−
i ϕ− ϕ)(t)ψ(t) dt = 0.
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We defineWi = P−
i (u|Ωi),Θi = Ui−Wi and ρi = Wi−u|Ωi . Classical projection

estimates in [10] yield the estimate on ρi:

I∑
i=1

‖ρi‖2L∞(0,T,L2(Ωi))
≤ Ck2(d+1)‖∂d+1

t u‖2L2(0,T ;L2(Ω)).

Since Ui − u|Ωi = Θi + ρi, it suffices to prove estimate (12) forΘi. Now, using the
equations of u and Ui, and the identity d

dtIiP
−
i = P i ddt , Θi satisfies:

∂t(IiΘi) +∇ · (bbbiΘi)− νΔΘi + ciΘi = P i(−∇ · (bbbiρi) + νΔρi − ciρi)
+ (1 − P i)∂tu in Ωi × (0, T ),(

νi ∂nnni
− bbbi ·nnni

2
)
Θi + pΘi = P i

(
(νj ∂nnni

− bbbj ·nnni
2

)Θj + pΘj
)

− (1− P i)
(
(νj ∂nnni

− bbbj ·nnni
2

)Wj + pWj

)
on Γij × (0, T ).

(13)

We set ‖ϕ‖i = ‖ϕ‖L2(Ωi) and �ϕ�2
i = νi‖∇ϕ‖2L2(Ωi)

+ c‖ϕ‖2L2(Ωi)
. Multiply the

first equation of (13) by Θi, integrate over (tin, t
i
n+1) × Ωi, using (7) and integrate

by parts in space. Complete the argument by using Cauchy Schwarz inequality:

1
2
‖Θi((tin+1)

−)‖2i +
∫
Ii

n

�Θi(t, ·)�2
i dt−

∫
Ii

n

∫
Γi

(νi∂nnni
Θi−

bbbi ·nnni
2

Θi)Θidy dt

≤ 1
2
‖Θi((tin)−)‖2i + C

∫
Ii

n

‖ρi(t, ·)‖2H2(Ωi)
dt.

Rewriting the boundary integral, we obtain:

1
2
‖Θi((tin+1)

−)‖2i +
∫
Ii

n

�Θi(t, ·) �2
i dt

+
1
4p

∑
j∈Ni

∫
Ii

n

∫
Γij

(νi∂nnni
Θi −

bbbi ·nnni
2

Θi − pΘi)2 dy dt

≤ 1
4p

∑
j∈Ni

∫
Ii

n

∫
Γij

(νi∂nnni
Θi −

bbbi ·nnni
2

Θi + pΘi)2 dy

+
1
2
‖Θi((tin)−)‖2i + C

∫
Ii

n

‖ρi(t, ·)‖2H2(Ωi)
dt.

Using the transmission condition in (13) and the fact that P i and 1− P i are orthog-
onal to each other and have norm 1, we get by a trace theorem:
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1
2
‖Θi((tin+1)

−)‖2i +
∫
Ii

n

�Θi(t, ·) �2
i dt

+
1
4p

∑
j∈Ni

∫
Ii

n

∫
Γij

(νi∂nnni
Θi −

bbbi ·nnni
2

Θi − pΘi)2 dy dt

≤ 1
4p

∑
j∈Ni

∫
Ii

n

∫
Γij

(νj∂nnnj
Θj −

bbbj ·nnnj
2

Θj − pΘj)2 dy +
1
2
‖Θi((tin)−)‖2i

+ C

∫
Ii

n

‖ρi(t, ·)‖2H2(Ωi)
dt+ C

∫
Ii

n

‖(1− P i)(u|Ωi)(t, ·)‖2H2(Ωi)
dt. (14)

Classical error estimates in [10] imply:∫ T

0

‖ρi(t, ·)‖2H2(Ωi)
dt+

∫ T

0

‖(1− P i)(u|Ωi)(t, ·)‖2H2(Ωi)

≤ Ck2(d+1)‖∂d+1
t u‖2L2(0,T ;H2(Ωi))

. (15)

Summing (14) in j and n, and using the previous equation yields (12).

4 Numerical Results

The above analysis deals with continuous problems and problems semi-discretized
in time. We have implemented the algorithm with d = 1 and P1 finite elements in
space in each subdomain using mortar methods like in [3], in order to permit non-
matching grids in time and space on the boundary. Time windows are used in order to
reduce the number of iterations of the algorithm. In the first example, the coefficients
are optimized numerically using the convergence factor. In the second one, formulas
from [1] are used.

We first give an example of a multidomain solution with time windows. The
physical domain is Ω = (0, 1)× (0, 2), the final time is T = 4. The initial value and
the right hand side are u0 = f = e−100((x−0.55)2+(y−1.7)2). The domain Ω is split
into two subdomainsΩ1 = (0, 0.5)× (0, 2) andΩ2 = (0.5, 1)× (0, 2). The reaction
c is zero, the advection and diffusion coefficients are bbb1 = (0,−1), ν1 = 0.05, and
bbb2 = (−0.1, 0), ν2 = 0.1. The mesh size and time step in Ω1 are h1 = 3.93.10−2

and k1 = 2.5.10−2, while inΩ2, h2 = 8.84.10−2 and k2 = 6.25.10−2. In Fig. 1, we
observe, at final time T = 4, that the approximate solution computed using 4 uniform
time windows, with 3 iterations in the first time window, and then 2 iterations in
the next ones (right figure), is close to the reference solution computed in one time
window on a conforming finer space-time grid (left figure).

We analyze now the precision for continuous coefficients. The advection field
is bbb = (− sin(π(y − 1

2 )) cos(π(x − 1
2 )), cos(π(y − 1

2 )) sin(π(x − 1
2 ))), and the

diffusion is ν = 1. The exact solution is given by u(x, t) = cos(πx)sin(πy)cos(πt),
in the unit square. The domain is decomposed into 2 subdomains with the interface
at x = 0.3. The space grid is fixed and non conforming with mesh sizes h 1 = 0.0074
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Fig. 1. Computation using discontinuous Galerkin with time windows.

and h2 = 0.011. We start with four time grids : time grids 1 and 2 are the conforming
finner and coarser ones with respectively 7 and 5 grid points in each domain. Time
grid 3 is nonconforming with 5 grid points in Ω1 and 7 grid points in Ω2, and time
grid 4 is nonconforming with 7 grid points in Ω1 and 5 grid points inΩ2. Thereafter
the time steps are divided by 2 several times. Figure 2 shows the norms of the error in
L∞(I;L2(Ωi)) versus the number of time refinements, for subdomain 1 on the left,
and subdomain 2 on the right. First we observe the order 2 in time for conforming
and nonconforming cases. They fit the theoretical estimates, even though we have
theoretical results only for Robin transmission conditions and the space continuous
problem. Moreover, the error obtained in the nonconforming case, in the subdomain
where the grid is finer, is nearly the same as the error obtained in the conforming
finer case.
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Fig. 2. Error curves versus the refinement in time, for Ω1 (left) and Ω2 (right).
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5 Conclusions

We have extended the numerical method proposed in [ 4] to higher dimensions and
analyzed it for heterogeneous advection-reaction-diffusion problems. It relies on the
splitting of the time interval into time windows, in which a few iterations of an
OSWR algorithm are performed by a discontinuous Galerkin method in time, with
projection between space-time grids on the interfaces. We have shown both theo-
retically and numerically that the method preserves the order of the discontinuous
Galerkin method.
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1 Introduction

We consider two-level Newton-Krylov-Schwarz algorithms for blood flow in arter-
ies, which is a computationally difficult and practically important application area
[6, 8]. In particular, the similar densities of blood and artery wall make the coupling
between fluid and structure strong in both directions, so that partitioned or iterative
procedures have difficulties due to the added-mass effect [ 4]. Instead of a partitioned
procedure, we adopt a monolithic computational approach, coupling fluid to struc-
ture in one large system that is solved all at once. This tight coupling allows for
robustness to parameters and makes our method immune to the added-mass effect.
The resulting system is difficult to solve, but we show here that it can be solved ef-
ficiently with effective preconditioning strategies specifically designed for parallel
computing.

2 Mathematical Model and Discretization

We solve the fully coupled and nonlinear equations for fluid-structure interaction
with monolithic coupling of the three components, the fluid, the elastic wall structure,
and the moving mesh.

Our visco-elastic model for the artery wall is

ρs
∂2

∂t2
xs = ∇ · σs + β

∂

∂t
(Δxs)− γxs (1)

where xs is the structural displacement, σs = −psI + (2/3)Es(∇xs + ∇xTs ) is
the Cauchy stress tensor that involves the unknown pressure p s, ρs is the structure
density, and β is a visco-elastic parameter. The γ term is included so that we can
reproduce a standard fluid-structure test problem with one-dimensional structure as
in [1]. To specify the grid displacements xf , we simply use the Laplace equation
Δxf = 0 on the interior of the domain, following the practice in [ 10].



142 A.T. Barker and X.-C. Cai

We model the fluid as a viscous incompressible Newtonian fluid, using the
Navier–Stokes equations in the ALE frame

∂uf
∂t

∣∣∣∣
Y

+ [(uf − ωg) · ∇]uf +
1
ρf
∇pf = νfΔuf , (2)

∇ · uf = 0, (3)

Here uf is the fluid velocity vector and pf is the pressure. The given data include the
fluid density ρf and the kinematic viscosity νf = μf/ρf . The ALE mesh velocity is
ωg = ∂xf/∂t and the Y indicates that the time derivative is to be taken in the ALE
frame.

Boundary conditions for the fluid equations typically consist of a Dirichlet con-
dition where uf takes a given profile at the inlet Γi, and a zero traction condition
σf · nf = μf (∇uf · nf ) − pfnf = 0 at the outlet, where nf is the unit outward
normal. Here we have used σf = −pfI + μf (∇uf ).

The physical system, as well as our model and discretization, has strong coupling
between the three fields. At the fluid-structure boundary we require that structure
velocity match fluid velocity, uf = ∂xs/∂t, which is a generalization of a no-slip,
no penetration condition. We also enforce that the moving mesh must follow the
solid displacement, so that the structure can maintain a Lagrangian description. This
condition takes the form xf = xs. Again, this reduces to a homogeneous Dirichlet
condition in the case of a rigid wall. Finally, we enforce the continuity of traction
forces at the boundary. This can be written σs ·ns = −σf ·nf , where ns,nf are the
unit outward normal vectors for the solid and fluid domains, respectively, and σ s and
σf are the Cauchy stress tensors. The condition can be thought of as a Neumann-type
condition on the structure model. It is important to emphasize that these coupling
conditions are enforced implicitly as part of the monolithic system – they are never
enforced as boundary conditions with given data from subproblems, as in the iterative
coupling approach.

We discretize the coupled system with Q2 − Q1 finite elements for both fluid
and structure. We discretize in time with the second order implicit trapezoid rule
yn+1 = yn + (Δt/2)(Fn+1 + Fn). For the sake of brevity, we skip the derivation
of the weak form (which is standard) and present the fully discrete system. At each
time step we solve a nonlinear system of the form

(M̃ − (Δt/2)K̃)yn+1 = (M̃ + (Δt/2)K̃)yn (4)

where

yn =

⎛⎜⎜⎜⎜⎜⎜⎝
uf
pf
xs
ẋs
ps
xf

⎞⎟⎟⎟⎟⎟⎟⎠

n

, M̃ =

⎛⎜⎜⎜⎜⎜⎜⎝
Mf

I
ρsMs

⎞⎟⎟⎟⎟⎟⎟⎠ , (5)

and
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K̃ =

⎛⎜⎜⎜⎜⎜⎜⎝
N(uf )− νfKf −QTf

Qf
I

Au Ap Ks + γMs βKs −QTs
Qs

Km

⎞⎟⎟⎟⎟⎟⎟⎠ . (6)

In the above, Mf ,Ms are finite-element mass matrices for the fluid and structure,
N(uf ) represents the nonlinear term in (2), Qf , Qs are discrete divergence opera-
tors, and Kf ,Ks,Km are all finite-element stiffness matrices. Au and Ap are dis-
cretizations of the traction-matching condition.

3 Two-Level Newton and Schwarz Methods

At each timestep we have to solve the nonlinear system (4). We solve this nonlin-
ear system with a two-level Newton-Krylov-Schwarz algorithm – it is this algorithm
that is the heart of this paper and the key to achieving parallel scalability and perfor-
mance.

We first obtain an initial guess for the fine nonlinear problem (4) by solving an
analogous nonlinear problem on the coarse grid and interpolating to the fine grid.
Then we solve (4) with a standard inexact Newton method using that initial guess.
At each iteration of Newton’s method, we need to solve a linear Jacobian system, for
which we use restarted flexible GMRES. The Newton method and the linear solver
are standard, so we go on to describe the two-level hybrid preconditioner in detail.

Our hybrid preconditioner has two pieces – a one-level Schwarz domain decom-
position component, and a coarse solve component. We describe the domain decom-
position part first.

The domain decomposition portion, or fine-grid portion, of the two-level precon-
ditioner is implemented as in [2]. We first partition the finite element mesh on Ω
into several meshes on subdomains Ω	, each one corresponding to a processor of
the parallel machine. Then we extend each subdomain Ω 	 to overlap its neighbors
by a user-specified amount δ, and denote the overlapping domain by Ω ′

	. On each
subdomain Ω ′

	 we construct a subdomain operator B	, which is a restriction of the
Jacobian matrix from the Newton solver. This portion of the preconditioner can be
written

M−1
1 =

N∑
j=1

(R0
j )
TB−1

j Rδj (7)

where the B−1
j are subdomain solves and the Rj are restriction and interpolation

operators for the subdomains. Here R0
	 is a restriction operator that does not in-

clude overlap while Rδ	 includes the overlap, which describes the restricted additive
Schwarz variant [3]. The choice of subdomain solves and restriction and interpo-
lation operators leads to different kinds of Schwarz preconditioners with different
properties [9]. In our algorithm the B̃−1

	 solves are done with LU factorization, which
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is expensive, but since the subdomain solve is local to a single processor the precon-
ditioner is scalable.

In our implementation, we combine the coarse-level and fine-level precondition-
ers multiplicatively, while continuing to use additive Schwarz within the fine level.
You can write down the application of this hybrid preconditionerM −1

h to a vector x
in two steps

z = IhHB
−1
0 IHh x, (8)

M−1
h x = z +M−1

1 (x−G′
hz) = z +

N∑
j=1

(R0
j )
TB−1

j Rδj(x−G′
hz), (9)

where IHh is a restriction from the fine grid to the coarse grid, I hH = (IHh )T is
the corresponding interpolation operator from coarse grid to fine grid, and B −1

0 is
a coarse-grid solve. In this hybrid preconditioner, the additive one-level component
(9) means we can do the local subdomain solves in parallel, while we do the coarse
and fine levels sequentially.

The coarse solve B−1
0 in (8) is normally parallel restarted GMRES, precondi-

tioned with a one-level additive Schwarz method, using the same number of sub-
domains (and therefore processors) as the fine grid. The matrix that is being used
in GMRES here is a Jacobian matrix, constructed independently on the coarse grid.
That is, we solve (8) using the one-level algorithm described above. The only differ-
ence is that we can solve the coarse problem with a much larger error tolerance than
the fine problem, saving computational cost while still being an effective precondi-
tioner.

Using the same basic algorithm for the one-level method on the coarse as on the
fine grid has two advantages. First, it is simpler to implement and allows us to reuse
some data structures. And second, since we are using the full parallel collective to
solve the coarse problem, it allows us to apply the preconditioner multiplicatively,
since the coarse solve is done before the fine solve needs any data from it and vice
versa. One potential disadvantage is the large number of subdomains of the coarse
space, which could lead to the same ill-conditioning problem that drove us to use a
two-level method in the first place. In practice, the coarse problem is easy enough
to solve and the overlap (which is less costly to increase on the coarse grid) can be
made sufficiently large to overcome this difficulty, though for very large simulations
we may want to consider additional levels.

The fine and coarse grids in our implementation do not have any necessary con-
nection to each other – they can be generated completely independently by mesh-
generating software, and the interpolation and restriction between them is calculated
when the program runs. In particular, the fine grid is not a refinement of the coarse
grid. The fine grid is partitioned for the domain decomposition and parallel process-
ing by Parmetis [7], and the coarse grid inherits that partition – the elements of the
coarse grid are assigned to processors that contain nearby fine-grid elements.
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4 Numerical Results

In this section we explore the implications of using a two-level Newton-Krylov-
Schwarz method and the interplay of various parameters in that method, compar-
ing to the one-level implementation as we go. We do simulations on a straight tube
model, where we can verify results found in the literature and more carefully control
the mesh size and number of unknowns, and also consider a more realistic branching
artery model derived from clinical data. See [2] for a detailed verification of the same
method with a less efficient preconditioner.

In the numerical results in this section, unless otherwise specified, we use an
incompressible structure, the fluid density is 1,000 kg/m3, the damping parameter
β = 0.01, and the kinematic viscosity of the fluid is νf = 0.0035 kg/m s.

For the solver parameters, we consider the Newton solver on the fine level to
have converged if the (absolute) residual is less than 10−6. For fGMRES on the fine
level, we have a relative tolerance that changes at each iteration, set by the Eisenstat–
Walker method [5]. We restart flexible GMRES every 100 iterations.

We first test the method on a straight tube problem taken from [1]. We have a
two-dimensional tube 6 cm by 1 cm, with walls at top and bottom of thickness 0.1
cm. A traction condition is applied at the left boundary to induce a pressure pulse,
which then travels to the right, deforming the structure as it goes. In this example
the Young’s modulus Es = 7.5 · 104 kg/m s2, the structure is incompressible and
has a density of 1,100 kg/m3, and the inlet pressure pulse takes the form σf · nf =
(−P0/2) [1− cos ((πt)/(.0025s))] where P0 = 2.0 ·105 kg/m s2. The timestep size
is Δt = 0.0001 s.
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Fig. 1. Weak scaling for a straight tube test problem. The vertical axis shows average walltime
in seconds per timestep of the simulation. The number of unknowns is proportional to the
number of processors – 1,024 processors is 7.1 · 106 unknowns.
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The primary motivation for the two-level preconditioner is to improve scalability
for the most physically realistic cases, and we demonstrate that scalability in Fig. 1,
which shows weak scaling for the straight tube example in the two-grid case, and
where the scalability looks very good out to 1,024 processors. The linear iterations
are also kept nearly constant for the two-level case in sharp contrast to the one-level
preconditioner (results not shown).

Table 1. Effect of the coarse grid size on the solver behavior for the straight tube case. Coarse
size is expressed as a fraction of the number of fine-grid unknowns, and coarse frac represents
the proportion of compute time spent on the coarse grid.

Unknowns np Coarse size Levels fGMRES Coarse frac Walltime

4.51 · 105 64 0.0 One 74.6 0.00 46.21
4.51 · 105 64 0.03 Two 53.1 0.04 46.33
4.51 · 105 64 0.12 Two 43.0 0.13 46.84

7.97 · 105 128 0.0 One 123.2 0.00 41.08
7.97 · 105 128 0.02 Two 86.9 0.06 42.87
7.97 · 105 128 0.07 Two 68.7 0.11 43.49

1.78 · 106 256 0.0 One 313.0 0.00 66.07
1.78 · 106 256 0.01 Two 205.5 0.06 67.74
1.78 · 106 256 0.03 Two 209.5 0.12 71.16

3.16 · 106 512 0.0 One 882.7 0.00 78.27
3.16 · 106 512 0.004 Two 1.52 · 103 0.15 143.82
3.16 · 106 512 0.02 Two 325.6 0.15 66.38
3.16 · 106 512 0.04 Two 485.8 0.24 83.74

7.09 · 106 1,024 0.0 One 5.55 · 103 0.00 426.07
7.09 · 106 1,024 0.02 Two 522.3 0.15 131.13
7.09 · 106 1,024 0.03 Two 4.17 · 103 0.38 548.94

Perhaps the most important implementation detail to consider in designing a two-
level method is to choose the size of the coarse grid in order to balance the improve-
ment in conditioning that comes from using a relatively fine coarse grid with the cost
of solving the problem on the coarse grid. In Table 1, we present some comparisons
of different coarse grid sizes.

In addition to the straight tube problem, we also use a pulmonary artery model
taken from clinical data. Here we use a Young’s modulus ofE s = 3.0 ·104 kg/m s2,
and the structure is again incompressible and has a density of 1,000 kg/m 3. We
start the simulation from rest, with an impulsive Dirichlet inlet velocity condition of
0.05 m/s. In this more physically realistic and computationally challenging example,
the difference in linear iteration counts between one- and two-level methods is even
more marked. In Table 2, the two-level method results in a very sharp reduction in
linear iterations and a good reduction in compute time for these problems. The two-
level method can also be shown to be more robust to a variety of physical parameters.
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Table 2. Solver characteristics for increasing number of subdomains, with fixed problem size
(1.63 million unknowns) and fixed overlap parameter (δ = 0 for two-level, δ = 3 for one-
level).

fGMRES Iterations Walltime
Subdomains one-level two-level one-level two-level

96 442 237 270 184
112 514 245 277 182
128 487 286 216 163
160 697 282 201 105
192 899 485 168 109
224 1,040 349 152 91.1
256 1,020 382 127 79.9

Table 3. Overlap parameter comparisons for one-level and two-level methods on a branching
grid.

Unknowns np Levels δ Newton fGMRES Walltime

1.63 · 106 128 One 1 3.0 2.35 · 103 406.32
1.63 · 106 128 One 2 3.0 820.6 270.19
1.63 · 106 128 One 3 3.0 487.4 214.43
1.63 · 106 128 One 4 3.0 356.6 225.61

1.63 · 106 128 Two 0 3.0 241.2 137.86
1.63 · 106 128 Two 1 3.0 261.4 186.48
1.63 · 106 128 Two 2 3.0 225.2 210.11
1.63 · 106 128 Two 3 3.0 201.4 193.15
1.63 · 106 128 Two 4 3.0 180.2 210.68

2.40 · 106 256 One 2 3.0 3.16 · 103 340.23
2.40 · 106 256 One 3 3.0 1.57 · 103 240.06
2.40 · 106 256 One 4 3.0 1.02 · 103 207.86

2.40 · 106 256 Two 0 3.0 423.2 114.98
2.40 · 106 256 Two 1 3.0 413.4 135.23
2.40 · 106 256 Two 2 3.0 338.2 148.22
2.40 · 106 256 Two 3 3.0 435.6 179.23
2.40 · 106 256 Two 4 3.0 433.2 194.31

The overlap parameter δ in the Schwarz domain decomposition method is one
way to adjust the strength of the preconditioner – a higher δ means more information
transfer between subdomains, and therefore a faster convergence, but results in larger
local problems. Another way to exchange information between subdomains is with
a coarse grid, and in Table 3 it is clear that in the two-level method, the need to use
overlap is greatly reduced.
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5 Conclusion

In this paper we have developed and analyzed two-level Newton-Krylov-Schwarz
methods for fluid-structure interaction in the simulation of blood flow. We have
demonstrated effective, scalable parallel preconditioners for the fully coupled mono-
lithic problem that allow complicated geometries with realistic parameter values.
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1 Introduction

In this paper we study the application of Newton-Krylov-Schwarz method to fully
implicit, fully coupled solution of a global shallow water model. In particular, we are
interested in developing a scalable parallel solver when the shallow water equations
(SWEs) are discretized on the cubed-sphere grid using a second-order finite volume
method.

2 Governing Equations

The cubed-sphere grid of gnomonic type [ 7, 8] is used in this study. The grid is
generated by mapping the six faces of an inscribed cube to the sphere surface using
gnomonic projection. The six expanded patches are continuously attached together
with proper boundary conditions. On each patch, the expressions of the SWEs in
local curvilinear coordinates (x, y) ∈ [−π/4, π/4]2 are identical. When no bottom
topography is involved, the SWEs can be written in the following conservative form:

∂Q

∂t
+

1
Λ

∂(ΛF )
∂x

+
1
Λ

∂(ΛG)
∂y

+ S = 0, (1)

with

Q =

⎛⎝ h
hu
hv

⎞⎠ , F =

⎛⎝ hu
huu+ 1

2gg
11h2

huv + 1
2gg

12h2

⎞⎠ , G =

⎛⎝ hv
huv + 1

2gg
12h2

hvv + 1
2gg

22h2

⎞⎠ , S =

⎛⎝ 0
S1

S2

⎞⎠ ,
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and

S1 = Γ 1
11(huu) + 2Γ 1

12(huv) + fΛ
(
g12hu− g11hv

)
,

S2 = 2Γ 2
12(huv) + Γ 2

22(hvv) + fΛ
(
g22hu− g12hv

)
.

Here h is the fluid thickness, (u, v) are contravariant components of the fluid velocity,
g is the gravitational constant and f is the Coriolis parameter due to the rotation of
the sphere. The variable coefficients gmn, Λ and Γ 	mn are only dependent on the
curvilinear coordinates [12].

3 Discretizations

A uniform rectangular N × N grid is used on each patch. Grid cell C ij is centered
in (xi, yj), i, j = 1, · · · , N , with grid size Δx = Δy = π/2N . The approximate
solution in cell Cij at time t is defined as

Qij ≈
1

ΛijΔxΔy

∫ yj+Δy/2

yj−Δy/2

∫ xi+Δx/2

xi−Δx/2
Λ(x, y)Q(x, y, t) d x d y,

where Λij is evaluated at the cell center of Cij . Then we have the following semi-
discrete system of the SWEs:

∂Qij
∂t

+
(ΛF )i+ 1

2 ,j
− (ΛF )i− 1

2 ,j

Λij�
+

(ΛG)i,j+ 1
2
− (ΛG)i,j− 1

2

Λij�
+ Sij = 0. (2)

Here the numerical fluxes are approximated using the Osher’s Riemann solver [ 5, 6],
i.e.,

(ΛF )i+ 1
2 ,j

= Λi+ 1
2 ,j
F (o)(Q−

i+ 1
2 ,j
, Q+

i+ 1
2 ,j

) = Λi+ 1
2 ,j
F (Q∗

i+ 1
2 ,j

),

with

h∗ =
1

4gg11

[
1
2
(
u− − u+

)
+

√
gg11h− +

√
gg11h+

]2

,

u∗ =
1
2
(
u− + u+

)
+

√
gg11h− −

√
gg11h+,

v∗ =

⎧⎨⎩v
− + g12

g11 (u∗ − u−) , ifu∗ ≥ 0

v+ + g12

g11 (u∗ − u+) , otherwise,

where we assume |u| <
√
gg11h. The calculation of G follows an analogous way,

see [12] for details. The following two reconstruction methods for constant states are
considered in this study:

• Piecewise constant method (first order):

Q−
i+ 1

2 ,j
= Q+

i− 1
2 ,j

= Qij . (3)
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• Piecewise linear method (second order):

Q−
i+ 1

2 ,j
= Qij +

Qi+1,j −Qi−1,j

4
, Q+

i− 1
2 ,j

= Qij −
Qi+1,j −Qi−1,j

4
(4)

On each patch interface, one layer of ghost cells is needed and the numerical fluxes
are calculated symmetrically across the interface to insure the numerical conserva-
tion of total mass, see [11] for details.

Given a semi-discrete system

∂Q

∂t
+ L(Q) = 0,

we use the following second-order backward differentiation formula (BDF-2) for the
temporal integration:

1
2Δt

(
3Q(m) − 4Q(m−1) +Q(m−2)

)
+ L(Q(m)) = 0. (5)

Here Q(m) denotes Q evaluated at m-th time step with a fixed time step size Δt.
Only at the first time step, a first-order backward Euler (BDF-1) is used.

4 Nonlinear Solver

Fully implicit method enjoys an advantage that the time-step size is no longer con-
strained by the CFL condition. The price to pay is that a large sparse nonlinear alge-
braic system has to be solved at each time step. In this study, we use Newton-Krylov-
Schwarz (NKS) algorithm as the nonlinear solver.

In the NKS algorithm, to solve a nonlinear system F(X) = 0, an inexact New-
ton’s method is used in the outer loop. Let Xn be the approximate solution for the
n-th Newton iterate, we find the next solutionXn+1 as

Xn+1 = Xn + λnsn, n = 0, 1, ... (6)

where λn is the steplength decided by a linesearch procedure and sn is the Newton
correction. We then use the right-preconditioned GMRES (restarted every 30 itera-
tions) method to solve the Jacobian system

JnM
−1(Msn) = −F(Xn), Jn = F ′(Xn)

until the linear residual rn = Jnsn + F(Xn) satisfies

‖rn‖ ≤ η‖F(Xn)‖.

We implement a hand-coded analytic method to generate the Jacobian J n in the
calculation. The accuracy (relative tolerance) of the Jacobian solver is determined
uniformly by the nonlinear forcing terms η = 10−3. Some more flexible methods
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such as that of [2] may be used to get more efficient or more robust solutions. The
Newton iteration (6) ends when the following stopping condition is satisfied

||F(Xn+1)|| ≤ max{εr||F(X0)||, εa},

where εr, εa ≥ 0 are nonlinear tolerances.
To achieve uniform residual error at each time step, we use adaptive stopping

conditions with both lower and upper adjustments in the NKS method. To do a lower
adjustment, we do not let the iteration stop until

||F(Xn+1)|| ≤ 1.0× 10−5

even when the relative tolerance of εr = 10−7 is satisfied. An upper adjustment can
be done by setting the absolute tolerance to be ε (0)

a = 10−8 at the first time step and
then lettting it adaptively be decided by

ε(m)
a ← max{ε(m−1)

a , ||F(X(m−1))||},

where X (m−1) is the converged solution of previous time step.
The preconditioner M−1 is obtained by using the restricted additive Schwarz

(RAS, [1, 9]) method based on the domain decomposition of the cubed-sphere de-
scribed briefly here. The six patches of the cubed-sphere can be either simultane-
ously [12] or independently divided into non-overlapping subdomains. In this study,
the six patches are treated in a separated way, i.e., the six patches are respectively de-
composed into p non-overlapping rectangular subdomains. Each subdomain is then
mapped onto one processor. Thus 6p is the total number of processors and subdo-
mains as well. An overlapping decomposition can be obtained by extending each
subdomain with δ layers of grid points in all directions. It should be noted that the
overlapping area might lie on other patches and directions might also change.

In practice we use a point-wise ordering for both unknowns and the nonlinear
equations, resulting in Jacobian matrices with 3×3-block entries. Subdomain solves
are done by LU factorizations or incomplete LU (ILU) factorizations with fill-in
level 
. Here the LU and the ILU factorizations are done in a point-wise manner, i.e.,
fill-ins are always 3× 3 blocks rather than scalars.

5 Numerical Results

Our numerical tests are carried out on an IBM BlueGene/L supercomputer with
4,096 nodes. Each node has a dual-core IBM PowerPC 440 processor running at
700 MHz and with 512 MB of memory. We use the 4-wave Rossby–Haurwitz prob-
lem in [10] as the test case in this study. The characteristic time and length scale is
one day and the Earth’s radius. The result on day 14 is provided in Fig. 1, consistent
with the reference solutions in [3, 4].

To test the performance of the preconditioner, we use 192 processor cores to run
a fixed size problem on a 512× 512× 6 grid for 10 time steps with Δt = 0.1 days
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Fig. 1. Height field of Rossby–Haurwitz problem on day 14, grid size 128 × 128 × 6, time
step size Δt = 0.1 days. The contour levels are from 8,300 to 10,500 m with an interval of
100 m. The four innermost lines near to the equators are at 10,500 m.

repeatedly with various levels of overlaps and fill-in ratios. First we try to use RAS
preconditioner obtained directly from the Jacobian matrix Jn. In this case the ILU
factorizations of the subdomain problems results in many GMRES iterations. If we
use LU factorization instead, however, the factorization may fail due to insufficient
memories and the performance is very poor even when the factorization succeeds.

Thus we use Jacobian matrix with first-order spatial discretization to construct
the RAS preconditioner even when a high order scheme is used in the nonlinear
function evaluation. This is based on the fact that Jacobian matrices are all related
to the original SWEs no matter what spatial discretization is used. As it can be seen
in Tables 1 and 2, the RAS precoditioner works in the NKS algorithm. Larger over-
laps or subdomain ILU fill-ins help in reducing the number of GMRES iteration.
However, the per-iteration work increases at the same time. The optimal choice in
terms of computing time for this test is ILU(3) subdomain solvers with overlapping
factor 2.

Using the optimal parameters, we run a set of large-scale tests with the same
problem on a 1,024× 1,024× 6 grid with gradually increased number of processor
cores. As seen from Fig. 2, our solver scales up to 6,144 processor cores almost
linearly with parallel efficiency 73.8%.
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Table 1. The number of GMRES iterations per Newton iteration, averaged over the first 10
time steps.

Overlap 0 1 2 3 4

ILU(0) 309.5 299.2 294.4 292.7 291.4
ILU(1) 199.6 178.0 171.7 168.4 166.0
ILU(2) 194.1 150.2 141.0 139.3 137.8
ILU(3) 188.1 134.5 125.3 122.3 120.4
ILU(4) 184.9 127.0 116.1 111.8 110.9

LU 139.9 87.8 78.7 76.2 75.4

Table 2. The averaged compute time (in seconds) over the first 10 time steps.

Overlap 0 1 2 3 4

ILU(0) 10.13 11.13 11.38 11.65 11.90
ILU(1) 7.99 8.36 8.43 8.58 8.67
ILU(2) 8.13 7.84 7.79 7.94 8.09
ILU(3) 8.51 7.80 7.74 7.84 7.99
ILU(4) 8.90 7.96 7.83 7.87 8.04

LU 10.97 9.75 9.88 10.25 10.69

44.41

21.74

11.47

6.14

3.49

1.88

1
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192 384 768 1536 3072 6144
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Fig. 2. Compute time curve on the Rossby–Haurwitz problem.
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Summary. The Jacobi-Davidson (JD) algorithm recently has gained popularity for finding a
few selected interior eigenvalues of large sparse polynomial eigenvalue problems, which com-
monly appear in many computational science and engineering PDE based applications. As
other inner–outer algorithms like Newton type method, the bottleneck of the JD algorithm is to
solve approximately the inner correction equation. In the previous work, [Hwang, Wei, Huang,
and Wang, A Parallel Additive Schwarz Preconditioned Jacobi-Davidson (ASPJD) Algorithm
for Polynomial Eigenvalue Problems in Quantum Dot (QD) Simulation, Journal of Computa-
tional Physics (2010)], the authors proposed a parallel restricted additive Schwarz precondi-
tioner in conjunction with a parallel Krylov subspace method to accelerate the convergence
of the JD algorithm. Based on the previous computational experiences on the algorithmic pa-
rameter tuning for the ASPJD algorithm, we further investigate the parallel performance of a
PETSc based ASPJD eigensolver on the Blue Gene/P, and a QD quintic eigenvalue problem
is used as an example to demonstrate its scalability by showing the excellent strong scaling up
to 2,048 cores.

1 Introduction

Many applications in computational science and engineering modeled by partial dif-
ferential equations (PDEs) requires fast, accurate numerical solutions to the large-
scale polynomial eigenvalue problems (EVPs), e.g., generalized EVPs in the linear
stability analysis of incompressible flows and magnetohydrodynamics [ 4, 12, 13],
quadratic EVPs in the vibration analysis of a fast train or the acoustic problem with
damping [3, 5], and cubic or quintic EVPs in the estimate of discrete energy states
and wave functions of the semiconductor quantum dot with non-parabolic band struc-
ture [9, 10].

The Jacobi-Davidson (JD) algorithm originally proposed by Sleijpen and Van der
Vorst for linear EVPs, now has gained popularity for solving polynomial EVPs due
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to several advantages. For examples, without recasting the polynomial EVPs as an
enlarged linearized EVPs, one only needs to deal with the problem as the same size of
the original one and the interior eigenvalues are targeted without using computational
expensive shift-and-invert techniques. Moreover, the JD algorithm is parallelizable,
hence it is suitable for large-scale eigenvalue computations.

The JD algorithm belongs to a class of subspace methods, which consists of two
key steps: one first enlarges a subspace or a so-called search space by adding a new
basis vector and then extract an approximate eigenpair from the search space through
the Rayleigh-Ritz procedure. To obtain a new basis vector for the search space, at
each JD iteration, one needs to solve approximately a large sparse linear system of
equations, which is known as the correction equation, by an iterative method. In
[8] the authors proposed a new algorithm, namely the additive Schwarz precondi-
tioned Jacobi-Davidson algorithm (ASPJD) that imports an idea from the area of
parallel Schwarz-Krylov solver to enhance the parallel scalability of the JD algo-
rithms. The Schwarz methods [14] have been widely used and is well-understood
for solving a variety of linear systems arising from the discretization of PDEs and is
applied to nonlinear systems as a linear preconditioner for the Jacobian system in the
Newton-Krylov-Schwarz algorithm [2] or as a nonlinear preconditioner in the addi-
tive Schwarz preconditioned inexact Newton algorithm [ 7]. On the other hand, how-
ever only a few studies are available in the literature for solving eigenvalue problems
using Schwarz methods, e.g., Schwarz methods employed as the action of the spec-
tral transformation in the Arnoldi methods for generalized EVPs [ 13] or as a precon-
ditioner in the locally optimal block preconditioned conjugate gradient method [ 11].

In this paper, we continue the previous work investigating how the ASPJD al-
gorithm performs on a parallel machine with a large number of processors, e.g., the
Blue Gene/P. One of our target applications is a quintic polynomial EVPs arising
from the semiconductor quantum dot simulation [ 7].

2 A Description of the ASPJD Algorithm

In this section, we briefly describe the ASPJD algorithm for solving polynomial
eigenvalue problems of degree τ , which take the form of

A(λ)x =
τ∑
i=0

λiAix = 0, (1)

where Ai ∈ Rn×n are the large sparse matrices arising from some discretization
of certain PDEs, λ ∈ C is an eigenvalue and x ∈ Cn is the corresponding eigen-
vector. The detailed algorithm in conjunction with other techniques, such as locking
and restarting can be found in [8]. Let V be the current search space. Assume that
(λ, u) is current the approximate eigenpair, which is not close enough to the exact
one, (λ∗, u∗). Then the next eigenpair (λnew , unew) can be obtained through the
following two steps:
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Step 1 Update the search space V = [V, v] by solving the correction equation.(
I − pu∗

u∗p

)
A(λ)(I − uu∗)t = −r

approximately for t ⊥ u by a Krylov subspace method with a preconditioner
B−1
d defined as

Bd =
(
I − pu∗

u∗p

)
B(I − uu∗) ≈

(
I − pu∗

u∗p

)
A(λ)(I − uu∗)

Here r = A(λ) and p = A′(λ)u, whereA′(θ) =
τ∑
i=1

iθi−1Ai. Then t is orthog-

onalized against V , and v is defined as v = t/‖t‖2.
Step 2 Perform the Rayleigh-Ritz procedure to extract (λnew , unew) from the
search space V by solving the small projected PEP, (V TA(θ)V )s = 0. Then set
λnew = θ and compute unew = V s.

In practice, one does not explicitly form Bd to perform the preconditioning op-
eration, z = B−1

d y with z ⊥ u for a given y, as it can be done equivalently by
computing

z = B−1y − ηB−1p, with η =
u∗B−1y

u∗B−1p

Note that the preconditioning operation B−1p and inner product u∗B−1p need to
be computed only once for solving each correction equation and there is no need to
re-compute them in the Krylov subspace iteration. Furthermore, in the ASPJD algo-
rithm, the construction of the preconditioner B−1 is based on an additive Schwarz
framework defined as follows.

Let S = {1, 2, ..., n} be an index set and let each integer corresponds to one
component of the eigenvector. Let S1, S2, ..., SN be an non-overlapping partition of
S, i.e.

∪Ni=1Si = S and Si ∩ Sj = ∅ i �= j

To obtain an overlapping partition of S, we extend each S i to a larger subset Sδi
with the size of ni, i.e. Si ⊂ Sδi . Here δ is a positive integer indicating the degree
of overlap and in general

∑N
i=1 ni ≥ n. Using the overlapping partitions of S we

define a subspace of Rn, V δi as

V δi = {v|v = (v1, ..., vn)T ∈ Cn, vk = 0 if k /∈ Sδi },

and the corresponding restriction operators,R δ
i , which transfers data from Cn to V δi .

Then, the interpolation operator (Rδ
i )
T

can be defined as the transpose of Rδ
i . Using

the restriction operator, we define the one-level restricted additive Schwarz (RAS(δ))
preconditioner with the degree of overlapping δ as

B−1 =
Ns∑
i=1

(R0
i )
T
B−1
i Rδi ,
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where B−1
i is the subspace inverse of Bi and Bi = RδiA(λ)(Rδi )

T
. Note that the

block Jacobi preconditioner can be considered as a special case of the RAS precon-
ditioner by setting the level of overlap equal to 0.

In the second step, we compute the eigenpair of the projected eigenvalue prob-
lem, (V TA(θ)V )s = 0, by solving the corresponding linearized projected eigen-
value problem,

MAz = θMBz, (2)

where

MA =

⎡⎢⎢⎢⎢⎢⎣
0 I 0 . . . 0
0 0 I . . . 0
...

...
...

. . .
...

0 0 0 . . . I
M0 M1 M2 . . . Mτ−1

⎤⎥⎥⎥⎥⎥⎦ ,

MB =

⎡⎢⎢⎢⎢⎢⎣
I 0 0 . . . 0
0 I 0 . . . 0
0 0 I . . . 0
...

...
...

. . .
...

0 0 0 . . . −Mτ

⎤⎥⎥⎥⎥⎥⎦ , z =

⎡⎢⎢⎢⎢⎢⎣
s
θs
θ2s

...
θτ−1s

⎤⎥⎥⎥⎥⎥⎦ .
Here Mi = V TAiV . Note that the dimension of V TA(θ)V is usually small and not
larger than a user defined restarting number.

3 A PETSc-Based ASPJD Polynomial Eigensolver

The ASPJD algorithm was implemented using two powerful scientific software li-
braries, namely the PETSc [1] and the SLEPc [6]. As shown in Fig. 1, the design of
PETSc adopts the principle of software layering. As an application code of PETSc,
the major component in our ASPJD polynomial eigensolver, the JD object, is built on
top of the KSP, a Linear Equation Solver. All PETSc libraries are based on Message
Passing Interface (MPI) and two modules of linear algebra libraries: Basic Linear
Algebra Subproblems (BLAS) and Linear Algebra Packages (LAPACK) library. The
vector (Vec) and matrix (Mat) are two basic objects in PETSc. The eigenvectorx and
other working vectors are created as parallel vectors in the Vec object. The column
vectors of V are stored as an array of parallel vectors. The coefficient matrices A i

and the matrix A(θ) are created in a parallel sparse matrix format. We do explicitly
formA(θ) using parallel matrix–matrix addition and it is used in the construction of
a RAS type preconditioner.

The fully parallel correction equation solve as described in Step 1 is the kernel
of the JD algorithm. The ASPJD eigensolver employs a Krylov subspace method,
such as GMRES or CG, which is provided by PETSc, in conjunction with the pre-
conditioner,B−1

d , where the RAS preconditionerB−1 is set to be a default one. For
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SLEPcPETSc

JD Object

MPI LAPACK BLAS

Linear Solver
PC+KSP

Eigenvalue Solver
EPS

Spectral Transform
ST

Mat Vec DA AO IS

Fig. 1. The organization of PETSc, SLEPc, and the ASPJD eigensolver.

simplicity, in our current implementation both of the construction and the application
of RAS are done internally by PETSc.

On each processor, the sequential QZ routine, called ZGGEVX in LAPACK, is
employed to redundantly solve the same linearized projected eigenvalue problem,
MAz = θMBz, through an interface provided by SLEPc [6]. Here, the matricesMA

and MB , as well as Mi, are stored in the sequential dense matrix format and their
sizes increase as ASPJD iterates.

4 Numerical Results

To demonstrate the scalability of our newly developed ASPJD eigensolver, we con-
sider a quintic QD eigenvalue problem as a test case. The eigenvalue problem is
derived from the second order finite volume discretization of the time-independent
Schrödinger equation with non-parabolic effective mass, which is used to model a
pyramidal InAs dot embedded in a cuboid GaAs matrix. The size of the resulting
quintic QD eigenvalue problem is about 32 millions.

The numerical experiment was performed on the Blue Gene/P and all compu-
tation were done in double precision complex arithmetic. We claim that the JD it-
erations converge to an eigenpair if the absolute or the relative residuals ‖A(λ)x‖
is less than 10−10. Vini = (1, 1, . . . , 1)T is normalized and set to be in the initial
search space. We report the numerical results obtained by using the ASPJD algo-
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rithm, where the correction equation is solved by right 20 (or 40) steps RAS(0) pre-
conditioned GMRES incorporate with the ILU(0) as a subdomain solver for finding
the smallest positive eigenvalue.
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Fig. 2. The number of JD iterations with respect to np for the case of GMRES(20) and GM-
RES(40) as the correction equation solver.

Figure 2 shows the number of JD iterations of the ASPJD eigensolver with re-
spect to the number of processor np, ranging from np = 128 to np = 2,048. We
observe that except for the case of np = 128, the ASPJD eigensolver is quite algo-
rithmically scalable, i.e., while the number of inner correction equation iterations is
kept constant, the number of outer JD iterations remains almost the same with 26 and
15 JD iterations required to achieve convergence for the cases of GMRES(20) and
GMRES(40), respectively. We may conclude that for this particular case, the number
of JD iterations only depends on the number of GMRES iterations to be employed. A
similar observation is made in [8] for the same test case but with a small size (about
1.5 M) and solved by the smaller number of processors (about np = 320).

It should be noted that the QD eigenvalue problem we consider has a special
structure such that the eigenvectors corresponding to the eigenvalues of interest are
localized to the dot. That is, the components of the eigenvector corresponding to
the matrix (outside of the QD) are mostly zero. In our simulations, the ratio of the
cuboid matrix to the pyramidal dot is about 35 : 1 in the computational domain. Con-
sequently, that is why we are able to decouple the original pyramidal QD eigenvalue
problem problem into many subproblems using RAS(0) without a penalty in terms
of an increased number of the JD iterations.

Figure 3 exhibits a very good strong scaling result for our ASPJD eigensolver
for up to 2,048 processors. Note that by the definition, strong scaling means the
execution time decreases in inverse proportion to the number of processors, provided
that the problem size is fixed. In the ideal case, the slope of the curve is expected
to be −1. The parallel efficiency for the case of GMRES(40) is about 80% based
on the timing result obtained by using np = 256. Using a better grid partitioning
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and taking the design of the network topology of the BG/P into account to reduce
the communication cost might further improve the parallel scalability of the ASPJD
eigensolver.
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Fig. 3. Strong scalability of ASPJD on BG/P.
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1 Introduction

Tissue stiffness is one of the qualitative properties to distinguish abnormal tissues
from normal tissues, and the stiffness changes are generally described in terms of the
Lamé coefficient. In this paper, an all-at-once Lagrange-Newton-Krylov-Schwarz al-
gorithm is developed to solve the inverse problem of recovering the Lamé coefficient
in biological tissues. Specifically, we propose and study a multiplicative two-level
domain decomposition preconditioner in the inexact Newton step. Numerical ex-
periments are presented to show the efficiency and scalability of the algorithm on
supercomputers.

2 Recovering the Lamé Coefficient in Biological Tissues

One of the signs in many diseases is abnormal tissue, of which shear stiffness differs
greatly from that of normal tissue. Therefore, it is possible for scientists and engi-
neers to develop new techniques for disease detection and diagnosis through recon-
struction of high-resolution images of shear stiffness. In this paper, we focus on the
inverse problem derived from transient elastography experiments. Previous work has
shown that transient elastography experiments can determine the elastic wave dis-
placement history through scans of the target tissue [2, 3, 5]. Our goal is to identify
the Lamé coefficient that describes the shear wave speed or the mechanical stiffness
changes inside the target tissue from the elastic wave time-dependent displacement.

The normalized 2D scalar wave equation that describes the shear wave displace-
ment has the following form

∇ · (c20 ρ∇d)− dtt = 0, (1)
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with the boundary condition
∂d

∂y
= g(t) at y = 0,where d(x, y, t) describes the local

time-dependent displacement inside the tissue, c0 represents the speed of the back-
ground shear wave, and g(t) describes the boundary source. ρ is called the Lamé
coefficient, representing the stiffness profile of the tissue. Practically, ρ and d are
generally twice continuously differentiable.

Without losing generality, we restrict ourselves to 2D domain problems:

Ω = {(x, y) ∈ R× R,−6 (cm) ≤ x ≤ 6 (cm), 0 (cm) ≤ y ≤ 12 (cm)}

with piecewise smooth boundaryΓ = ∂Ω and outer unit normal n. For convenience,
the boundaryΓ is separated into four pieces and is named as the North (y = 0), South
(y = 12), West (x = −6), and East (x = 6) boundary, respectively.

We then take the Fourier transform of (1) and obtain the following Helmholtz
equation:

−∇ · (ρ∇u)− k2u = 0, for y > 0 (2)

with the boundary conditions⎧⎪⎨⎪⎩
∂u

∂r
= f(τ), at y = 0,

lim
r→∞

1√
r

(
∂us
∂r

− ĩkus
)

= 0, for the scattered field us,
(3)

where u and f are the Fourier transform of d and g.
Here, the spatial variable r equals

√
x2 + y2. The wave number k equals τ/c0.

u is the total field u = ui + us, which is the sum of the incident wave ui and the

scattered field us. ui equals
1
ĩk
feĩky , where ĩ represents the imaginary unit

√
−1

throughout this paper.
Furthermore, the experiments of Catheline et al. show that there exists a domi-

nant frequency represented as τ ∗, called the central frequency [2, 3, 4]. The largest
contribution of the Fourier transform is at this central frequency. Consequently, we
evaluate the Eqs. (2) and (3) at the central frequency τ ∗ and arrive at the following
equations:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

−∇ · (ρ∇u)− k2u = 0, (x, y) ∈ Ω
∂u

∂n
= f, North boundary

∂u

∂n
− ĩku = 0, South boundary

∂u

∂n
− ĩku = −feĩky , East boundary and West boundary.

(4)

We hereby focus on the inverse problem of recovering a high resolution image of the
coefficient ρ from the observed data of u and the corresponding boundary conditions
in (4).
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3 Lagrange-Newton-Krylov-Schwarz Algorithm

To solve the inverse problem of recovering ρ from u, we apply the Tikhonov regu-
larization method and solve the following minimization problem:

minimize J(ρ, u) =
1
2

∫
Ω

|u− z|2 dΩ +
β

2

∫
Ω

|∇ρ|2 dΩ, (5)

where z(x, y) denotes the measured value of u(x, y). This minimization problem is
subject to (4), and theH1−semi-norm is applied as the regularization because of the
continuous differentiability of ρ.

To solve this constrained optimization problem, we introduce the Lagrangian
functional L as:

L(ρ, u, λ) =
1
2

∫
Ω

(u1 − z1)2 dΩ +
1
2

∫
Ω

(u2 − z2)2 dΩ +
β

2

∫
Ω

|∇ρ|2 dΩ

+
∫
Ω

ρ∇u1 · ∇λ1 dΩ −
∫
Ω

k2u1λ1 dΩ

−
∫

N
fρλ1 dΓ +

∫
S
ku2ρλ1 dΓ +

∫
E & W

(ku2 + fcos(ky))ρλ1 dΓ

+
∫
Ω

ρ∇u2 · ∇λ2 dΩ −
∫
Ω

k2u2λ2 dΩ

−
∫

S
ku1ρλ2 dΓ −

∫
E & W

(ku1 − fsin(ky))ρλ2 dΓ ,

(6)
where u1 and u2 represent the real and imaginary parts of u, z1 and z2 represent
the real and imaginary parts of z, and λ1 and λ2 are the corresponding Lagrange
multipliers.

The solution of the minimization problem is then obtained by solving the follow-
ing saddle-point system:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

F (ρ) ≡ ∂L
∂ρ

≡ −β Δρ+∇Re(u) · ∇Re(λ) +∇Imag(u) · ∇Imag(λ) = 0

F (u) ≡ ∂L
∂u

≡ (u− z)−∇ · (ρ∇λ) − k2λ = 0

F (λ) ≡ ∂L
∂λ

≡ −∇ · (ρ∇u)− k2u = 0.
(7)

With a finite difference discretization of the saddle-point system and a fully cou-
pled ordering of the variables and the equations, we obtain a large system of non-
linear equations F (X) = 0 [1]. This system is then solved by an inexact Newton
method, and the Newton step is computed by:

Xk+1 = Xk + ξkΔXk, k = 0, 1, ...
J(Xk)ΔXk = −F (Xk),

(8)

where X0 is an initial approximation, J(Xk) = F ′(Xk) is the Jacobian matrix at
Xk, and ξk is the steplength determined by a linesearch procedure.
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The generalized minimal residual method (GMRES) is applied to solve the Jaco-
bian system, and the key step is to employ a good preconditioner. In our algorithm,
the two-level multiplicative domain decomposition preconditioner is applied as a
right preconditioner, and the preconditioning matrix is defined as:

M−1
mult = A−1[I − (I −AM−1

AS)(I −AM−1
c )(I −AM−1

AS)], (9)

where M−1
AS represents the one-level additive preconditioning matrix [ 1, 6]. M−1

c ,
equal to Ifc A

−1
c Rcf , is derived from the inverse Jacobian matrix defined on a coarse

mesh; Ifc and Rcf represent the restriction and interpolation operators.
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Fig. 1. This figure shows the numerical results of ρ in Test 1, 2, and 3 (from top to bottom)
with wave number k equal to 8. The left column shows the numerical results of ρ, and the right
column shows the difference between the numerical solutions and the analytic solutions.
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4 Numerical Results and Discussion

Three different functions are tested in this paper. In Test 1, the Lamé coefficient to
be identified is

ρ(x, y) = 1 + exp

[
−2(y − 3)2 − 1

2
x2

]
.

In Test 2, the Lamé coefficient to be identified is

ρ(x, y) = 1 + exp

[
−2(y − 3)2 − 1

2
x2

]
+ exp

[
−2(y − 9)2 − 1

2
x2

]
.

In Test 3, the Lamé coefficient to be identified is

ρ = 3(1− x)2exp
[
−x2 − (y − 5)2

]
− 1

3
exp

[
−(x+ 1)2 − (y − 6)2

]
− 10

[
1
5
x− x3 − (y − 6)5

]
exp

[
−x2 − (y − 6)2

]
+ 8.

To test the robustness of the algorithm, random noise is added to the observation
data as zδ = z ( 1 + nε rand(x, y) ). In this paper, the noise level nε is chosen to
be 0 or 1%.

We test our algorithm for different wave numbers, and the algorithm recovers the
Lamé coefficient efficiently in all three test problems with wave numbers up to 15.
The numerical solutions of ρ when k equals 8 are shown in Fig. 1. We also display
the numerical solution of u for Test 3 when k equals 1, 8, or 15 in Fig. 2. This figure
demonstrates that our algorithm recovers the Lamé coefficient well from observed
data of low frequency, modest frequency, and high frequency.

To test the computing time and scalability of our algorithm, we define the prob-
lem on a fine mesh with 1,601×1,601 mesh points. The coarse mesh is chosen to be
81×81 or 101×101. When the observed data are only available on a coarse level, we
interpolate the observed data to the fine mesh using the bilinear interpolation before
we solve the inverse problems.

The number of Newton iterations, the average number of linear iterations, and
the computing time are shown in Tables 1 and 2. Since the choice of the coarse
mesh only affects the preconditioner, the number of Newton iterations is generally
not changed. The number of average linear iterations rises slightly as the number of
processors increases. The 101 × 101 coarse mesh provides more information than
the 81× 81 one and improves the preconditioner in our two-level algorithm, hereby
saving almost 50% of the linear iterations. However, the increasing cost on the coarse
level dramatically raises the computing cost per iteration. Therefore, total computing
time is not saved and the scalability is worse.

The computing time and the strong scalability of our algorithm are shown in
Fig. 3, where the observed data originally come from a 801× 801 mesh. Linear and
super-linear scalability are achieved for up to 400 processors. When the number of
processors exceeds 900, we achieve over 75% scalability of the ideal case.
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Fig. 2. This figure shows the numerical results of u in Test 3 for wave number k equal to 1, 8,
and 15 from top to bottom. The left column shows the real part of the numerical solution of u,
and the right column shows the imaginary part of the numerical solution of u.

Table 1. The table shows the numerical results of Test 3, when β equals 10−5 and nε equals
0%. The observed data are measured on a 801 × 801 mesh.

np Newton Average linear Time(s) Newton Average linear Time(s)
Coarse mesh: 81× 81 Coarse mesh: 101× 101

100 36 81.1 18,005.3 36 40.4 11,767.5
144 36 86.6 13,756.4 36 43.7 9,715.8
256 36 82.1 9,239.0 36 43.8 7,517.2
400 36 88.5 6,590.4 36 44.7 4,326.1
900 36 91.0 4,219.3 36 50.0 3,390.1

1,600 36 83.4 2,276.5 36 59.0 2,742.8
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Table 2. The table shows the numerical results of Test 3, when β equals 10−5 and nε equals
1%. The observed data are measured on a 801 × 801 mesh.

np Newton Average linear Time(s) Newton Average linear Time(s)

Coarse mesh: 81× 81 Coarse mesh: 101× 101

100 38 74.2 17,730.9 38 39.0 12,077.8
144 38 68.9 12,014.1 38 39.6 9,856.3
256 38 70.3 8,573.7 38 41.7 7,664.3
400 38 77.8 6,245.4 38 43.0 4,449.3
900 38 72.8 3,697.6 38 47.4 3,453.4

1,600 38 71.2 2,137.4 38 52.5 2,679.8
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Fig. 3. This figure shows the computing time on the left and speedup curve on the right of
Test 3. The noise level nε equals 0%(top) and 1%(bottom). ◦ represents the scalability of the
ideal case. • and ∗ represent the results when the coarse level mesh is 81× 81 and 101× 101,
respectively.

5 Concluding Remarks

In this paper, a two-level multiplicative domain decomposition algorithm is devel-
oped to solve this inverse problem of recovering the Lamé coefficient, which is usu-
ally difficult, expensive, and noise-sensitive. The algorithm can solve the inverse
problem accurately and efficiently, when the observed data have random noise or are
only available on a coarse mesh. The algorithm is fairly scalable considering the lin-
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ear and nonlinear iteration numbers. Relatively scalable computing time is observed
on supercomputers with up to 1,600 processors.
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Summary. In this paper, we construct an auxiliary space preconditioner for Maxwell’s equa-
tions with interface, and generalize the HX preconditioner developed in [9] to the problem
with strongly discontinuous coefficients. For the H(curl) interface problem, we show that
the condition number of the HX preconditioned system is uniformly bounded with respect to
the coefficients and meshsize.

Key words: HX preconditioner, AMG, H(curl) systems, Nédélec, interface

1 Introduction

The space H0(curl) consists of square integrable vector fields with square integrable
curl whose tangential component vanishes on ∂Ω. In this paper, we try to develop
robust and efficient preconditioners for the H(curl) interface problem:

find u ∈ H0(curl) : (μcurl u, curl v) + (σu,v) = (f ,v), ∀v ∈ H0(curl). (1)

Here, f ∈ L2(Ω) is a vector field and the coefficients μ(x) and σ(x) are assumed
to be uniformly positive but may have large variations in a simply connected open
polyhedral domainΩ ⊂ R3.

This equation arises naturally from many engineering and physical applications
based on Maxwell’s equations. In some applications (see [12, 16] for example), the
coefficients in (1) satisfy that μ(x)/σ(x) = c is the speed of light. In this case,
Eq. (1) can be reduced to (2) by a simple scaling:

find u ∈ H0(curl) : (ωcurl u, curl v) + τ(ωu,v) = (f ,v), ∀v ∈ H0(curl),
(2)

where τ ∈ (0, 1) is a constant, and ω > 0 is piecewise constant but may possibly
have large jump across the interfaces.

The finite element discretization of (2) reads:
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find uh ∈ Vh : (ωcurl uh, curl vh) + τ(ωuh,vh) = (f ,vh), ∀vh ∈ Vh, (3)

where Vh ⊂H0(curl) is a conforming finite element space, e.g. Nedéléc elements.
It gives rise to the following linear system:

Ax = F, (4)

where A = (aij) is defined by aij =
∫
Ω
ωcurl bj · curl bi + τωbj · bidx

for any basis functions bi,bj ∈ Vh. It is well-known that the operator curl has
a large kernel, which should be taken into account in the development of efficient
solvers. This kernel causes most existing AMG solvers for Poisson equations to fail;
see [23] for a theoretical explanation. In order to deal with this issue, most work
has been done for developing efficient solvers for ( 4) with constant coefficients; see
[2, 8, 11, 15, 18, 19].

Recently, Hiptmair and Xu [9] proposed an innovative approach for solving
H(curl) systems, known as the HX-preconditioner. It relies on a regular decom-
position of H(curl) vector fields (see Sect. 2) and the framework of the auxiliary
space method (cf. [22]). A related method, which is based on the compatible dis-
cretization framework, was introduced in [4]. Although the analysis in [9] is only
for constant coefficients case, extensive numerical experiments (cf. [ 13, 14]) demon-
strate that this preconditioner is also efficient and robust for general coefficients. It is
the purpose of this paper to give an theoretical justification of the robustness of the
HX-preconditioner for (3).

The remainder of this paper is organized as follows. In Sect. 2, we discuss the
regular decompositions at the continuous level. In particular, we prove the regular
decomposition in a weighted norm. Then in Sect. 3, we adapt the decomposition into
a discrete form, develop the HX preconditioner, and prove its robustness.

2 Regular Decomposition

The theoretical foundation in the development of the HX preconditioner is the fol-
lowing theorem, which originates from [3, 7] for Maxwell’s equations.

Theorem 1 ([10, 17]). For any u ∈ H0(curl) there exist Φ ∈ H1
0(Ω) and p ∈

H1
0 (Ω) such that u = Φ +∇p, which satisfy the following stability estimates:

‖Φ‖1,Ω � ‖curl u‖0,Ω, and ‖∇p‖0,Ω � ‖u‖H(curl).

This theorem states that roughly speaking, the gap between H 1
0(Ω) and H0(curl)

can be bridged by contributions from the kernel of curl.
In some circumstances, the H(curl) systems are imposed with mixed boundary

conditions. To deal with this situation, we consider the regular decomposition for the
vector fields in the Hilbert space

HΓ (curl) := {u ∈ H(curl) : u× n|Γ = 0, for Γ ⊂ ∂Ω} ,

where Γ �= ∅ is the Dirichlet boundary. We have a similar regular decomposition for
u ∈ HΓ (curl) as follows:
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Theorem 2. For any u ∈ HΓ (curl) there exist Φ ∈ H1
Γ (Ω) and p ∈ H1

Γ (Ω) such
that

u = Φ +∇p.
This decomposition satisfies

‖Φ‖1,Ω � ‖curl u‖0,Ω, and ‖∇p‖0,Ω � ‖u‖H(curl).

Proof. We need to take special care of the boundary conditions. Without loss of
generality, we assume that Γ is simply connected (otherwise, we just treat different
connected components similarly). Let Ω̃ be a ball such that Ω ⊂⊂ Ω̃, and Ω̃ =
Ω∪OΓ ∪O whereOΓ is the subdomain with ∂OΓ ∩∂Ω = Γ, andO = Ω̃\(Ω∪OΓ )
(see Fig. 1). We extend u to ū ∈ H0(curl, Ω̃) defined by ū|Ω := u, ū|OΓ := 0. On
the subdomain O, we define ū as the H(curl) extension of u such that ū|∂Ω\Γ =
u|∂Ω\Γ and 0 on the remaining boundary of O. We refer to [ 1] for the existence of
such an extension. The remainder of the proof is almost identical to that of Theorem

Ω Γ OΓO

Fig. 1. Extension of u ∈ HΓ (curl, Ω) to ū ∈ H0(curl, eΩ).

1 (see [17] for example). We omit the details.

Remark 1. For some other geometric structure of Γ, Theorem 2 still holds, for exam-
ple if Γ is a closed surface, or a “screen” (see [6, 16]).

In order to deal with the interface problem (2), we consider the regular decompo-
sition for H(curl) in the setting of the weighted norms, which are the natural norm
to deal with the interface problems. More precisely, we denote

‖v‖20,ω =
∫
Ω

ω|v|2dx, |v|21,ω =
∫
Ω

ω|∇v|2dx and ‖v‖21,ω = ‖v‖20,ω + |v|21,ω.

For simplicity, let Ω = Ω1 ∪ Ω2, where in Ω1 and Ω2 the equation has different
constant coefficients ω1, ω2, respectively (see Fig. 2), with ω1 ≥ ω2 > 0. The main
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Ω1 Ω2

Γ12

ω1 ω2

Fig. 2. Two domains with ω1 ≥ ω2 > 0.

result of this section is the following decomposition. The idea of the proof is similar
to the one used in [12] for proving a weighted Helmholtz decomposition.

Theorem 3. For any u ∈ H0(curl), we have u = Φ +∇p, where Φ ∈ H1
0(Ω) and

p ∈ H1
0 (Ω) such that

‖Φ‖21,ω � ‖curl u‖20,ω and ‖∇p‖20,ω � ‖u‖20,ω + ‖curl u‖20,ω.

Proof. First we apply Theorem 2 onΩ1 with the Dirichlet boundaryΓ1 = ∂Ω∩∂Ω1.
For given u ∈ H0(curl), we have, u|Ω1 = Φ1 + ∇p1 with Φ1 ∈ H1

Γ1
(Ω1) and

p1 ∈ H1
Γ1

(Ω1) such that

‖Φ1‖1,Ω1 � ‖curl u‖0,Ω1 and ‖∇p1‖0,Ω1 � ‖u‖H(curl,Ω1). (5)

Let Γ12 = ∂Ω1 ∩ ∂Ω2 be the interface. We then extend Φ1 and p1 to harmonic
functions on Ω2, and denote these extensions by Φ̃1 and p̃1. By the properties of
harmonic extension (cf. [20]), the trace theorem and (5), we obtain

‖Φ̃1‖1,Ω2 � ‖Φ1‖ 1
2 ,Γ12

� ‖Φ1‖1,Ω1 � ‖curl u‖0,Ω1 ,

‖p̃1‖1,Ω2 � ‖p1‖ 1
2 ,Γ12

� ‖p1‖1,Ω1 � ‖u‖H(curl,Ω1).

Now notice that onΩ2, we have u0
2 = u|Ω2 − (Φ̃1 +∇p̃1)|Ω2 ∈ H0(curl, Ω2).

Then by Theorem 1 we get the decomposition u0
2 = Φ0

2 +∇p0
2 with Φ0

2 ∈ H1
0 (Ω2)

and p0
2 ∈ H1

0 (Ω2) . This decomposition of u0
2 satisfies:

‖Φ0
2‖1,Ω2 � ‖curl u0

2‖0,Ω2 ≤ ‖curl u‖0,Ω2 + ‖curl Φ̃1‖0,Ω2

≤ ‖curl u‖0,Ω2 + ‖Φ̃1‖1,Ω2 � ‖curl u‖0,Ω2 + ‖curl u‖0,Ω1 ,

and similarly ‖∇p0
2‖0,Ω2 � ‖u‖H(curl,Ω). Let the decomposition of u in the whole

domain be u = Φ +∇p where
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Φ =
{

Φ1 in Ω1

Φ0
2 + Φ̃1 in Ω2

and p =
{
p1 in Ω1

p0
2 + p̃1 in Ω2

.

Recalling that ω1 ≥ ω2 > 0, this decomposition satisfies

‖Φ‖21,ω ≤ ω1‖Φ1‖21,Ω1
+ ω2‖Φ0

2‖21,Ω2
+ ω2‖Φ̃1‖21,Ω2

� ω1‖curl u‖20,Ω1
+ ω2

(
‖curl u‖20,Ω2

+ ‖curl u‖20,Ω1

)
+ ω2‖curl u‖20,Ω1

=
(

1 +
2ω2

ω1

)
ω1‖curl u‖20,Ω1

+ ω2‖curl u‖20,Ω2

� ‖curl u‖0,ω,

and similarly,

‖∇p‖20,ω ≤ ω1‖∇p1‖20,Ω1
+ ω2‖∇p0

2‖20,Ω2
+ ω2‖∇p̃1‖20,Ω2

� ω1‖u‖2H(curl,Ω1)
+ ω2‖u‖2H(curl,Ω)

� ‖curl u‖20,ω + ‖u‖20,ω.

This completes the proof.

Remark 2. The above result can be generalized to more general interface problems.
For example, to cases where the subdomains have no “cross edge”, that is, there
is no edge which belongs to more than two subdomains. In these cases, the same
conclusion holds because the coefficients satisfy a certain monotonicity.

3 Auxiliary Space Preconditioners

To realize the preconditioners for the finite element discretization of the model equa-
tions (1), the decomposition discussed in the previous section should be adapted to
the discrete setting.

The degrees of freedom specified for Vh determine the nodal interpolation op-
erator Πh, defined by Πhv =

∑
e∈Eh

(∫
e
v · dl

)
be, where Eh is the set of (inte-

rior) edges and be is the edge element basis function associated with the edge e.
In the sequel, we let Sh ⊂ H1

0 (Ω) be the standard nodal finite element space and
Sh ⊂ H1

0(Ω) be the vector counterpart of Sh. Due to the local approximation prop-
erty of Πh, we have the following standard estimate.

Lemma 1. For any Φ ∈ H1
0(Ω) such that curl Φ ∈ curl Vh, the interpolation

operator Πh satisfies

curl (ΠhΦ) = curl Φ and ‖h−1 (I −Πh)Φ‖0,ω � ‖Φ‖1,ω.

Based on Theorem 3 and Lemma 1, we obtain the following main result.
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Theorem 4. For any vh ∈ Vh there exist Φh ∈ Sh, ph ∈ Sh and ṽh ∈ Vh such
that vh = ṽh + ΠhΦh +∇ph, and for any constant τ ∈ (0, 1)

‖(h−1 + τ
1
2 )ṽh‖20,ω + |||Φh|||2τ + τ |ph|21,ω � ‖vh‖2A, (6)

where ‖vh‖2A =
∫
Ω ω|curl v|2 + τω|v|2dx and |||w|||2τ =

∫
Ω ω|∇w|2 + τω|w|2dx.

Proof. Notice that if vh ∈ Vh, by Theorem 3 and Lemma 1 there exists a Φ ∈
H1

0(Ω) such that curl vh = curl Φ = curl ΠhΦ. That is, vh −ΠhΦ is in the
kernel of curl. Therefore, there exists a ph ∈ Sh such that ∇ph = vh −ΠhΦ. It
satisfies

‖∇ph‖0,ω ≤ ‖vh‖0,ω + ‖ΠhΦ‖0,ω
≤ ‖vh‖0,ω + ‖(I −Πh)Φ‖0,ω + ‖Φ‖0,ω
� ‖vh‖0,ω + ‖curl vh‖0,ω.

In the last inequality, we used Lemma 1, the inverse inequality, and Theorem 3. We
then define the other two terms in the decomposition in the theorem as

ṽh := Πh (Φ−QωhΦ) ∈ Vh, Φh := QωhΦ ∈ Sh,

whereQωh is the weighted L2 projection introduced in [5]. Note that in our setting of
the interface problem,Qω

h satisfies

‖(I −Qωh)v‖0,ω � |v|1,ω and |Qωhv|1,ω � |v|1,ω, ∀v ∈ H1
0 (Ω).

Hence, we have |||Φh|||τ � ‖Φ‖1,ω � ‖curl vh‖0,ω ≤ ‖vh‖A. Moreover, we have

‖h−1ṽh‖0,ω ≤ ‖h−1(I −Πh)(I −Qωh)Φ‖0,ω + ‖h−1(I −Qωh)Φ‖0,ω
� ‖Φ‖1,ω � ‖curl vh‖0,ω � ‖vh‖A.

This completes the proof.

The resulting HX preconditioner for Eq. (2) reads

B := D−1
A + Ph(L(ω) + τM(ω))−1Ph

T + τ−1GL(ω)−1GT , (7)

where DA is the diagonal of A; Ph is the matrix representation of Πh; L(ω) +
τM(ω) is the matrix associated with the bilinear form (ω∇Φ,∇Ψ) + τ(ωΦ,Ψ)
on Sh; L(ω) is the matrix associated with (ω∇φ,∇ψ) on Sh; and G is the dis-
crete gradient matrix. Standard multilevel preconditioners are robust for solving the
H1-interface problems L(ω) + τM(ω) and L(ω) (see [21] for the theoretical justi-
fications). In practical implementation, we can also replace (L(ω) + τM(ω))−1 by
an AMG solver for Ph

TAPh, and replace L(ω)−1 by an AMG solver for GTAG.
Based on Theorem 4 and the framework developed in [9], the HX preconditioner

(7) is robust with respect to the coefficients and meshsize. More precisely, we have
the following theorem:

Theorem 5. The condition number κ (BA) ≤ C, where the constant C is indepen-
dent of the coefficients and the mesh size.
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4 Conclusions

In this paper, we have developed HX-preconditioners for the H(curl) interface prob-
lems. We have shown the robustness of the preconditioner by showing that the con-
dition number of the preconditioned system is uniformly bounded with respect to the
coefficients and the meshsize.
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Summary. A mixed multiscale finite element method (MsFEM) for wave equations is pre-
sented. Global information is used in the mixed MsFEM to construct multiscale basis func-
tions. The solution of the wave equation smoothly depends on the global information. We
investigate the relation between the smoothness of the global information and convergence
rate of the mixed MsFEM.

1 Introduction

Over the past few decades, there has been growing interest in wave propagation
in heterogeneous media. Many important problems such as earthquake motions,
oceanography, medical and material sciences, and the morphology of oil and gas
deposits can be understood through some use of mathematical and numerical model-
ings of wave propagation in heterogeneous media. In addition to heterogeneity, wave
propagation is also a challenging multiscale problem. Among typical length scales
present in wave propagation are wave length, propagation distance, and correlation
length. In some problems such as in reflection seismology, the wave can propagate
over a distance significantly larger than the wave length.

Consideration for accuracy suggests that the heterogeneity of media has to be suf-
ficiently resolved when numerically simulating wave propagation, which can easily
results in very expensive computations. While much more efficient and inexpensive
in practice, standard upscaling techniques and multiscale methods employing some
local information often fail to accurately transfer the fine scale information in media
to the coarse formulation. Previous investigations (see e.g., [ 8]) indicate that appro-
priately taking into account some type of global information can potentially improve
the accuracy of the multiscale methods. The importance of global information has
been illustrated in porous media flow within the context of upscaling procedures [ 2]
and also in multiscale finite (volume) elements [1]. The information is determined by
some global fields that the solution of equations smoothly depends on. In the context
of weak formulation, this global field is imbedded in the (multiscale) basis functions
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which in turn is used to represent the solution. Our objective is to develop a mixed
MsFEM using global information that can capture the solution of wave equations in
multiscale heterogeneous media and to make a priori error estimates for the mixed
MsFEM.

The rest of the paper is organized as follows. In Sect. 2, we present some pre-
liminaries. In Sect. 3, we present a mixed MsFEM for a model wave equation us-
ing global information and derive the error estimates. Some conclusions are drawn
finally.

2 Preliminaries

In this section, we describe a model wave equation and some notations of function
spaces.

Define Dtt to be the second order partial derivative operator with respect to t.
Let a(x) and u(t, x) represent the density of the material and the unknown pressure,
respectively. We define a time-space domainΩT := (0, T ]×Ω. Then a model wave
equation reads as following:

Dttu(t, x)−∇ · a(x)∇u(t, x) = f(t, x) in ΩT

u(t, x) = 0 on [0, T ]× ∂Ω
u(x, 0) = g0(x) in Ω

Dtu(x, 0) = g1(x) in Ω.

(1)

Here we assume that a(x) is uniformly positive, symmetric and bounded in Ω. We
assume that f(t, x), g0(x) and g1(x) are smooth and do not have multiscale struc-
tures. This equation arises from geophysics and seismology. It is frequently observed
that the spatial scales inherent in a(x) cannot be clearly separated.

We introduce some notation which are used in the following sections. The
usual Lebesgue and Sobolev spaces are denoted by Lp(D), W k,p(D). In particu-
lar, Hk(D) := W k,2(D). Define H(div,D) := {f |f ∈ [L2(D)]d and ∇ · f ∈
L2(D)}. The vector-valued Sobolev space is equipped with the norm

‖u‖Wm,p(0,T ;X) :=

(∫ T

0

∑
0≤k≤m

‖Dk
t u‖

p
Xdt

) 1
p

,

when X is a normed space. If p = 2, we use Hm(0, T ;X) instead. When no ambi-
guity occurs, we use Wm,p(X) to denoteWm,p(0, T ;X).

Without loss of generality, our discussion is concentrated on problems in Ω ⊂
R2. We denote by K a generic coarse element with h = diam(K), and τh a quasi-
uniform family of coarse elements K . We shall not write the variables x and t for
simplicity of presentation.
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3 Mixed MsFEM Analysis

In this section, we first present a mixed MsFEM for the wave equation (1) using
multiple global information, and then derive a priori error estimates in pressure and
velocity.

3.1 Mixed MsFEM Formulation

Let velocity σ = a∇u. Then the mixed formulation for (1) is to find {u, σ} :
[0, T ] −→ L2(Ω) ×H(div,Ω) such that

(Dttu,w)− (∇ · σ,w) = (f, w) ∀w ∈ L2(Ω)

(a−1σ, χ) + (u,∇ · χ) = 0 ∀χ ∈ H(div,Ω)

(u(0), w) = (g0, w) ∀w ∈ L2(Ω)

((Dtu)(0), w) = (g1, w) ∀w ∈ L2(Ω)

(a−1σ(0), χ) = (∇g0, χ) ∀χ ∈ H(div,Ω).

(2)

We use global fields σi (i = 1, · · · , N ) to build velocity basis function. We
formulate an assumption for the global fields as following.
Assumption 1 There exist functions σ1, · · · , σN and A1(t, x), · · · , AN (t, x) such
that

σ =
N∑
i=1

Ai(t, x)σi,

where Ai(t, x)’s are smooth functions (we specify their smoothness later) and σi =
a(x)∇pi (i = 1, ..., N ) solves an elliptic equation∇·a(x)∇pi = 0 with appropriate
boundary conditions.

Remark 1. As an example in 2D, let u1 and u2 be the solution of the following equa-
tions

∇a · ∇ui = 0 in Ω

ui = xi on ∂Ω, i = 1, 2.
(3)

set u = u(t, u1, u2), then

σ = a∇u =
2∑
i=1

∂u

∂ui
a∇ui :=

2∑
i=1

Ai(t, x)σi,

where Ai(t, x) = ∂u
∂ui

. Here σi = a∇ui are the global fields. Provided that f ∈
L∞(Lp(Ω)) ∩H1(Lp(Ω)) , g1 ∈ W 1,p(Ω) and Dttu(0) ∈ Lp(Ω), then the proof
Theorem 1.1 in [8] implies that Ai(t, x) = ∂u

∂ui
∈ L∞(W 1,p(Ω)). Consequently

Ai(t, x) ∈ L2(C1− 2
p (Ω)) if p > 2 by using the Sobolev embedding theorem.
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To numerically approximate the mixed problem ( 2), we construct the basis func-
tion for the velocity σ,

∇ · (a(x)∇φKij ) =
1
|K| in K

a(x)∇φKij · nKel
= δjl

σi · nKel∫
el
σi · nel

ds
on ∂K,

(4)

where i = 1, ..., N and j is the index of the edges of the coarse block K (a triangle
or rectangle), and

δjj = 1, δjl = 0 if j �= l.

Here el denotes an edge of the coarse block. We shall omit the subscript e l in n if the
integral is taken along the edge. Note that for each edge, we have N basis functions
and we assume that σ1,..., σN are linearly independent in order to guarantee that the
basis functions are linearly independent. To avoid the possibility that

∫
el
σi · nds is

zero or unbounded, we make the following assumption for the convergence analysis.
If

∫
el
σi · nds = 0 on some el, we can use the local mixed MsFEM basis function

proposed in [3], i.e., replace
σi · nKel∫

el
σi · nel

ds
with 1

|el| in (4).

Assumption 2∫
el

|σi · n|ds ≤ Chβ1 and ‖ σi · n∫
el
σi · nds

‖Lr(el) ≤ Ch−β2+
1
r −1

uniformly for all edges el, where β1 ≤ 1, β2 ≥ 0 and r ≥ 1.
We would like to note that Assumption 2 is used to define the boundary data for

the velocity basis equations well and to bound the velocity basis function ψK
ij . In

fact, Assumption 2 implies that ‖ψKij ‖0,K ≤ Ch−β2 (see [1]). If σi are bounded in
L∞(el) for all el and |

∫
el
σi ·nds| remains positive uniformly for all e l, then β1 = 1

and β2 = 0. The index r is only related to the Lr norm that appeared in Assumption
2 and has nothing to do with the convergence rate. We would like to note that local
mixed MsFE basis function introduced in [3] is a special case defined in (4). To do
this, one just needs to replace σ1 in (4) by a constant vector.

We define ψKij = a(x)∇φKij and

Σh =
⊕
K

{ψKij } ⊂ H(div,Ω).

Let Qh =
⊕

K P0(K) ⊂ L2(Ω), i.e., piecewise constants, be the basis functions
approximating u. For t > 0, we define

Πh|Kσ(t) =
∑
i,j

(
∫
ej

Ai(t, x)σi · ndx)ψKij

The numerical mixed formulation is to find {uh, σh} : [0, T ] −→ Qh×Σh such
that
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(Dttuh, w) − (∇ · σh, w) = (f, w) ∀w ∈ Qh
(a−1σh, χ) + (uh,∇ · χ) = 0 ∀χ ∈ Σh

(uh(0), w) = (g0, w) ∀w ∈ Qh
((Dtuh)(0), w) = (g1, w) ∀w ∈ Qh

(σh(0), χ) = (σ(0), χ) ∀χ ∈ Σh.

(5)

3.2 A Priori Error Estimates for Continuous Time

Before we proceed with the convergence analysis of the mixed MsFEM for the wave
equation, we recall some properties for the basis defined in (4). By Lemma 3.1 in
[1], it follows that

σi|K =
∑
j

βKij ψ
K
ij , (6)

where βKij =
∫
ej
δijσi · ndx. For the interpolatorΠh, Lemma 3.2 in [1] claims

(∇ · (σ −Πhσ), w) = 0 w ∈ Qh. (7)

Let Ph be L2(Ω) orthogonal projection onto Qh. We define

‖σ‖2L2
a(Ω) =

∫
Ω

σt · a−1(x)σdx, ‖σ‖2L2(0,T ;L2
a(Ω)) =

∫
ΩT

σt · a−1(x)σdxds.

By using (7) and standard estimate techniques (e.g., Schwarz inequality, Grow-
nall’s inequality, Jensen’s inequality and triangle inequality), we can obtain the fol-
lowing lemma.

Lemma 1. [6] Let {u, σ} and {uh, σh} be respectively solution of (2) and (5). Then

‖u− uh‖2L∞(L2(Ω)) + sup
t
‖
∫ t

0

(σ(s) − σh(s))ds‖2L2
a(Ω)

≤ C(‖Phu− u‖2L∞(L2(Ω)) + ‖Πhσ − σ‖2L2(L2
a(Ω))).

(8)

By Lemma 1, we get an priori error estimate for the scheme defined in (5).

Theorem 1. Suppose that f ∈ L2(L2(Ω)), g0 ∈ H1(Ω) and g1 ∈ L2(Ω). Let
{u, σ} and {uh, σh} be solution of (2) and (5), respectively. If Assumption 1 and
Assumption 2 hold and Ai(t, x) ∈ L2(Cα(Ω)) for i = 1, · · · , N , then for α+ β1 −
β2 − 1 > 0,

‖u− uh‖L∞(L2(Ω)) + sup
t
‖
∫ t

0

(σ(s) − σh(s))ds‖L2
a(Ω) ≤ Chmin(1,α+β1−β2−1).

Proof. If the source term f ∈ L2(L2(Ω)), the initial conditions g0 ∈ H1(Ω) and
g1 ∈ L2(Ω), then u ∈ L∞(H1(Ω)) (see [5]). Thanks to the fact that Ph is the
L2(Ω) projection ontoQh,
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‖u− Phu‖L∞(L2(Ω)) ≤ Ch|u|L∞(H1(Ω)), (9)

which estimates the first term of right hand side in (8). Next we estimate the term
‖σ −Πhσ‖2L2(L2

a(Ω)). Define

AKij (t) =
∫
ej

Ai(t, s)σi · nds

on each elementK . With Āji the average Ai(x) along ej , then

|AKij − Ā
j
iβ
K
ij | = |

∫
ej

Aiσi · nds− Āji
∫
ej

σi · nds|

≤ Chα+β1‖Ai(t)‖Cα(Ω),

(10)

where we have used the Assumption 2.
Invoking Assumption 1, (6) and ‖ψKij ‖0,K ≤ Ch−β2 , see [1], we have in each

element K

‖σ −Πhσ‖2L2(0,T ;L2
a(K)) =∫ T

0

∫
K

∑
i,j

(Ai(t, x)βKij −AKij (t))ψKij · a−1
∑
i,j

(Ai(t, x)βKij −AKij (t))ψKij dxdt

≤ C

∫ T

0

∫
K

(
∑
i,j

(Ai(t, x)βKij −AKij (t))ψKij )2dxdt

= C‖
∑
i,j

(Ai(t, x)βKij −AKij (t))ψKij ‖2L2(0,T ;L2(K))

≤ C‖
∑
i,j

(Ai(t, x) − Āji (t))βKij ψKij ‖2L2(0,T ;L2(K))

+ C‖
∑
i,j

(Āji (t)β
K
ij −AKij (t))ψKij ‖2L2(0,T ;L2(K))

≤ Ch2(α+β1)(
∑
i

‖Ai‖2L2(0,T ;Cα(K)))
∑
ij

‖ψKij ‖20,K

≤ Ch2(α+β1−β2)(
∑
i

‖Ai‖2L2(0,T ;Cα(K))),

(11)

where we have used the facts that Ai ∈ L2(0, T ;Cα(Ω)) and (10). After making
summation over all K in (11), we have

‖σ −Πhσ‖L2(0,T ;L2
a(Ω)) ≤ Chα+β1−β2−1. (12)

Taking into account (9) , (12) and (8), the proof is complete.

If the functions Ai(t, x) (i = 1, · · · , N ) in Assumption 1 have better regularity
with respect to time t, we can obtain an convergence rate as follows:
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Theorem 2. Let {u, σ} and {uh, σh} be the solution of (2), respectively and (5). If
Assumption 1, 2 hold andAi(t, x) ∈ L∞(Cα(Ω))∩H1(Cα(Ω)) for i = 1, · · · , N ,
then for α+ β1 − β2 − 1 > 0,

‖u− uh‖L∞(L2(Ω)) + ‖σ − σh‖L∞(L2
a(Ω)) ≤ Chmin(1,α+β1−β2−1).

The proof can be found in [6].

Remark 2. If global fields ui(i = 1, 2) are defined in Remark 1, then σ =
∑2

i=1

Ai(t, x)σi, whereAi(t, x) = ∂u
∂ui

and σi = a∇ui. Provided that f ∈W 1,∞(Lp(Ω))
∩W 2,p(Lp(Ω)), Dttu(0) ∈ W 1,p(Ω) and Dtttu(0) ∈ Lp(Ω), then the proof
Lemma 2.6 in [8] implies that Ai(t, x) = ∂u

∂ui
∈ W 1,∞(W 1,p(Ω)). Consequently

Ai(t, x) ∈ H1(C1− 2
p (Ω)) if p > 2 by using Sobolev embedding theorem.

3.3 A Priori Error Estimate for Discrete Time

We introduce the following notation for time-discetization,

Dtu
1
2 =

u1 − u0

Δt
, Dttu

n =
un+1 − 2un + un−1

Δt2
.

Because we assume that the media has only spatial multiscales, we use the mixed
MsFEM for the space discretization and use conventional finite difference schemes
to discretize the temporal variables. As an explicit-in-time scheme, the fully mixed
formulation is to find {un+1

h , σn+1
h } ∈ Qh ×Σh such that

(Dttu
n
h, w)− (∇ · σnh , w) = (fn, w) ∀w ∈ Qh

(a−1σn+1
h , χ) + (un+1

h ,∇ · χ) = 0 ∀χ ∈ Σh
(u0
h, w) = (g0, w) ∀w ∈ Qh

(
2
Δt
Dtu

1
2
h , w)− (∇ · σ0

h, w) = (f0 +
2
Δt
g1, w) ∀w ∈ Qh

(σ0
h, χ) = (σ(0), χ) ∀χ ∈ Σh.

(13)

It is known that the scheme in (13) is conditional stable (refer to [4]) and that the
time consistence error is O(Δt2) if u(t, x) is sufficiently smooth with respect to t.
Consequently, we can use Theorem 2 and follow the proof of Theorem 5.2 in [4] to
obtain the following estimate.

Theorem 3. Let {u, σ} and {uh, σh} be solution of (2) and (13), respectively. If
u(t, x) is sufficiently smooth with respect to t and the assumptions in Theorem 2 are
satisfied, then

sup
tn

‖u− unh‖L2(Ω) + sup
tn

‖σ − σnh‖L2
a(Ω) ≤ C(hmin(1,α+β1−β2−1) +Δt2).

We would like to note that an implicit-in-time scheme for the wave equation is pre-
sented in [4].
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4 Conclusions

In the paper, we present a mixed MsFEM for a wave equation using global infor-
mation. The global information is described by global fields (velocity fields). For
construction of velocity basis functions, the global fields are employed. A prior error
estimates are derived for the wave equation by the mixed MsFEM. The numerical
results in some recent works (e.g., [6, 7, 8]) demonstrate that using global fields can
capture non-local effects in simulations and significant improve accuracy and effi-
ciency when the media are heterogenous and their scales are non-separable.
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1 Summary

We present a new class of coarse spaces for two-level additive Schwarz precondi-
tioners that yield condition number bound independent of the contrast in the media
properties. These coarse spaces are an extension of the spaces discussed in [ 3]. Sec-
ond order elliptic equations are considered. We present theoretical and numerical
results. Detailed description of the results and numerical studies will be presented
elsewhere.

2 Introduction

Many problems in applied sciences occur in media that contains multiple scales and
has high contrast in the properties. For example, it is very common to have several
orders of magnitude of variations in the permeability field in natural porous forma-
tions. Domain decomposition preconditioners are often used to solve the fine-scale
system that arises from the discretization of partial differential equations. The num-
ber of iterations required by domain decomposition preconditioners is typically af-
fected by the contrast in the media properties that are within each coarse-grid block
(e.g., [3, 4]; see also [2] for the approximation on a coarse grid). It is known that
if high and low conductivity regions can be encompassed within coarse-grid blocks
such that the variation of the conductivity within each coarse region is bounded, do-
main decomposition preconditioners result to a system with the condition number
independent of the contrast (e.g., [5]). Because of complex geometry of fine-scale
features, it is often impossible to separate low and high conductivity regions into
different coarse-grid blocks. Thus, the contrast will adversely affect the number of
iterations required by domain decomposition preconditioners.

The design and analysis of preconditioners that converge independent of the con-
trast is important for many applications, such as porous media flows where flow prob-
lems are solved multiple times. In [3], we introduce a coarse space based on local
spectral problems (see also [1]). These spaces are motivated by weighted Poincaré
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estimates that arise in the proofs of L2 approximation property of the coarse in-
terpolation, see [3, 6, 8]. In particular, the spectrum of local eigenvalue problem
contains eigenvalues that are small and asymptotically vanish as the contrast in-
creases, and thus, there is a gap in the spectrum. The eigenvectors corresponding
to these small (asymptotically vanishing) eigenvalues represent the high-conducting
features. The number of these eigenvectors is the same as the number of discon-
nected high-conductivity inclusions. The coarse space is constructed such that the
basis functions span the eigenfunctions corresponding to these small (asymptotically
vanishing) eigenvalues as well as some nodal multiscale basis functions. In [ 3], we
prove that if the coarse space includes the basis functions associated to these eigen-
functions, then the condition number of the two level additive method is bounded
independent of the contrast of the media.

In many applications where the flow equations are solved multiple times, it is
important to choose a coarse space with a minimal dimension. The coarse spaces
constructed in [3] represent both high-conductivity channels (high-conductivity in-
clusions that connect the boundaries of a coarse-grid block) and high-conductivity
isolated inclusions. Consequently, these coarse spaces can have a large dimension.
In [3], we note that one only needs to represent channels within coarse blocks and
present a procedure for removing high-contrast isolated inclusions. In this paper, we
present a more general approach that removes the inclusions. In fact, one can con-
sider the proposed construction as an approach that complements the coarse spaces
constructed using partition of unity functions. In particular, starting with an initial
partition of unity functions, e.g., multiscale basis functions, one adds new basis
functions by using eigenvectors of weighted eigenvalue problem. In this eigenvalue
problem, the weight is computed using the gradient of the initial partition of unity
functions, see (8) below. The eigenfunctions corresponding to small (asymptotically
vanishing) eigenvalues are chosen and new basis functions that span these eigen-
functions are added to the coarse space. With a correct choice of partition of unity
functions, one can remove the inclusions and obtain the coarse space with a small
dimension. We present a theoretical result that states that the condition number of the
preconditioned system is independent of contrast. Numerical results are presented to
demonstrate our theoretical findings.

3 Problem Setting and Domain Decomposition Framework

LetD ⊂ R2 (or R3) be a polygonal domain which is the union of a disjoint polygonal
subregions {Di}Ni=1. We consider the following problem. Find u∗ ∈ H1

0 (D) such
that

a(u∗, v) = f(v) for all v ∈ H1
0 (D). (1)

Here the bilinear form a and f are defined by a(u, v) =
∫
D κ(x)∇u(x)∇v(x)dx,

and f(v) =
∫
D f(x)v(x)dx, for all u, v ∈ H1

0 (D).
We assume that {Di}Ni=1 form a quasiuniform triangulation of D and denote

H = maxi diam(Di). Let T h be a fine triangulation which refine {Di}Ni=1. We de-
note by V h(D) the usual finite element discretization of piecewise linear continuous
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functions with respect to the fine triangulation T h. Denote also by V h
0 (D) the subset

of V h(D) with vanishing values on ∂D. Similar notations, V h(Ω) and V h0 (Ω), are
used for subdomainsΩ ⊂ D.

The Galerkin formulation of (1) is to find u∗ ∈ V h0 (D) with a(u∗, v) = f(v) for
all v ∈ V h0 (D), or in matrix form

Au∗ = b, (2)

where for all u, v ∈ V h(D) we have uTAv =
∫
D
κ∇u∇v, and vT b =

∫
D
fv.

It is sufficient to consider the case of piecewise constant coefficient κ. From now
on we will assume that κ is piecewise constant coefficient in T h with value κ = κe
on each fine triangulation element e ∈ T h.

We denote by {D′
i}Ni=1 the overlapping decomposition obtained from the original

nonoverlapping decomposition {D i}Ni=1 by enlarging each subdomain D i to D′
i =

Di ∪ {x ∈ D, dist(x,Di) < δi}, i = 1, . . . , N , where dist is some distance
function and let δ = max1≤i≤N δi. Let V i0 (D′

i) be the set of finite element functions
with support in D′

i. We also denote by RTi : V i0 (D′
i) → V h the extension by zero

operator.
We will use a partition of unity {ξi}Ni=1 subordinated to the covering {D ′

i}Ni=1

such that

N∑
i=1

ξi = 1, ξi ∈ V h, and Supp(ξi) ⊂ D′
i, i = 1, . . . , N, (3)

where Supp(ξi) stands for the support of the function ξ i. This will be the partition
of unity used to truncate global functions to local ones in the proof of the stable
decomposition.

Given a coarse triangulationT H we introduceNc coarse basis functions {Φi}Nc

i=1.
We define the coarse space by V0 = span{Φi}Nc

i=1, and the coarse matrix A0 =
R0AR

T
0 where RT0 = [Φ1, . . . , ΦNc ]. We use a two level additive preconditioner of

the form

B−1 = RT0 A
−1
0 R0 +

N∑
i=1

RTi A
−1
i Ri, (4)

where the local matrices are defined by vTAiw = a(v, w) for all v, w ∈ V i =
V h0 (D′

i), i = 1, . . . , N . See [5].
We denote by {yi}Nv

i=1 the vertices of the coarse mesh T H and define

ωi =
⋃
{K ∈ T H ; yi ∈ K}, ωK =

⋃
{ωj; yj ∈ K}. (5)

We will use a partition of unity {χi}Nv

i=1 subordinated to the covering {ωi}Nv

i

such that

Nv∑
i=1

χi = 1, χi ∈ V h, and Supp(χi) ⊂ ωi, i = 1, . . . , Nc. (6)
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4 Coarse-Space-Completing Eigenvalue Problem and Stability
Estimates

In this section we define the new local spectral multiscale coarse space using eigen-
vectors of high contrast eigenvalue problems. Fist we introduce the notation for
eigenvalue problems. For any Ω ⊂ D define the matrix AΩ and the modified mass
matrix of same dimensionMΩ by

vTAΩw =
∫
Ω

κ∇v∇w and vTMΩw =
∫
Ω

κ̃vw for all v, w ∈ Ṽ h(Ω), (7)

where Ṽh = Vh(Ω) if Ω ∩ ∂D = ∅ and Ṽh = {v ∈ Vh(Ω) : v = 0 on ∂Ω ∩ ∂D}
otherwise. Here κ̃ in (7) is a weight derived from the high contrast coefficient κ and
contains the relevant information we need for the construction of the coarse basis
functions. Several possible choices for κ̃ can be considered. We refer to [ 3] for the
case κ̃ = κ. Here we will consider only the case of the piecewise constant κ̃ given
by

κ̃ = max

⎧⎨⎩κ
N∑
i=1

|∇ξi|2, κ
Nv∑
j=1

|∇χj |2
⎫⎬⎭ , (8)

where {ξ}Nj=1 and {χi}Nv

i=1 are the partition of unity introduced in (3) and (6), re-
spectively. From now on, we assume that overlapping decomposition is constructed
from the coarse mesh and ξi = χi for all i = 1, . . . , N = Nv. We consider the finite
dimensional symmetric eigenvalue problem

AΩφ = λ̃MΩφ (9)

and denote its eigenvalues and eigenvectors by { λ̃Ω	 } and {ψΩ	 }, respectively. Note
that the eigenvectors {ψΩ	 } form an orthonormal basis of Ṽ h(Ω) with respect to
the MΩ inner product. Assume that λ̃Ω1 ≤ λ̃Ω2 ≤ · · · ≤ λ̃Ωi ≤ . . . , and note that
λ̃Ω1 = 0. In particular, ψωi

	 denotes the 
-th eigenvector of the matrix associated to
the neighborhood of yi, i = 1, . . . , Nv.

In general, when κ̃ = κ and for the Neumann boundary case, if there are n
inclusions and channels, then one can observe n small (asymptotically vanishing)
eigenvalues. The eigenvectors corresponding to these eigenvalues will be used to
construct the coarse space V0. In this case, the term κ̃ = κ on the right hand side
of the eigenvalue problem results in eigenvectors that are nearly constant inside each
high conductivity inclusion/channel. When κ̃ is chosen based on ( 8), then the number
of asymptotically small eigenvalues is the same as the number of high-conductivity
inclusions in κ̃. In particular, if the partition of unity functions are piecewise linear
polynomials then κ̃ and κ have the same high-contrast structure. We are interested
in partition of unity functions that can “eliminate” isolated high-conductivity inclu-
sions and thus reduce the size of the coarse space. This can be achieved by minimiz-
ing high-conductivity components in κ̃. In particular, by choosing multiscale finite
element basis functions or energy minimizing basis functions, we can eliminate all
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isolated high-conductivity inclusions, while preserving the channels. This can be ob-
served in our numerical experiments. In Fig. 1 (below) and Fig. 2 (on page 195), we
depict κ (middle picture) and κ̃ (right picture) using multiscale basis functions on
the coarse grid. The coarse grid is depicted in the left pictures. One can observe that
isolated inclusions are removed in κ̃, and consequently, the coarse space contains
only long channels that connect boundaries of the coarse grid.

Fig. 1. Left: Coarse mesh. Center: Original coefficient. Here η = 109. Right: Coefficient eκ
computed as in (8) using (linear) multiscale basis functions.

We note that for the proposed methods, we only need to specify the eigenvectors
based on the quantities {1/λ̃ωi

l } in each ωi, i = 1, . . . , Nv. These eigenvectors are
used to construct the coarse space.

We assume that the elements of T h contained in Ω form a triangulation of Ω.
Let nh(Ω) denote the number of degrees of freedom in Ω. Given an integer L and
v ∈ V h(Ω) define

IΩL v =
L∑
	=1

(∫
Ω

κ̃vψΩ	

)
ψΩ	 . (10)

Let {χi}Nv

i=1 be a partition of unity (3). Define the coarse basis functions

Φi,	 = Ih(χiψωi

	 ) for 1 ≤ i ≤ Nv and 1 ≤ 
 ≤ Li, (11)

where Ih is the fine-scale nodal value interpolation and L i is an integer for each
i = 1, . . . , Nv. Denote by V0 the local spectral multiscale space

V0 = span{Φi,	 : 1 ≤ i ≤ Nv and 1 ≤ 
 ≤ Li}. (12)

We note that in practice one only needs to computed the first L i eigenvalues of
(9). Hierarchical approximation with several triangulation can also be consider for
the eigenvalues and eigenvectors.

Define also the coarse interpolation I0 : V h(D) → V0 by

I0v =
Nv∑
i=1

Li∑
	=1

(∫
ωi

κ̃vψωi

	

)
Ih(χiψωi

	 ) =
Nv∑
i=1

Ih
(
(Iωi

Li
v)χi

)
, (13)
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where Ih is the fine-scale nodal value interpolation and I ωi

Li
is defined in (10).

We have the following weighted L2 approximation and weighted H 1 stability
properties.

Lemma 1. For all coarse element K we have∫
K

κ̃(v − I0v)2  
1

λ̃K,L+1

∫
ωK

κ|∇v|2 (14)

∫
K

κ|∇I0v|2  max{1, 1

λ̃K,L+1

}
∫
ωK

κ|∇v|2 (15)

where λ̃K,L+1 = minyi∈K λ̃
ωi

Li+1 and ωK is the union of the elements that share
common edge with K defined in (5).

The proof of this lemma follows from the results presented in [ 3] and will be pre-
sented elsewhere.

Using Lemma 1, we can estimate the condition number of the preconditioned
operator B−1A with B−1 defined in (4) using the coarse space V0 in (12). From the
abstract domain decomposition theory we only need to prove the stable decomposi-
tion property; see [5]. From this stable decomposition property, one has the following
Lemma.

Lemma 2. The condition number of the preconditioned operator B−1A with B−1

defined in (4) is of order

cond(B−1A)  C2
0  1 +

1

λ̃L+1

where λ̃L+1 = min
1≤i≤Nv

λ̃ωi

Li+1.

It can be easily shown that the eigenvalues of the local problem scale as O(1)
assuming ξi = χi, i = 1, . . . , N = Nv, in (8). The dependency of the condition
number of overlapping decomposition (δ) and coarse grid size (H) is controlled by
the partition of unity {ξi} and {χi} in (8), respectively. The condition number is
independent of h and it is, in general, of orderO(H 2/δ2), see [3].

5 Numerical Results

In this section, we present representative 2D numerical results for the additive pre-
conditioner (4) with the local spectral multiscale coarse space defined in (12). Nu-
merical studies for the more interesting 3D case will be presented elsewhere. We take
D = [0, 1] × [0, 1] that is divided into 8 × 8 equal square subdomains. Inside each
subdomain we use a fine-scale triangulation where triangular elements constructed
from 10× 10 squares are used.
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Fig. 2. Left: Coarse mesh. Center: Original coefficient. Right: Coefficient eκ computed as in
(8) using (linear) multiscale basis functions. See Table 1.

In our first numerical example, we choose a simple permeability field that only
has isolated inclusions, see middle picture of Fig. 1. The coarse grid is demonstrated
in the left picture. Multiscale finite element basis functions with linear boundary
conditions are chosen as a partition of unity functions in ( 8). The purpose of this
example is to demonstrate that κ̃ does not have any high-conductivity components
with this choice of partition of unity functions. As a result, we have only one eigen-
function (constant) per coarse grid. Thus, there is no need to complement the space
of multiscale basis functions with linear boundary conditions. Note that if we use
the eigenvalue problem with the weight function κ, then there will be four basis
functions per node that represent inclusions. One can choose any κ̃ that is larger
than the one defined by (8). In our simulations, we add a positive constant to κ̃ to
avoid a numerical instability. In our numerical results, we observed that the number
of iterations with the weight κ̃ = κ and the weight κ̃ defined in (8) (which results
in the multiscale finite element basis functions) does not change for the contrast
η = 104, 105, 106, 107, 108. The number of iterations is 22 iterations. Due to space
limitation, we do not present detailed numerical results.

η MS EMF LSM (eκ = κ) LSM( eκ in (8))
104 98(2490.75) 62(257.86) 27(6.19) 28(7.34)
105 123(24866.24) 62(283.29) 28(6.19) 29(7.35)
106 144(248621.33) 62(286.12) 29(6.19) 29(7.35)
107 174(2486172.35) 63(286.41) 29(6.19) 30(7.35)

Dim 49 49 102 69

Table 1. Number of iterations until convergence and estimated condition number for the PCG
and different values of the contrast η with the coefficient depicted in Fig. 2. We set the toler-
ance to 1e-10. HereH = 1/8 with h = 1/80. The notation MS stands for the (linear boundary
condition) multiscale coarse space, EMF is the energy minimizing coarse space, see e.g., [7],
and LSM is the local spectral multiscale coarse space defined in (12).

In the second example, we test our approach on a more complicated permeability
field that contains inclusions and channels (see middle picture of Fig. 2). As before
we use multiscale finite element basis functions as the initial partition of unity. From
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the right picture of Fig. 2 we see that the modified weight κ̃ does not contain any
isolated inclusions and only contains long channels connecting boundaries of the
coarse-grid block. This is achieved automatically from the choice of the partition of
unity functions. There are fewer small (asymptotically vanishing) eigenvalues when
local eigenvalue problem is solved with the modified weight κ̃. Thus, with a good
choice of partition of unity functions in (8), there are fewer new multiscale basis
functions needed to achieve an optimal, in terms of the contrast, convergence. Nu-
merical results are presented in Table 1. We observe that using the proposed coarse
spaces, the number of iterations is independent of the contrast. In Table 1 we also
show the dimension of the coarse spaces. The dimension of the local spectral coarse
space is smaller if we use κ̃ in (10) instead of κ̃ = κ as in [3].
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Summary. Poincaré type inequalities play a central role in the analysis of domain decom-
position and multigrid methods for second-order elliptic problems. However, when the co-
efficient varies within a subdomain or within a coarse grid element, then standard condition
number bounds for these methods may be overly pessimistic. In this short note we present new
weighted Poincaré type inequalities for a class of piecewise constant coefficients that lead to
sharper bounds independent of any possible large contrasts in the coefficients.

1 Introduction

Poincaré type inequalities play a central role in the analysis of domain decomposition
(DD) methods for finite element discretisations of elliptic PDEs of the type

−∇ · (α∇u) = f . (1)

In many applications the coefficient α in (1) is discontinuous and varies over sev-
eral orders of magnitude throughout the domain in a possibly very complicated way.
Standard analyses of DD methods for (1) that use classical Poincaré type inequali-
ties will often lead to pessimistic bounds. Two examples are the popular two-level
overlapping Schwarz and FETI. If the subdomain partition can be chosen such that
α is constant (or almost constant) on each subdomain as well as in each element of
the coarse mesh (for two-level methods), then it is possible to prove bounds that are
independent of the coefficient variation (cf. [2, 7, 14]). However, if this is not possi-
ble and the coefficient varies strongly within a subdomain, then the classical bounds
depend on the local variation of the coefficient, which may be overly pessimistic in
many cases. To obtain sharper bounds in some of these cases, it is possible to re-
fine the standard analyses and use Poincaré inequalities on annulus type boundary
layers of each subdomain [5, 8, 10, 12, 15], or weighted Poincaré type inequalities
[4, 9, 13]. See also [1, 3, 6, 11, 16].
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In this short note we want to collect and expand on the results in [ 4, 9] and
present a new class of weighted Poincaré-type inequalities for a rather general class
of piecewise constant coefficients. Due to space restrictions we have to refer the
interested reader to [5, 8, 9, 13], to see where exactly these new inequalities can be
used in the analysis of FETI and two-level Schwarz methods.

2 Weighted Poincaré Inequalities

Let D be a bounded domain in Rd, d = 2, 3. For simplicity we only consider piece-
wise constant coefficient functions α with respect to a non-overlapping partitioning
{Y	 : 
 = 1, . . . , n} of D into open, connected Lipschitz polygons (polyhedra),
i.e. α|Y�

≡ α	 ≡ const. The results generalise straightforwardly to more general
coefficients that vary mildly within each of the regions Y 	.

Definition 1. The region P	1, 	s := (Y	1 ∪Y	2 ∪· · ·∪Y	s)◦ is called a type-m quasi-
monotone path from Y	1 to Y	s , if

(i) for i = 1, . . . , s−1 the subregions Y	i and Y	i+1 share a commonm-dimensional
manifoldXi

(ii) α	1 ≤ α	2 ≤ · · · ≤ α	s .

Definition 2. Let X∗ ⊂ D be a manifold of dimension m, with 0 ≤ m < d. The
coefficient distribution α is called type-m X ∗-quasi-monotone on D, if for all 
 =
1, . . . , n there exists an index k such that X ∗ ⊂ Yk and such that there is a type-m
quasi-monotone path P	, k from Y	 to Yk.

Definition 3. Let Γ ⊂ ∂D. The coefficient distribution α is called type-m Γ -quasi-
monotone on D, if for all 
 = 1, . . . , n there exists a manifold X ∗

	 ⊂ Γ of di-
mension m and an index k such that X ∗

	 ⊂ ∂Yk and such that there is a type-m
quasi-monotone path P	, k from Y	 to Yk.

Note that the above definitions generalize the notion of quasi-monotone coeffi-
cients introduced in [2]. Definition 2 will be used to formulate weighted (discrete)
Poincaré type inequalities, whereas Definition 3 will be used in weighted (discrete)
Friedrichs inequalities. In Fig. 1 we give some examples of coefficient distributions
that satisfy Definition 2.

To formulate our results we define for any u ∈ H 1(D) the average

uX
∗

:=
1
|X∗|

∫
X∗

u ds if m > 0, uX
∗

:= u(X∗) if m = 0,

as well as the weighted norm and seminorm

‖u‖L2(D),α :=
( ∫

D

α |u|2 dx
)1/2

and |u|H1(D),α :=
( ∫

D

α |∇u|2 dx
)1/2

.
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Fig. 1. Examples of quasi-monotone coefficients. The numbering of the regions is according
to the relative size of the coefficients on these regions with the smallest coefficient in region
Y1. Note that the first case is quasi-monotone in the sense of [2], but the other three are not.
The first three examples are type-1. The last example is type-0. The manifold X∗ is shown in
each case, together with a typical path in some of the cases.

Lemma 1 (weighted Poincaré inequality). Let the coefficientα be type-(d−1)X ∗-
quasi-monotone on D with the (d − 1)-dimensional manifold X ∗. For each index

 = 1, . . . , n, let P	, k be the path in Definition 2 with X∗ ⊂ Yk, and let CP	, k > 0
be the best constant in the inequality

‖u− uX∗‖2L2(Y�)
≤ CP	, k diam(D)2 |u|2H1(P�, k) for all u ∈ H1(P	, k). (2)

Then there exists a constant CP ≤
∑n

	=1 C
P
	, k independent of α and diam(D) such

that

‖u− uX
∗
‖2L2(D),α ≤ CP diam(D)2 |u|2H1(D),α for all u ∈ H1(D).

Proof. Let us fix one of the subregions Y	 and suppose without loss of generality
that

∫
X∗ u ds = 0 and that diam(D) = 1. Due to the assumption on α, we have

‖u‖2L2(Y�),α
= α	‖u‖2L2(Y�)

. Combining this identity with inequality (2) and using
that the coefficients are monotonically increasing in the path from Y 	 to Yk, we obtain

‖u‖2L2(Y�),α
≤ CP	, k α	 |u|2H1(P�, k) ≤ CP	, k |u|2H1(P�, k),α ≤ CP	, k |u|2H1(D),α .

The proof is completed by adding up the above estimates for 
 = 1, . . . , n.

Remark 1. Obviously, inequality (2) follows from the standard Poincaré type in-
equality ‖u − uX

∗‖2L2(P�, k) ≤ C |u|H1(P�, k) for all u ∈ H1(P	, k), with some
constant C depending on P	, k and on X∗. However, this may lead to a sub-optimal
constant. In general, the constants CP

	, k depend on the choice of the manifold X ∗,
as well as on the number, shape, and size of the subregions Y 	. In Sect. 3, we give a
bound of CP	, k in terms of local Poincaré constants on the individual subregions Y 	
to make this dependency more explicit.

On the other hand, if X ∗ is a manifold of dimension less than d− 1 (i.e. an edge
or a point), inequality (2) does not hold for all functions u ∈ H 1(D). However, there
is a discrete analogue for finite element functions which holds under some geometric
assumptions on the subregions Y	, cf. [14, Sect. 4.6].
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Let {Th(D)} be a family of quasi-uniform, simplicial triangulations of D with
mesh width h. By V h(D) we denote the space of continuous piecewise linear func-
tions with respect to the elements of Th(D). Note that we do not prescribe any bound-
ary conditions. We further assume that the fine mesh Th(D) resolves the interfaces
between the subregions Y	.
Assumption 1 (cf. [14, Assumption 4.3]) There exists a parameter η with h ≤ η ≤
diam(D) such that each subregion Y	 is the union of a few simplices of diameter η,
and the resulting coarse mesh is globally conforming on all of D.

Before stating the next lemma, we define the function

σδ(x) :=
{

(1 + log(x)) for δ = 2,
x for δ = 3. (3)

Lemma 2 (weighted discrete Poincaré inequality). Let Assumption 1 hold and let
α be type-mX∗-quasi-monotone onD with the manifoldX ∗ having dimensionm <
d− 1. If m = 1, assume furthermore that X∗ is an edge of the coarse triangulation
in Assumption 1. For each 
 = 1, . . . , n, let P	, k be the path in Definition 2 with
X∗ ⊂ Yk and let CP,m	, k > 0 be the best constant independent of h such that

‖u−uX∗‖2L2(Y�)
≤ CP,m	, k σd−m

(
η
h

)
diam(D)2 |u|2H1(P�, k) for all u ∈ V h(P	, k).

(4)
Then, there exists a constant CP,m ≤

∑n
	=1 C

P,m
	, k , independent of h, of α, and of

diam(D) such that

‖u−uX∗‖2L2(D),α ≤ CP,m σd−m
(
η
h

)
diam(D)2 |u|2H1(D),α for all u ∈ V h(D).

Proof. The proof is analogous to that of Lemma 1, but uses (4) instead of (2).

We remark that the existence of the constants CP,m
	, k fulfilling inequality (4) will

follow from the results summarized in [14, Sect. 4.6] and from our investigation in
Sect. 3. For simplicity, let us also define σ1 ≡ 1 and CP, d−1 := CP .

We would like to mention that similar inequalities than those in Lemmas 1 and 2
can also be proved, if u vanishes on part of the boundary ofD. Here, we just display
the case m = d− 1. The generalisation to m < d− 1 is straightforward and follows
Lemma 2.

Lemma 3 (weighted Friedrichs inequality). Let Γ ⊂ ∂D and let α be type-(d−1)
Γ -quasi-monotone on D (according to Definition 3). Then there exists a constant
CF = CF, d−1 independent of α and of diam(D) such that

‖u‖2L2(D),α ≤ CF diam(D)2 |u|2H1(D),α for all u ∈ H1(D), u|Γ = 0.

3 Explicit Dependence on Geometrical Parameters

In this section we will study the dependence of the constants C P,m
	,k (and conse-

quently CP,m) in the above lemmas on the choice of X ∗ and on the number, size
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and shape of the regions Y	 (in particular the ratio diam(D)/η). In [9, §3] the de-
pendence on the geometry of the subregions is made more explicit. The lemmas
presented there are in fact special cases of Lemmas 1 and 2 here.

First, we show that bounds for the constantsCP,m
	, k can be obtained from inequal-

ities on the individual subregions Y	. Secondly, we will look at a series of examples
in two dimensions. For further 3D examples see [9].

Lemma 4. Let α be type-mX∗-quasi-monotone on D with 0 ≤ m ≤ d− 1, and let
P	1, 	s be any of the paths in Definition 2. Ifm < d−1, let Assumption 1 hold. Ifm =
1 and d = 3, assume additionally thatX ∗ is an edge of the coarse triangulation. For
each i = 1, . . . , s, let CP,m	i

be the best constant, such that

‖u− uX‖2L2(Y�i
) ≤ CP,m	i

σd−m
(
η
h

)
diam(Y	i)

2 |u|2H1(Y�i
) for all u ∈ V h(Y	i),

(5)
where X ⊂ Y	i is any of the manifolds Xi−1, Xi or X∗ in Definition 2 (as appro-
priate), cf. [14, Sect. 4.6]. Then

CP,m	1, 	s
≤ 4

{ s∑
i=1

meas(Y	1)
meas(Y	i)

diam(Y	i)2

diam(D)2
CP,m	i

}
.

If m = d− 1 we can extend the result to the whole of H 1.

Proof. We give the proof for the casem = d−1. The other cases are analogous. For
convenience let Xs := X∗. Then, telescoping yields

‖u− uX∗‖L2(Y�1) ≤ ‖u− uX1‖L2(Y�1) +
s∑
i=2

√
meas(Y	1)

∣∣uXi−1 − uXi
∣∣.

Due to (5), ‖u− uX1‖L2(Y�1 ) ≤
√
CP,m	1

diam(Y	1) |u|H1(Y�1 ), and for each i,

∣∣uXi−1 − uXi
∣∣2 ≤ 2

meas(Y	i)

(
‖uXi−1 − u‖2L2(Y�i

) + ‖u− uXi‖2L2(Y�i
)

)
≤ 4

meas(Y	i)
CP,m	i

diam(Y	i)
2 |u|2H1(Y�i

) .

An application of Cauchy’s inequality (in Rs) yields the final result.

Let us look at some examples now. Firstly, if Assumption 1 holds with constant
η � diam(D) (e. g. in Fig. 1a), then n = O(1) and each path P	,k in Definition 2
containsO(1) subregions. If we chooseX ∗ to be a vertex, edge or face of the coarse
triangulation in Assumption 1, then by standard arguments C P,m

	 = O(1) in (5)
for all 
 = 1, . . . , n. Hence, it follows from Lemma 4 that the constants CP,m in
Lemmas 1–2 are all O(1).

Before we look to more complicated examples, which involve in particular long,
thin regions, let us first derive two auxiliary results.
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Fig. 2. More examples (with α1 
 α2): The first two examples are quasi-monotone of type-
1 and type-0, respectively. X∗ is shown in each case. The examples in (c) and (d) are not
quasi-monotone.

(i) The middle region Y3 in Fig. 1b is long and thin if η � diam(Y3). With X∗ as
given in the figure, one can show that (5) holds with CP, 13 = O(1), independent
of η and diam(Y3). Note that diam(X∗) � diam(Y3).

(ii) The regionY8 in Fig. 1c has essentially the same shape, but hereX ∗ has diameter
η � diam(Y8). Nevertheless, one can show that (5) holds with X = X∗ and
CP, 18 = O(1), independent of η and diam(Y8). (This result can be obtained by
sub-dividingY8 into small quadrilaterals of sidelength η and applying Lemma 4).

In Figs. 1 and 2, H denotes the sidelength of D (thus, H � diam(D)). We view η
(if displayed) as a varying parameter≤ H , with the other parameters fixed.
Fig. 1b. As just discussed,CP, 13,3 = CP, 13 = O(1). Similarly,CP, 12,2 = CP, 12 = O(1).
To obtain CP, 11, 3 = O(1) we use ‖u− uX∗‖2L2(Y1) ≤ ‖u− uX

∗‖2L2(P1,3) and apply a
standard Poincaré inequality (rather than resorting to Lemma 4 which would yield a
pessimistic bound). Hence, Lemma 1 holds with CP, 1 = O(1).
Fig. 1c. Despite the fact that CP, 11 = O(1) and CP, 18 = O(1), the constant CP, 11, 8 is
not O(1): Since diam(Y1) ∼ H , Lemma 4 yields

CP, 11, 8 � H2

H2

H2

H2
+
H2

H η

H2

H2
= O

(H
η

)
.

We easily convince ourselves that this is the worst constantCP,1
	,k , for all 
 = 1, . . . , 9

(e. g., CP, 13, 9 = O(1)), and so we obtain CP, 1 = O(Hη ).
Fig. 1d. Here the coefficient is only type-0 quasi-monotone and so we cannot apply
Lemma 1, but by applying Lemma 4 we find that CP, 07,8 = O(1) and all the other
constants are no worse. So in contrast to Case (c), we can show that the constant
CP, 0 in Lemma 2 is O(1) in this case. The crucial difference is not that α is type-0
here, but that diam(Y8) = O(H) and diam(Y9) = O(H).

The examples in Fig. 2 are further, typical test cases used in the literature.
Fig. 2a. To obtain a sharp bound for C P, 1, it is better here to treat all the regions
where α = α1 as one single region Y1, slightly modifying the proof of Lemma 1.
Then CP, 11,2 = O(1) (standard Poincaré onD). Due to a tricky overlapping argument

that can be found in the Appendix of [8], CP, 12,2 = O(1). Thus, CP, 1 = O(1). Note
that this is only possible if α takes the same values on all the inclusions. If there are
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p distinct values in the inclusions, the constant CP, 1 depends (linearly) on p. This
should be compared with one of the main results in [4], where a similar Poincaré
inequality is proved with a constant depending on the number of inclusions.
Fig. 2b. For each region Y	 we have CP, 0	 = CP, 0� = O(1). For a moment, let us
restrict on the regions where the coefficient is α1 and group them into T := H

2 η
concentric layers starting from the two centre squares touching X ∗ where α = α1.
Obviously, for t = 1, . . . , T , layer t contains 2t − 2 regions where α = α1. Each
region in layer t can be connected to one of the two centre squares by a type-0 quasi-
monotone path of length t. By Lemma 4, CP, 0	, k ≤ 4

∑t
j=1

η2

H2 C
P, 0
� = 4 t η

2

H2 C
P, 0
�

for all the regions Y	 in layer t where α = α1. The same bound holds for the regions
where α = α2. Summing up these bounds over all regions and all layers, we obtain

CP, 0 ≤ 2
T∑
t=1

(2t− 2) 4 t
η2

H2
CP, 0� = 16

η2

H2

T 3 − T
3

= O
(H
η

)
.

Equivalently, as there are n× = O
(
H
η

)2
crosspoints in this example, we have shown

that CP, 0 = O(√n×). An enhanced bound of O
(
(1 + log(H/η))2

)
for CP,0 in

this example can be obtained using a multilevel argument, and will be proved in an
upcoming paper.
Fig. 2c. α is not quasi-monotone in this case, and indeed Lemmas 1–3 do not hold.
For example, if we choose X ∗ as shown, then it suffices to choose u to be the con-
tinuous function that is equal to 2(x1 − 1

4 ) for 1
4 ≤ x1 ≤ 3

4 and constant otherwise,
to obtain a counter example in V h(D) ⊂ H1(D) that satisfies uX

∗
= 0. We have

‖u‖2L2(D),α = α1
6 + α2

4 and |u|2H1(D),α = 2α1, and so the constantCP,1 in Lemma 1
blows up with the contrast α2

α1
. It is impossible to findX∗ such that Lemma 2 holds.

Fig. 2d. Again α is not quasi-monotone and Lemmas 1–3 do not hold on all of the
domain D. However, by choosing suitable (energy-minimising) coarse space basis
functions in two-level Schwarz methods (cf. [5, 12, 15]), it often suffices to be able
to apply Lemmas 1–3 on D′ := Y1 ∪ Y2 ∪ Y3. Since α is type-1 quasi-monotone on
D′, e.g. Lemma 1 holds for u ∈ H1(D′) and it is easy to verify that CP,1 = O(1).
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1 Summary

We consider traces and discrete harmonic extensions on thin boundary layers. We in-
troduce sharp estimates on how to control theH 1/2− orH1/2

00 − boundary norm of a
finite element function by its energy in a thin layer and vice versa, how to control the
energy of a discrete harmonic function in a layer by the H 1/2 or H1/2

00 norm on the
boundary. Such results play an important role in the analysis of domain decomposi-
tion methods in the presence of high-contrast media inclusions, small overlap and/or
inexact solvers.

2 Introduction and Assumptions

Let Ω be a well-shaped polygonal domain of diameter O(1) in R 2. We assume that
the substructures Ωi, 1 ≤ i ≤ N , are well-shaped polygonal domains of diameters
O(Hi), and also assume that the Ωi form a geometrically conforming nonoverlap-
ping partitioning of Ω. Let T hi(Ωi) be a conforming shape-regular simplicial trian-
gulation of Ωi where hi denotes the smallest diameter of the simplices of T hi(Ωi).
We assume that the union of the triangulations T hi(Ωi), which we denote by T h(Ω),
forms a conforming triangulation for Ω.

For purpose of analysis, let us introduce an auxiliary conforming shape-regular
simplicial triangulation T ηi(Ωi) of Ωi where ηi denotes the smallest diameter of
its simplices of T ηi(Ωi). We do not assume that the triangulations T ηi(Ωi) and
T hi(Ωi) are nested. Let us introduce the boundary layer Ω i,ηi ⊂ Ωi of width O(ηi)
as the union of all simplices of T ηi(Ωi) that touch ∂Ωi in at least one point. We
assume that the mesh parameter ηi is large enough compared to hi in the sense that all
simplices of T hi(Ωi) that touch ∂Ωi must be contained in Ωi,ηi . We also introduce
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the boundary layer Ω ′
i,ηi

of width O(ηi) as the union of all simplices of T hi(Ωi)
which intersect Ωi,ηi , hence, it is easy to see that Ωi,ηi ⊂ Ω′

i,ηi
. We denote by

T ηi(Ωi,ηi) the triangulation of T ηi(Ωi) restricted to Ωi,ηi , and by T hi(Ω′
i,ηi

) the
triangulation of T hi(Ωi) restricted toΩ′

i,ηi
. Throughout the paper, the notation c  d

(for quantities c and d) means that c/d is bounded from above by a positive constant
independently of hi, Hi, ηi and ρi. Moreover, c " d means c  d and d  c. We
also use c ≤ d to stress that c/d ≤ 1.

We study the following selfadjoint second order elliptic problem:
Find u∗ ∈ H1

0 (Ω) such that

aρ(u∗, v) = f(v), ∀v ∈ H1
0 (Ω) (1)

where

aρ(u∗, v) :=
N∑
i=1

∫
Ωi

ρi(x)∇u∗ · ∇v dx and f(v) :=
∫
Ωi

fv dx for f ∈ L2(Ω).

We assume that 0 < ci ≤ ρi(x) ≤ Ci for any x ∈ Ωi. We note that the condi-
tion number estimates of the preconditioned systems considered in this paper do not
depend on the constants ci and Ci.

Definition We say that a coefficient ρi satisfies the Boundary Layer Assumption
on Ωi if ρi(x) is equal to a constant ρ̄i for any x ∈ Ω ′

i,ηi
.

Definition We say that a coefficient ρi associated to a subdomain Ωi is of the
Inclusion Hard type or Inclusion Soft type if the Boundary Layer Assumption holds
with ρi(x) = ρ̄i on Ω′

i,ηi
, and

• Inclusion Hard type: ρi(x) # ρ̄i for all x ∈ Ωi\Ω′
i,ηi

,
• Inclusion Soft type: ρi(x)  ρ̄i for all x ∈ Ωi\Ω′

i,ηi
.

We allow the coefficients {ρ̄i}Ni=1 to have large jumps across the interface of the
subdomains Γ := (∪Ni=1∂Ωi)\∂Ω. The results to be presented in this paper can be
extended easily to moderate variations of the coefficients ρ i onΩ′

i,ηi
.

We point out that the extension of our results to problems where the coefficient
ρi has large jumps inside Ω ′

i,ηi
is not trivial. We point out, however, that for cer-

tain distributions of coefficients ρi where weighted Poincaré type inequalities are
explicitly given (see [7]), the technical tools introduced here can be applied to de-
rive sharper analysis. For instance, in the case where a hard inclusion G crosses an
edge Eij := ∂Ωi ∩ ∂Ωj , we can impose primal constraints to guarantee average
continuity on each connected component of G ∩ E ij ; see numerical experiments on
[3]. See also the related work on energy minimizing coarse spaces [ 5] and on expen-
sive and robust methods based on enhanced partition of unity coarse spaces based on
eigenvalue problems [1, 8] on the diagonally scaled system, see Remark 4.1 of [1],
or equivalently, using generalized eigenvalue problems on the original system [ 4].
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3 Technical Tools for Layers

We now introduce technical tools that are essential for obtaining sharp bounds for
certain domain decomposition methods. The next lemma shows how |w|H1/2(∂Ωi)

can be controlled by the energy of w on Ω i,ηi .

Lemma 1. Let w ∈ H1(Ωi,ηi). Then

|w|2H1/2(∂Ωi)
 Hi

ηi
|w|2H1(Ωi,ηi

). (2)

Proof. Let V ηi(Ωi,ηi) ⊂ H1(Ωi,ηi) be the space of piecewise linear and continuous
functions associated to Tηi(Ωi,ηi). Let Πηi be the Zhang–Scott–Clemént interpola-
tion operator fromH 1(Ωi,ηi) to V ηi(Ωi,ηi). Using a triangular inequality we obtain

|w|2H1/2(∂Ωi)
≤ 2

(
|w −Πηiw|2H1/2(∂Ωi)

+ |Πηiw|2H1/2(∂Ωi)

)
. (3)

We now estimate the first term of the right-hand side of (3). Let us first de-
fine the cut-off function θi on Ωi which equals to one on ∂Ωi, equals to zero at
all interior nodes of T ηi(Ωi) and is linear in each element of T ηi(Ωi). Note that
0 ≤ θi(x) ≤ 1 for x ∈ Ωi, θi(x) = 1 for x ∈ ∂Ωi, θi(x) = 0 for x ∈ Ωi\Ωi,ηi , and
‖θi‖W 1,∞(Ωi,ηi

)  1/ηi. Denoting by z = w −Πηiw on Ωi,ηi and using trace and
minimal energy arguments plus standard calculations we obtain

|z|2H1/2(∂Ωi)
 |θiz|2H1(Ωi,ηi

)  |z|2H1(Ωi,ηi
) +

1
η2
i

‖z‖2L2(Ωi,ηi
). (4)

The right-hand side of (4) can be bounded by |w|2H1(Ωi,ηi
) by using the H1(Ωi,ηi )-

stability and the L2(Ωi,ηi)-approximation properties of the Zhang–Scott–Clemént
interpolation operator Π ηi . We note that the proofs of these properties are based
only on local arguments, therefore, they hold also for domains like Ω i,ηi .

We now estimate the second term of the right-hand side of (3). We first use scal-
ing and embedding arguments to obtain

|Πηiw|2H1/2(∂Ωi)
 Hi|Πηiw|2H1(∂Ωi)

. (5)

To bound the right-hand side of (5), let us first introduce the subregion Ω̂i,ηi ⊂ Ωi,ηi

as the union of elements of T ηi(Ωi,ηi) which have an edge on ∂Ωi. Using only
properties of linear elements of V ηi(Ωi,ηi) we have

Hi|Πηiw|2H1(∂Ωi)
 Hi

ηi
|Πηiw|2

H1(Ω̂i,ηi
)
≤ Hi

ηi
|Πηiw|2H1(Ωi,ηi

). (6)

The lemma follows by using the H 1(Ωi,ηi)-stability of the Zhang–Scott–Clemént
interpolation operator.
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3.1 Technical Tools for DDMs

In this section we present the technical tools necessary to establish sharp analysis for
exact and inexact two-dimensional FETI-DP with vertex constraints. More general
technical tools can also be extended to obtain sharp analysis for non-overlapping
Schwarz methods such as FETI and FETI-DP with edge and vertex primal constraints
[9], additive average Schwarz methods [2], inexact iterative substructuring methods
and for three-dimensional problems; see [3].

Let w ∈ V hi(∂Ωi). Define the following discrete harmonic extensions:

(i) The H(i)
ρi w ∈ V hi(Ωi) as the ρi-discrete harmonic extension of w inside Ωi,

i.e.,H(i)
ρi w = w on ∂Ωi and∫

Ωi

ρi(x)∇H(i)
ρi
w · ∇v dx = 0 for any v ∈ V hi

0 (Ωi). (7)

Here, V hi
0 (Ωi) is the space of functions of V hi(Ωi) which vanish on ∂Ωi.

(ii) The H(i)
ρi,Dw ∈ V hi(Ω′

i,ηi
) as the zero Dirichlet boundary layer harmonic ex-

tension of w inside Ω ′
i,ηi

, i.e., H(i)
ρi,Dw = w on ∂Ωi and H(i)

ρi,Dw = 0 on
∂Ω′

i,ηi
\∂Ωi, and∫

Ω′
i,ηi

ρi(x)∇H(i)
ρi,Dw · ∇v dx = 0 for any v ∈ V hi

0,D(Ω′
i,ηi

).

Here, V hi(Ω′
i,ηi

) is the space of continuous piecewise linear finite elements on

T hi(Ω′
i,ηi

), and V hi

0,D(Ω′
i,ηi

) is the space of functions of V hi(Ω′
i,ηi

) which van-
ish on ∂Ω′

i,ηi
.

(iii) The H(i)
ρi,Nw ∈ V

hi(Ω′
i,ηi

) as the zero Neumann boundary layer harmonic ex-

tension of w inside Ω ′
i,ηi

, i.e.,H(i)
ρi,Nw = w only on ∂Ωi and∫

Ω′
i,ηi

ρi(x)∇H(i)
ρi,Nw · ∇v dx = 0 for any v ∈ V hi

0,N (Ω′
i,ηi

).

Here, V hi

0,N (Ω′
i,ηi

) is the space of functions of V hi(Ω′
i,ηi

) which vanish on ∂Ωi.

Lemma 2. Let us assume that the Boundary Layer Assumption holds on Ω i and let
w ∈ V hi(∂Ωi). Then

|H(i)
ρi
w|2H1

ρi
(Ωi)

≤ |H(i)
ρi,Dw|

2
H1

ρi
(Ω′

i,ηi
)  |H

(i)
ρi,Nw|

2
H1

ρi
(Ω′

i,ηi
) +

ρ̄i
ηi
‖w‖2L2(∂Ωi)

. (8)

When ρi(x)  ρ̄i (Inclusion Soft type) on Ωi, then

|H(i)
ρi
w|2H1

ρi
(Ωi)

 ρ̄i|w|2H1/2(∂Ωi)
 Hi

ηi
|H(i)

ρi,Nw|
2
H1

ρi
(Ω′

i,ηi
). (9)
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Proof. The result (8) follows from [6]; see also [3] for an alternative proof. The result
(9) follows from Lemma 1 and the fact that Ωi,ηi ⊂ Ω′

i,ηi
.

LetE be an edge of ∂Ωi and IHiw : V hi(∂Ωi)→ V Hi(E) be the linear interpo-
lation of w on E defined by the values of w on ∂E. Using some of the ideas shown
in the proof of Lemma 1 (see [3] for details), it is possible to prove the following
lemma:

Lemma 3. Let us assume that the Boundary Layer Assumption holds on Ω i and let
w ∈ V hi(∂Ωi), vE := w − IHiw on E and vE := 0 on ∂Ωi\E. Then

ρ̄i‖vE‖2H1/2
00 (E)

 
(
Hi

ηi
(1 + log

ηi
hi

) + (1 + log
ηi
hi

)2
)
|H(i)

ρi,Nw|
2
H1

ρi
(Ω′

i,ηi
),

(10)

|H(i)
ρi,N vE |

2
H1

ρi
(Ω′

i,ηi
)  (1 + log

ηi
hi

)2 |H(i)
ρi,Nw|

2
H1

ρi
(Ω′

i,ηi
), (11)

and
ρ̄i
ηi
‖vE‖2L2(E)  

H2
i

η2
i

(1 + log
ηi
hi

) |H(i)
ρi,Nw|H1

ρi
(Ω′

i,ηi
). (12)

When ρ̄i  ρi(x) (Inclusion Hard type) on Ωi, then

ρ̄i
ηi
‖vE‖2L2(E)  

Hi

ηi
(1 + log

ηi
hi

) |H(i)
ρi
w|2H1

ρi
(Ωi)

. (13)

4 Dual-Primal Formulation

The discrete problem associated to (1) will be formulated below in (17) as a saddle-
point problem. We follow [9] for the description of the FETI-DP method.

Let V hi(Ωi) be the space of continuous piecewise linear functions on T hi(Ωi)
which vanish on ∂Ωi ∩ ∂Ω. The associated subdomain stiffness matrices A(i) and
the load vectors f (i) from the contribution of the individual elements are given by

v(i)TA(i)u(i) := aρi(u
(i), v(i)) :=

∫
Ωi

ρi ∇u(i)· ∇v(i) dx, ∀ u(i), v(i) ∈ V hi(Ωi)

and

v(i)T f (i) :=
∫
Ωi

fv(i) dx, ∀ v(i) ∈ V hi(Ωi).

Here and below we use the same notation to denote both finite element functions and
their vector representations. We denote by V h(Ω) the product space of the V hi(Ωi)
and represent a vector (or function) u ∈ V h(Ω) as u = {u(i)}Ni=1 where u(i) ∈
V hi(Ωi).

Let the interface Γ := (∪Ni=1∂Ωi)\∂Ω be the union of interior edges and ver-
tices. The nodes of an edge are shared by exactly two subdomains, and the edges
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are open subsets of Γ . The vertices are endpoints of the edges. For each subdomain
Ωi, let us partition the vector u(i) into a vector of primal variables u(i)

Π and a vector

of nonprimal variables u(i)
Σ . We choose only vertices as primal nodes since we are

considering only two dimensional problems. Let us partition the nonprimal variables
u

(i)
Σ into a vector of interior variables u(i)

I and a vector of edge variables u(i)
� . We

will enforce continuity of the solution in the primal unknowns of u (i)
Π by making

them global; we subassemble the subdomain stiffness matrix A (i) with respect to
this set of variables and denote the resulting matrix by Ã. For the remaining inter-
faces variables, i.e., the edge variables u� := {u(i)

� }Ni=1, we will introduce Lagrange
multipliers to enforce continuity. We also refer to the edge variables as dual variables.

Here we include more details: we partition the stiffness matrices according to the
different sets of unknowns and obtain

A(i) =

[
A

(i)
ΣΣ A

(i)
ΠΣ

T

A
(i)
ΠΣ A

(i)
ΠΠ

]
, A

(i)
ΣΣ =

[
A

(i)
II A

(i)
�I

T

A
(i)
�I A

(i)
��

]
, (14)

and
f (i) = [f (i)

Σ

T
f

(i)
Π

T
]T , f

(i)
Σ = [f (i)

I f
(i)
� ]T .

Next we define the block diagonal matrices

AΣΣ = diagNi=1(A
(i)
ΣΣ), AΠΣ = diagNi=1(A

(i)
ΠΣ), AΠΠ = diagNi=1(A

(i)
ΠΠ),

and load vectors
fΣ = {f (i)

Σ }Ni=1, fΠ = {f (i)
Π }Ni=1.

Assembling the local subdomain matrices and load vectors with respect to the primal
variables, we obtain the partially assembled global stiffness matrix Ã and the load
vector f̃ ,

Ã =
[
AΣΣ ÃTΠΣ
ÃΠΣ ÃΠΠ

]
, f̃ =

[
fΣ
f̃Π

]
, (15)

where a tilde refers an assembled quantity. It is easy to see that the matrix Ã is
positive definite.

To enforce the continuity of the dual variables u�, we introduce a jump matrix
B� with entries 0, −1 and 1 given by

B� = [B(1)
� , · · · , B(N)

� ], (16)

where B(i)
� consists of columns of B� attributed to the i-th component of the dual

variables. The space Λ := range(B�) is used as the space for the Lagrange multi-
pliers λ. The Dual-Primal saddle point problem is given by⎡⎢⎢⎣

AII AT�I ÃTΠI 0
A�I A�� ÃTΠ� BT�
ÃΠI ÃΠ� ÃΠΠ 0

0 B� 0 0

⎤⎥⎥⎦
⎡⎢⎢⎣
uI
u�
ũΠ
λ

⎤⎥⎥⎦ =

⎡⎢⎢⎣
fI
f�
f̃Π
λ

⎤⎥⎥⎦ (17)
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where AII := diagNi=1(A
(i)
II ) and ũΠ means the primal unknowns at the vertices of

the substructures Ωi. By eliminating uI := {u(i)
I }Ni=1, u� := {u(i)

� }Ni=1 and ũΠ
from (17), we obtain a system on the form

Fλ = d (18)

where

F = BΣÃ
−1BTΣ , d = BΣÃ

−1[fTΣ f̃TΠ ]T with BΣ = (0, BΔ).

5 FETI-DP Preconditioner

To define the FETI-DP preconditionerM forF , we need to introduce a scaled variant
of the jump matrix B�, which we denote by

BD,� = [D(1)
� B

(1)
� , · · · , D(N)

� B
(N)
� ].

The diagonal scaling matrices D(i)
� operates on the dual variables u(i)

� and they are
defined as follows. Let Ji be the indices of the substructures which share an edge
with Ωi. An edge shared by Ωi and Ωj is denoted by Eij , and the set of dual nodes

on T hi(∂Ωi) on Eij is denoted by Eij,h. The diagonal matrix D(i)
� is defined via

δ†i (x) where

δ†i (x) :=
ρ̄i

ρ̄i + ρ̄j
(x) x ∈ Eij,h and j ∈ Ji,

and let
P� := BTD,�B�. (19)

The FETI-DP preconditioner is defined by

M−1 = P�S��P
T
� where

S�� := diagNi=1〈S
(i)
��〉, 〈S

(i)
��w

(i)
� , w

(i)
� 〉 :=

∫
Ωi

ρi∇H(i)
ρi
w

(i)
� · ∇H(i)

ρi
w

(i)
� dx,

where w(i)
� is identified with a function on V hi(∂Ωi) which vanishes at the vertices

ofΩi. Using Lemma 2 and 3, it is possible to prove (see [3] for details) the following
theorem:

Theorem 1. Let us assume that the Boundary Layer Assumption holds for any sub-
structures Ωi. Then, for any λ ∈ Λ we have:

〈Mλ, λ〉 ≤ 〈Fλ, λ〉 ≤ λmax〈Mλ, λ〉

where

λmax  
N

max
i=1

H2
i

η2
i

(1 + log
ηi
hi

).
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When the coefficients ρi, 1 ≤ i ≤ N , are simultaneously of the Inclusion Hard type,
or are simultaneously of the Inclusion Soft type, then:

λmax  
N

max
i=1

{
Hi

ηi
(1 + log

ηi
hi

) + (1 + log
ηi
hi

)2
}
.

The linear dependence result onHi/ηi for Inclusion Soft type coefficients is the first
one given in the literature. The bounds in Theorem 1 hold also for the FETI method
and are sharper than O(Hi

ηi
(1 + log Hi

hi
)2) obtained in [6] for Inclusion Hard type

coefficients.
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9. A. Toselli and B.O. Widlund. Domain Decomposition Methods – Algorithms and Theory,
volume 34 of Springer Series in Computational Mathematics. Springer, Berlin, 2005. ISBN
3-540-20696-5.

http://dx.doi.org/10.
1007/s00211-008-0186-2


Coarse Spaces over the Ages

Jan Mandel1 ∗ and Bedřich Sousedı́k1,2 †

1 Department of Mathematical and Statistical Sciences,
University of Colorado Denver, Denver, CO 80217, USA

2 Institute of Thermomechanics, Academy of Sciences of the Czech Republic, 182 00
Prague 8, Czech Republic, jan.mandel@ucdenver.edu,
bedrich.sousedik@ucdenver.edu

1 Introduction

The objective of this paper is to explain the principles of the design of a coarse
space in a simplified way and by pictures. The focus is on ideas rather than on a
more historically complete presentation. That can be found, e.g., in [ 28]. Also, space
limitation does not allow us even to mention many important methods and papers
that should be rightfully included.

The coarse space facilitates a global exchange of information in multigrid and
domain decomposition methods for elliptic problems. This exchange is necessary,
because the solution is non-local: its value at any point depends on the right-hand-
side at any other point. Both multigrid and domain decomposition combine a global
correction in the coarse space with local corrections, called smoothing in multigrid
and subdomain solves in domain decomposition. In multigrid the coarse space is
large (typically, the mesh ratio is 2 or 3 at most) and the local solvers are not very
powerful (usually, relaxation). In domain decomposition, the coarse space is small
(just one or a few degrees of freedom per subdomain), and the local solvers are
powerful (direct solvers on subdomain). But the mathematics is more or less the
same.

2 Local Nullspace and Bounded Energy Conditions

Consider the variational problem

u ∈ V : a(u, v) = f(v) ∀v ∈ V, (1)

where a is symmetric positive definite and V is a finite dimensional space. Most, if
not all, multigrid, domain decomposition, and substructuring methods for ( 1) can be
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† Partially supported by National Science Foundation under grant DMS-0713876 and by the

Grant Agency of the Czech Republic under grant 106/08/0403.
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cast as variants of the additive Schwarz method (ASM), which is the preconditioning
by the approximate solver

M : r �→
N∑
i=0

ui (2)

where ui are solutions of the subproblems

ui ∈ Vi : a(ui, vi) = r(vi) ∀vi ∈ Vi (3)

where
V = V0 + V1 + · · ·+ VN (4)

The resulting condition number of the preconditioned problem is then bounded by
nC0, where n ≤ N + 1 is the maximal number of the subspaces V0, V1, . . . , VN
that have nontrivial intersections, and C0 is the constant from the bounded energy
decomposition property

∀v ∈ V ∃vi ∈ Vi : v =
N∑
i=0

vi,
N∑
i=0

a (vi, vi) ≤ C0a (v, v) , (5)

cf., [1, 9, 29].
Variants of ASM include the multiplicative use of the subspace correction in

[16, 18], and the use of other forms in place of a in subproblems ( 3), cf., [9, 26].
Now consider V to be a space of functions on a domain Ω. The subspaces V i

range from the span of one basis vector in multigrid (for the simplest case, Jacobi
iteration) to spaces of functions on large overlapping subdomains Ω i. When the do-
main Ω is the union of non-overlapping subdomains Ω j , j = 1, . . . ,M , the spaces
Vi are defined as certain subspaces of the space W = W1 × · · · ×WM , where Wj

is a space of functions on Ωj . The natural splitting of the bilinear form a (·, ·) into
integrals over Ωj is then a (u, v) =

∫
Ω
∇u · ∇v =

∑N
j=1 aj (u, v), where the local

bilinear forms

aj (u, v) =
∫
Ωj

∇u · ∇v (6)

are used on Wj instead of the bilinear form a (·, ·).
The space V0 is the coarse space, and the rest of this paper deals with its con-

struction. It had been long understood and then formulated explicitly in [ 14] that
for condition numbers to be independent of the number of subdomains, the coarse
space needs to contain the nullspace of the local bilinear forms a j (·, ·). For the scalar
problem as in (6), this means constant functions, while for elasticity, the coarse space
needs to contain the rigid body modes of every substructure. Much of the develop-
ment of the coarse space in domain decomposition has been driven by the need for
the coarse space to satisfy this local nullspace condition at the same time as the
bounded energy condition a (v0, v0) ≤ C0a (v, v), required as a part of (5).
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Fig. 1. Left: Piecewise bilinear coarse space function. Right: piecewise constant functions.

3 Some Early Domain Decomposition Methods

By taking v0 in (5) first, we see that the design objective of the coarse space is that
there should exist a mapping v ∈ V �−→ v0 ∈ V0 such that (i) the energy of v0

is not too large, and (ii) the remainder v − v0 can be decomposed in the spaces Vi,
i = 1, . . . , N , without increasing the energy too much. Definition of v 0 by linear
or bilinear interpolation is the natural first choice (Fig. 1 left). Because of the dis-
crete Sobolev inequality, this works fine in 2D: values of v at interpolation nodes
are bounded by the energy of v up to a logarithmic factor in the mesh size h. The
remainder v − v0 is tied to zero by its zero values at the interpolation nodes, and it
turns out it can be decomposed into vi’s with bounded energy (up to a logarithmic
factor). In 3D, however, the pointwise values of v for constant energy of v can grow
quickly as h→ 0, so interpolation can no longer be used. Overlapping methods ([ 8])
use decomposition into vi’s by a partition of unity on overlapping subdomains Ω i,
and they carry over to 3D; only the interpolation from the values of v needs to be
replaced by a method that is energy stable in 3D, such as interpolation from aver-
ages or L2 projection. In some non-overlapping methods, however, the functions v i
are defined in such way that they are zero at the nodes that define the values of v 0,
e.g., [2]. Then a straightforward extension of the method to 3D forces v 0 to be linear
interpolant from pointwise values of v. [3] resolved this problem by redefining the
coarse bilinear form a0 so that a0 (u, u) =

∑N
i=1 minci

∫
Ω |∇u − ci|

2; cf., [15] for
a generalization to elasticity and an algebraic explanation. The coarse space degrees
of freedom are one number c i per substructure, thus the coarse space can be thought
of as piecewise constant (Fig. 1 right). Piecewise constant coarse space used with the
original bilinear form a (·, ·) results in aggregation methods [27]. Reference [7] de-
fined the interpolant by discrete harmonic functions, which have lower energy than
piecewise linear functions.
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Fig. 2. Left: BDD coarse basis function, with support on one substructure and adjacent ones.
Right: Coarse function on one substructure of BDD for plates, and BDDC (reproduced from
[20]).

4 Balancing Domain Decomposition (BDD) and FETI

The BDD method was created by [16] by adding a special coarse space to the
Neumann–Neumann (NN) method from [5]. The NN method uses the additive pre-
conditioner with the local forms ai from (6) and no coarse space. In the NN method,
the local forms are generally singular and the local problems ( 3) are not consis-
tent. The BDD preconditioner applies multiplicatively a coarse correction based on a
known superspace Zi of the local nullspace and designed so that the right-hand side
in (3) is orthogonal to Zi. Since the nullspace of ai is contained in Zi, (3) is now
guaranteed to be consistent. The coarse space is obtained by averaging between ad-
jacent substructures and extending the functions from the substructure boundaries in
the interior with minimal energy (i.e., as discrete harmonic). A basis function of the
resulting coarse space is in Fig. 2 right. Of course, for elasticity, rigid body modes
are used rather than constants, giving 6 coarse degrees of freedom per substructure
in 3D.

BDD is completely algebraic. It can be implemented only by calls to subdomain
matrix-vector multiplication and by access to a basis of the local space Z i (such as
the rigid body modes written in terms of the degrees of freedom). This made possible
a black-box type application of BDD to mixed finite elements in [ 4]: the substructure
matrix-vector multiply becomes the mapping of pressure on substructure faces to the
velocity in the normal direction. (Some components of other methods can be gener-
ated algebraically also; e.g., overlapping Schwarz methods are used as smoothers in
adaptive algebraic multigrid in [24].)

BDD with the spaces Zi given by constants or rigid body modes is not suitable
for 4th order problems (such as plate bending), because the tearing at corners has
high energy – the trace norm associated with 4th order problem is the Sobolev norm
H3/2. But empowering BDD by enriching the coarse space was envisioned already
in [16], and all that was needed was to enlarge the spaces Z i so that after the coarse
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Fig. 3. Left: coarse function in BDDC for edge average degree of freedom on one substructure.
Right: BDD for plates and BDDC coarse space with vertex degrees of freedom on several
substructures (courtesy of Marta Čertı́ková and Jakub Šı́stek).

correction, the error is zero at corners, thus the tears across the corners do not matter.
In [13], such Zi consists of functions determined by their values at the corners of the
substructure, and by having minimal energy (Fig. 2 right).

The FETI method by [11] runs in the dual space of Lagrange multipliers and
it uses a coarse space constructed from the exact nullspace of the local problems
(3). In the scalar case, this is the space of discontinuous piecewise constant func-
tions (Fig. 1 right), and of piecewise rigid body modes for elasticity. Since the dual
space (after elimination of the interior) is equipped with the H −1/2 norm, jumps
between subdomains do not cause a large energy increase. Like BDD, FETI is com-
pletely algebraic, which is why the two methods have become popular in practice.
[23] generalized FETI to deal with 4th order problems analogously as in BDD, but
the resulting method, called FETI-2, was quite complicated. Since the basic algebra
of FETI relies on the exact nullspace of the local problems, the added coarse func-
tions had to be in a new coarse space of their own, with the additional components of
the coarse correction wrapped around the original FETI method. Eventually, FETI-2
was superseded by FETI-DP.

A Neumann–Neumann method, also called balancing but somewhat different
from BDD, was developed in [9]. This method uses the same coarse space as BDD,
but additively, and it takes care of the singularity in the local problems by adding
small numbers to the diagonal. To guarantee optimal condition bounds, a modifica-
tion of the form a0 is needed. This method is not algebraic in the same sense as BDD
or FETI, i.e., relying on the matrices only.

5 BDDC and FETI-DP

A satisfactory extension of FETI and BDD to 4th order problems came only with
FETI-DP by [10] and BDDC by [6]. These methods are based on identical compo-
nents and have the same spectrum. except possibly for the eigenvalues equal to zero
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Fig. 4. Intelligent iterative method. Adapted from [17].

and one [21], so we can discuss BDDC only. The coarse space consists of functions
given by their values of coarse degrees of freedom and energy minimal on every
substructure independently. For coarse degrees of freedom given by values on sub-
structure corners, this is the same coarse space as in BDD for plates in [13] (Fig. 2
right, Fig. 3 right), and the substructure spacesWi are also the same. The new feature
of BDDC is that the coarse correction is additive, not multiplicative, resulting in a
sparser coarse matrix [20]. In 3D, FETI-DP and BDDC require additional degrees of
freedom for optimal convergence, namely averages over faces or edges [ 10, 12], cf.,
Fig. 3 left for a visualization in 2D.

6 Adaptive Methods by Enriching the Coarse Space

Enlarging the coarse space is a powerful but expensive tool. When the coarse space is
the whole space, domain decomposition turns into a direct solver. So, adding suitable
functions to the coarse space adaptively can yield a robust method, which is fast on
easy problems, but does not fail on hard ones (Fig. 4). In [19], the coarse space in
the p-version finite element method consists of linear functions when all is good,
quadratic functions when things get worse, all function in one direction in the case
of strong anisotropy, up to all functions when the heuristic gives up. In [ 24], a similar
methodology was applied in algebraic multigrid. In [ 22] and in the companion paper
[25] in this volume, the coarse space in BDDC is enriched by adaptively selected
linear combinations of basis functions on substructure faces.
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1 Introduction and Problem Setting

We consider the coupling across an interface of a fluid flow and a porous media flow.
The differential equations involve Stokes equations in the fluid region, Darcy equa-
tions in the porous region, plus a coupling through an interface with Beaver-Joseph-
Saffman transmission conditions, see [1, 2, 6, 8]. The discretization consists of P2-
P0 finite elements in the fluid region, the lowest order triangular Raviart-Thomas
finite elements in the porous region, and the mortar piecewise constant Lagrange
multipliers on the interface. Due to the small values of the permeability parameter κ
of the porous medium, the resulting discrete symmetric saddle point system is very
ill conditioned. Preconditioning is needed in order to efficiently solve the resulting
discrete system. The purpose of this work is to present some preliminary results on
the extension of the modular FETI type preconditioner proposed in [ 5, 7] to the mul-
tidomain FETI-DP case.

Let Ωf , Ωp ⊂ Rn be polyhedral subdomains, define Ω = int(Ω
f ∪ Ωp

) and
Γ = ∂Ωf ∩∂Ωp, with outward unit normal vectors η i on ∂Ωi, i = f, p. The tangent
vectors on Γ are denoted by τ 1 (n = 2), or τ l, l = 1, 2 (n = 3). The exterior bound-
aries are Σi := ∂Ωi \ Γ , i = f, p. Fluid velocities are denoted by ui : Ωi → Rn,
i = f, p, and pressures by pi : Ωi → R, i = f, p.

We consider Stokes equations in the fluid regionΩ f and Darcy equations for the
filtration velocity in the porous mediumΩ p.

Stokes equations Darcy equations⎧⎨⎩
−∇ · T (uf , pf ) = ff in Ωf

∇ · uf = gf in Ωf

uf = hf on Σf

⎧⎨⎩ up = −κ
ν∇pp in Ωp

∇ · up = gp in Ωp

up · ηp = hp on Σp.
(1)

Here T (v, p) := −pI+2νDv, where ν is the fluid viscosity, Dv := 1
2 (∇v+∇vT )

is the linearized strain tensor and κ denotes the rock permeability. We assume that
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κ is a real positive constant. We impose the following interface matching conditions
across Γ (see [1, 2, 6, 8] and references therein):

(i) Conservation of mass across Γ : uf · ηf + up · ηp = 0 on Γ.
(ii) Balance of normal forces across Γ : pf − 2νηfTD(uf )ηf = pp on Γ .

(iii) Beavers-Joseph-Saffman condition: uf ·τ l = −
√
κ

αf 2ηfTD(uf )τ l, l = 1, · · · , n−
1 on Γ .

We require that 〈gf , 1〉Ωf + 〈gp, 1〉Ωp − 〈hf · ηf , 1〉Σf − 〈hp, 1〉Σp = 0 which is
the compatibility condition (see [6]).

2 Weak Formulation

In this section we present the weak version of the coupled system of partial differ-
ential equations introduced above. Without loss of generality, we consider h f = 0,
gf = 0, hp = 0 and gp = 0 in (1); see [6]. The weak problem is formulated as: Find
(u, p, λ) ∈ X ×M0 × Λ such that for all (v, q, μ) ∈ X ×M0 × Λ we have⎧⎨⎩a(u,v) + b(v, p) + bΓ (v, λ) = f(v)

b(u, q) = 0
bΓ (u, μ) = 0,

(2)

where X = Xf × Xp := H1
0 (Ωf , Σf )n × H0(div, Ωp, Σp) and M0 is the

subset of M := M f × Mp := L2(Ωf ) × L2(Ωp) ≡ L2(Ω) of pressures with
a zero average value in Ω. Here H 1

0 (Ωf , Σf) denotes the subspace of H 1(Ωf )
of functions that vanish on Σ f . The space H0(div, Ωp, Σp) consists of vector
functions in H(div, Ωp) with zero normal trace on Σp, where H(div, Ωp) :={
v ∈ L2(Ωp)n : div v ∈ L2(Ωp)

}
. For the Lagrange multiplier space we consider

Λ := H1/2(Γ ). See [6, 8] for well posedness results. The global bilinear forms are
given by

a(u,v) := af
αf (uf ,vf ) + ap(up,vp) and b(v, p) := bf(vf , pf) + bp(vp, pp),

with local forms af
αf , b

f and bp defined for uf ,vi ∈ Xi, pi, qi ∈M i by

af
αf (uf ,vf ) := 2ν(Duf ,Dvf )Ωf +

n−1∑
	=1

ναf√
κ
〈uf · τ 	,vf · τ 	〉Γ , (3)

ap(up,vp) := (
ν

κ
up,vp)Ωp , (4)

bf(vf , qf ) := −(qf ,∇ · vf )Ωf , and bp(vp, pp) := −(pp,∇ · vp)Ωp . (5)

The weak conservation of mass bilinear form is defined by
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bΓ (v, μ) := 〈vf · ηf , μ〉Γ + 〈vp · ηp, μ〉Γ , v = (vf ,vp) ∈ X, μ ∈ Λ. (6)

The second duality pairing of (6) is interpreted as 〈vp ·ηp, Eηp(μ)〉∂Ωp . HereEηp is
any continuous lifting operator from H 1/2(Γ ) to H1/2(∂Ωp); recall that Γ ⊂ ∂Ωp

and that v ∈ H0(div, Ωp, Σp), see [6]. The functional f in the right-hand side of
(2) is defined by f(v) := f f (vf ) + fp(vp), for all v = (vf ,vp) ∈ X , where
f i(vi) := (f i,vi)L2(Ωi) for i = f, p.

The bilinear forms af
αf , b

f are associated to the Stokes equations, and the bilinear

forms ap, bp to the Darcy law. The bilinear form af
αf includes interface matching

conditions 1.b and 1.c above. The bilinear form bΓ is used to impose the weak version
of the interface matching condition 1.a above.

3 Discretization and Decomposition

From now on we consider only the two-dimensional case. The ideas developed
below can be extended to the case of three-dimensional subdomains. We assume
that Ωi, i = f, p, are polygonal subdomains. For the fluid region, let X h,f and
Mh,f be P2/P0 triangular finite elements. For the porous region, let X h,p and
Mh,p be the lowest order Raviart-Thomas finite elements based on triangles. Define
Xh := Xh,f × Xh,p ⊂ X and Mh := Mh,f × Mh,p ⊂ M0. We assume that
the boundary conditions are included in the definition of the finite element spaces,
i.e., for vf ∈ Xh,f we have vf = 0 on the exterior fluid boundary Σ f and for
vp ∈Xh,p we have that vph · ηp = 0 on the porous exterior boundaryΣ p.

With the discretization chosen above, we obtain the following symmetric saddle
point linear system

⎡⎣Kf 0 MfT

0 Kp MpT

Mf Mp 0

⎤⎦
⎡⎢⎢⎢⎢⎣

uf

pf

up

pp

λ

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
Af BfT 0 0 CfT

Bf 0 0 0 0
0 0 Ap BpT −CpT
0 0 Bp 0 0
Cf 0 −Cp 0 0

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣

uf

pf

up

pp

λ

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
ff

gf

fp

gp

0

⎤⎥⎥⎥⎥⎦
(7)

with matrices Ai, Bi, Ci defined by

ai(ui,vi) = viTAiui, bi(ui, qi) = qiTBiui, (ui · ηf , μ)Γ = μTCiui,

and vectors f i, gi given by f i(vi) = viTf i, gi(qi) = qiT gi, i = f, p. Matrix Af

corresponds to ν times the discrete version of the linearized stress tensor on Ω f .
Note that in the case αf > 0, the bilinear form af

αf in (3) includes a boundary term.
The matrix Ap corresponds to ν/κ times a discrete L2-norm on Ωp. Matrix −Bi is
the discrete divergence in Ω i, i = f, p, and matrices Cf and Cp correspond to the
matrix form of the discrete conservation of mass on Γ . Note that ν can be viewed as
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Fig. 1. Global interface eΓ that includes all local interfaces and the Stokes/Darcy interface Γ .

a scaling factor since it appears in both matrices Af and Ap, therefore, ν plays no
role for the preconditioning.

Let {Ωi,(	)}Ni

	=1 be geometrically conforming substructures of Ω i, i = f, p. We

also assume that {Ωf,(	)}Nf

	=1 ∪ {Ωp,(	)}N
p

	=1 forms a geometrically conforming de-
composition of Ω, hence, the two decompositions are aligned on the Stokes/Darcy
interface Γ , see Fig. 1. We define the local inner interfaces as Γ i,(	) = ∂Ωi,(	)\∂Ωi,

 = 1, . . . , N i, i = f, p. We also define the global interface

Γ̃ =

⎛⎝Nf⋃
	=1

Γ f,(	)

⎞⎠ ∪
(
Np⋃
	=1

Γ p,(	)

)
∪ Γ ≡ (Γ f ) ∪ (Γ p) ∪ Γ.

In the Stokes region Ωf,(	), we consider the following partition of the degrees of
freedom,⎡⎢⎢⎢⎣

u
f,(	)
I

p
f,(	)
I

u
f,(	)eΓ
p̄f,(	)

⎤⎥⎥⎥⎦
Interior velocities in Ωf,(	) + tangential velocities on ∂Ωf,(	)\Γ,
Interior pressures with zero average in Ω f,(	),
Interface velocities on Γ f,(	) + normal velocities on ∂Ωf,(	) ∩ Γ,
Constant pressure in Ωf,(	).

Analogously, in the Darcy regionΩ p,(	) we use,⎡⎢⎢⎢⎣
u
p,(	)
I

p
p,(	)
I

u
p,(	)eΓ
p̄p,(	)

⎤⎥⎥⎥⎦
Interior velocities in Ωp,(	),
Interior pressures with zero average in Ω p,(	),

Normal velocities on Γ p,(	) + normal velocities on ∂Ωp,(	) ∩ Γ,
Constant pressure in Ωp,(	).

Then, for i = f, p, we have the block structure:

Ai =
[
AiII A

iT
ΓI

AiΓI A
i
ΓΓ

]
, Bi =

[
BiII B

iT
ΓI

0 B̄iT

]
and Ci =

[
0 0 C̃i 0

]
.

The (2, 1) entry of B i corresponds to integrating an interior velocity against a con-
stant pressure, therefore, it vanishes due to the divergence theorem.
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Following [9] we choose the following matrix representation in each subdomain
Ωi,(	), i = f, p,

Ki,(	) =

⎡⎢⎢⎢⎢⎢⎣
A
i,(	)
II B

i,(	)T
II A

i,(	)T
ΓI 0

BiII 0 B
i,(	)
IΓ 0

A
i,(	)
ΓI B

i,(	)T
IΓ A

i,(	)
ΓΓ B̄i,(	)T

0 0 B̄i,(	) 0

⎤⎥⎥⎥⎥⎥⎦ =

[
K
i,(	)
II K

i,(	)T
ΓI

K
i,(	)
ΓI K

i,(	)
ΓΓ

]
. (8)

4 Dual Formulation

In order to simplify the notation and since there is no danger of confusion, we will
denote the finite element functions and the corresponding vector representation by
the same symbols. Let X i,(	), M i,(	) be the finite element spaces Xh and Mh re-
stricted to subdomainΩ i,(	), i = f, p, 
 = 1, . . . , N i. Define the product spaces,

W = W f ⊗W p =
⊗
i

⊗
	

Xi,(	)

andQ = M f ⊗Mp =
⊗

i

⊗
	M

i,(	). Functions in W do not satisfy any continuity
requirement at the subdomain corners or edges. In particular they do not satisfy con-
tinuity on Stokes/Stokes edges, or continuity of normal component on Darcy/Darcy
edges, neither discrete continuity of normal fluxes on Stokes/Darcy edges. The lin-
ear operatorK = diag(K f ,Kp) in (7) defined on the pair of spaces (X h,Mh), can
be extended to the pair (W , Q) defined above. The resulting matrix will be a block
diagonal.

Primal degrees of freedom and definition of W̃ : we now introduce our primal
degrees of freedom, as is usual in the constructions of FETI-DP [ 4] and BDDC
methods [3]. The primal degrees of freedom are selected accordingly for Stokes and
Darcy substructures. On the fluid side, the primal degrees of freedom are given by
the fluid velocity field at the substructure corners and by the mean value of both
components over each Stokes/Stokes edge on Γ f ; see [9, 10]. For the porous side,
the primal degrees of freedom consist of the mean value of the normal flux on each
Darcy/Darcy edge on Γ p; see [11]. For the Stokes/Darcy interface Γ , the primal de-
grees of freedom consist of the mean value of the normal (either Stokes or Darcy
velocity) flux on each Stokes/Darcy edge on Γ ; see [7]. The W̃ is the subspace of
W made of functions that are continuous on the primal degrees of freedom described
above.

Once the linear operator K = diag(K f ,Kp) in (7) is extended to (W , Q), it
can be restricted to an operator K̃ acting on (W̃ , Q). The matrix form of K̃ is no
longer block diagonal but it will have a block structure with small interaction be-
tween blocks associated to different subdomains; see [9]. In the FETI-DP method,
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we will need the inverse action of K̃ . This inverse action can be obtained by solving
a small coarse problem and a (either Darcy or Stokes) local problems for each sub-
domains.

Functions in W̃ do not satisfy the dual continuity requirements on Γ̃ . The dual
continuity requirements can be enforced using additional FETI-Lagrange multipliers
μ on Γ̃ \ Γ and the Stokes-Mortar-Darcy-Lagrange multipliers on Γ just as before.
We obtain the linear system [

K̃ B̃T

B̃ 0

] [
w

λ̃

]
=

[
b
0

]
(9)

where the vector λ̃ includes all Lagrange multiplier degrees of freedom. The ma-
trix B̃ has entries +1,−1, 0 for the degrees of freedom associated Γ f and Γ p. On
the Stokes/Darcy interface Γ , we ensure that the flux continuity across Stokes/Darcy
edges on Γ coincides with the last equation of (7). For that, we use the same La-
grange multipliers, up to the constant functions, as for the Stokes-Mortar-Darcy sys-
tem (7). We now eliminate all degrees of freedom but the ones associated to the
Lagrange multipliers to obtain a dual formulation,

B̃K̃−1B̃T λ̃ = F̃ λ̃ = b = B̃K̃−1b (10)

where λ̃ ∈ Rank(B̃). Note that applying K̃−1 requires the solution of a Stokes/Darcy
problem with a block structure and very little coupling between blocks; see [ 9].

4.1 Dirichlet Preconditioner

Let us define

SDeΓ := diag(SfeΓ , S
peΓ ) where SieΓ =:

Ni∑
	=1

Ri,(	)TD
i,(	)
1 S

i,(	)eΓ D
i,(	)
1 Ri,(	) (11)

and Si,(	)eΓ is defined from (8) via

Si,(	) =

[
S
i,(	)eΓ B̄i,(	)T

B̄i,(	) 0

]
:= K

i,(	)
ΓΓ −Ki,(	)

ΓI

(
K
i,(	)
II

)−1

K
i,(	)T
ΓI ,

IDeΓ := diag(IfeΓ , I
peΓ ) where I ieΓ =:

Ni∑
	=1

Ri,(	)TD
i,(	)
2 I

i,(	)eΓ D
i,(	)
2 Ri,(	) (12)

and I i,(	)eΓ is an identity matrix. We propose the following preconditioners:

B̃(SDeΓ + IDeΓ )B̃T . (13)
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In (11) we choose the diagonal matrix D
i,(	)
1 with entries 1/2 on both sides of

Stokes/Stokes and Darcy/Darcy edges, the value zero at the Stokes corners, and the
values γf1 (Stokes side) and γp1 (Darcy side) on the Stokes/Darcy edges. In (12) we

choose the diagonal matrix D i,(	)
2 entries equal to γf2 (Stokes side) and γp2 (Darcy

side) on the Stokes/Darcy edges, and entries equal zero elsewhere.

5 Numerical Results

In this section we present representative numerical results concerning the perfor-
mance of the FETI-DP methods introduced before. We considerΩ f = (1, 2)×(0, 1)
and Ωp = (0, 1)× (0, 1). We set μ = 1. See [6] for examples of exact solutions and
compatible divergence and boundary data. We use Conjugate Gradient (CG) and
Preconditioned Conjugate Gradient (PCG) with the Dirichlet preconditioner ( 13) to
solve the linear system (10). In our test problems we run (CG) PCG until the initial
residual is reduced by a factor of 10−6.

Table 1. Right: PCG iteration number for different number of subdomains. CG iteration num-
ber in parenthesis. Here H

h
= 4, Hf = Hp = H = 1

N
, γf

1 = 0, γp
1 = 1, γf

2 = 0, γp
2 = 0.

Left: H
h

= 8.

κ ↓ N → 2× 2 4× 4 8× 8

1 5(27) 7(57) 8(66)
10−2 7(13) 8(22) 8(36)
10−4 11(47) 19(52) 15(33)
10−6 18(74) 34(131) 43(157)

κ ↓ N → 2× 2 4× 4 8× 8

1 6(62) 9(98) 10(104)
10−2 8(23) 10(40) 10(64)
10−4 20(70) 20(61) 16(36)
10−6 29(150) 60(259) 79(275)

Table 2. Top: PCG iteration and condition number for different number of subdomains. H
h

=

4, Hf = Hp = H = 1
N

, γf
1 = 0, γp

1 = 0, γf
2 = 1, γp

2 = 1 +H/h. Bottom: H
h

= 8

κ ↓ N → 2× 2 4× 4 8× 8

1 9(4.4e+2) 15 (1.8e+3) 22 (7.0e+3)
10−2 7(5.5e+0) 12 (1.9e+1) 16 (7.1e+1)
10−4 7(3.2e+0) 8 (4.6e+0) 8 (4.6e+0)
10−6 7(3.4e+0) 9 (5.7e+0) 10 (6.7e+0)

κ ↓ N → 2× 2 4× 4 8× 8

1 18(3.2e+3) 32(1.3e+4) 40(5.2e+4)
10−2 14(3.3e+1) 24(1.3e+2) 30(5.2e+2)
10−4 10(8.3e+0) 12(1.3e+1) 14(1.7e+1)
10−6 11(8.3e+0) 13(1.2e+1) 15(1.5e+1)

In our first experiment we fix H/h = 4 or H/h = 8 and run CG and PCG for
different values of H = H f = Hp and different values of κ. See Table 1 for the
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FETI-DP method with and without a preconditioner. We observe the preconditioned
FETI-DP method with γf1 = 0, γp1 = 1, γp2 = 0 and γf2 = 0 is robust with respect to
the number of subdomains and size of the subdomains when the κ is not very small.
We repeat the experiment above with γ f1 = 0, γp1 = 0, γf2 = 0 and γp2 = 1 +H/h
and present the number of iterations and estimate condition numbers in Table 2. With
this choice of paramenters we obtain a robust preconditioner for κ small. Analysis
of the FETI-DP methods presented here as well as the design of more sophisticated
FETI-DP solvers are currently being studied by the authors.
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1 Introduction

In this paper, we develop and analyze an efficient multigrid method to solve the fi-
nite element systems from elliptic obstacle problems on two dimensional adaptive
meshes. Adaptive finite element methods (AFEMs) based on local mesh refinement
are an important and efficient approach when the solution is non-smooth. An opti-
mality theory on AFEM for linear elliptic equations can be found in [ 8]. To achieve
optimal complexity, an efficient solver for the discretization is indispensable.

The classical projected successive over-relaxation method by [5] converges but
the convergence rate degenerates quickly as the mesh size approaches zero. To speed
up the convergence, different multigrid and domain decomposition techniques have
been developed, see the monograph [7] and the recent review [6]. In particular, the
constraint decomposition method by [10] is proved to be convergent linearly with
a rate which is almost robust with respect to the mesh size in R2; but the result is
restricted to uniformly refined grids.

We shall extend the algorithm and theoretical results by [10] to an important
class of adaptive grids obtained by newest vertex bisections; thereafter we call them
bisection grids for short. This is new according to [6]: the existing work assumes
quasi-uniformity of the underlying meshes. Based on a decomposition of bisection
grids due to [3], we present an efficient constraint decomposition method on bisec-
tion grids and prove an almost uniform convergence

J (uk)− J (u∗) ≤ C
(
1− 1

1 + | log hmin|2
)k
, (1)

where J (u) =
∫
Ω(1

2 |∇u|2 − fu) dx is the objective energy functional, uk is the
k-th iteration and u∗ is the exact solution of the constrained minimization problem,
hmin = minτ∈T diam(τ) and the grid T is obtained by bisections from a suitable
initial triangulation T0.
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2 Constraint Decomposition Methods

The subspace correction framework [14] has been extended to nonlinear convex min-
imization problems [12]. This technique has also been applied to develop domain de-
composition and multigrid methods for obstacle problems in [ 1, 11]. Furthermore, a
constraint decomposition method (CDM) was introduced and proved to have a con-
traction factor which is almost independent of mesh size [10]. In this section, we
briefly review the CDM for obstacle problems.

Let V ⊂ H1
0 be a finite dimensional Hilbert space and J : K → R be a convex

functional defined over the convex set K ⊂ V. We consider the energy minimization
problem

min
v∈K

J (v). (2)

In this paper, for simplicity, we only consider the case

J (u) :=
∫
Ω

(
1
2
|∇u|2 − fu) dx and K := {v ∈ V | v ≥ 0}, (3)

where Ω ⊂ R2 is a polygonal domain, T is a conforming triangulation of Ω, V =
V(T ) is the continuous piecewise linear finite element space over T . Let |||·||| be the
norm associated to the energy J . For our choice of J in ( 3), the energy norm is
|||u||| = ‖∇u‖. The algorithm discussed in this paper can be generalized to problems
with more general energies and obstacles.

We decompose the space V into a sum of subspaces Vi ⊂ V, i = 1, . . . ,m:

V = V1 + · · ·+ Vm =
∑m
i=1 Vi, (4)

and further decompose the convex set K as follows

K = K1 + · · ·+ Km =
∑m

i=1 Ki with Ki ⊂ Vi (i = 1, . . . ,m), (5)

where Ki are convex and closed in Vi. Then we have the following abstract algorithm
of successive subspace correction type.

Algorithm 1 (CDM) Given an initial guess u0 ∈ K.
For k = 0, 1, . . . , till convergence

Decompose uk =
∑m

i=1 ui, such that ui ∈ Ki; and let w0 = uk.
For i = 1 : m

wi = wi−1 + argmindi

{
J (wi−1 + di) | di ∈ Vi and ui + di ∈ Ki

}
.

End For
Let uk+1 = wm.

End For

It is clear that each iteration wi (i = 1, . . . ,m) stays in the feasible set K due to
(5). A linear convergence rate of Algorithm 1 has been established in [10] under the
following assumptions:
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Assumption 1 (Assumptions on Decomposition) (i) Nonlinear Stability: For any
u, v ∈ K, there exist a constant C1 > 0 and decompositions u =

∑m
i=1 ui, v =∑m

i=1 vi with ui, vi ∈ Ki such that( m∑
i=1

|||ui − vi|||2
) 1

2 ≤ C1 |||u− v||| ;

(ii) Nonlinear Strengthened Cauchy–Schwarz: There exists C2 > 0 such that

m∑
i,j=1

| 〈J ′(wij + vi)− J ′(wij), ṽj〉 | ≤ C2

( m∑
i=1

|||vi|||2
) 1

2
( m∑
j=1

|||ṽj |||2
) 1

2
,

for any wij ∈ V, vi ∈ Vi, and ṽj ∈ Vj .

Theorem 1 (Convergence Rate of CDM) If Assumption 1 is satisfied, then Algo-
rithm 1 converges linearly and

J (w)− J (u∗)
J (u)− J (u∗)

≤ 1− 1
(
√

1 + C0 +
√
C0)2

, (6)

where u∗ is the solution of (2) and C0 = 2C2 + C2
1C

2
2 .

3 A Constraint Decomposition on Bisection Grids

In this section, we construct subspace decompositions of the linear finite element
space V, as well as a constraint decomposition of K, on a bisection grid T . Our
new algorithm is based on a decomposition of bisection grids introduced in [ 3]; see
also [13].

For each triangle τ ∈ T , we label one vertex of τ as the newest vertex and call it
V (τ). The opposite edge of V (τ) is called the refinement edge and denoted byE(τ).
This process is called labeling of T . Given a labeled initial grid T0, newest vertex
bisection follows two rules:

(i) a triangle (father) is bisected to obtain two new triangles (children) by connect-
ing its newest vertex with the midpoint of its refinement edge;

(ii) the new vertex created at the midpoint of the refinement edge is labeled as the
newest vertex of each child.

Therefore, refined grids T from a labeled initial grid T0 inherit labels according to
the second rule and the bisection process can thus proceed. We define C(T 0) as the
set of conforming triangulations obtained from T 0 by newest vertex bisection(s). It
can be easily shown that all the descendants of a triangle in T0 fall into four similarity
classes and hence any triangulation T ∈ C(T0) is shape-regular.

Let T be a labeled conforming mesh. Two triangles sharing a common edge are
called neighbors to each other. A triangle τ has at most three neighbors. The neighbor
sharing the refinement edge of τ is called the refinement neighbor and denoted by
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F (τ). Note thatF (τ) = ∅ ifE(τ) is on the boundary ofΩ. AlthoughE(τ) ⊂ F (τ),
the refinement edge of F (τ) could be different than E(τ). An element τ is called
compatible if F (F (τ)) = τ or F (τ) = ∅. We call a grid T compatibly labeled if
every element in T is compatible and call such a labeling of T a compatible labeling.

For a compatible element τ , its refinement edge e is called a compatible edge,
and ωe = τ ∪ F (τ) is called a compatible patch. By this definition, if e is a compat-
ible edge, ωe is either a pair of two triangles sharing the same refinement edge e or
one triangle whose refinement edge e is on the boundary. In both cases, bisection of
triangles in ωe preserves mesh conformity; we call such a bisection a compatible bi-
section. Mathematically, we define the compatible bisection as a map b e : ωe → ωp,
where ωp consists of all triangles sharing the new point p introduced in the bisection.
We then define the addition T + be := (T \ωe) ∪ ωp. For a sequence of compatible
bisections B = (b1, b2, · · · , bm), we define

T + B := ((T + b1) + b2) + · · ·+ bm,

whenever the addition is well defined.

Fig. 1. A decomposition of a bisection grid.

Theorem 2 (Decomposition of Bisection Grids) If T0 is conforming and compati-
bly labeled, then for any T ∈ C(T0), there exists a compatible bisection sequence
B = (b1, b2, · · · , bm), such that

T = T0 + B. (7)

Remark 1. We only give a pictorial demonstration in Fig. 1 to illustrate the decom-
position. For the proof of Theorem 2, we refer to [3, 13]. A practical decomposition
algorithm has been developed and implemented in [ 4]. &'

Throughout this paper, we will assume that T ∈ C(T0) has been decomposed as
in (7). We denote the intermediate grids by

Ti := ((T0 + b1) + b2) · · ·+ bi i = 1, . . . ,m,

and observe that Ti ∈ C(T0). Let P(Ti) denote the set of interior vertices of the
triangulation Ti. Denote by ψi,p ∈ V(Ti) the nodal basis function associated with
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a node p ∈ P(Ti) and by ωi,p the local patch (i.e. the support of ψi,p). The sub-
space corresponding to the compatible bisection b i, which introduces the new vertex
pi ∈ P(Ti), can be written as Vi := span{ψi,p, p ∈ P(Ti) ∩ ωi,pi}. To enforce the
homogenous Dirichlet boundary condition, we simply set V i = ∅ if pi is a vertex on
the boundary. Let V0 = V(T0) be the linear space corresponding to the initial mesh
T0. Then we have a space decomposition V =

∑m
i=0 Vi.

Based on this space decomposition, there are infinitely many possibilities to de-
compose the feasible set K. We do not consider the optimal way to choose such a
constraint decomposition. We simply choose

K =
∑m
i=0 Ki with Ki := {v ∈ Vi | v ≥ 0}, (8)

and focus on how to decompose u ∈ V at each iteration in Algorithm 1. Let Wj =∑j
i=0 Vi, j = 1, . . . ,m. For i = m,m−1, . . . , 1, we first define I i−1

i : Wi → Wi−1

such that

Ii−1
i v(p) =

{
min{v(p), v(pi)}, if p ∈ P(Ti−1) ∩ ωi,pi

v(p), if p ∈ P(Ti−1)\ωi,pi .

We then defineQi : V → Wi−1 to beQi := Ii−1
i Iii+1 · · · Im−1

m .Notice thatQi’s are
nonlinear operators, i.e.Qiu−Qiv �= Qi(u− v). Finally we define a decomposition
u =

∑m
i=0 ui, with

um := u−Qmu, ui := Qi+1u−Qiu (i = m− 1, . . . , 1), u0 = Q1u. (9)

Comparing these with the definitions of Vi and Ki, we can easily see that ui ∈ Ki,
for i = 0, 1, . . . ,m.

Fig. 2. A one-dimensional example for the decomposition of u. Suppose the initial grid T0 =
{(x1, x3), (x3, x2)}. And the final grid T can be viewed as T0 + b1 + b2 where b1 bisects
the element (x3, x2) and introduces x4 and b2 bisects (x1, x2) and introduces x5. As we
discussed above T1 = T0 + b1 and T = T2 = T1 + b2. From the definition of Qi, we can
easily obtain a decomposition of u.

Now we prove the convergence rate of the proposed algorithm.

Lemma 1 (Stability of Qi). Let u, v ∈ V. For i = 0, 1, . . . ,m and any element
τ ∈ Ti, we have
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h−1
τ ‖Qi+1u−Qi+1v‖L2(τ) ≤ C

(
1 + | log(hτ/hmin)|

) 1
2 ‖u− v‖H1(ωi,τ ),

where C is a generic constant independent of the meshsize.

Proof. From the definition of Qi, for any u, v ∈ V, we have that

‖Qi+1u−Qi+1v‖L2(τ) ≤ C
∑

p∈P(Ti)∩τ
‖u−v‖L∞(ωi,p)|τ |

1
2 ≤ Chτ‖u−v‖L∞(ωi,τ ).

The result then follows directly from the discrete Sobolev inequality between L∞

and H1 in two dimensions; see [2]. &'

We introduce the generation of elements and compatible bisections. The genera-
tion of each element in the initial grid T0 is defined to be 0, and the generation of a
child is 1 plus that of the father. In [13] we proved that all triangles in a compatible
patch ωe are of the same generation, which can be used to define the generation,
gen(·), for a compatible bisection be and the corresponding new vertex. For two dif-
ferent compatible bisections, be1 and be2 , of the same generation, their patches are
disjointed, i.e., ωe1 ∩ ωe2 = ∅.

Lemma 2 (Stable Decomposition). For any u, v ∈ K, the decompositions u =∑m
i=0 ui, v =

∑m
i=0 vi given by (9) satisfy(
m∑
i=0

|||ui − vi|||2
) 1

2

≤ C
(
1 + | log hmin|) |||u− v||| ;

Proof. First note that the support of Vi is restricted to the extended patch ω̃i,pi :=
∪x∈ωi,pi

ωi,x. Using an inverse inequality and stability of Q i, we have

|||ui − vi|||2eωi,pi
≤ C‖h−1

τ (ui − vi)‖2L2(eωi,pi
) ≤ C(1 + | log hmin|) |||u− v|||2eωi,pi

.

For bisections with the same generation k, the extended patches, ω̃ i,pi , have finite
overlapping and ∪p,gen(p)=k ω̃i,pi ≤ C|Ω|. Let L = maxτ∈T gen(τ). Then

m∑
i=1

|||ui − vi|||2eωi,pi
=

L∑
k=1

∑
pi,gen(pi)=k

|||ui − vi|||2eωi,pi
≤ CL(1+| loghmin|) |||u− v|||2Ω .

The result then follows from the observation that L ≤ C| log hmin|. &'

The proof of the following Strengthened Cauchy–Schwarz (SCS) inequality can
be found in [13]. The idea of the proof is to apply standard SCS for each compatible
decomposition and then rearrange the sum by generations.

Lemma 3 (Strengthened Cauchy Schwarz Inequality). For any ui, vi ∈ Vi, i =
0, . . . ,m, we have∣∣∣ m∑

i=0

m∑
j=0

(∇ui,∇vj)
∣∣∣ ≤ C

( m∑
i=0

|ui|21
)1/2( m∑

i=1

|vi|21
)1/2

. (10)



Multigrid Methods for Obstacle Problems 235

Applying the abstract theory (Theorem 1) and Lemma 2 and Lemma 3, we get
the following rate of convergence.

Theorem 3 (Convergence Rate) Let uk be the k-th iteration of Algorithm 1 with
the decomposition (9). We then have the following convergence rate

J (uk)− J (u∗) ≤ C
(
1− 1

1 + | log hmin|2
)k
. (11)

4 Numerical Experiments

In this section, we use a numerical example by [10] to test the proposed algorithm:
Let Ω = (−2, 2)2, f = 0 and the obstacle χ(x) =

√
1− |x|2 if |x| ≤ 1 and −1,

otherwise. In this case, the exact solution is known to be

u∗(x) =

{√
1− |x|2 if |x| ≤ r∗

− r2∗ ln(|x|/2)
√

1− r2∗ otherwise,

where r∗ ≈ 0.6979651482. We give the Dirichlet boundary condition according to
the exact solution above.

Table 1. The reduction factors for the CDM algorithm on adaptively refined meshes. The
reduction factor is the ratio of energy error between two consecutive iterations.

Adaptive mesh Degrees of freedom hmin Reduction factor

1 719 1.563e-2 0.508
2 1,199 1.105e-2 0.599
3 2,107 7.813e-3 0.660
4 3,662 5.524e-3 0.651
5 6,560 3.901e-3 0.691
6 1,1841 2.762e-3 0.701

The contraction factors are computed and reported in Table 1 for a sequence of
adaptive meshes, where the adaptive mesh refinement is driven by a posteriori error
estimators starting from a uniform initial mesh; such adaptive algorithms and esti-
mators can be found in [9] for example. The linear convergence rate is confirmed by
our numerical experiments and the reduction rate is evaluated when the convergence
becomes linear; there is a superlinear region in the beginning.
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1 Introduction

The coupling of different types of partial differential equations is an active field of
research, since the need for such coupling arises in various applications. A first main
area is the simulation of complex objects, composed of different materials, which
are naturally modeled by different equations; fluid-structure interaction is a typical
example. A second main area is when homogeneous objects are simulated, but the
partial differential equation modeling the object is too expensive to solve over the
entire object. A simpler, less expensive model would suffice in most of the object to
reach the desired accuracy. Fluid flow around an airplane could serve as an example,
where viscous effects are important close to the airplane, but can be neglected further
away. A third emerging area is the coupling of equations across dimensions, for
example the blood flow in the artery can be modeled by a one dimensional model,
but in the heart, it needs to be three dimensional.

We are interested in this paper in the second situation, where the motivation for
using different equations comes from the fact that we would like to use simpler,
less expensive equations in areas of the domain where the full model is not needed.
We use as our guiding example the advection reaction diffusion equation. We are in
principle interested in the fully viscous solution, but we would like to solve only an
advection reaction equation for computational savings in part of the domain. Cou-
pling conditions for this type of problem have been developed in the seminal paper
[6], but with the first situation described above in mind, i.e. there is indeed a vis-
cous and an inviscid physical domain, and the coupling conditions are obtained by a
limiting process as the viscosity goes to zero; see also [7], and [1] for an innovative
correction layer.

In his PhD thesis [2], Dubach developed coupling conditions based on absorbing
boundary conditions, and such conditions have been used in order to define heteroge-
neous domain decomposition methods in [4]. A fundamental question however in the
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second situation described above is how far the solution obtained from the coupled
problem is from the solution of the original, more expensive one on the entire do-
main. A first comparison of different transmission conditions focusing on this aspect
appeared in [5]. In [3], coupling conditions were developed for stationary advection
reaction diffusion equations in one spatial dimensions, which lead to solutions of
the coupled problem that can be exponentially close to the fully viscous solution,
and rigorous error estimates are provided. The coupling conditions are based on the
factorization of the differential operator, and the exact factorization can be used in
this one dimensional steady case. We study in this paper time dependent advection
reaction diffusion problems, where the exact factorization of the differential operator
cannot be used any more, due to the non-local nature of the factors. Therefore new
ideas are needed in order to obtain better coupling conditions than the classical ones
developed for situation one, where the domains are really physically different.

2 Model Problem

We consider the time dependent advection reaction diffusion equation

Ladu :=
∂u

∂t
− ν ∂

2u

∂x2
+ a

∂u

∂x
+ cu = f in (−L1, L2)× (0, T ),

B1u(−L1, ·) = g1 on (0, T ),
B2u(L2, ·) = g2 on (0, T ),

u(x, 0) = 0 on (−L1, L2),

(1)

where a is the velocity field, ν > 0 is the viscosity, c > 0 is the reaction and Bj ,
j = 1, 2 are suitable boundary operators: if a > 0 (resp. a < 0) a Dirichlet condition
is imposed at x = −1 (resp. x = 1) and an absorbing boundary condition of order
1 is imposed at x = 1 (resp. x = −1). We present for convenience our results using
a homogeneous initial condition; in the case of an inhomogeneous initial condition
u0, the change of variables ũ(x, t) = u(x, t) − e−tu0(x) leads to a problem of the
form (1).

We suppose now that the viscosity term is only important in part of the domain,
say in (−L1, 0), and we are thus willing to solve the full advection reaction diffusion
equation there,

Laduad = f in (−L1, 0)× (0, T ),
B1uad(−L1, ·) = g1 on (0, T ),
Baduad(0, ·) = ga on (0, T ),
uad(x, 0) = 0 on (−L1, L2).

(2)

We want to determine a boundary operator Bad and a function ga, which can only
use information from solutions of advection reaction equations on the remaining
domain (0, L2), such that uad is as close as possible to the fully viscous solution u
on (−L1, 0). Because the viscosity is small, a first idea is to solve on the remaining
domain (0, L2) the advection equation

Laua :=
∂ua
∂t

+ a
∂ua
∂x

+ cua on (0, L2)× (0, T ). (3)
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This choice was made in [6] for the 2D stationary advection diffusion equation, and
a variational coupling condition was introduced, which in our time dependent case is

(−νu′ad + auad)(0, ·) = aua(0, ·) if a > 0 or a < 0,
uad(0, ·) = ua(0, ·) if a > 0. (4)

We have shown in [3] that for the stationary case of (2) there exist coupling con-
ditions which lead to coupled solutions that are much closer to the fully viscous
solution on the entire domain than with the coupling conditions ( 4). The purpose of
the present paper is to investigate if similar coupling conditions exist for ( 2).

3 Factorization of the Differential Operator

Let û(s) =
∫ +∞
0

u(t)e−stdt, R(s) > α be the Laplace transform of the continuous
function u with |u(t)| ≤ eαt, t > 0. Performing the Laplace transform of equation
(1), we obtain

−ν ∂
2û

∂x2
+ a

∂û

∂x
+ (c+ s)û = f̂ .

The characteristic roots of this equation are

λ+ =
1
2ν

(a+
√
a2 + 4ν(c+ s)) and λ− =

1
2ν

(a−
√
a2 + 4ν(c+ s)), (5)

and we obtain a factorization of the Laplace transformed operator,

L̂ad = (a∂x − aλ+)(−ν
a
∂x +

ν

a
λ−).

The two factors represent evolution operators in the x direction, one into the positive,
and the other into the negative x direction, due to the square root with principal
branch having positive real part. The evolution operators are however non-local, so
we propose to expand λ± for small viscosity ν,

λ+ =
a+ |a|

2ν
+
c+ s

|a| +O(ν) and λ− =
a− |a|

2ν
− c+ s

|a| +O(ν). (6)

If we truncate these expansions to obtain approximations λ±
app, the factorization is

not exact anymore, a remainder appears on the right hand side, see for example [ 8],
and we obtain

(a∂x − aλ+
app)(−

ν

a
∂x +

ν

a
λ−app)û(x, s)

= −ν ∂
2û

∂x2
(x, s) + a

∂û

∂x
(x, s) + (c+ s)û(x, s)− (νλ+

appλ
−
app + (c+ s))û(x, s)

= f̂ − (νλ+
appλ

−
app + (c+ s))û(x, s).

(7)



240 M.J. Gander et al.

4 Optimal Coupling Conditions and Approximations

We start by deriving an optimal coupling condition: integrating ( 7) on (0, L2) once
yields

(−ν ∂û
∂x

+ νλ−appû)(0, s) = (−ν ∂û
∂x

+ νλ−appû)(L2, s)e−λ
+
appL2

−
∫ L2

0

(f̂(x, s)− (νλ+
appλ

−
app + (c+ s))û(x, s))e−λ

+
appxdx.

(8)

The integral term suggests introducing the modified advection operator and associ-
ated equation ̂̃Laŵ :=

(
a∂x − aλ+

app

)
ŵ = ˆ̃

f, (9)

since integrating this equation on (0, L2) gives ŵ(0) = − 1
a

∫ L2

0
ˆ̃
f(x)e−λ

+
appx dx +

ŵ(L2)e−λ
+
appL2 . Using this idea to replace the integral term, we find that the solution

of (1) satisfies at x = 0 the coupling relation

(−ν ∂û
∂x

+ νλ−appû)(0, s) = (−ν ∂û
∂x

+ νλ−appû− aˆ̃ua)(L2, s)e−λ
+
appL2 + aˆ̃ua(0, s),

(10)

where ˆ̃ua is the solution of ̂̃
La ˆ̃ua = f̂−(νλ+

appλ
−
app+(c+s))û on (0, L2). The cou-

pling relation (10) gives an optimal coupling condition, since solving the advection
diffusion equation on (− L1, 0) with the coupling condition

(−ν ∂ûad
∂x

+νλ−appûad)(0, s) = (−ν ∂û
∂x

+νλ−appû−aˆ̃ua)(L2, s)e−λ
+
appL2+aˆ̃ua(0, s),

(11)
implies that uad is the restriction of u on (−L1, 0). But the right hand side of the
coupling condition (11) depends on the fully viscous solution û on (0, L2), which
we obviously do not know. We can however solve the advection equation L aua = f
on (0, L2)× (0, T ), so that we obtain an approximation of u. This leads for a > 0 to
the iterative procedure

g0 = 0, u0
a = 0

for k = 0, 1, 2, . . .{
L̃aũk+1

a = f − gk on (0, L2)× (0, T )
ũk+1
a (L2, ·) = ν

a (−∂x + Λ−
app)u

k
a(L2, ·) on (0, T )⎧⎨⎩

Laduk+1
ad = f on (−L1, 0)× (0, T )

B1u
k+1
ad (−L1, ·) = g1 on (0, T )
Baduk+1

ad (0, ·) = aũk+1
a (0, ·) on (0, T ){

Lauk+1
a = f on (0, L2)× (0, T )

uk+1
a (0, ·) = uk+1

ad (0, ·) on (0, T )

gk+1 = G(uk+1
a )

end;
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where G := νΛ+
appΛ

−
app+c+∂t andΛ±

app are the differential operators corresponding
to the symbols λ±

app. The differential operators in this algorithm depend on the order
of approximation of λ±, and are given in Table 1 on the left. The initial conditions are

Table 1. Local approximation of the operators in the coupling algorithm.

a > 0 a < 0

Order 0 Order 1 Order 0 Order 1

eLa a
∂

∂x
− a2

ν
a
∂

∂x
− ∂

∂t
− (

a2

ν
+ c) a

∂

∂x
a
∂

∂x
+
∂

∂t
+ c

Bad −ν ∂
∂x

−ν ∂
∂x
− ν

a

∂

∂t
− cν

a
−ν ∂

∂x
+ a −ν ∂

∂x
+
ν

a

∂

∂t
+ (a+

cν

a
)

G ∂

∂t
+ c − ν

a2
(
∂2

∂t2
+ 2c

∂

∂t
+ c2)

∂

∂t
+ c − ν

a2
(
∂2

∂t2
+ 2c

∂

∂t
+ c2)

all homogeneous, except in the case of an approximation of order 1 in the modified
advection problem, where the initial condition is ũk+1

a (·, 0) = − ν
a2 ∂tu

k
a(·, 0).

If a < 0, the algorithm is in principle not iterative, since the advection problem
(the third in the algorithm) has now as boundary condition

uk+1
a (L2, ·) = g2 on (0, T ),

and can only improve the situation once. One could thus start directly with this step,
but in order to compare the situation with and without this step, we leave the algo-
rithm sequence as stated for the case of a > 0. The differential operators in this
algorithm depend on the order of approximation of λ±, and are given in Table 1 on
the right. To investigate how small the error becomes in ν, and how this depends on
the iteration, we present in the next section a numerical asymptotic study when the
viscosity goes to zero.

5 Numerical Asymptotic Study

We chose for the data f = 0 and u0(x) = e−100x2
, a = ±10 and c = 1, and

will consider several values for ν. The domain is (−1, 1) × (0, 0.1). Note that the
support of the initial condition contains the interface between the two subdomains.
We discretize the equations by centered finite differences, and the Crank–Nicolson
scheme in time, with Δx = 1

12800 and Δt = 1
128000 .

We show in Fig. 1 both for the zeroth and first order approximation the L 2 error
in space and time between the coupled solution and the fully viscous mono-domain
solution versus the viscosity when a = 10. The error in the advection region is
always ‖ua − u‖L2(0,T ;L2(0,1)) = O(ν), and the variational method (4) and the
factorization method of order 0 with one iteration give similar results, but as soon as
one adds iterations, which seem to converge, or uses the first order approximation,
significantly better results are obtained.

In Fig. 2, we show the L2 error in space and time between the coupled solution
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Fig. 1. Positive advection. Factorization method of order 0 and variational method (4) in the
top row, and first order method in the bottom row. Error versus viscosity on (−L1, 0) on the
left, and on (0, L2) on the right.

and the fully viscous mono-domain solution versus the viscosity when a = −10.
We see that the error ‖ua− u‖L2(0,T ;L2(0,1)) is always O(ν). It seems that using the
factorization method of order 0 without iteration is not a useful method: in that case
the neglected term νλ+

appλ
−
app + c+ s = c+ s is not small in ν, we need to iterate at

least once, which is equivalent to changing the order in the algorithm, see the com-
ment in Sect. 4. With the factorization method of order 1 and one iteration we obtain
an error of O(ν2) which is a substantial improvement over the variational method,
since in that case, because the advection is negative, the information comes from the
right where the error is O(ν). Our modified advection operator clearly carries more
relevant information in this case.

In Table 2 we show in summary the numerically estimated dependence on the
viscosity ν, both for the case of positive and negative advection.

Table 2. Numerically measured error estimates for ‖uad − u‖L2(0,T ;(0,1)).

a > 0 a < 0

Order 0 Order 1 Order 0 Order 1
1 iter. 2 iter. 5 iter. 1 iter. 5 iter. 1 iter. 2 iter. 1 iter. 2 iter.
O(ν1.4) O(ν2.4) O(ν3.3) O(ν2.4) O(ν3.3) −− O(ν) O(ν) O(ν2)
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Fig. 2. Negative advection. Factorization method of order 0 and variational method in the top
row, and first order method in the bottom row. Error versus the viscosity on (−L1, 0) on the
left, and on (0, L2) on the right.

6 Conclusions

We have derived coupling conditions for the time dependent advection reaction dif-
fusion equation, which lead to coupled solutions that are closer to the fully viscous
solution than when using classical variational coupling conditions. Our numerical
experiments allowed us to estimate the asymptotic dependence on the viscosity of
the new approach, and we are currently working on rigorous error estimates for the
new coupling mechanism.
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1 Introduction

Our objective is to develop efficient parallel algorithms for reactive transport equa-
tions, which appear in problems related to the numerical simulation of geological
CO2 storage. We present in this paper a new class of Schwarz waveform relaxation
(SWR) algorithms with nonlinear transmission conditions for the model problem of
semilinear reaction diffusion equations. These methods are based on the partition of
the spatial domain into smaller sub-domains, and then on the approximation of the
restriction of the solution to each sub-domain. Transmission conditions at the inter-
faces must be defined in order to couple the problems between sub-domains. In the
case of linear advection-reaction-diffusion equations, different types of transmission
conditions were considered in [5] and in [6], in dimensions 1 and 2, and partially or
numerically optimized. The optimization problem was then solved for Robin trans-
mission conditions in [3], and for higher order conditions in [1]. We are interested
here in nonlinear problems and develop for the first time associated non-linear al-
gorithms. After introducing our problem in Sect. 2, we define in Sect. 3 a Schwarz
waveform relaxation algorithm together with the different types of transmission con-
ditions that we consider: Robin, second order and nonlinear transmission conditions.
The nonlinear conditions are based on best approximation problems for the linearized
equation and provide an efficient algorithm. Section 4 is devoted to the numerical im-
plementation of the iterative algorithm and finally, in Sect. 5, we present numerical
results that illustrate the performance of our new algorithms.
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2 Problem Description

We consider the semilinear reaction diffusion equation in two dimensions

ut − νΔu+ f(u) = 0, in R2 × (0, T ), (1)

with initial condition
u(·, ·, 0) = u0(·, ·), (2)

where T > 0 and the diffusion coefficient ν is a strictly positive constant. Let
us suppose that u0 ∈ H2(R2) and f ∈ C2(R) are given and that f satisfies
f(0) = 0. A weak solution of problem (1) and (2) is defined to be a function
u ∈ L2(0, T ;H1(R2)) ∩ C([0, T ];L2(R2)), such that f(u) ∈ L2(0, T ;L2(R2)),
satisfying for all v ∈ H1(R2)

d

dt
(u, v) + ν(∇u,∇v) + (f(u), v) = 0, in D′(0, T ),

and u|t=0 = u0, where (·, ·) denotes the inner product in L2(R2).
Let us recall the following result concerning the well-posedness of the Cauchy

problem (1) and (2) (for the proof, see for instance [2]):

Theorem 1. If f ∈ C2(R) and u0 ∈ H2(R2), then there exists T > 0 such that
problem (1) and (2) possesses a unique weak solution u ∈ L2(0, T ;H1(R2))∩
C([0, T ];L2(R2)). We have in addition that u ∈ L∞(0, T ;H2(R2)).

3 The Schwarz Waveform Relaxation Algorithm

We decompose the domain R2 into two sub-domainsΩ1 = (−∞, 0)× R andΩ2 =
(0,+∞)×R.We denote by Γ := {0}×R the common boundary ofΩ1 andΩ2 and
by n1 = (1, 0) and n2 = (−1, 0) respectively the unit outward normals to Ω1 and
Ω2 at Γ. We introduce the following non-overlapping Schwarz waveform relaxation
algorithm to approximate the solution of problem ( 1) and (2). If after step k of the
algorithm the pair (uk1 , u

k
2) is known, we propose to define (uk+1

1 , uk+1
2 ) by solving

both problems

∂tu
k+1
i − νΔuk+1

i + f(uk+1
i ) = 0 in Ωi × (0, T ),

uk+1
i (·, ·, t = 0) = u0|Ωi

in Ωi,
Bi(uk+1

i ) = Bi(ukj ) on Γ × (0, T ),
(3)

for i = 1, j = 2 and i = 2, j = 1, where B1 and B2 are differential operators
to be defined below. To initialize the algorithm, an initial guess (g b01, gb

0
2) must be

given: at step 0 of the algorithm we solve then both problems ( 3), i = 1, 2, with
transmission conditions replaced respectively by conditions

B1(u0
1) = gb

0
1 and B2(u0

2) = gb
0
2. (4)
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It is well known that the solution of (1) and (2) as well as its normal derivative
must be continuous across Γ. The issue is then to define algorithms which converge
rapidly to the solution of this problem in the global domain. For the linear reaction-
diffusion equation, the transparent boundary condition at the boundary Γ is obtained
through a Fourier transform in time and in transverse direction y (see [ 1, 3]). A good
approximation of the Fourier symbol can be obtained using Robin or second order,
so called Ventcel, transmission conditions.

3.1 Non-overlapping Algorithms of Order Zero and Two

The non-overlapping Schwarz waveform relaxation algorithm of order zero is ob-
tained by performing a zeroth order polynomial approximation of the Fourier sym-
bol of the transparent boundary condition over Γ , which leads to Robin transmission
conditions defined by

Bi(u) := ∂niu+ pu, p > 0. (5)

The non-overlapping Schwarz waveform relaxation algorithm of order 2 is obtained
by performing a first order polynomial approximation of the Fourier symbol of the
transparent boundary condition over Γ , which leads to the second order (or Ventcel)
transmission conditions

Bi(u) := ∂niu+ pu+ q
(
∂tu− ν∂2

yu
)
, p > 0, q > 0. (6)

3.2 Well-Posedness and Convergence

For s > 1
2 , we introduce the function spaces H s

s (Ωi) = {u ∈ Hs(Ωi) |uΓ ∈
Hs(Γ )}. By using a priori estimates in appropriate spaces and the Gronwall lemma,
we can extend the results of [3] and [1] for the linear advection-reaction-diffusion
equation to the nonlinear case. We obtain the following theorem concerning the well-
posedness of the initial and boundary value problems in the sub-domains, and the
convergence of the algorithm.

Theorem 2. Let gb01 and gb02 inH1(0, T ;L2(Γ ))∩L∞(0, T ;H
1
2 (Γ )), u0 ∈ H2(R2),

f ∈ C2(R), p > 0 and q ≥ 0 be given. Then

(i) There exists T > T > 0 such that algorithm (3), initialized with (4), and with
the transmission operators defined by (6) (or by (5) if q = 0), defines a unique
sequence of iterates (uk1 , u

k
2) such that

uki ∈
{
L2(0, T ;H2

2 (Ωi)) ∩ L∞(0, T ;H2(Ωi)) ∩H1(0, T ;L2(Ωi)), if q > 0,
L2(0, T ;H2(Ωi)) ∩ L∞(0, T ;H2(Ωi)) ∩H1(0, T ;L2(Ωi)), if q = 0.

Furthermore uki |Γ ∈ H1(0, T ;L2(Γ )), and ∂tuki ∈ L∞(0, T ;L2(Ωi)).
(ii) The sequence (uk1 , uk2) converges, as k →∞, to (u|Ω1 , u|Ω2).
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4 Discretization

We discretize the sub-domain problems by finite elements in space and a finite dif-
ference in time, implicit for the linear part and explicit for the nonlinear term. We
describe here the numerical method. We are interested in the boundary value problem

ut − νΔu+ f(u) = 0, in Ωi × (0, T ),
u|t=0 = u0, in Ωi,

∂niu+ pu+ q(∂tu− ν∂2
yu) = g, on Γ × (0, T ),

(7)

for a given function g defined on Γ × (0, T ). We consider Vh, a finite dimen-
sional subspace of H1(Ωi) of finite P1 elements, and a basis Φ1, . . . , ΦM of Vh,
N1, . . . , NM being the mesh points. We search an approximate solution uh(t) =
u1(t)Φ1 + · · ·+ uM (t)ΦM , which satisfies

(u′h, φi) + ν(∇uh,∇φi) + νp(uh, φi)Γ + νq(u′h, φi)Γ+

νq(
∂uh
∂y

,
∂φi
∂y

)Γ + (f(uh), φi) = ν(g, φi)Γ , ∀i = 1, . . . ,M,

where (·, ·) is the inner product in L2(Ωi), and (·, ·)Γ is the inner product in L2(Γ ).
We denote by tn = nΔt the time grid points, and let un := un1Φ1 + · · · + unMΦM
be the approximate solution at time tn. If the approximate numerical solution U n =
(un1 , · · · , unM ) at time tn is given, the solution U n+1 at time tn+1 is computed by
solving the algebraic system

(M
Δt

+ νK + νMΓDiagp + ν
MΓ

Δt
Diagq + νKΓDiagq

)
Un+1 =

(M + νMΓDiagq)
Δt

Un −MF (Un) + νMΓG
n+1,

where the mass and stiffness matrices are Mi,j = (φj , φi), Ki,j = (∇φj ,∇φi),
and on the boundary MΓ i,j = (φj , φi)Γ , KΓ i,j = (∂yφj , ∂yφi). Diagp and Diagq
are the diagonal matrices diag(p, . . . , p) and diag(q, . . . , q), and we set F (U n) =
(f(un1 ), . . . , f(unM )) and Gn+1 =

(
g(N1, t

n+1), · · · , g(NM , tn+1)
)
.

4.1 Nonlinear Transmission Conditions

The linear Robin and second order transmission conditions defined by the operators
(5) and (6) imply a choice of the constants p and q. In [1, 3], the authors established
asymptotic formulas (in Δt) for the values of p and q that optimize the convergence
factor of the algorithm, in the case of the linear advection-reaction-diffusion equa-
tion. The results are based on Fourier transforms in time and in the transversal di-
rection y, of the error equations, which are just the homogeneous counterpart of the
equations for uki in this linear case. For ∂tu − νΔu + bu = 0, where b is a positive
constant, explicit formulas for the optimal parameters are given,
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pRopt(Δt, b, ν), (8)

in the case of Robin transmission conditions (see [3]), and

(pVopt, q
V
opt)(Δt, b, ν), (9)

in the case of second order transmission conditions (see [1]).
Such an explicit analysis seems difficult for a nonlinear equation, since on the one

hand the equation satisfied by the errors is not the same, and on the other hand we do
not know the Fourier transform of the nonlinear term f(u). However, the equation
satisfied by the errors eki := uki − u is

∂te
k
i − νΔeki + f(uki )− f(u) = 0,

and a linearization at the solution u gives

∂te
k
i − νΔeki + f ′(u)eki � 0.

This motivates our choice of nonlinear transmission conditions, where we replace
b by f ′(u), in the formulas (8) for Robin, and (9) for second order transmission
conditions. Considering nonlinear transmission conditions leads to the discretization
of the boundary value problem (7), where in the linear operators (5) and (6), the
constants p and (p, q) are replaced by non linear functions p(u) = pRopt(Δt, f

′(u), ν)
and (p, q)(u) = (pVopt, q

V
opt)(Δt, f

′(u), ν). In this case the diagonal matrices Diagp
and Diagq are replaced by the time-dependent matrices

Diagnp = diag(p(un1 ), . . . , p(unM )), Diagnq = diag(q(un1 ), . . . , q(unM )).

4.2 Implementation of the Iterative Algorithm

One step of the iterative Schwarz waveform relaxation algorithm consists in solv-
ing both initial boundary value problems in each sub-domain and in defining the
new boundary conditions for the next step. We must then discretize the operator
(u1
k, u

2
k) −→ (B1(u2

k), B2(u1
k)). To do so, we remark that, if at step k of the algo-

rithm, the transmission conditions are defined by

∂niu
k
i + p(uki )u

k
i + q(uki )(∂tu

k
i − ν∂2

yu
k
i ) = gki , (10)

i = 1, 2, (with the possibility to take into account constant functions p(u) and q(u)
or q(u) = 0), at step k + 1, the transmission conditions are defined by (10), with

gk+1
i = −gkj + 2p(ukj )u

k
j + 2q(ukj )(∂tu

k
j − ν∂2

yu
k
j ),

with i = 1, j = 2 or i = 2, j = 1. Rewriting the transmission condition in this way
has the advantage that no normal derivative has to be computed (cf. [ 4] for further
details on this kind of technique). We discretize then the boundary condition g ki using
the discretizations of the corresponding terms defined in the previous paragraphs.
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5 Numerical Results

In this section, the spatial domain is the square Ω = (−1, 1) × (0, 2), which is
decomposed into two sub-domainsΩ1 = (−1, 0)× (0, 2) and Ω2 = (0, 1)× (0, 2).
The nonlinear function that we test here is the function f(u) = 10(exp(u) − 1).
We compare in the next figures the results obtained with the linear and nonlinear
Robin and second order transmission conditions described in the previous sections.
The figures represent the error between the domain decomposition solution obtained
after a fixed number of iterations, and the so-called mono-domain solution, which
corresponds to the numerical solution computed in the global domain Ω, by using
the same numerical method. The boundary conditions at the boundary ∂Ω are of
Dirichlet type. We consider three spatial meshes, corresponding to the values of h =
0.125, h = 0.0625 and h = 0.03125 and two values for the diffusion coefficient
ν, ν = 0.1 and ν = 1. The time step Δt is such that Δt = h. The time interval is
[0, 1].

In Fig. 1, we compare, in the case ν = 0.1, the results obtained with the nonlinear
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Fig. 1. f(u) = 10(exp(u)− 1), ν = 0.1: Difference in the L∞(0, T ;L2(Ω)) norm between
domain decomposition and mono-domain solutions, for h = 0.0625 in the top row, and h =
0.03125 in the bottom row. On the left, Robin transmission conditions, and on the right Robin
and second order transmission conditions.
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Robin conditions, the nonlinear second order conditions and the linear Robin condi-
tions where the parameter p corresponds to the optimal parameter for the heat equa-
tion. These results validate the use of the nonlinear parameters. The use of nonlinear
second order conditions gives better results than both linear and nonlinear Robin
conditions: the convergence speed of the algorithm with second order transmission
conditions is higher than the convergence speed of the algorithm with Robin trans-
mission conditions. This result was also expected, since the second order conditions
correspond to a higher order approximation of the transparent boundary condition on
Γ . We obtained the same qualitative results with other nonlinear functions such as
f(u) = u3, f(u) = u5 and other functions with a polynomial behavior.

5.1 A Simple Model in Geological CO2 Storage Modeling

We present here a very simple model of a reactive system which can appear in the
framework of geological CO2 storage modeling. We consider a reactive chemical
system with two types of materials, evolving according to the equation

ut − νΔu+ f(x, y, u) = 0.

The nonlinear function f depends on the space variables, describing a heteroge-
neous distribution of the materials in the spatial domain. Both materials are evolving
through equilibrium values ueq1 and ueq2 . The reaction is described here by the func-
tion

f(x, y, u) = k1S1(x, y)(u − ueq1 )3 + k2S2(x, y)(u − ueq2 )3.

The positive constants k1 and k2 represent the reaction speeds of material 1 and 2,
and the surface functions Si describe the spatial distribution of the material i, i =
1, 2.
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Fig. 2. f(x, y, u), ν = 1 : Error after 20 iterations of the algorithm for h = 0.125, h =
0.0625 and h = 0.03125. On the left, Robin transmission conditions, on the right second
order transmission conditions.
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In the test below, we considered k1 = 5, ueq1 = 1, k2 = 3, ueq2 = 0, S1(x, y) =
sin(3π

2 x + π
2 ) sin(3π

2 y + π
2 )χW , where W is a zone corresponding to a part of a

circle in the spatial domain, and S2(x, y) = max
(
sin(5π

2 x + π
3 ) sin(5π

2 y + π
3 ), 0

)
.

The initial and Dirichlet data are both equal to 0.5. We used here nonlinear Robin
and second order transmission conditions, obtained by replacing b with ∂ uf in for-
mula (8). In Fig. 2 we compare the results obtained with the nonlinear conditions for
different values of the mesh-spacing h.
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Recent Advances in Schwarz Waveform Moving Mesh
Methods – A New Moving Subdomain Method

Ronald D. Haynes
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John’s, NL, Canada A1C 5S7, rhaynes@mun.ca

1 Introduction

It is well accepted that the efficient solution of complex partial differential equations
(PDEs) often requires methods which are adaptive in both space and time. In this
paper we are interested in a class of spatially adaptive moving mesh (r-refinement)
methods introduced in [9, 10, 12]. Our purpose is to introduce and explore a natural
coupling of domain decomposition, Schwarz waveform relaxation (SWR) [ 4], and
spatially adaptive moving mesh PDE (MMPDE) methods for time dependent PDEs.
SWR allows the focus of computational energy to evolve to the changing behaviour
of the solution locally in regions or subdomains of the space-time domain. In par-
ticular, this will enable different time steps and indeed integration methods in each
subdomain. The spatial mesh, provided by the MMPDE, will react to the local solu-
tion dynamics, providing distinct advantages for problems with evolving regions of
interesting features.

In this paper we detail and compare approaches which couple SWR with moving
meshes. Section 2 provides a brief review of the r-refinement method. We contrast
the related approaches introduced in [6, 7] with a new moving subdomain method
in Sect. 3. We conclude in Sect. 4 with a brief presentation of numerical results to
demonstrate the moving subdomain method.

2 Moving Meshes

A recent and thorough review of moving mesh methods may be found [ 2] and further
details are provided in the extensive bibliography therein.

Moving mesh methods solve for the solution and underlying mesh simultane-
ously. Consider the solution of a PDE of the form

ut = L(u) 0 < x < 1, t > 0,

subject to appropriate initial and boundary conditions, where L denotes a spatial
differential operator in the physical coordinate x. Our goal is to find, for fixed t, a
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one-to-one coordinate transformation

x = x(ξ, t) : [0, 1]→ [0, 1], with x(0, t) = 0, x(1, t) = 1

such that u(x(ξ, t), t) is sufficiently smooth that a simple mesh, often uniform
ξi = i

N , i = 0, . . . , N can be used to resolve solution features in the computa-
tional variable ξ ∈ [0, 1]. The mesh in the physical coordinate x is then specified
from the mesh transformation by xi(t) = x(ξi, t), i = 0, 1, . . . , N .

A standard way to perform mesh adaptation in space is to use the equidistribution
principle (EP). Given some measure M(t, x, u) of the error in the solution, the (EP)
requires that the mesh points satisfy∫ xi

xi−1

M(t, x̃, u) dx̃ ≡ 1
N

∫ 1

0

M(t, x̃, u)dx̃,

or equivalently ∫ x(ξi,t)

0

M(t, x̃, u) dx̃ =
i

N
θ(t) = ξiθ(t), (EP)

where θ(t) ≡
∫ 1

0 M(t, x̃, u) dx̃ is the total error in the solution.
Enforcing this condition concentrates mesh points whereM or the error is large.

It follows directly from (EP) that

∂

∂ξ

{
M(t, x(ξ, t), u)

∂

∂ξ
x(ξ, t)

}
= 0. (1)

Discretizing (1) and the physical PDE spatially results in an index-2 DAE system
which is stiff and ill-conditioned – a problem numerically [ 1]. Consequently, the (EP)
is often relaxed to require equidistribution at a later time t + τ . Using Taylor series
and dropping higher order terms a number of parabolic MMPDEs are developed.
One particularly useful MMPDE is

ẋ =
1
τ

∂

∂ξ

(
M(t, x(ξ, t), u)

∂x

∂ξ

)
. (MMPDE5)

The relaxation parameter τ is chosen in practice so that the mesh evolves at a rate
commensurate with that of the solution u(x, t). A simple, popular choice is the ar-
clength like monitor functionM(x, u, t) = (1 +α|ux|2)1/2. This choice is based on
the premise that we expect the error in the numerical solution to be largest in regions
where the solution has large gradients. The choice of monitor function is often prob-
lem class dependent; generally M is related to specific powers of the solution or its
derivatives. For the generalization to two and three spatial dimensions, the reader is
referred to [8].

Using the mesh transformation x = x(ξ, t) to rewrite the physical PDE in quasi-
Lagrangian form we have u̇ − uxẋ = Lu, where u̇ = ut + uxẋ. The MMPDE
and physical PDE are solved simultaneously for the mesh x(ξ, t) and corresponding
solution u(x(ξ, t), t). Traditionally, this system is solved using the moving method of
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lines (MMOL) approach – the problem is discretized in space and the resulting sys-
tem of ODEs is solved using a stiff IVP solver like DASSL [11]. Initial and boundary
conditions for the physical PDE come from the problem description. On a fixed in-
terval we specify ẋ0 = ẋN = 0 as boundary conditions for the mesh. If the initial
solution is smooth then an initial uniform mesh for x(ξ, 0) is normally sufficient, else
an initial mesh is computed which equidistributes u(x, 0).

This traditional MMOL approach is not able to exploit local time scales in spe-
cific components of the solution – rather a single step size is used for all components.
In practice, time step selection, via local error control, is often dictated by a very few
components which are localized spatially. This suggests that a spatial partitioning
via a domain decomposition (DD) approach may exploit these local time scales. A
DD strategy would also enable different solution strategies in regions of a space and
time; in particular a mixture of fixed and moving grids may be used as dictated by the
solution. Of course various DD methods are amenable to parallel implementation –
an approach not commonly utilized by the moving mesh community.

3 Domain Decomposition Strategies

Moving mesh methods naturally provide two spatial variables: the physical co-
ordinate x and the computational co-ordinate ξ. DD methods partition the spatial
variable into overlapping or non-overlapping subdomains. SWR iteratively solves
the PDE forward in time on each subdomain. Boundary information is exchanged at
the end of a time window. Designing an algorithm which couples DD and moving
meshes requires a choice of the spatial variable to partition – resulting in dramatically
different DD methods, see Fig. 1.

The physical space-time domain Ω is divided into non-overlapping subdomains
Ω̃j with boundaries ∂Ω̃j . Γ̃j is the portion of ∂Ω̃j interior to Ω. An overlapping de-
compositionΩj is created by enlarging each Ω̃j in such a way so that the boundaries
of Ωj interior to Ω, Γj , are at least some distance δ > 0 from Γ̃j .

(a) In x variable as in [7] (b) In x variable as in [6] (c) In ξ variable – moving
subdomains

Fig. 1. A typical subdomain for the three SWR Moving Mesh Methods.
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In this section we describe and contrast two approaches [6, 7] which utilize SWR
in the physical coordinate x with a new strategy which applies SWR to the MMPDE
in the computational coordinate ξ. As we will see this new approach gives rise to
moving subdomains.

3.1 SWR in Physical Co-ordinates – Existing Methods

The first attempts [6, 7] to couple SWR and moving mesh methods use partitions of
fixed width in the physical space.

In [7], depicted in Fig. 1a, the width of Ω̃j is fixed. The overlap region is spec-
ified by a number of mesh points. The mesh points in the interior of Ω̃j and in the
overlap region are free to move according to the MMPDE. In this way we recover
much of the strength of the moving mesh approach. The position of Γ̃j is fixed to
ensure a reasonable partitioning of the physical space and allow the user to ensure a
sufficient resolution of the subdomain by specifying an acceptable number of mesh
points. Moving mesh methods are designed to prevent mesh crossings, hence the
fixed location of Γ̃j does restrict the free flow of mesh points in and out of the over-
lap region. A modification of moving mesh software is required to fix the location of
Γ̃j within Ωj .

The algorithm solves the coupled system of physical PDE and MMPDE itera-
tively on overlapping subdomains. After each subdomain solve (in the Gauss–Seidel
approach) or after all the subdomain solves (in the Jacobi variant) boundary infor-
mation is exchanged. Dirichlet transmission conditions are specified on each subdo-
main. Unlike typical SWR methods, both the solution of the physical PDE on the
boundary and the location of the boundary itself is exchanged. Since the overlap is
a simply a number of mesh points, the location of the boundary of the neighbouring
subdomain for the next iteration is extracted directly from a specific mesh trajec-
tory obtained during the subdomain solve. The solution along that moving boundary
provides the boundary data for the physical PDE. Interpolation in time is required
as subdomains are free to choose time steps dictated by their own local solution
dynamics.

In [6] it was realized that it is unnecessary to fix the location of Γ̃j . As illustrated
in Fig. 1b the extended subdomain Ωj is of fixed width in the physical space, the
position of Γj is fixed. The overlap is of fixed width but now mesh points are able
to move in and out of the overlap region as directed by solution. Indeed, it differs
from the typical SWR approach (cf. [3, 4]) only in the choice of the solver on each
subdomain. The moving mesh solver may be used without modification. Hence [ 6]
is better aligned with the motivation and philosophy of the DD approach.

As in [7] the user is responsible to ensure a sufficient number of mesh points
reside in each subdomain to resolve any features which may arise. Although this
approach may not be scalable, it may be useful in situations where the solution has
many interesting features developing in disparate locations in the physical space.
Current moving mesh methods on one domain have difficulty with this situation.
The ability to vary the number of mesh points on each subdomain makes it easier to
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ensure a sufficient number of mesh points in all parts of physical space. This sug-
gests that this technique should be coupled with time windows and a mechanism to
estimate the number of points required on that time window, ie. use an hr-refinement
strategy on each subdomain. Work is ongoing to explore this idea.

The fixed location of Γj in [6] provides the advantage of being able to reuse qual-
ity moving mesh software as the solver on each subdomain. However, interpolation
in both space and time is required to obtain the correct boundary data for the next
iteration. Within each subdomain the mesh points are all moving, hence there is no
guarantee that a mesh point will be located at position Γj at any instant in time. As a
result, the boundary data for the physical PDE is obtained by interpolating (in space)
the solution on the neighbouring subdomain. Subsequent interpolation in time may
be required to provide the correct boundary data at the sequence of time steps chosen
by the IVP software.

Applying a SWR moving mesh method in physical coordinates is conceptually
analogous to the previous descriptions of Schwarz waveform relaxation on fixed
grids. However, as mentioned above there are many practical challenges posed by
using the moving mesh solver on each subdomain. The fixed boundaries of each sub-
domain require a careful choice of the number of mesh points and relatively costly
interpolations to provide the boundary conditions for adjacent subdomains. The stan-
dard DD method (with fixed and uniform grids) divides the total number of physical
mesh points evenly amongst the subdomains. There is a direct correspondence be-
tween the number of mesh points and the width of each subinterval. If we partition
in physical space, we can not (in general) simply divide the number of mesh points
required for the one domain solve evenly amongst the number of subdomains. Hence
the algorithm may not scale appropriately. We begin to address these difficulties with
the new method presented in the next section.

3.2 SWR in Computational Co-ordinates – A New Approach

In this paper we introduce a decomposition of the computational co-ordinate ξ into
overlapping subdomains of fixed width, see Fig. 1(c). The boundaries Γj are fixed in
ξ-space, which gives rise to time dependent boundaries in physical space – we have
a moving subdomain method.

In the discrete version of the algorithm a subdomain is simply defined by a set
number of mesh points not a region of physical space. We divide the number of mesh
points required for the one domain solve evenly amongst the subdomains. As a result
the method is (at least) spatially scalable. This allows mesh points (and subdomains)
complete freedom to move throughout the physical space as controlled by the dynam-
ics of the underlying solution. The subdomains provide a coarse grain adaptivity –
they are chosen to automatically equidistribute the error measure in the solution and
must (at least approximately) equidistribute the computational effort to compute it.

The overlap region is of fixed width in the computational space but is specified
only by a fixed number of mesh points in the physical space. The required boundary
values of the subdomain solution, at any time t, is obtained by interpolating the
solution from the neighbouring subdomains from the previous iteration. Since the



258 R.D. Haynes

location of the boundary is obtained from the neighbouring subdomains directly,
only interpolation in time is required.

4 Numerical Results and Comments

Numerical results for SWR applied in the physical coordinates may be found in [ 6,
7]. Here we illustrate the new moving subdomain method for a typical test problem
for moving mesh methods taken from [10]. Consider the function

u(x, t) =
1
2

[1− tanh(c(t)(x − t− 0.4))]

c(t) = 1 +
999
2

[1 + tanh(100(t− 0.2))] , 0 ≤ x ≤ 1, 0 ≤ t ≤ 0.55.

Fig. 2. Exact solution of test problem.

The exact solution, illustrated in Fig. 2, has regions of rapid transition in space
and time. The surface is shaded according to the (spatial) gradient. A typical hyper-
bolic tangent profile develops just before t = 0.2 and then moves from left to right
(in x).

The mesh transformation which satisfies (MMPDE5) for u(x, t) is given in
Fig. 3. The heavily shaded region has small dx/dξ values – these flat regions in
the mesh transformation indicate a high concentration of mesh points. By design this
region of high resolution corresponds to the location of sharp transition in u in Fig. 2.

In Fig. 4 we depict the mesh movement by drawing the mesh trajectories obtained
during the one domain solution. Each line corresponds to the position of a grid point
as a function of time. The mesh lines concentrate just before t = 0.2, the moment of
front formation and follow the front to the right.

Figure 5 demonstrates the moving subdomains which result by solving ( MMPDE5)
using a SWR method in the computational coordinate ξ. Three subdomains are il-
lustrated for two subsequent Schwarz iterations. We see that the boundaries of the
subdomain are time-dependent and in fact change from iteration to iteration. The
subdomains consist of an equal number of mesh points and automatically adapt to
the dynamics of the solution.

Theoretical results for the alternating Schwarz iteration applied to the steady
form of (1) are now available [5] and give a local convergence result. In fact, numeri-
cal evidence suggests a more robust performance. Extensions of theoretical results in
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Fig. 3. One domain mesh transformation sat-
isfying the relaxed EP.

Fig. 4. One domain mesh trajectories.

(a) Schwarz iteration 1. (b) Schwarz iteration 2.

Fig. 5. Mesh trajectories for three moving subdomains on subsequent Schwarz iterations.

the time dependent case are underway. MPI code for the two spatial dimension ver-
sion of the algorithm presented in [6] is complete and rigourous numerical studies
have commenced. Clearly, improved performance of these DD approaches require
the development of optimal transmission conditions tuned for this class of problems.
Theoretical investigations and numerical experimentation are in progress.

Acknowledgments The author would like to acknowledge the support of NSERC
(Canada) under discovery grant 311796.
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1 Introduction

Schwarz waveform relaxation methods are naturally parallel methods to solve evo-
lution problems. They are based on a decomposition of the physical domain into
overlapping subdomains, and a decomposition of the time domain into time win-
dows. On each time window, one then solves the original time dependent problem,
and a subdomain iteration like in the classical Schwarz method, but now in space-
time, is used in order to obtain a converged solution on the present time window.
Only after convergence on the time window is the next time window treated by the
algorithm. This type of algorithm was first proposed in [2], and analyzed in [8] and
independently in [10]. Optimized Schwarz waveform relaxation methods were in-
troduced in [7] to obtain more effective space-time iterative methods, compared to
the classical variants, and the associated optimization problem was studied in [ 6] for
the case of Robin conditions, and in [1] for higher order transmission conditions,
see also [12]. Our extensive numerical experiments (a summary is given in Table 1),
reveal that, while the theoretical parameters are asymptotically optimal, the perfor-
mance can be substantially improved using a more accurate estimate for the constant.
We show in this paper that this difference can be put on a theoretical foundation by
taking into account geometric parameters from the decomposition. We illustrate the
improved performance with the new parameters by numerical experiments, and also
study numerically the dependence of the parameter on the number of subdomains.

2 Optimized Schwarz Waveform Relaxation

We study the optimized Schwarz waveform relaxation algorithm for the advection
reaction diffusion equation in Ω ⊂ R2,

Lu := ut + a · ∇u− νΔu + bu = f, in Ω × (0, T ), (1)
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where ν > 0, b ≥ 0 and a = (a, c)T . In order to describe the Schwarz waveform
relaxation algorithm, we decompose the domain into two, possibly overlapping sub-
domains Ω1 and Ω2, with interfaces Γ1 = ∂Ω1 ∩ Ω2 and Γ2 = ∂Ω1 ∩ Ω2. The
algorithm for this two subdomain decomposition calculates then for n = 1, 2, . . . the
iterates (un1 , un2 ) defined by

Lun1 = f in Ω1 × (0, T ), Lun2 = f in Ω2 × (0, T ),
un1 (·, ·, 0) = u0 in Ω1, un2 (·, ·, 0) = u0 in Ω2,

B1u
n
1 = B1u

n−1
2 on Γ1 × (0, T ), B2u

n
2 = B2u

n−1
1 on Γ2 × (0, T ),

(2)

where B1 and B2 are linear operators in space and time, possibly pseudo-differential,
and an initial guess B2u

0
1(0, ·, ·) and B1u

0
2(L, ·, ·), t ∈ (0, T ), needs to be provided.

3 Theoretical Results

There are many different choices for the operators B j . The identity leads to the clas-
sical Schwarz waveform relaxation method, and zeroth or higher order conditions
lead to optimized variants, see for example [1, 6]. We study here in detail the case
where the transmission operators are

B1 := ∂x −
a− p
2ν

B2 := ∂x −
a+ p

2ν
. (3)

Using Fourier analysis, and a decomposition of the domain Ω = R 2 into two half
spaces Ω1 = (−∞, L) × R and Ω2 = (0,∞) × R, see for example [6], one can
obtain the convergence factor of algorithm (2),

ρ(ω, k, p) =
z − p
z + p

e−
Lz
2ν , (4)

where z :=
√
x2

0 + 4ν2k2 + 4iν(ω + ck) (standard branch of the square root with
positive real part), x2

0 := a2 + 4νb, and k and ω are the Fourier variables in space
and time. Computing on a grid, we assume that kmax = π

h where h is the local mesh
size in x and y, and ωmax = π

Δt , and that we also have estimates for the lowest
frequencies kmin and ωmin from the geometry, see for example [4], or for a more
precise analysis see [5].

Defining D := {(ω, k), ωmin ≤ |ω| ≤ ωmax, kmin ≤ |k| ≤ kmax}, the param-
eter p∗ which gives the best convergence rate is solution of the best approximation
problem

inf
p∈C

sup
(ω,k)∈D

|ρ(ω, k, p)| = sup
(ω,k)∈D

|ρ(ω, k, p∗)| =: δ∗. (5)

In what follows, we will use

k̄ :=
|c|(

√
(|c|2 + x2

0)2 + 16ν2ω2
min − |c|2 − x2

0)
8ν2ωmin

.
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By a direct calculation, we see that 0 ≤ k̄|c| ≤ ωmin, and we define the function

ϕ(k, ξ) := 2
√

2
√√

(x2
0 + 4ν2k2)2 + 16ν2ξ2 + x2

0 + 4ν2k2, (6)

and the constant

A =

⎧⎨⎩
ϕ(k̄,−ωmin + |c|k̄) if kmin ≤ k̄,
ϕ(kmin,−ωmin + |c|kmin) if k̄ ≤ kmin ≤ 1

|c|ωmin,
ϕ(kmin, 0) if kmin ≥ 1

|c|ωmin.
(7)

We assume that the mesh sizes in time and space are related either byΔt = Chh, or
Δt = Chh

2. The following theorem gives the asymptotic value of the best parameter
p∗ in the case of no overlap, L = 0, for the general case where the geometric param-
eters kmin and ωmin are non zero. This is an important generalization of the result
from [11], where kmin = ωmin = 0. The proof of this result is beyond the scope of
this short paper, and will appear elsewhere.

Theorem 1. For h small, the best approximation problem (5) has a unique solution
p∗, which is given asymptotically by

p∗ ∼
√

A

Bh
, δ∗ = 1−

√
ABh+O(h),

where A is defined in (7), and

B =

⎧⎪⎨⎪⎩
2
νπ if Δt = Chh,

C
√

2d
νπ if Δt = Chh

2, d := νπCh, C =

{
1 if d < d0,√

d+
√

1+d2

1+d2 if d ≥ d0,

where d0 ≈ 1.543679 is the unique real root of the polynomial d3 − 2d2 + 2d− 2.

We take a closer look at two special cases:

(i) If kmin = ωmin = 0, all three cases for A in (7) coincide, since k̄ = 0, and the
constant A simplifies to

A = 4x0, (8)

and we find the special case analyzed in [11].
(ii) For the heat equation, a = 0, b = 0, c = 0, ν = 1, and if kmin and ωmin do not

both vanish simultaneously, we also obtain k̄ = 0, and

A = 4

√
2
(√

k4
min + ω2

min + k2
min

)
,

the special case analyzed in [14].
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Fig. 1. Convergence behavior with the theoretically optimized parameter p∗ in the top four
pictures, and the numerically optimized one below: for T = 1

20
on the left and T = 1 on the

right using Schwarz as an iterative method in the first and third row, and as preconditioner for
GMRES in the second and fourth row.
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4 Numerical Experiments

We discretize (1) with a := (1, 1), ν = 0.1 and c = 0 on Ω = (0, 1.2) × (0, 1.2)
using P1 finite elements on a regular triangular mesh with h = 1

100 , and backward
Euler with Δt = 1

400 . We simulate directly the homogeneous error equations, start
the iteration with a random initial guess, and stop when the residual becomes smaller
than 10−6. We do not use a coarse grid.

Table 1. Number of iterations for T = 1 using the old (p∗ = 3.77) and new (p∗ = 8.42)
theoretically optimized parameters compared to the best choice (given in parentheses after the
iteration number) obtained by numerical minimization of the iteration number.

Iterative GMRES
Decomposition Old New Numerical Old New Numerical

2× 1 271 131 70 (16.55) 49 38 35 (13.42)
2× 2 272 132 81 (14.05) 49 40 38 (13.42)
4× 1 270 130 73 (15.30) 49 39 36 (12.80)
8× 1 271 131 83 (13.58) 51 45 44 (10.92)
4× 4 272 131 91 (12.48) 50 44 44 ( 8.42)
8× 8 274 132 109 (10.30) 58 59 56 ( 5.77)

Table 1 shows iteration numbers for the new optimized parameter p ∗ from The-
orem 1, compared to the old one from [11] given in (8), and the parameters which
work numerically best (found using a multi directional simplex method, see [ 13]).
We provide iteration numbers both for the algorithm used as an iterative solver, and
as a preconditioner for GMRES.

The left column gives the type of decomposition: 8× 1 means for example a one
dimensional, banded decomposition into 8 subdomains. Clearly the new estimate
of p∗ leads to a significantly better method, and the iteration number is now much
closer to the best possible in the algorithm. We also see that the numerically best
parameter depends on the number of subdomains, a fact which our analysis based on
two subdomains cannot capture. The iteration number then grows with the number
of subdomains for larger time windows without coarse grid, as in the case of the
classical Schwarz waveform relaxation algorithm, see [9].

Next, we present a large scale study in Table 2, where Ω is decomposed into
bands, 2× 1, 3× 1, 4× 1 . . ., for various length of the time interval.

We observe how the convergence is independent of the number of subdomains
for the theoretically optimized parameter, a result that has been proved for classical
Schwarz waveform relaxation methods over short time intervals in [ 9], see also [3],
but no analytical results exist so far for optimized Schwarz methods. We also see
again that the new optimized parameter performs as well as the numerically opti-
mized one when GMRES is used. We show in Fig. 1 the convergence curves of the
Schwarz waveform relaxation algorithm used as an iterative solver and as a precon-
ditioner for GMRES, both for the theoretically and numerically optimized parameter.
We see that the algorithm’s convergence behavior does not depend on the number of
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Table 2. Number of iterations for different final times T and different numbers of
subdomains, both using the theoretical and numerically optimal p∗, which was p∗ ∈
{8.4, 8.4, 9.3, 10.7, 12.6} for T ∈ {1, 1

2
, 1

5
, 1

10
, 1

20
}, and the value of the numerically op-

timal p∗.

Iterative solver Preconditioner for GMRES
Iteration number using the theoretical p∗

T 2×1 3×1 4×1 5×1 6×1 8×1 10×1 12×1 2×1 3×1 4×1 5×1 6×1 8×1 10×1 12×1
1 131 129 130 130 130 131 131 131 38 38 39 40 41 45 49 55

1/2 131 129 129 130 130 130 130 131 36 36 36 37 37 38 40 43
1/5 119 117 118 118 119 119 119 119 33 33 33 33 33 33 33 34
1/10 103 102 103 103 103 103 103 104 29 29 29 30 30 30 30 30
1/20 88 86 87 87 87 87 87 87 26 26 26 26 26 26 26 26

Iteration number using the numerical p∗

T 2×1 3×1 4×1 5×1 6×1 8×1 10×1 12×1 2×1 3×1 4×1 5×1 6×1 8×1 10×1 12×1
1 70 72 73 76 78 83 89 93 35 35 36 38 40 44 49 53

1/2 63 63 63 64 66 68 72 75 33 32 33 33 34 36 39 42
1/5 52 52 52 52 53 54 55 56 28 28 28 28 28 29 30 31
1/10 45 45 45 45 45 46 46 47 25 25 25 25 25 25 25 26
1/20 40 39 39 39 39 39 40 40 22 21 21 22 22 22 22 22

Value of the numerical p∗

T 2×1 3×1 4×1 5×1 6×1 8×1 10×1 12×1 2×1 3×1 4×1 5×1 6×1 8×1 10×1 12×1
1 16.4 15.4 15.4 14.9 14.4 13.7 12.9 12.0 13.4 13.4 12.8 12.2 9.7 10.9 8.4 5.9

1/2 18.4 17.9 17.9 17.7 17.4 16.7 15.9 15.4 18.4 17.8 18.4 17.2 17.2 14.1 13.4 10.9
1/5 22.3 22.3 22.3 22.3 22.3 22.3 21.3 20.3 21.8 21.8 21.8 21.8 21.8 19.3 19.3 21.8
1/10 25.7 25.7 25.7 25.7 25.7 25.7 25.7 24.7 25.7 25.7 25.7 25.7 25.7 25.7 25.7 20.7
1/20 29.6 29.6 29.6 29.6 29.6 29.6 29.6 32.6 32.6 30.1 30.1 32.6 32.6 32.6 32.6 32.6

subdomains over the short time interval. We also observe that the numerically op-
timized parameter leads to a superlinear convergence regime, while the theoretical
one gives a linear convergence regime.

iterations

lo
g
o
f
re

s
id
u
a
l

Fig. 2. Challenging geometrical decomposition on the left, and convergence curve on the right.

We next turn to the case of decompositions with cross points, where the square
domainΩ is decomposed into smaller square or rectangular subdomains, 2×2, 3×2,
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Table 3. Number of iterations for the theoretical optimized parameter, and in parentheses for
the numerically optimized one for different final times T and different decompositions with
cross points.

T Iterative solver Preconditioner for GMRES

1
20

× 2 3 4 5 6
2 88(45)
3 87(45) 88(45)
4 88(45) 87(45) 87(46)
5 88(45) 88(46) 88(46) 88(46)
6 88(45) 87(46) 88(46) 88(46) 88(46)

× 2 3 4 5 6
2 28(25)
3 28(25) 28(25)
4 28(25) 29(26) 29(25)
5 28(25) 29(26) 29(26) 29(25)
6 28(25) 29(26) 29(26) 29(25) 29(25)

1
5

2 120(60)
3 119(60) 119(61)
4 119(61) 119(61) 120(61)
5 119(61) 119(61) 120(62) 120(62)
6 119(62) 119(62) 119(62) 120(63) 120(64)

2 35(32)
3 35(32) 35(32)
4 35(32) 35(32) 35(32)
5 35(32) 35(32) 35(32) 35(32)
6 35(33) 35(33) 35(32) 35(33) 35(33)

1

2 132(81)
3 131(84) 131(86)
4 131(86) 131(89) 131(91)
5 131(88) 131(91) 131(93) 131(96)
6 131(91) 131(93) 131(96) 131(98) 131(100)

2 40(38)
3 41(40) 42(41)
4 42(41) 43(43) 44(44)
5 43(43) 44(44) 46(45) 48(47)
6 45(45) 46(45) 48(47) 50(49) 52(51)

3 × 3, . . .. The results are given in Table 3. The algorithm performs similarly to
the banded case, but an interesting new observation is that the number of iterations
over the long time interval is constant over anti-diagonals in the table (notice the
numerically optimized case in particular), which shows that the diameter of the graph
of the decomposition is relevant for the dependence on the number of subdomains
over long times.

We finally show a numerical experiment for T = 1 on the geometrically chal-
lenging decomposition shown in Fig. 2 on the left, which our generic simulator, im-
plemented in Python using MPI, can easily handle. The computational mesh is twice
refined from the mesh shown, and the convergence history with GMRES is shown in
Fig. 2 on the right.

5 Conclusions

We presented new theoretical estimates for the parameters in the optimized Schwarz
waveform relaxation algorithm. Our large scale numerical study shows that the new
parameters perform significantly better than the old ones, and they reveal properties
of the algorithm which are not yet understood theoretically, like the good scaling
properties when the number of subdomains is increased, or the dependence of the
parameter on the number of subdomains.
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1 Introduction

The study of optimized Schwarz methods for Maxwell’s equations started with the
Helmholtz equation, see [2, 3, 4, 11]. For the rot-rot formulation of Maxwell’s equa-
tions, optimized Schwarz methods were developed in [1], and for the more general
form in [9, 10]. An entire hierarchy of families of optimized Schwarz methods was
analyzed in [8], see also [5] for discontinuous Galerkin discretizations and large
scale experiments. We present in this paper a first analysis of optimized Schwarz
methods for Maxwell’s equations with non-zero electric conductivity. This is an im-
portant case for real applications, and requires a new, and fundamentally different
optimization of the transmission conditions. We illustrate our analysis with numeri-
cal experiments.

2 Schwarz Methods for Maxwell’s Equations

The time dependent Maxwell equations are

−ε∂E
∂t

+ curl H− σE = J, μ
∂H
∂t

+ curl E = 0, (1)

where E = (E1, E2, E3)T and H = (H1,H2,H3)T denote the electric and magnetic
fields, respectively, ε is the electric permittivity, μ is the magnetic permeability, σ is
the electric conductivity and J is the applied current density. We assume the applied
current density to be divergence free, divJ = 0.

One can show, see for example [8] for the context of domain decomposition
methods, that the time dependent Maxwell equations (1) are a system of hyper-
bolic partial differential equations. This hyperbolic system has for any interface
two incoming and two outgoing characteristics. Imposing incoming characteristics
is equivalent to imposing the impedance condition
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Bn(E ,H) := n× E
Z

+ n× (H× n) = s. (2)

We consider in this paper the time-harmonic Maxwell equations,

−iωεE + curl H− σE = J, iωμH + curl E = 0. (3)

A family of Schwarz methods for (3) with a possibly non-overlapping decomposition
of the domain Ω into Ω1 and Ω2, with interfaces Γ12 := ∂Ω1 ∩ Ω2 and Γ21 :=
∂Ω2 ∩Ω1, is given by

−iωεE1,n+curl H1,n−σE1,n = J in Ω1,
iωμH1,n + curl E1,n = 0 in Ω1,

(Bn1 +S1Bn2)(E
1,n,H1,n) = (Bn1 +S1Bn2)(E

2,n−1,H2,n−1) on Γ12,
−iωεE2,n+curl H2,n−σE2,n = J in Ω2,

iωμH2,n + curl E2,n = 0 in Ω2,
(Bn2 +S2Bn1)(E

2,n,H2,n) = (Bn2 +S2Bn1)(E
1,n−1,H1,n−1) on Γ21,

(4)

where Sj , j = 1, 2 are tangential, possibly pseudo-differential operators. Different
choices of Sj , j = 1, 2 lead to different parallel solvers for Maxwell’s equations,
see [8]. The classical Schwarz method is exchanging characteristic information at
the interfaces between subdomains, which means Sj = 0, j = 1, 2. For the case
of constant coefficients and the domain Ω = R3, with the Silver-Müller radiation
condition

lim
r→∞

r (H× n−E) = 0, (5)

and the two subdomains

Ω1 = (0,∞)× R2, Ω2 = (−∞, L)× R2, L ≥ 0, (6)

the following convergence result was obtained in [8] using Fourier analysis:

Theorem 1. For any (E1,0;H1,0) ∈ (L2(Ω1))6, (E2,0;H2,0) ∈ (L2(Ω2))6, the
classical algorithm with σ > 0 converges in (L2(Ω1))6 × (L2(Ω2))6. The conver-
gence factor for each Fourier mode k := (ky, kz) with |k|2 := k2

y + k2
z is

ρcla(k, ω̃, σ, Z, L) =

∣∣∣∣∣
√
|k|2 − ω̃2 + iω̃σZ − iω̃√
|k|2 − ω̃2 + iω̃σZ + iω̃

e−
√

|k|2−ω̃2+iω̃σZL

∣∣∣∣∣ ,
where ω̃ := ω

√
εμ, and Z :=

√
μ
ε .

This result shows that if σ > 0, the method converges, also without overlap, L =
0, which is unusual for classical Schwarz methods, but normal for optimized ones,
for an explanation, see [6]. If however the electric conductivity σ = 0, then for
|k|2 = ω̃2 the convergence factor equals 1, and the method is stagnating for this
frequency, and thus by continuity slow for nearby frequencies. In addition, if there is
no overlap, L = 0, we have ρcla(k) < 1 only for the propagative modes, |k|2 < ω̃2,
and ρcla(k) = 1 for evanescent modes, i.e. when |k|2 ≥ ω̃2; the method is now
stagnating for all evanescent modes. Hence for σ = 0, better transmission conditions
were developed in [8]. The analysis in [8] does however not apply if the electric
conductivity σ > 0.
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3 Analysis for Non-zero Electric Conductivity

We present now an analysis of algorithm (4), (6) for the case where the electric
conductivity is non-zero,σ > 0, in the special case of the two dimensional transverse
magnetic Maxwell equations. For these equations, the unknowns are independent of
z, and we have E = (0, 0, Ez) and H = (Hx, Hy, 0). The results are again based on
Fourier transforms, here in the y direction with Fourier variable k.

Theorem 2. For σ > 0, if Sj , j = 1, 2 have the constant Fourier symbol

σj = F(Sj) = −s− iω̃
s+ iω̃

, s ∈ C, (7)

then the optimized Schwarz method (4), (6) has the convergence factor

ρσ(ω̃, Z, σ, L, k, s) =

∣∣∣∣∣
(√

k2 − ω̃2 + iω̃σZ − s√
k2 − ω̃2 + iω̃σZ + s

)
e−

√
k2−ω̃2+iω̃σZL

∣∣∣∣∣ . (8)

Proof. Taking a Fourier transform in the y variable of ( 4) with J = 0, the so-called
error equations, we get

∂x

(
Êj,nz
Ĥj,n
y

)
=

(
0 iωμ

k2−ω2εμ+iωμσ
iωμ 0

)(
Êj,nz
Ĥj,n
y

)
=: M

(
Êj,nz
Ĥj,n
y

)
, j = 1, 2. (9)

The eigenvalues of the matrix M , and their corresponding eigenvectors are

λj = ±λ = ±
√
k − ω̃2 + iω̃σZ, vj =

(
∓ iωμ

λ
1

)
, j = 1, 2, (10)

and therefore the solutions of (9) are given by(
Ê1,n
z , Ĥ1,n

y

)
= αn1v1e

λx + αn2v2e
−λx,

(
Ê2,n
z , Ĥ2,n

y

)
= βn1 v1e

λx + βn2 v2e
−λx.

Using the Silver-Müller radiation condition (5), we have αn2 = βn1 = 0, and inserting
the solutions into the interface conditions in (4), we get

αn1 = Aβn−1
2 e−λL, βn2 = Aαn−1

1 e−λL, with A :=
λ− s
λ+ s

,

and the definition ρσ(ω̃, Z, σ, L, k, s) :=
∣∣∣ αn

1

αn−2
1

∣∣∣ 1
2

leads to the result (8).

In a numerical implementation, the range of frequencies is bounded, k ∈ K :=
[kmin, kmax], where the minimum frequency kmin > 0 is a constant depending on
the geometry, and the maximum numerical frequency that can be represented on a
mesh is kmax = C

h where C is a constant. From Theorem 2, we can immediately
get a convergence result for the classical Schwarz method that uses characteristic
transmission conditions.
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Corollary 1. For σ > 0, in the case of the classical Schwarz method, σ j = 0, j =
1, 2, the asymptotic convergence factor for small mesh size h is

ρ̄σ := max
k∈K

(ρσ) =

{
1− 4

3

(
9ω4σ2μ3εC6

L

) 1
8 h

3
4 +O(h

5
4 ), L = CLh,

1− ω2σ
√
μ3ε

C3 h3 + O(h5), L = 0.
(11)

Proof. The proof is obtained by inserting s = iω̃ into (8), and then expanding the
maximum of ρσ over k ∈ K for h small.

In order to obtain a more efficient algorithm, we choose σ j , j = 1, 2 such that ρσ is
minimal over the range of frequencies k ∈ K . We look for s of the form s = p(1+i),
such that p is solution of the min-max problem

min
p≥0

(
max
k∈K

ρσ(ω̃, Z, σ, L, k, p(1 + i))
)
. (12)

Theorem 3. For σ > 0, and the non-overlapping case, L = 0, the solution of the
minmax problem (12) is for h sufficiently small given by

p∗ =
(ωσμ)

1
4
√
C

2
1
4
√
h

and ρ∗σ = 1− 2
3
4 (ωσμ)

1
4
√
h√

C
+O(h). (13)

Proof. We assume that p ≥ pc :=
√

3σωμ
2 , a hypothesis that can be removed with an

additional analysis, which is too long however for this short paper. Using the change

of variables ξ(k) := R

(√
k2 − ω2εμ+ iσωμ

)
and y := σωμ, the convergence

factor simplifies to

ρσ(ω̃, Z, σ, 0, k, p(1 + i)) =

√
4ξ2(ξ − p)2 + (y − 2ξp)2

4ξ2(ξ + p)2 + (y + 2ξp)2
=: R(ξ, y, p).

Since the mapping k �→ ξ(k) is increasing in k for k ≥ 0, we have

min
p≥0

(
max

kmin≤k≤kmax

ρσ(ω̃, Z, σ, 0, k, p(1 + i))
)

= min
p≥0

(
max

ξ0≤ξ≤ξmax

R(ξ, y, p)
)
,

where ξ0 = ξ(kmin) and ξmax = ξ(kmax). We start by studying the variation of R
for fixed p; the polynomial

P (ξ) = (ξ2 − 1
2
y)(8ξ4 + 16ξ2(y − p2) + 2y2)

is the numerator of the partial derivative of R with respect to ξ. P has at most three
positive roots, and ξ2 =

√
y
2 is always a root. We now show that for p ≥ pc, ξ2

is a maximum and the other two roots of P cannot be maxima. The second partial
derivative of R with respect to ξ evaluated at ξ2 is
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∂2R

∂ξ2
(ξ2, y, p) = −4

√
2
y

(2p2 − 3y)p
|
√

2p−√y|(
√

2p+
√
y)3

.

Since for p ≥ pc by assumption, ∂
2R
∂ξ2 (ξ2, y, p) ≤ 0, ξ2 is a local maximum. Since

R(ξ0, y, p) ≤ 1 and limξ→+∞R(ξ, y, p) = 1, the other two roots of P can not be
maxima if p ≥ pc. Therefore the maximum of R is either at ξ0, ξ2 or ξmax. But we
also find that R(ξ0, y, p) ≤ R(ξ2, y, p) for p ≥ pc, which excludes ξ0 as a candidate
for the maximum. Moreover, for ξmax sufficiently large we have R(ξ2, y, pc) ≤
R(ξmax, y, pc), and for p large, we have R(ξ2, y, p) ≥ R(ξmax, y, p). By continuity,
there exists at least one p∗ such that R(ξ2, y, p∗) = R(ξmax, y, p∗). Moreover, the
computation of

∂R

∂p
(ξ, y, p) = − 1

R(ξ, y, p)

(p2 − 1
8

4ξ4+y2

ξ2 )

(4ξ4 + 8ξ3p+ 8ξ2p2 + y2 + 4yξp)2

shows that the function p �→ R(ξ2, y, p) is monotonically increasing, and p �→
R(ξmax, y, p) is monotonically decreasing for ξmax sufficiently large. Hence p∗ is
unique and therefore the unique solution of the min-max problem. As we have

R (ξ2, y, p∗) = R (ξmax, y, p∗) =⇒ p∗ =
4
√

2y
√
ξmax

(
y + 2ξmax

2 + ξmax

√
2
√
y
)

2ξmax
,

by expanding p∗ for h small, (ξmax = ξ(C/h)), we get the desired result.

A numerical example of the convergence factor is shown in Fig. 1. We can see that
for σ > 0, the classical Schwarz algorithm does not have convergence problems
any more close to the resonance frequency. Increasing σ further improves the per-
formance, since the maximum of the convergence factor decreases. We also see that
the optimization, which is based on equioscillation, leads to a uniformly small con-
traction factor when σ > 0, whereas in the case σ = 0 a small region close to the
resonance frequency needs to be excluded in order to minimized the convergence
factor for the remaining frequencies.
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Fig. 1. Convergence factors as function of the frequency parameter |k|.
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4 Numerical Results

We present now some numerical tests in order to illustrate the performance of the
algorithms. The domainΩ is partitioned into several subdomainsΩ j . In each subdo-
main, we use a discontinuous Galerkin method (DG), see [5].

We first test the propagation of a plane wave in a homogeneous medium. The
domain is Ω = (0, 1)2, and the parameters are constant in Ω, with ε = μ = 1,
σ = 5 and ω = 2π. We impose on the boundary an incident field W inc =
(Hinc

x , Hinc
y , Eincz ) = ( ky

μω ,
−kx

μω , 1)e−ik·x with k = (kx, ky) = (ω
√
ε− i σω , 0), x =

(x, y). The domain Ω is decomposed into two subdomains Ω1 = (0, 1/2) × (0, 1)
andΩ2 = (1/2, 1)× (0, 1). For this test case, the DG method is used with a uniform
polynomial approximation of order one, two and three, denoted byDG-P1,DG-P2
and DG-P3. The performance of the algorithm is shown in Fig. 2.
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Optimized Schwarz algorithm :

DG-P1 32 46 64 89
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Classical Schwarz algorithm :
DG-P1 488 1990 8000 31821
DG-P2 2038 8419 34262 15E04
DG-P3 4066 16875 89486 30E04

Fig. 2. Number of iterations against the mesh size h, to attain a relative residual reduction of
10−8 obtained with the classical and optimized Schwarz algorithm.

These results are in good agreement with the theoretical result in Theorem 3:
the curves fit nicely the dependence on h predicted, i.e they behave like h−0.5. We
also see the tremendous improvement of the optimized Schwarz method over the
classical Schwarz method, which nevertheless performs a bit better than predicted in
Corollary 1, the dependence on h measured is O(h−2), instead of O(h−3); for an
explanation, see [7].

The second test problem is a simplified model of the propagation of an electro-
magnetic wave, emitted by a localized source, in the head tissues. The geometric
configuration is given in Fig. 3.

The electromagnetic parameters of the material in the head tissues are: μ = 1
in the whole domain, ε = 43.85, σ = 1.23 · 120π for the skin, ε = 15.56, σ =
0.43 · 120π for the skull, ε = 67.20, σ = 2.92 · 120π for the cerebrospinal fluid
and ε = 43.55, σ = 1.15 · 120π for the brain. The antenna is modeled by two
perfectly conducting rods (with base section of 0.252cm2) and between these rods a
current density Jz is applied. The computational domain is decomposed into several
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Fig. 3. Model of the different layers of a skull.
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Fig. 4. Decomposition into subdomains and solution.

subdomains (a decomposition into eight subdomains is shown for example in Fig. 4
on the left).

We compare in this test the performance of the classical Schwarz and the new
optimized Schwarz algorithm for a decomposition into two, four, eight and sixteen
subdomains. In Table 1,

we show the number of iterations needed for convergence, i.e to attain a relative
residual of 10−8, depending on the number of subdomains. These results show that
the optimized Schwarz algorithm converges much faster than the classical Schwarz
algorithm. Here we used a Krylov method (BiCGStab) for the solution of the linear
system, preconditioned with the classical and optimized Schwarz preconditioner.

Table 1. Iteration number comparison for the cell phone antenna problem.

Number of subdomains 2 4 8 16

Classical Schwarz 94 197 179 174
Optimized Schwarz 69 92 82 85
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5 Conclusion

We analyzed an optimized Schwarz method for the two dimensional Maxwell equa-
tions with non-zero electric conductivity. The new method performs much better than
the classical one, and our theoretical results are well confirmed by the numerical ex-
periments presented, also for a non-trivial test case.
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3. B. Després. Décomposition de domaine et problème de Helmholtz. C.R. Acad. Sci. Paris,
1(6):313–316, 1990.

4. B. Després, P. Joly, and J.E. Roberts. A domain decomposition method for the harmonic
Maxwell equations. In Iterative methods in linear algebra, pp. 475–484. North-Holland,
Amsterdam, 1992.

5. H. Yanping, R. Kornhuber, O. Widlund, and J. Xu (eds.). Domain Decomposition in
Science and Engineering XIX, Springer Verlag, Berlin Heidelberg, p. 15–25, 2011.

6. V. Dolean and M.J. Gander. Why classical Schwarz methods applied to hyperbolic sys-
tems can converge even without overlap. In Domain Decomposition Methods in Science
and Engineering XVIII, pp. 467–476. Springer, 2007.

7. H. Yanping, R. Kornhuber, O. Widlund, and J. Xu (eds.). Domain Decomposition in
Science and Engineering XIX, Springer Verlag, Berlin Heidelberg, p. 117–124, 2011.

8. V. Dolean, L. Gerardo-Giorda, and M.J. Gander. Optimized Schwarz methods for
Maxwell equations. SIAM J. Sci. Comput., 31(3):2193–2213, 2009.

9. V. Dolean, S. Lanteri, and R. Perrussel. A domain decomposition method for solving
the three-dimensional time-harmonic Maxwell equations discretized by discontinuous
Galerkin methods. J. Comput. Phys., 227(3):2044–2072, 2008.

10. V. Dolean, S. Lanteri, and R. Perrussel. Optimized Schwarz algorithms for solving time-
harmonic Maxwell’s equations discretized by a discontinuous Galerkin method. IEEE.
Trans. Magn., 44(6):954–957, 2008.

11. M.J. Gander, F. Magoulès, and F. Nataf. Optimized Schwarz methods without overlap for
the Helmholtz equation. SIAM J. Sci. Comput., 24(1):38–60, 2002.



Robust Boundary Element Domain Decomposition
Solvers in Acoustics

Olaf Steinbach and Markus Windisch

Institute of Computational Mathematics, TU Graz, A 8010 Graz, Austria,
o.steinbach@tugraz.at; markus.windisch@tugraz.at

Summary. A stable boundary element tearing and interconnecting domain decomposition
method is considered for the parallel solution of the Helmholtz equation. In particular, we
discuss the preconditioned iterative solution of the resulting linear system and present some
numerical results.

1 Introduction

Tearing and interconnecting domain decomposition methods [ 2, 3] are well estab-
lished for an efficient and parallel solution of various elliptic partial differential
equations by using finite and boundary element methods. But in the case of the
Helmholtz equation, additional difficulties may appear. Although the global bound-
ary value problem admits a unique solution, local subdomain solvers as used in the
tearing and interconnecting approach may fail due to spurious modes. In a recent pa-
per [7] we have introduced a boundary element tearing and interconnecting domain
decomposition approach which is robust for all local wave numbers. The aim of the
present paper is the discussion of some efficient preconditioners which are needed
in the iterative solution of the resulting linear system. In particular we will use pre-
conditioners of the opposite order [6] for the solution of the local boundary value
problems, while the construction of the global preconditioner is based on the use of
planar waves following the FETI–H method as introduced in [ 1]. Numerical results
confirm the efficiency and the robustness of the proposed solution strategies.

2 Formulation of the Domain Decomposition Approach

As a model problem we consider the Neumann boundary value problem of the
Helmholtz equation

Δu(x) + [κ(x)]2u(x) = 0 for x ∈ Ω, ∂

∂nx
u(x) = g(x) for x ∈ Γ, (1)
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where Ω ⊂ R3 is a bounded domain with Lipschitz boundary Γ = ∂Ω. We assume
that the boundary value problem (1) admits a unique solution. Since the wave number
κ(x) is assumed to be piecewise constant, i.e. κ(x) = κi for x ∈ Ωi, i = 1, . . . , p,
instead of (1) we consider the local boundary value problems

Δui(x) + κ2
i ui(x) = 0 for x ∈ Ωi,

∂

∂ni
ui(x) = g(x) for x ∈ Γi ∩ Γ, (2)

together with the transmission or interface boundary conditions, see Fig. 1,

ui(x) = uj(x) for x ∈ Γij , (3)

∂

∂ni
ui(x)+

∂

∂nj
uj(x) = 0 for x ∈ Γij . (4)

To avoid non-unique solutions of either local
Dirichlet or Neumann boundary value problems,
instead of the Neumann transmission boundary
condition in (4) we consider a Robin type inter-
face condition given as

Γ12
Γ23

Γ34

Γ14

Γ

Ω1
Ω2

Ω3
Ω4

Fig. 1. Decomposition.

∂

∂ni
ui(x) +

∂

∂nj
uj(x) + iηijRij [ui(x)− uj(x)] = 0 for x ∈ Γij , i < j, (5)

together with the Dirichlet transmission conditions (3). Note that the operators Rij :
H1/2(Γij) → H̃−1/2(Γij) are assumed to be self-adjoint and H 1/2(Γij)-elliptic,
and ηij ∈ R\{0}.

The local subdomain boundaryΓ i = ∂Ωi of a subdomainΩi is considered as the
union

Γi = (Γi ∩ Γ ) ∪
⋃
Γij

Γij ,

where Γi ∩ Γ corresponds to the original boundary where Neumann boundary con-
ditions are given, while Γij denotes the coupling boundary with an adjacent subdo-
main. We define

(Riu|Γi
)(x) := (Riju|Γij

)(x) for x ∈ Γij (6)

and

ηi(x) :=

⎧⎪⎨⎪⎩
ηij for x ∈ Γij , i < j,

−ηij for x ∈ Γij , i > j,

0 for x ∈ Γi ∩ Γ .
(7)

We assume, that ηi(x) for x ∈ Γi does not change its sign. This can be guaranteed
either by considering a checker board domain decomposition [ 1], or by enforcing
Robin type boundary conditions only on a part of the local boundary Γ i, i.e. setting
ηij = 0 on some coupling boundaries Γij .
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The solutions of the local boundary value problems ( 2) are given by using the
representation formulae [4, 5]

ui(x) =
∫
Γi

U∗
κi

(x, y)ti(y)dsy −
∫
Γi

∂

∂ny
U∗
κi

(x, y)ui(y)dsy for x ∈ Ωi, (8)

where

U∗
κi

(x, y) =
1
4π

eiκi|x−y|

|x− y| , ti(y) :=
∂

∂ny
ui(y), y ∈ Γ

are the fundamental solution of the Helmholtz equation and the associated normal
derivative of the solution ui, respectively. By taking the Dirichlet and Neumann
traces of the representation formulae (8) we obtain systems of local boundary in-
tegral equations which can be written by means of the Calderon projector on Γ i as(

ui

ti

)
=

(
1
2I −Kκi Vκi

Dκi

1
2I +K ′

κi

)(
ui

ti

)
. (9)

In (9),

(Vκiti)(x) =
∫
Γi

U∗
κi

(x, y)ti(y)dsy, (Dκiu)(x) = − ∂

∂nx

∫
Γi

∂

∂ny
U∗
κi

(x, y)ui(y)dsy

are the single layer integral operator and the hypersingular integral operator, and

(Kκiui)(x) =
∫
Γi

∂

∂ny
U∗
κi

(x, y)ui(y)dsy, (K ′
κi
ti)(x) =

∫
Γi

∂

∂nx
U∗
κi

(x, y)ti(y)dsy

are the double layer and the adjoint double layer integral operator, respectively. The
mapping properties of all boundary integral operators as introduced above are well
known [4, 5].

For a Galerkin boundary element discretisation of the boundary integral equa-
tions (9) we use piecewise constant basis functions for the local Neumann data t i
and piecewise linear basis functions for the local Dirichlet data u i. By inserting the
transmission boundary conditions (3) and (5), and when applying a tearing and in-
terconnecting approach, we finally obtain the linear system, see [ 7],⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

Vκ1,h −K̃κ1,h

K̃ ′
κ1,h

Dκ1,h + iηR1,h −B�
1

. . .
...

Vκp,h −K̃κp,h

K̃ ′
κp,h

Dκp,h + iηRp,h −B�
p

B1 . . . Bp

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎝

t1
u1
...
tp
up
λ

⎞⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

0
g
1
...
0
g
p

0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
.

(10)
Note that K̃κi,h := (1

2Mi,h + Kκi,h), and Bi are boolean matrices which ensure
the continuity of the Dirichlet data. Since the related global bilinear form is coercive
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satisfying a Gårding inequality, unique solvability of the linear system ( 10) follows
if the mesh size h is sufficiently small [7]. After eliminating the primal degrees of
freedom we end up with the Schur complement system

Fλ =
p∑
i=1

(
0 Bi

)(
Vκi,h −K̃κi,h

K̃ ′
κi,h

Dκi,h + iηiRi,h

)−1 (
0

B�
i λ

)
(11)

= −
p∑
i=1

(
0 Bi

)(
Vκi,h −K̃κi,h

K̃ ′
κi,h

Dκi,h + iηiRi,h

)−1 (
0
g
i

)
= d .

3 Construction of Preconditioners

We need to have efficient preconditioners for an iterative solution of the linear system
(11) using GMRES in parallel. This involves the construction of a global precondi-
tioner CF for the assembled stiffness matrix F , and the derivation of local precondi-
tioners CAi for the local matrices

Ai =

(
−Vκi,h K̃κi,h

K̃ ′
κi,h

Dκi,h + iηiRi,h

)
, i = 1, . . . , p. (12)

3.1 Local Preconditioners

We first describe local preconditioners CAi for the local matrices (12). For this we
use a block diagonal preconditioner which is based on the idea of operators of oppo-
site order [6],

C−1
Ai

:=
(
−M−1

0,i,hDi,hM
−1
0,i,h

M−1
1,i,hV i,hM

−1
1,i,h

)
, (13)

where M0,i,h and M1,i,h are the mass matrices using constant and linear basis func-
tions, respectively. The matrix V i,h is the Galerkin discretisation of the single layer
integral operator by using piecewise linear and continuous basis functions,

V i,h[
, k] =
1
4π

∫
Γi

φi,	(x)
∫
Γi

1
|x− y|φi,k(y)dsydss.

Accordingly, Di,h is the Galerkin discretisation of the stabilised hypersingular
boundary integral operator. When using integration by parts, the matrix entries are
given as

Di,h[
, k] =
1
4π

∫
Γi

∫
Γi

curlΓ ψi,k(y) · curlΓ ψi,	(x)
|x− y| dsydss + 〈1, ψi,k〉Γi〈1, ψi,	〉Γi .

Since the local single layer potential Vκi,h is discretised by using piecewise constant
basis functions, also the preconditioning matrix D i,h has to be discretised by using
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the same piecewise constant basis functions. The application of curlΓ on a constant
function can be interpreted as a distribution on the edges which leads to a formulation
based on line integrals

Di,h[
, k] =
1
4π

∫
∂τi,k

∫
∂τi,�

ri,k · ri,	
|x− y| dsydsx + 〈1, ψi,k〉Γi〈1, ψi,	〉Γi ,

where ri,k and ri,	 are the direction vectors of the edges of the triangles τ i,k and
τi,	. Note that the described Galerkin discretisation of the hypersingular boundary
integral operator by using piecewise constant basis functions is non-conforming, and
requires special techniques when evaluating singular line integrals involved.

3.2 Global Preconditioners

For the construction of a global preconditioner we follow an idea of [ 1]. Let r be the
residual of the global problem (11), i.e.

r := d− Fλ.

The solution algorithm is modified in such a way that the residual r is orthogonal to a
givenm-dimensional subspace which is represented by the columns of an orthogonal
matrix Q, i.e.

Q�r = Q�(d− Fλ) = 0. (14)

This restriction implies a solution constraint, since the residual represents the jump
of the Dirichlet data on the interface,

r = d− Fλ =
p∑
i=1

Biui.

To enforce the orthogonality relation (14), we first introduce a new iterate

λ̃ := λ+Qγ (15)

and obtain

Q�FQγ = Q�(d− Fλ).

By solving this equation we get from (15) the alternative representation

λ̃ = Pλ+ λ0

with the projector

P := I −Q(Q�FQ)−1Q�F

and
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λ0 = Q(Q�FQ)−1Q�d .

From Fλ = d we then obtain the linear system

FPλ+ Fλ0 = d ,

and after multiplication with the transposed projector P � we have to solve the linear
system

P�FPλ = P�d .

Note that P�Fλ0 = 0. Moreover, due to

P�FP = (I − FQ(Q�FQ)−1Q�)F (I −Q(Q�FQ)−1Q�F ) = FP

we can save one application of P , and therefore one application ofF in each iteration
step.

It remains to discuss the choice of the subspace which is spanned by the orthonor-
mal matrix Q. As in [1] we consider planar waves, which are evaluated locally. In
particular, for each subdomainΩi we consider a set ofmi directions θj , and evaluate
the planar wave with the wave number κ i locally at nodes x	i to obtain

Qi[
i, j] = eiκi(θj ,x�i
) .

The global matrix is finally constructed by

Q = [Q1 . . .Qi . . . Qp].

By using this local approach one speeds up the construction of Q�FQ, since only
a few local subproblems have to be solved for every direction θ j . However, we still
have to ensure thatQ�FQ is invertible. For this one has to eliminate certain columns
of Q which can be realized when considering a LU factorization of Q�FQ.

4 Numerical Examples

4.1 Local Preconditioners

We first test the local preconditioner as defined in (13) to solve a linear system with
the stiffness matrix (12) where Ri,h = D1,h is the Galerkin discretisation of the
Yukawa hypersingular integral operator, η i = 1, and Ωi = (0, 1)3 is the unit cube.
As solver we use a standard GMRES algorithm with a relative accuracy of ε = 10−8.
The right hand side of the linear system to be solved is given by an evaluation of the
sinus function, i.e. no geometric information is used. In Table 1, the iteration numbers
are given for several wave numbers κ when solving the preconditioned local system
(12). Note that N is the number of triangles, and M is the number of nodes.

The number of iterations indicate that the proposed preconditioner is optimal
with respect to the boundary element mesh size h, as predicted in theory [ 6]. How-
ever, the spectral condition number of the preconditioned system depends on the
properties of the double layer potential, and therefore involves the dependency on
the domainΩ, and on the wave number κ. In particular, for an increasing wave num-
ber the number of iterations also increases mildly.
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Table 1. Number of iterations for preconditioned local system.

N M κ = 1.0 κ = 2.0 κ = 4.0 κ = 6.0 κ = 8.0

12 8 13 13 15 16 17
48 26 20 22 30 37 46

192 98 24 25 39 52 69
768 386 26 27 42 58 80

3,072 1,538 28 29 43 57 81
12,288 6,146 29 29 42 56 79

4.2 Global Preconditioners

As numerical example we consider the Neumann boundary value problem ( 1) for
the unit cube Ω = (0, 1)3 which is decomposed into p = n3 subdomains Ωi. The
subdomain boundaries Γi = ∂Ωi are discretised uniformly by using 24 plane trian-
gular elements and 14 nodes on the coarsest level (L = 0), and are refined uniformly
on the next levels. As iterative solver we use a projected GMRES algorithm with a
relative accuracy of ε = 10−8. The boundary datum g is chosen such that the exact
solution is the fundamental solution U ∗

κ(x, x) of the Helmholtz equation with the
source x = (−0.2, 0, 0)�.

In Tables 2, 3 and 4 we present the number of global GMRES iterations for dif-
ferent wave numbers κ, and different numbers p of subdomains. By m i we denote
the number of local planar waves as used in the construction of the global precondi-
tioner. We see, that the number of iterations decreases as the number of planar waves
increases, while the number of iterations increases with an increasing wave number,
as expected.

Acknowledgement. This work was supported by the Austrian Science Fund (FWF) within the
project Data sparse boundary and finite element domain decomposition methods in electro-
magnetics under the grant P19255.

Table 2. Number of iterations in the case κ = 2.

p=8 p=27 p=64 p=125
L \mi 0 2 4 6 8 0 2 4 6 8 0 2 4 6 8 0 2 4 6 8

0 23 15 11 7 8 54 25 17 12 13 100 32 19 13 14 165 37 21 14 14
1 29 21 19 17 16 58 32 26 24 22 105 39 28 25 24 156 43 31 26 26
2 31 24 23 21 21 59 34 28 27 25 104 41 32 23 25 137 44 35 30 30
3 35 29 27 26 24 62 39 35 33 30 105 45 37 34 35 137 47 40 31 31
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Table 3. Number of iterations in the case κ = 4.

p=8 p=27 p=64 p=125
L \mi 0 2 4 6 8 0 2 4 6 8 0 2 4 6 8 0 2 4 6 8

0 27 19 13 6 12 69 36 23 17 22 130 47 28 18 19 215 59 31 18 17
1 32 23 21 18 16 70 38 33 28 24 128 52 39 33 29 205 60 40 35 33
2 35 27 24 22 21 68 39 33 29 27 121 50 41 36 29 191 56 44 38 34
3 40 31 27 25 24 71 44 39 36 31 119 52 45 40 36 181 57 49 43 38

Table 4. Number of iterations in the case κ = 8.

p=8 p=27 p=64 p=125
L \mi 0 2 4 6 8 0 2 4 6 8 0 2 4 6 8 0 2 4 6 8

0 43 31 16 2 1 88 56 39 25 2 157 93 69 49 24 254 138 88 57 35
1 49 39 28 21 17 80 53 42 36 31 162 89 70 59 50 267 128 95 74 64
2 54 41 31 25 22 81 55 44 37 32 145 77 61 53 47 252 124 81 64 57
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Summary. Fluid–structure interaction problems arise in many application fields such as flows
around elastic structures or blood flow problems in arteries. One method for solving such
a problem is based on a reduction to an equation on the interface, involving the so-called
Steklov–Poincaré operators. This interface equation is solved by a Newton iteration for which
directional derivatives with respect to the interface perturbation have to be evaluated appro-
priately. One step of the Newton iteration requires the solution of several decoupled linear
sub-problems in the structure and the fluid domains. These sub-problems are spatially dis-
cretized by a finite element method on hybrid meshes containing different types of elements.
For the time discretization implicit first-order methods are used for both sub-problems. The
discretized equations are solved by algebraic multigrid methods.

1 Problem Setting of the Fluid–Structure Interaction

1.1 Geometrical Description

Let Ω0 denote the initial domain at time t = 0 consisting of the structure and the
fluid domainsΩs

0 andΩf
0, respectively. The domainΩ(t) at time t is composed of the

deformable structure domain Ω s(t) and the fluid domain Ω f(t). The corresponding
interface Γ (t) is evolving from the initial interface Γ0.

The evolution of Ω(t) is obtained by two families of mappings:

Lt : Ωs
0 ×R+ → Ωs(t) and At : Ωf

0 ×R+ → Ωf(t).

The maps Lt = L(·, t) and At = A(·, t) track the structure and the fluid domains
in time (see Fig. 1 for an illustration). They satisfy the continuity condition of the
velocity on the interface Γ (t), i.e.

Lt = At on Γ (t). (1)
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Ω0

Γ (t)Γ0

Γ d
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0

Γin Γin(t)

Ωf(t)

Γout

L(·, t)

A(·, t)

Fig. 1. Two families of mappings.

The structure problem is described in a Lagrangian framework. Therefore, the
position of a point x0 ∈ Ωs

0 at time t is given by

x(x0, t) ≡ L(x0, t) = x0 + ds(x0, t),

where ds(x0, t) denotes the displacement ds(x0, t) of the structure domain.
Correspondingly, the position of any point x0 ∈ Ωf

0 at time t is given by

x(x0, t) ≡ A(x0, t) = x0 + df(x0, t),

where df(x0, t) denotes the displacement of the fluid domain. The fluid problem is
stated in an Arbitrary-Lagrangian-Eulerian (ALE) framework. Using the continuity
condition (1), df(x0, t) is determined by an arbitrary extension of its value on the
interface df = Ext(ds|Γ0

), e.g. the harmonic extension:

−Δdf = 0 in Ωf
0, d

f = ds on Γ0, and df = 0 on Γin(t) ∪ Γout(t). (2)

Furthermore, we introduce the domain velocities by

ws(x0, t) :=
∂ds

∂t
(x0, t) and ŵf(x0, t) :=

∂df

∂t
(x0, t)

for the structure and the fluid domains, respectively.

1.2 The Physical Model

The Lagrange formulation of the pure displacement model of linearized elasticity is
defined in the reference material configurationΩ s

0. The state variable ds satisfies the
momentum balance law

ρs
∂2ds

∂t2
− div(σs(ds)) = fs in Ωs

0, (3)

and the boundary conditions

σs(ds)ns = 0 on Γ n
0 and ds = 0 on Γ d

0 , (4)
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where ρs is the density, σs the first Piola-Kirchoff stress tensor, fs is the external force
density, and ns is the outward normal ofΩ s

0. We use the linear Saint-Venant Kirchoff
elastic model: σs(ds) = 2μlε(ds)+λldiv(ds)I with ε(ds) = (∇ds +(∇ds)T )/2, and
the Lamé constants λl and μl.

The system of equations for the incompressible fluid problem in the ALE frame-
work is obtained from the balance law of momentum

ρf
∂u

∂t

∣∣∣∣
x0

+ ρf
(
(u− wf) · ∇

)
u− 2μdivε(u) +∇p = 0 in Ωf(t), (5)

mass conservation
divu = 0 in Ωf(t), (6)

and properly chosen boundary conditions

σf(u, p)nf = gin on Γin(t) and σf(u, p)nf = 0 on Γout(t), (7)

where ρf is the fluid density, μ is the dynamic viscosity, σf(u, p) = −pI + 2με(u)
and ε(u) = (∇u + (∇u)T)/2 are the Cauchy stress tensor σf and the strain rate
tensor ε, respectively. Here the ALE time derivative of u(x, t) is introduced:

∂u

∂t

∣∣∣∣
x0

:=
∂

∂t
(u ◦ At) ◦ (At)−1 =

∂u

∂t
+ (wf · ∇)u

for x ∈ Ωf(t), where wf(x, t) = ŵf ◦ (At)−1 (x).
When coupling the two sub-problems together, interface conditions are needed.

In particular, no-slip conditions on the interface Γ0 are explicitly imposed at time t
on Γ0 between the structure and the fluid domains:

u ◦ At|Γ0
=
∂ds

∂t

∣∣∣∣
Γ0

. (8)

The second interface condition is the equilibrium of normal stresses:

(σf(u, p)nf) ◦ At + σs(ds)ns = 0. (9)

To summarize, the complete model consists of problem (2), Eqs. (3), (5), (6),
boundary conditions (4), (7), and interface conditions (8), (9) for the state variables
ds, u, p, df.

1.3 Reformulation of the Model

As in [1], we express the interface conditions in terms of the so-called Steklov–
Poincaré operators for which we introduce the interface variable λ(t) by d s = df = λ
for time t at Γ0. Then the no-slip interface condition is automatically satisfied.

Let Ss(λ) denote the Neumann data σs(ds)ns of the structure problem, where the
displacement ds := ds(x0, t) satisfies the Eqs. (3) and (4) with prescribed Dirichlet
data ds = λ on the interface Γ0.
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Let Sf(λ) denote the Neumann data σf(u, p)nf ◦At of the fluid problem, where u
and p are determined in the following way: We first compute the harmonic extension
df := df(x0, t) by solving (2) with Dirichlet condition df = λ on Γ0. Then the fluid
domain is given byΩ f(t) = df +Ωf

0 and we compute u and p by solving (5), (6), (7)
with prescribed Dirichlet data u ◦ At = ∂λ/∂t on the interface Γ0.

Then the coupled problem is reduced to the following equation

S(λ) := Ss(λ) + Sf(λ) = 0,

which is the so-called Steklov–Poincaré equation.

1.4 Time Semi-Discretized Weak Formulations

We need the following function spaces V s = [H1(Ωs
0)]

3, V s
0 = {vs ∈ V s|vs =

0 on Γ d
0

⋃
Γ0}, and V s

g (t) = {vs ∈ V s|vs = λ(t) on Γ0} for the structure. For
the fluid, we define Df = [H1(Ωf

0)]
3, Df

0 = {d ∈ Df|d = 0 on Γ0}, Df
g(t) =

{d ∈ Df|d = λ(t) on Γ0}, V f(t) = {vf|vf ◦ xf
t ∈ [H1(Ωf

0)]
3}, V f

0 (t) = {vf ∈
V f(t)|vf ◦ xf

t = 0 on Γ0}, V f
g(t) = {vf ∈ V f

0 |vf ◦ xf
t = wf ◦ xf

t on Γ0}, and Qf(t) =
{qf|qf ◦ xf

t ∈ L2(Ωf
0)}, where H1(Ωs

0) and H1(Ωf
0) denote the standard Sobolev

spaces.

Time Semi-discretized Structure Weak Formulation

We denote the time step size by δt and introduce the time level tn = nδt.
For the time discretization of the structure problem, we follow the strategy in [ 1],

where the Newmark method with γ = 2β = 1 was proposed:∫
Ωs

0

ρs
∂2ds

∂t2
· vsdx0 ≈

2
δt2

∫
Ωs

0

ρsd
s,n+1vsdx0 −

2
δt2

∫
Ωs

0

ρs(ds,n + δtws,n)vsdx0.

Here ws,n is the structure domain velocity at time tn. Using the calculated dis-
placement ds,n+1 at time tn+1, we update the structure domain velocity w s,n+1 =
2(ds,n+1 − ds,n)/δt − ws,n. This leads to the following variational problem, which
must be solved in each time step:

Find ds,n+1 = ds(tn+1) ∈ V s
g (tn+1) such that for all vs ∈ V s

0 :

2
δt2

∫
Ωs

0

ρsd
s,n+1vsdx0 +

∫
Ωs

0

[λldivds,n+1divvs + 2μlε(ds,n+1) : ε(vs)]dx0

=
2
δt2

∫
Ωs

0

ρs(ds,n + δtws,n)vsdx0.

Time Semi-discretized Fluid Weak Formulation

Firstly, we compute the harmonic extension of the fluid domain:
Find df,n+1 ∈ Df

g(t
n+1) such that for all φ ∈ Df

0:
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Ωf

0

∇df,n+1 : ∇φdx0 = 0.

Then the computational fluid domain is given by Ω f(tn+1) = df,n+1 + Ωf
0, and we

set wf,n+1 = ((df,n+1 − df,n)/δt) ◦ (Atn+1)−1 for the fluid domain velocity.
For the fluid problem an implicit Euler scheme is used:

d
dt

∫
Ωf(t)

ρfu · vfdx

∣∣∣∣∣
tn+1

≈
∫
Ωf(tn+1) ρfu

n+1 · vf,n+1dx−
∫
Ωf(tn) ρfu

n · vf,ndx

δt
,

where vf = v̂f ◦(At)−1, in particular, vf,k = v̂f ◦(Atk)−1. The non-linear convective
term is treated in a semi-implicit way (see [2]). Then we obtain the following time
semi-implicit fluid weak formulation:

Find (un+1, pn+1) = (u(tn+1), p(tn+1)) ∈ V f
g(tn+1) ×Qf(tn+1) such that for

all (vf,n+1, qf,n+1) ∈ V f
0(tn+1)×Qf(tn+1):

1
δt

∫
Ωf(tn+1)

ρfu
n+1 · vf,n+1dx −

∫
Ωf(tn+1)

ρf
(
divwf,n+1

)
un+1 · vf,n+1dx

+
∫
Ωf(tn+1)

ρf
((
ûn − wf,n+1

)
· ∇

)
un+1 · vf,n+1dx

+ 2μ
∫
Ωf(tn+1)

ε(un+1) : ε(vf,n+1)dx−
∫
Ωf(tn+1)

pn+1 divvf,n+1dx

=
1
δt

∫
Ωf(tn)

ρfu
n · vf,ndx+

∫
Γin(tn+1)

gin · vf,n+1ds,

−
∫
Ωf(tn+1)

qn+1 divuf,n+1dx = 0,

where ûn = un ◦ Atn ◦ (Atn+1)−1.

The Variational Form of the Interface Equation

In the weak form, the previously introduced Steklov–Poincaré operators become
operators from the Sobolev space H 1/2(Γ0) (which is the space of traces of H 1-
functions on Γ0) to its dual H−1/2(Γ0):

Ss : H1/2(Γ0)→ H−1/2(Γ0), Sf : H1/2(Γ0) → H−1/2(Γ0).

Then we end up with the following problem:
Find λ ∈ H1/2(Γ0) such that for all μ ∈ H1/2(Γ0):

〈Sf(λ), μ〉Γ0 + 〈Ss(λ), μ〉Γ0 = 0. (10)
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2 Newton’s Method for the Interface Equation

The problem (10) has to be solved at each time level t = tn+1 = tn + δt. For
simplicity, we will drop the time variables in the following.

Newton’s method applied to the interface equation is given by

λk+1 = λk + δλk

with (
S

′
s(λ

k) + S
′
f (λ

k)
)
δλk = −

(
Ss(λk) + Sf(λk)

)
.

After spatial discretization this linear problem is solved by the GMRES method.
The method requires the evaluation of S s(λ), Sf(λ), S′

s(λ)δλ and S ′
f(λ)δλ, see

[9] for details how to compute these quantities.

3 Finite Element Discretization on Hybrid Meshes

The spatial discretization was done by a finite element method. LetMh be the orig-
inal subdivision of the domainΩ ⊂ R3 into tetrahedra, hexahedra, prisms and pyra-
mids, which is assumed to be admissible, i.e. any two elements fromMh either have
no intersection, or have a common face, or have a common edge, or have a common
vertex. Let Th be the admissible subdivision into tetrahedra, obtained in the follow-
ing way: we add points at the centers of quadrilateral faces and subdivide each of
them into four triangles, then add a point at the center of the element, and finally
connect this center point with all the original vertices and the face center points.

As our finite element space on the hybrid mesh Mh we first take the standard
P1 finite element space on the underlying tetrahedral mesh Th and then replace the
degrees of freedom associated to the added points by averaging over neighboring
vertices of the original mesh.

This extendedP1 finite element is used for discretizing the structure problem and
the interface problem. For the fluid problem we also used the same finite element
complemented by a pressure stabilization Petrov-Galerkin (PSPG) and a streamline
upwind Petrov-Galerkin (SUPG) technique.

4 AMG for the Structure and the Fluid Sub-problems

After discretization in time and space, linear systems of the form

Ashdsh = f
sh

and

(
Afh BT1,fh
B2,fh −Cfh

)(
uh
p
h

)
=

(
f

fh
g

fh

)
(11)

arise at each time step for the structure and the fluid sub-problems, respectively.
The first problem in (11) is symmetric positive and definite, for which the AMG

solvers were studied in [3, 4], where a generalization of the classical AMG approach
(see [5]) for scalar problems to systems of partial differential equations is discussed.
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The system matrix of the second problem in (11) is a saddle point matrix. The
AMG approach applied to this type of problem, in particular, to the Stokes or the
linearized Navier-Stokes (Oseen) problem, stems from previous contributions in
[6, 7, 8]. We extended these results to the system arising from the stabilized fi-
nite element discretization for the Oseen problem on hybrid meshes. In particular,
we constructed a stabilized P1–P1 hierarchy for the AMG solver on these hybrid
meshes, see [9].

5 Numerical Results

We simulate a pressure wave in a cylinder of length 5 cm and radius 5 mm at rest. The
thickness of the structure is 0.5 mm. The structure is considered linear and clamped
at both the inlet and outlet. The fluid viscosity is set to μ = 0.035, the Lamé constants
to μl = 1.15× 106 and λl = 1.73× 106, the density to ρf = 1.0 and ρs = 1.2. The
fluid and structure are initially at rest and a pressure of 1.332 × 104 dyn/cm2 is set
on the inlet for a time period of 3 ms. Two meshes1 (see surface meshes in Fig. 2 as
an illustration) are used for simulations:

(a) coarse mesh (b) fine mesh

Fig. 2. Fine and coarse meshes for simulations.

For all simulations, we use the same time step size δt = 1 ms and run the simu-
lation until the same end time t = 20 ms as in [1].

A relative error reduction by a factor of 10−5 is achieved in 2–3 outer iterations.
Each of these iterations requires 6–8 GMRES iterations for a relative error reduction
1 All meshes in our test examples were provided by Dipl.- Ing. Ferdinand Kickiger,

CAE Software Solutions Wolfkersbühelstr. 23, A-3730 Eggenburg, Austria. See webpage:
www.meshing.org.
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by a factor of 10−5. For solving the structure problem, about 10 preconditioned con-
jugate gradient iterations with AMG preconditioning are needed for a relative error
reduction by a factor of 10−8, for the fluid problem about 5 AMG iterations for a
relative error reduction by a factor of 10−8. Almost the same numbers of iterations
were observed for the coarse and the fine mesh.
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Coupled FE/BE Formulations for the Fluid–Structure
Interaction
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o.steinbach@tugraz.at

Summary. We present several coupled finite and boundary element formulations for the
vibro-acoustic simulation of completely immersed bodies such as submarines. All formula-
tions are based on the different use of standard boundary integral equations. In addition to the
well known symmetric coupling we discuss two different approaches which are based on the
weakly singular boundary integral equation only.

1 Introduction

The simulation of the sound radiation of time-harmonic vibrating elastic structures
is of main interest in many applications with the acoustic fluid being air or water.
Relevant applications are the sound radiation of passenger car bodies, where the
acoustic region is bounded, of partially immersed bodies such as ships, where the
acoustic region is a half space, or of completely immersed bodies such as submarines
with a full space acoustic region.

In this paper, we consider coupled finite and boundary element formulations for
a direct simulation of a three-dimensional time-harmonic vibrating structure in a
surrounding fluid [3, 7]. In particular, the time-harmonic vibrating structure inΩS is
modeled by the Navier equations in the frequency domain,

−!Sω2u(x)− μΔu(x)− (λ+ μ)grad divu(x) = f(x) for x ∈ ΩS , (1)

where λ and μ are the Lamé parameters, !S is the density of the structure, ω is the
frequency, and u is the unknown displacement field. Note that ΩS is in general a
bounded, multiple connected domain with an interior boundary ΓN where Neumann
boundary conditions

t(x) = λ divu(x)nx + 2μ
∂

∂nx
u(x) + μnx× curlu(x) = g(x) for x ∈ ΓN (2)

are considered, and with an exterior boundary Γ where transmission conditions are
formulated for the coupling with the surrounding fluid. In particular, in the low fre-
quency regime we use the Laplace equation
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−Δp(x) = 0 for x ∈ ΩF (3)

to describe the acoustic pressure p in the unbounded domain ΩF surrounding the
structure in ΩS . Note that p has to satisfy a radiation condition at infinity,

p(x) = O
( 1
|x|

)
as |x| → ∞.

In addition to the partial differential equations (1) and (3) and the Neumann boundary
conditions (2) we consider the transmission conditions on the interface Γ = Ω F ∩
ΩS ,

q(x) =
∂

∂nx
p(x) = !Fω

2[u(x) · nx], t(x) = −p(x)nx for x ∈ Γ, (4)

where !F is the density of the fluid, and nx is the exterior normal vector with respect
to ΩS .

The aim of this paper is to derive and to discuss different coupled finite and
boundary element formulations for the solution of the transmission boundary value
problem (1), (2), (3) and (4). Besides an efficient solution of the direct problem a
main interest in applications is the determination of critical frequencies ω which
correspond to eigenvalues of the coupled problem with homogeneous data, see, e.g.,
[1, 2] and the references given therein.

2 Integral Equations and Variational Formulations

The solution of the Laplace equation (3) in the unbounded exterior domain ΩF is
given by the representation formula for x ∈ ΩF , see, e.g., [5],

p(x) = − 1
4π

∫
Γ

1
|x− y|q(y)dsy +

1
4π

∫
Γ

(x− y, ny)
|x− y|3 p(y)dsy. (5)

From (5) we obtain a system of boundary integral equations given as(
p

q

)
=

(
1
2I +K −V
−D 1

2I −K ′

)(
p

q

)
. (6)

For the structural part we introduce the bilinear forms

aS(u, v) :=
∫
ΩS

3∑
i,j=1

σij(u(x))eij(v(x)) dx, 〈u, v〉ΩS :=
∫
ΩS

u(x) · v(x) dx,

for u, v ∈ [H1(ΩS)]3 as well as the duality pairing, for t ∈ [H−1/2(Γ )]3,

〈t, v〉Γ :=
∫
Γ

t(x) · v(x)|Γ dsx.
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The variational formulation of the structural problem ( 1) and (2) is to find the dis-
placement field u ∈ [H1(ΩS)]3 such that

aS(u, v)− !Sω2〈u, v〉ΩS − 〈t, v〉Γ = F (v) (7)

is satisfied for all v ∈ [H1(ΩS)]3, where the linear form of the right hand side is
given by

F (v) :=
∫
ΩS

f(x) · v(x) dx+
∫
ΓN

g(x) · v(x)|Γ dsx .

By using the second transmission boundary condition in ( 4), we can rewrite the vari-
ational formulation (7) as

aS(u, v)− !Sω2〈u, v〉ΩS + 〈p, v · n〉Γ = F (v) for all v ∈ [H1(ΩS)]3, (8)

where in addition to u ∈ [H 1(ΩS)]3 also p ∈ H1/2(Γ ) is unknown. By using the
boundary integral equations as given in (6), and by using the first transmission con-
dition in (4), we will derive a second variational equation to link the two unknowns
u and p. Since such an approach is not unique, we will discuss several possible
methodologies.

3 Symmetric Coupling of Finite and Boundary Elements

When inserting the first boundary integral equation as given in ( 6) into the variational
problem (8), and by using the first transmission condition in (4), i.e.,

p(x) =
1
2
p(x) + (Kp)(x) − (V q)(x), q(x) = !Fω

2[u(x) · nx] for x ∈ Γ,

we have to find (u, p) ∈ [H1(ΩS)]3 ×H1/2(Γ ) satisfying

aS(u, v)−!Sω2〈u, v〉ΩS−!Fω2〈V [u·n], v·n〉Γ+〈(1
2
I+K)p, v·n〉Γ = F (v) (9)

for all v ∈ [H1(ΩS)]3. In addition we consider the weak formulation of the second,
hypersingular, boundary integal equation in ( 6). Together with the first transmission
condition in (4), this gives

〈Dp, π〉Γ + !Fω
2(

1
2
I +K ′)[u · n], π〉Γ = 0 for all π ∈ H1/2(Γ ). (10)

From the hypersingular boundary integral equation ( 10) as well as from the coupled
variational form (9) we conclude that the acoustic pressure p is only unique up to
constants. Hence, to fix the constants we may introduce the modified hypersingular
boundary integral operator via the bilinear form

〈D̃p, π〉Γ := 〈Dp, π〉Γ + 〈p, 1〉Γ 〈π, 1〉Γ for all p, π ∈ H1/2(Γ ).
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Instead of (10) we now consider the modified variational problem

〈D̃p, π〉Γ + !Fω
2〈(1

2
I +K ′)[u · n], π〉Γ = 0 for all π ∈ H1/2(Γ ), (11)

which implies the related scaling of the pressure by 〈p, 1〉Γ = 0. To summarize,
we have to find (u, p) ∈ [H1(ΩS)]3 ×H1/2(Γ ) from the coupled variational prob-
lem (9) and (11). Since the modified hypersingular boundary integral operator D̃ is
H1/2(Γ )–elliptic, we obtain from (11) the representation

p = −!Fω2D̃−1(
1
2
I +K ′)[u · n],

and therefore the continuous Schur complement problem to find u ∈ [H 1(ΩS)]3

such that

aS(u, v)− ω2
[
!S〈u, v〉ΩS + !F 〈T [u · n], v · n〉Γ

]
= F (v) (12)

for all v ∈ [H1(ΩS)]3. Note that

T := V + (
1
2
I +K)D̃−1(

1
2
I +K ′) : H−1/2(Γ )→ H1/2(Γ ) (13)

is the symmetric andH−1/2(Γ )-elliptic representation of the Poincaré–Steklov oper-
ator realizing the Neumann to Dirichlet map which is related to the Neumann bound-
ary value problem of the Laplace equation in the unbounded exterior domainΩ F . As
a direct consequence of the mapping properties of all involved operators, we can for-
mulate the following result.

Lemma 1. If ω2 is not an eigenvalue of the eigenvalue problem

aS(u, v) = λ
[
!S〈u, v〉ΩS + !F 〈T [u · n], v · n〉Γ

]
for all v ∈ [H1(ΩS)]3,

then there exists a unique solution of the variational problem (12), and therefore of
the coupled variational problem (9) and (11).

Next we consider a Galerkin discretization of the coupled variational formulation ( 9)
and (11). Let S1

h(ΩS) ⊂ H1(ΩS) be a conformal finite element space of, e.g., piece-
wise linear and continuous basis functions with respect to some admissible finite
element mesh ΩS,h, and let S1

h(Γ ) be some boundary element ansatz space of, e.g.,
piecewise linear and continuous basis functions which can be defined independently
of S1

h(ΩS). The Galerkin discretization of the coupled variational problem ( 9) and
(11) results in the linear system(

KS − !Sω2MS − !Fω2C�VhC C�(1
2Mh +Kh)

(1
2M

�
h +K�

h )C 1
�Fω2 D̃h

)(
u

p

)
=

(
f

0

)
(14)

where KS and MS are the finite element stiffness and mass matrices, respectively.
D̃h is the Galerkin matrix of the modified hypersingular boundary integral operator
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D̃. The matrix C describes the basis transformation of a piecewise linear and con-
tinuous vector function uh to a scalar piecewise linear but discontinuous function
uh ·n when considering a polygonal boundary mesh Γh. Note that Vh is the Galerkin
discretization of the single layer potential V when using piecewise linear but dis-
continuous basis functions, while Kh and Mh are the Galerkin boundary element
matrices of the double layer potentialK and of the identity.

Since the Galerkin discretization D̃h of the modified hypersingular boundary
integral operator D̃ is invertible, the Schur complement system of (14) is given by(
KS−ω2

[
!SMS+!FC�[Vh+(

1
2
Mh+Kh)D̃−1

h (
1
2
M�
h +K�

h )]C
])
u = f. (15)

As in the continuous case, see (12), we conclude unique solvability of the Schur com-
plement system (14), if ω2 is not an eigenvalue of the algebraic eigenvalue problem

KSu = λ
(
!SMS + !FC

�[Vh + (
1
2
Mh +Kh)D̃−1

h (
1
2
M�
h +K�

h )]C
)
u (16)

which is the discrete counterpart of the eigenvalue problem as considered in Lemma
1. Note that

Th = Vh + (
1
2
Mh +Kh)D̃−1

h (
1
2
M�
h +K�

h )

is a symmetric boundary element approximation of the Poincaré–Steklov operator as
defined in (13).

4 Nonsymmetric Finite and Boundary Element Coupling

Instead of the symmetric coupling of finite and boundary elements, the use of the
weakly singular boundary integral equation is very popular in applications in engi-
neering and in industry. This is due to the use of the single layer potential V and the
double layer potentialK only. Hence we will discuss related formulations which also
allow the use of simpler collocation methods for the boundary element discretization.

For the non-sysmmetric coupling we consider two different combinations of the
first boundary integral equation as given in (6), of the first transmission condition as
given in (4), and of the variational formulation (8).

4.1 A Second Kind Boundary Integral Equation Approach

Inserting the first transmission condition of (4) into the first boundary integral equa-
tion in (6) gives the second kind boundary integral equation

(
1
2
I −K)p = −V q = −!Fω2V [u · n] on Γ. (17)

Since 1
2I −K : H1/2(Γ )→ H1/2(Γ ) is invertible, see, e.g. [6], we obtain



298 G. Of and O. Steinbach

p = −!Fω2(
1
2
I −K)−1V [u · n] = −!Fω2T [u · n],

where

T := (
1
2
I −K)−1V : H−1/2(Γ )→ H1/2(Γ )

is a second representation of the Poincaré–Steklov operator as introduced in ( 13).
From (8) we obtain the variational formulation: find u ∈ [H 1(ΩS)]3 such that

aS(u, v)− ω2
[
!S〈u, v〉ΩS + !F 〈T [u · n], v · n〉Γ

]
= F (v)

for all v ∈ [H1(ΩS)]3, which corresponds to the variational problem (12). However,
the Galerkin discretization of the variational formulation (8) and of the boundary
integral equation (17) now results in the different linear system(

KS − !Sω2 C�

−V C 1
�Fω2 [12Mh −Kh]

)(
u

p

)
=

(
f

0

)
. (18)

Note that the test functions to be used in the Galerkin discretization of the second
kind boundary integral equation (17) are the piecewise linear and continous basis
functions of S1

h(Γ ) as used for the approximation of the pressure p. Although, to the
best of our knowledge, there is still no rigorous stability analysis available for general
Lipschitz boundaries Γ , the elimination of p results in the Schur complement system(

KS − ω2
[
!SMS + !FC

�(
1
2
Mh −Kh)−1V hC

])
u = f, (19)

which is uniquely solvable if ω2 is not an eigenvalue of the related discrete eigen-
value problem

KSu = λ
(
!SMS + !FC

�(
1
2
Mh −Kh)−1V hC

)
u.

Note that

Th = (
1
2
Mh −Kh)−1V h

is a non-symmetric boundary element approximation of the Poincaré–Steklov op-
erator T which is based on an approximate solution of the second kind boundary
integral equation (17).

4.2 A First Kind Boundary Integral Equation Approach

Since the single layer potential V : H−1/2(Γ ) → H1/2(Γ ) is invertible, we obtain
from the first boundary integral equation of (6), and by using the first transmission
boundary condition of (4), the relation

q = V −1(−1
2
I +K)p = −Sp = !Fω

2[u · n] on Γ,
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where

S = V −1(
1
2
I −K) : H1/2(Γ ) → H−1/2(Γ )

is the Steklov–Poincaré operator describing the Dirichlet to Neumann map which is
related to the Laplace equation in the exterior domain. We therefore obtain

p = −!Fω2S−1[u · n] = −!Fω2T [u · n], T = S−1 = (
1
2
I −K)−1V,

which obviously corresponds to the nonsymmetric approach which is based on the
solution of the second kind boundary integral equation ( 17). Hence, unique solvabil-
ity of the continuous problem follows as above. However, for a finite and boundary
element discretization we consider the coupled system based on the variational for-
mulation (8), the first boundary integral equation in (6), and the first transmission
condition in (4). The Galerkin discretization of the coupled system then results in
the linear system⎛⎜⎝KS − !Sω2MS C�

−!Fω2C M�
h

1
2Mh −Kh Vh

⎞⎟⎠
⎛⎜⎝u

p

q

⎞⎟⎠ =

⎛⎜⎝ f

0
0

⎞⎟⎠ . (20)

Since the discrete single layer potential Vh is invertible, after elimination of q we
obtain the reduced system(

KS − !Sω2MS C�

C 1
�Fω2M

�
h V

−1
h (1

2Mh −Kh)

)(
u

p

)
=

(
f

0

)
. (21)

Note that

Sh := M�
h V

−1
h (

1
2
Mh −Kh)

is a non-symmetric representation of the Steklov–Poincaré operator. For stability
we need to assume an appropriate choice of the boundary element spaces for an
approximation of p and q, respectively, see, e.g. [4]. If Sh is invertible, the Schur
complement system of (21),(

KS − ω2
[
!SMS + !FC

�S−1
h C

])
u = f,

is uniquely solvable, if ω2 is not an eigenvalue of the related eigenvalue problem

KSu = λ
(
!SMS + !FC

�S−1
h C

)
u.

5 Conclusions

The symmetric coupling of finite and boundary element methods as described in
Sect. 3 admits a complete error and stability analysis, but requires the use of the hy-
persingular boundary integral operatorD, and a Galerkin approach for the discretiza-
tion of the boundary integral equations. In contrast, both nonsymmetric formulations
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as given in Sect. 4 are based on the single and double layer potential operators V and
K only, and allow the use of a collocation scheme for a boundary element discretiza-
tion.

Challenging problems appear in the construction of efficient and robust precon-
ditioning strategies for the solution of the resulting linear systems, in particular when
considering the Helmholtz equation instead of the Laplace equation when simulat-
ing the sound radiation in the mid frequency regime. The issue of appropriate eigen-
solvers for the determination of critical frequencies is also of interest. For prelimi-
nary and promising results, see [1, 2, 7].
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Summary. The paper is devoted to fast iterative solvers for frequency-domain finite element
equations approximating linear and nonlinear parabolic initial boundary value problems with
time-harmonic excitations. Switching from the time domain to the frequency domain allows us
to replace the expensive time-integration procedure by the solution of a simple linear elliptic
system for the amplitudes belonging to the sine- and to the cosine-excitation or a large non-
linear elliptic system for the Fourier coefficients in the linear and nonlinear case, respectively.
The fast solution of the corresponding linear and nonlinear system of finite element equations
is crucial for the competitiveness of this method.

1 Introduction

In many practical applications, for instance, in electromagnetics and mechanics, the
excitation is time-harmonic. Switching from the time domain to the frequency do-
main allows us to replace the expensive time-integration procedure by the solution
of a simple elliptic system for the amplitudes. This is true for linear problems, but
not for nonlinear problems. However, due to the periodicity of the solution, we can
expand the solution in a Fourier series. Truncating this Fourier series and approxi-
mating the Fourier coefficients by finite elements, we arrive at a large-scale coupled
nonlinear system for determining the finite element approximation to the Fourier co-
efficients. In the literature, this approach is called multiharmonic FEM or harmonic-
balanced FEM, and has been used by many engineers in different applications. see,
e.g. [1] and the references therein.

Reference [2] provided the first rigorous numerical analysis for the eddy cur-
rent problem. The practical aspects of the multiharmonic approach, including the
construction of a fast multigrid preconditioned QMR solver for the Jacobi system
arising in every Newton step and the implementation in an adaptive multilevel set-
ting, are discussed in [3] by the same authors. There was no rigorous analysis of the
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multigrid preconditioned QMR solver, but the numerical results presented in this pa-
per for academic and more practical problems indicated the efficiency of this solver.

The construction of fast solvers for such systems is very crucial for the over-
all efficiency of this multiharmonic approach. In this paper, we look at linear and
nonlinear, time-harmonic potential problems. We construct and analyze an almost
optimal preconditioned GMRes solver for the Jacobi systems arising from the New-
ton linearization of the large-scale coupled nonlinear system. This preconditioner is
not robust with respect to the excitation frequency. In the linear case we are able to
construct a robust preconditioner used in a MinRes solver. The multiharmonic ap-
proach is presented in Sect. 2, whereas the two different preconditioners and solvers
are discussed in Sects. 3 and 4.

2 Frequency-Domain Finite Element Equations

Let us consider the following nonlinear, parabolic, scalar potential equation with a
homogeneous Dirichlet boundary condition and an inhomogeneous initial condition
as our model problem:⎧⎨⎩α∂u∂t −∇ · (ν(|∇u|)∇u) = f in Ω × (0, T ],

u(x, 0) = u0(x) for x ∈ Ω,
u(x, t) = 0 for (x, t) ∈ ∂Ω × [0, T ],

(1)

where the right-hand side f(·, ·) is given by a time-harmonic excitation with the
frequency ω, i.e.

f(x, t) = f c(x) cos(ωt) + fs(x) sin(ωt). (2)

We assume that Ω ⊂ R3 is a bounded Lipschitz domain, α is a given uniformly
positive function in L∞(Ω), and ν : R+

0 → R+ is a continuously differentiable
function satisfying the properties

0 < νmin ≤ ν(s) ≤ νmax for s ≥ 0, (3)

and s �→ sν(s) is Lipschitz and strongly monotone for s ≥ 0. (4)

These conditions ensure that there exists at least a unique weak solution to the initial
boundary value problem (1), see [14]. In the linear case where the coefficient ν is
independent of |∇u|, the solution u(x, t) = uc(x) cos(ωt) + us(x) sin(ωt) is time-
harmonic as well, and we get an elliptic boundary value problem for defining the
unknown amplitudes uc and us which only depend on the spatial variable x. This is
not true in the nonlinear case. However, the solution u to (1) is still periodic in time,
with frequency ω. Thus, we have the Fourier series representation

u(x, t) =
∞∑
k=0

uck(x) cos(kωt) + usk(x) sin(kωt),
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where the Fourier coefficients are given by

uck(x) =
2
T

∫ T

0

u(x, t) cos(kωt) dt and usk(x) =
2
T

∫ T

0

u(x, t) sin(kωt) dt.

Here, the period is T = 2π/ω. Similarly, the potential

Ψ [u](x, t) := ν(|∇u|)∇u(x, t)

can be expressed as a Fourier series

Ψ [u](x, t) =
∞∑
k=0

Ψ ck [u](x) cos(kωt) + Ψsk [u](x) sin(kωt)

with vector-valued Fourier coefficients Ψ ck and Ψ sk . Approximating u and Ψ by the
truncated series

u(x, t) ≈ ũ(x, t) :=
N∑
k=0

uck(x) cos(kωt) + usk(x) sin(kωt) (5)

and

Ψ [u](x, t) ≈ Ψ̃ [ũ](x, t) :=
N∑
k=0

Ψ ck [ũ](x) cos(kωt) + Ψsk [ũ](x) sin(kωt)

yields the following system of nonlinear equations for the Fourier coefficients:

αω

⎛⎜⎜⎜⎜⎜⎝
0 1
−1 0

. . .
0 N
−N 0

⎞⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎝
uc1
us1
...
ucN
usN

⎞⎟⎟⎟⎟⎟⎠−∇ ·

⎛⎜⎜⎜⎜⎜⎝
Ψ c1 [ũ]
Ψs1 [ũ]
...
Ψ cN [ũ]
ΨsN [ũ]

⎞⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎝
f c

fs

...
0
0

⎞⎟⎟⎟⎟⎟⎠ . (6)

Throughout this paper, we denote by u := (u c1, us1, . . . , ucN , u
s
N)T the vector of 2N

Fourier coefficients and by ũ the approximation to u given by the finite series ( 5). We
shall solve a variational problem for u in H 1

0 (Ω)2N := (H1
0 (Ω))2N , where H1

0 (Ω)
is the Sobolev space of order 1 on Ω, with vanishing trace on the boundary of Ω.
Note that the Fourier coefficients corresponding to k = 0 need not be solved for due
to the initial condition, cf. [4].

The finite element approximation to (6) leads to a large nonlinear system of finite
element equations of the form

Fh(uh) = fh (7)

for determining the finite element solution

S1
h :=

(
span{φj}Nh

j=1

)2N

* ũh ↔ uh = (uc1,h, u
s
1,h, . . . , u

c
N,h, u

s
N,h)

T ∈ R2N ·Nh
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to the Fourier coefficients u ∈ H 1
0 (Ω)2N . Here, φj are piecewise linear basis func-

tions in H1
0 (Ω). Thus the multiharmonic approach yields a time-independent non-

linear system for the solution of which highly parallel solvers can be constructed.
Following [2] we can show that under standard regularity assumptions, the dis-

cretization error behaves like O(h + N−1) with respect to the L2((0, T ), H1(Ω))
norm.

Solving (7) by Newton’s method (τn = 1)

un+1
h = unh + τnwn

h = unh + τnF′
h(unh)−1(fh − Fh(unh)), (8)

we have to solve the large-scale linear system

F′
h(unh)wn

h = rnh := fh − Fh(unh), (9)

with the Jacobi matrix Fh
′(unh) as system matrix and the residual rnh as right-hand

side.
Reference [4] show that the Jacobi-systems (9) can successfully be solved by

the preconditioned GMRes method using a special domain decomposition precon-
ditioner. We will explain the construction of this preconditioner for the correspond-
ing linear problem in the next section, but the results remain valid for the Jacobi-
systems (9) too.

In the remainder of this paper, we discuss preconditioned iterative methods for
solving linear systems of the form(

Kh σMh

−σMh Kh

)(
uch
ush

)
=

(
f c
h
fs
h

)
, (10)

arizing from the time-domain finite element discretization of the initial-boundary
value problem (1) with the time-harmonic excitation (2) in the linear case where the
coefficient ν is independent of |∇u|. The coefficient σ is equal to αω. Here and in
the following, we assume that α is a positive constant. The stiffness matrix Kh and
the mass matrix Mh are computed from the bilinear forms∫

Ω

ν(x)∇φ(x) · ∇ψ(x) dx and
∫
Ω

φ(x)ψ(x) dx,

respectively. The system matrix Dh in (10) is obviously positive definite and non-
symmetric (block skew-symmetric).

3 Domain Decomposition Solver

Following [13], we propose a non-symmetric two-level Schwarz preconditioner for
(10) of the form

C−1
h = IhHD−1

H IHh + βB−1
h , (11)

where DH is a coarse grid version of Dh, IHh and IhH are appropriate restriction and
prolongation operators, Bh is a symmetric positive definite (SPD) preconditioner
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for the SPD part Ah = blockdiag(Kh,Kh) of Dh, and β is a positive scaling con-
stant. [5] proposed a wire-basket-based domain decomposition method that gives an
effective preconditioner Bh for the symmetric positive definite matrix Ah, with a
condition number estimate which is independent of jumps in the coefficient and de-
pends only polylogarithmically onH/h, see also [11]. Using this wire-basket domain
decomposition preconditioner Bh in (11), we arrive at the following convergence es-
timate for the GMRes preconditioned by the Xu-Cai preconditioner ( 11):

Theorem 1 Assume that the adjoint linear problem is H 1+s(Ω)2-coercive with
some s ∈ (0, 1], and H is sufficiently small, specifically H s < c(1 + log(H/h))−2.
Then the GMRes method preconditioned by the preconditioner ( 11) with the wire-
basket component Bh converges and the convergence estimate

‖rmh ‖Ah
≤

(
1− c c−4

log

(
1 + c2log

)−2
)m/2

‖r0
h‖Ah

:= γ(H/h)m/2‖r0
h‖Ah

holds for the preconditioned residual rmh = C−1
h (fh−Dhumh ) at them-th iteration,

where clog := 1 + log(H/h), 0 < γ(H/h) < 1, and the constant c depends on ν
and σ, but not on H and h.

The proof of this theorem can be found in [4]. In the same paper we present our
numerical results which show that our preconditioned GMRes method is a quite ef-
ficient solver for the linear system (10) and can efficiently be used for solving the
Jacobi-systems (9) as well. The number of iterations depends only polylogarithmi-
cally onH/h. In order to clarify the dependence on σ, [ 7] performed a Fourier anal-
ysis of the preconditioned matrix C−1

h Dh for the corresponding one-dimensional
problem with constant ν, where the exact SPD part Ah was used as Bh, andH = 2h.
This analysis shows that this preconditioner is not robust with respect to σ, see also
the second line of Table 2. In the next section we present a robust preconditioner for
the linear system (10) in an equivalent symmetric, but indefinite setting.

4 A Symmetric and Indefinite Reformulation

The non-symmetric and positive definite system (10) can be reformulated in the fol-
lowing equivalent form(

Mh Kh

Kh −σ2Mh

)(
ush
1
σu

c
h

)
=

( 1
σ f

c

h
fs
h

)
(12)

with a symmetric but indefinite system matrix Dh. For simplicity, we use the same
notation Dh for the system matrix in (10) and (12). It follows from [10] that the
block-diagonal preconditioner

Ch =
1
σ

(
σMh +Kh 0

0 σ2(σMh +Kh)

)
(13)
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is robust with respect to both the discretization parameter h and the bad parameter
σ. More precisely, the condition number

κ(Ch
−1Dh) = ‖Ch

−1Dh‖Ch
‖Dh

−1Ch‖Ch
= |λ2Nh

| / |λ1| ≤ c = const (14)

can be estimated by a positive constant c that is independent of both h and σ, where
the eigenvalues of the preconditioned matrix Ch

−1Dh are ordered in such a way
that |λ2Nh

| ≥ |λ2Nh−1| ≥ · · · ≥ |λ1| > 0. Therefore, solving

Ch
−1Dhuh = Ch

−1fh

by means of the MinRes method proposed by [8], we can ensure that the precondi-
tioned residual r2m

h = Ch
−1fh−Ch

−1Dhu2m
h of the 2m-th MinRes iterate satisfies

the iteration error estimate

‖r2m
h ‖Ch

≤ 2qm

1− q2m ‖r
0
h‖Ch

(15)

with q = (κ(Ch
−1Dh)−1)/(κ(Ch

−1Dh)+1), see e.g. [12] or [6]. Thus, the num-
ber of MinRes iterations required for reducing the initial error by some fixed factor
ε ∈ (0, 1) is independent of both h and σ. Of course, in practice, the diagonal blocks
σMh + Kh in the preconditioner (13) should be replaced by appropriate precondi-
tioners, e.g. by appropriate domain decompostion or multigrid preconditioners, see
e.g. [11].

Applying again the Fourier Analysis (FA) to our one-dimensional problem gives
quantitative rates which are displayed in Table 1, for σ ranging from 10−10 to 1010.

Table 1. Convergence rate q resulting from the FA (ε = 10−5).

log10σ −10 −8 −6 −4 −2 0 2 4 6 8 10

h = 1/60 < ε < ε < ε < ε 0.0005 0.046 0.17 0.17 0.021 0.0002 < ε
h = 1/120 < ε < ε < ε < ε 0.0005 0.046 0.17 0.17 0.072 0.0009 < ε
h = 1/1,200 < ε < ε < ε < ε 0.0005 0.046 0.17 0.17 0.17 0.072 0.0009
h = 1/12,000 < ε < ε < ε < ε 0.0005 0.046 0.17 0.17 0.17 0.17 0.072
h = 1/120,000 < ε < ε < ε < ε 0.0005 0.046 0.17 0.17 0.17 0.17 0.17

Table 2 provides the MinRes iteration numbers which are needed for reducing the
initial error by the factor ε = 10−5 for different h and σ. The second line contains
the preconditioned GMRes iterations for the constellation h = 1/60 andH = 1/10,
where we use the preconditioner (11) with Bh = Ah. Both the FA (Table 1) and
the numerical experiments (Table 2) were performed for the one-dimensional lin-
ear problem resulting in the stiffness matrix Kh = h−1tridiag(−1, 2,−1) and in
the mass matrix Mh = (h/6)tridiag(1, 4, 1) for the case ν = 1. However, due to
the estimates (14) and (15) the numerical behavior observed in our one-dimensional
example is characteristic for the three-dimensional linear problem as well.
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Table 2. Number of GMRes and MinRes iterations for ε = 10−5.

log10σ −10 −9 −8 −7 −6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6 7 8 9 10

GMRes 1 1 1 1 1 1 2 2 2 3 4 5 9 18 36 52 52 52 52 52 52
h = 1/60 1 1 1 1 1 1 3 3 3 5 7 11 13 13 14 10 6 4 4 2 2
h = 1/120 1 1 1 1 1 1 3 3 3 5 7 11 13 13 14 12 8 4 4 2 2
h = 1/1,200 1 1 1 1 1 1 3 3 3 5 7 11 15 13 14 13 12 10 6 4 4
h = 1/12,000 1 1 1 1 1 1 3 3 3 5 7 11 15 13 14 13 12 12 11 10 6
h = 1/120,000 1 1 1 1 1 1 3 3 3 5 7 11 15 13 14 13 12 12 11 10 10

5 Conclusions, Outlook, and Acknowledgments

In this paper we have considered the harmonic and multiharmonic approach to the
solution of linear and nonlinear parabolic initial-boundary value problems with har-
monic excitation. We have proposed two solution strategies based on a precondi-
tioned GMRes method for the positive definite and non-symmetric problem formu-
lation and a preconditioned MinRes iteration method for the symmetric and indefinite
reformulation of the problem. The preconditioner for the GMRes method is a two-
level Schwarz preconditioner consisting of a coarse grid solver for the original non-
symmetric problem and a wire-basket-based domain decomposition preconditioner
for the SPD part. This iterative solver works well for both the linear system ( 10)
arizing from the linear time-harmonic problem and the Jacobi-systems ( 9) arizing in
every step of the Newton iteration (8) for solving the nonlinear equations (7). This
preconditioner is highly parallel, but not robust with respect to the bad parameter σ.
A robust preconditioner can be constructed for the linear case where ν is indepen-
dent of |∇u|. The preconditioner used in the MinRes method has a block-diagonal
structure and is robust with respect to both the discretization parameter h and the
bad parameter σ. Of course, other iterative methods are possible like the symmetric
Uzawa CG method considered in [10] or the QMR method used in [3]. Furthermore,
the robust all-at-once multigrid solvers developed by [ 9] for solving saddle point
problems can be an alternative to the preconditioned Krylov-subspace methods con-
sidered in this paper. The preconditioned GMRes and MinRes solvers presented in
this paper can be generalized to nonlinear eddy current problems studied in [ 2] and
[3].
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Fund (FWF) under the grant P19255 and by the Award No. KUS-C1-016-04, made
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3. F. Bachinger, U. Langer, and J. Schöberl. Efficient solvers for nonlinear time-periodic
eddy current problems. Comput. Vis. Sci., 9(4):197–207, 2006.

4. D.M. Copeland and U. Langer. Domain decomposition solvers for nonlinear multihar-
monic finite element equations. J. Numer. Math., 2010. Accepted for publication (see
also RICAM-Report 2009-20, RICAM, Austrian Academy of Sciences, Linz, 2009).

5. M. Dryja, B.F. Smith, and O.B. Widlund. Schwarz analysis of iterative substructuring
algorithms for elliptic problems in three dimensions. SIAM J. Numer. Anal., 31(6):1662–
1694, 1994.

6. A. Greenbaum. Iterative Methods for Solving Linear Systems, volume 17 of Frontiers in
Applied Mathematics. Society for Industrial and Applied Mathematics (SIAM), Philadel-
phia, PA, 1997.

7. M. Kolmbauer. A multiharmonic solver for nonlinear parabolic problems. Master’s thesis,
Institute for Computational Mathematics, Johannes Kepler University, Linz, 2009.

8. C.C. Paige and M.A. Saunders. Solution of sparse indefinite systems of linear equations.
SIAM J. Numer. Anal., 12(4):617–624, 1975.
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1 Iterative Methods

In this paper we discuss iterative methods to solve the linear operator equation

Au = f, (1)

posed on a finite dimensional Hilbert space V equipped with an inner product (·, ·).
Here A : V �→ V is a symmetric positive definite (SPD) operator, f ∈ V is given,
and we are looking for u ∈ V such that (1) holds.

The X-Z identity for the multiplicative subspace correction method for solving
(1) is introduced and proved in [7]. Alternative proofs can be found in [1, 4]. In this
paper we derive the X-Z identity from the auxiliary space method [ 3, 6].

A basic linear iterative method for solving (1) can be written in the following
form: starting from an initial guess u0, for k = 0, 1, 2, · · ·

uk+1 = uk +B(f −Auk). (2)

Here the non-singular operator B ≈ A−1 will be called the iterators. Let ek =
u− uk. The error equation of the basic iterative method (2) is

ek+1 = (I −BA)ek = (I −BA)ke0.

Thus the iterative method (2) converges if and only if the spectral radius of the error
operator I −BA is less than one, i.e., ρ(I −BA) < 1.

Given an iteratorB, we define the mappingΦBv = v+B(f−Av) and introduce
its symmetrization ΦB = ΦBt ◦ΦB . By definition, we have the formula for the error
operator I −BA = (I −BtA)(I −BA), and thus

B = Bt(B−t +B−1 −A)B. (3)

∗ The author is supported in part by NSF Grant DMS-0811272, and in part by NIH Grant
P50GM76516 and R01GM75309. This work is also partially supported by the Beijing In-
ternational Center for Mathematical Research.
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Since B is symmetric, I −BA is symmetric with respect to the A-inner product
(u, v)A := (Au, v). Indeed, let (·)∗ be the adjoint in the A-inner product (·, ·)A. It is
easy to show

I −BA = (I −BA)∗(I −BA). (4)

Consequently, I −BA is positive semi-definite and thus λmax(BA) ≤ 1. We get

‖I −BA‖A = max{|1− λmin(BA)|, |1− λmax(BA)|} = 1− λmin(BA). (5)

From (5), we see that I −BA is a contraction if and only if B is SPD which is also
equivalent to B−t +B−1 −A being SPD in view of (3).

The convergence of the scheme ΦB and its symmetrization ΦB is connected by
the following inequality:

ρ(I −BA)2 ≤ ‖I −BA‖2A = ‖I −BA‖A = ρ(I −BA), (6)

and the equality holds if B = B t. Hence we shall focus on the analysis of the
symmetric scheme in the rest of this paper.

The iterator B, when it is SPD, can be used as a preconditioner in the Precondi-
tioned Conjugate Gradient (PCG) method, which admits the following estimate:

‖u− uk‖A
‖u− u0‖A

≤ 2

(√
κ(BA)− 1√
κ(BA) + 1

)k

(k ≥ 1),
(
κ(BA) =

λmax(BA)
λmin(BA)

)
.

A good preconditioner should have the properties that the action of B is easy to
compute and that the condition number κ(BA) is significantly smaller than κ(A).
We shall also discuss construction of multilevel preconditioners in this paper.

2 Auxiliary Space Method

In this section, we present a variation of the fictitious space method [3] and the
auxiliary space method [6].

Let Ṽ and V be two Hilbert spaces and let Π : Ṽ → V be a surjective map.
Denoted by Π t : V → Ṽ the adjoint of Π with respect to the default inner products

(Πtu, ṽ) := (u,Πṽ) for all u ∈ V , ṽ ∈ Ṽ .

Here, to save notation, we use (·, ·) for inner products in both V and Ṽ. Since Π is
surjective, its transpose Π t is injective.

Theorem 1. Let Ṽ and V be two Hilbert spaces and let Π : Ṽ → V be a surjective
map. Let B̃ : Ṽ → Ṽ be a symmetric and positive definite operator. Then B :=
ΠB̃Πt : V → V is also symmetric and positive definite. Furthermore

(B−1v, v) = inf
Πṽ=v

(B̃−1ṽ, ṽ). (7)
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Proof. We adapt the proof given by [7] (Lemma 2.4).
It is obvious that B is symmetric and positive semi-definite. Since B̃ is SPD and

Πt is injective, (Bv, v) = (B̃Πtv,Πtv) = 0 implies Πtv = 0 and consequently
v = 0. ThereforeB is positive definite.

Let ṽ∗ = B̃ΠtB−1v. Then Πṽ∗ = v by the definition of B. For any w̃ ∈ Ṽ

(B̃−1ṽ∗, w̃) = (ΠtB−1v, w̃) = (B−1v,Πw̃).

In particular (B̃−1ṽ∗, ṽ∗) = (B−1v,Πṽ∗) = (B−1v, v). For any ṽ ∈ Ṽ , denote by
v = Πṽ. We write ṽ = ṽ∗ + w̃ with Πw̃ = 0. Then

inf
Πṽ=v

(B̃−1ṽ, ṽ) = inf
Πw̃=0

(B̃−1(ṽ∗ + w̃), ṽ∗ + w̃)

= (B−1v, v) + inf
Πw̃=0

(
2(B̃−1ṽ∗, w̃) + (B̃−1w̃, w̃)

)
= (B−1v, v) + inf

Πw̃=0
(B̃−1w̃, w̃)

= (B−1v, v).

&'

The symmetric positive definite operator B may be used as a preconditioner for
solvingAu = f using PCG. To estimate the condition number κ(BA), we only need
to compare B−1 and A.

Lemma 1. For two SPD operators A and B, if c0(Av, v) ≤ (B−1v, v) ≤ c1(Av, v)
for all v ∈ V , then κ(BA) ≤ c1/c0.

Proof. Note that BA is symmetric with respect to A. Therefore

λ−1
min(BA) = λmax((BA)−1) = sup

u∈V\{0}

((BA)−1u, u)A
(u, u)A

= sup
u∈V\{0}

(B−1u, u)
(Au, u)

.

Therefore (B−1v, v) ≤ c1(Av, v) implies λmin(BA) ≥ c−1
1 . Similarly (B−1v, v) ≥

c0(Av, v) implies λmax(BA) ≤ c−1
0 . The estimate of κ(BA) then follows. &'

By Lemma 1 and Theorem 1, we have the following result.

Corollary 1. Let B̃ : Ṽ → Ṽ be SPD and B = ΠB̃Πt. If

c0(Av, v) ≤ inf
Πṽ=v

(B̃−1ṽ, ṽ) ≤ c1(Av, v) for all v ∈ V , (8)

then κ(BA) ≤ c1/c0.

Remark 1. In literature, e.g. the fictitious space lemma of [3], the condition (8) is
usually decomposed as the following two conditions.

(i) For any v ∈ V , there exists a ṽ ∈ Ṽ , such that Πṽ = v and ‖ṽ‖2
B̃−1 ≤ c1‖v‖2A.

(ii) For any ṽ ∈ Ṽ , ‖Πṽ‖2A ≤ c−1
0 ‖ṽ‖2

B̃−1 .
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3 Auxiliary Spaces of Product Type

Let Vi ⊆ V , i = 0, . . . , J, be subspaces of V . If V =
∑J
i=0 Vi, then {Vi}Ji=0 is

called a space decomposition of V . Then for any u ∈ V , there exists a decomposition
u =

∑J
i=0 ui. Since

∑J
i=0 Vi is not necessarily a direct sum, decompositions of u

are in general not unique.
We introduce the inclusion operator Ii : Vi → V , the projection operator Qi :

V → Vi in the (·, ·) inner product, the projection operator P i : V → Vi in the
(·, ·)A inner product, and Ai = A|Vi . It can be easily verified that QiA = AiPi and
Qi = Iti .

Given a space decomposition V =
∑J

i=0 Vi, we construct an auxiliary space of
product type Ṽ = V0×V1× ...×VJ , with the inner product (ũ, ṽ) :=

∑J
i=0(ui, vi).

We define Π : Ṽ → V as Πũ =
∑J
i=0 ui. In operator form Π = (I0, I1, · · · , IJ ).

Since V =
∑J
i=0 Vi, the operatorΠ is surjective.

Let Ri : Vi → Vi be nonsingular operators, often known as smoothers, approx-
imating A−1

i . Define a diagonal matrix of operators R̃ = diag(R0, R1, · · · , RJ) :
Ṽ → Ṽ which is non-singular. An additive preconditioner is defined as

Ba = ΠR̃Πt =
J∑
i=0

IiRiI
t
i =

J∑
i=0

IiRiQi. (9)

Applying Theorem 1, we obtain the following identity for preconditionerB a.

Theorem 2. If Ri is SPD on Vi for i = 0, . . . , J , then Ba defined by (9) is SPD on
V . Furthermore

(B−1
a v, v) = infPJ

i=0 vi=v

J∑
i=0

(R−1
i vi, vi). (10)

To define a multiplicative preconditioner, we introduce the operator Ã = ΠtAΠ .
By direct computation, the entry ãij = QiAIj = AiPiIj . In particular ãii =
Ai. The symmetric operator Ã may be singular with nontrivial kernel ker(Π),
but the diagonal of Ã is always non-singular. Write Ã = D̃ + L̃ + Ũ where
D̃ = diag(A0, A1, · · · , Aj), L̃ and Ũ are lower and upper triangular matrix of
operators, and L̃t = Ũ . Note that the operator R̃−1 + L̃ is invertible. We define
B̃m = (R̃−1 + L̃)−1 and its symmetrization as

B̃m = B̃tm + B̃m − B̃tmÃB̃m = B̃tm(B̃−t
m + B̃−1

m − Ã)B̃m. (11)

The symmetrizied multiplicative preconditioner is defined as

Bm := ΠB̃mΠ
t. (12)

We define the diagonal matrix of operators R̃ = diag(R0, R1, · · · , RJ), where,
for each Ri, i = 0, · · · , J , its symmetrization is
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Ri = Rti(R
−t
i +R−1

i −Ai)Ri.

Substituting B̃−1
m = R̃−1 + L̃, and Ã = D̃ + L̃+ Ũ into (11), we have

B̃m = (R̃−t + L̃t)−1(R̃−t + R̃−1 − D̃)(R̃−1 + L̃)−1

= (R̃−t + L̃t)−1R̃−tR̃R̃−1(R̃−1 + L̃)−1. (13)

It is obvious that B̃m is symmetric. To be positive definite, from (13), it suffices

to assume R̃, i.e. each Ri, is symmetric and positive definite which is equivalent to
that operator I −RiAi is a contraction and so is I −RiAi.
(A) ‖I −RiAi‖Ai < 1 for each i = 0, · · · , J .

Theorem 3. Suppose (A) holds. Then Bm defined by (12) is SPD, and

(B
−1

m v, v) = ‖v‖2A + infPJ
i=0 vi=v

J∑
i=0

‖Rti(AiPi
J∑
j=i

vj −R−1
i vi)‖2R−1

i

. (14)

In particular, for Ri = A−1
i , we have

(B
−1

m v, v) = ‖v‖2A + infP
J
i=0 vi=v

J∑
i=0

‖Pi
J∑

j=i+1

vj‖2A. (15)

Proof. Let

M = R̃−t + R̃−1 − D̃ = R̃−tR̃R̃−1, U = D̃ + Ũ − R̃−1, L = U t.

then R̃−1 + L̃ = M + L and Ã = M + L + U . We then compute

B̃
−1

m = (R̃−1 + L̃)(R̃−t + R̃−1 − D̃)−1(R̃−t + L̃t)

= (M + L )M−1(M + U ),

= Ã+ L M−1U

= Ã+
[
R̃t(D̃ + Ũ − R̃−1)

]t
R̃

−1[
R̃t(D̃ + Ũ − R̃−1)

]
.

For any ṽ ∈ V , denoted by v = Πṽ, we have

(Ãṽ, ṽ) = (ΠtAΠṽ, ṽ) = (AΠṽ,Πṽ) = ‖v‖2A.

Using component-wise formula of R̃t(D̃ + Ũ − R̃−1)ṽ, e.g. ((D̃ + Ũ)ṽ)i =∑J
j=i ãijvj =

∑J
j=iAiPivj , we get

(M−1U ṽ,U ṽ) =
J∑
i=0

‖Rti(AiPi
J∑
j=i

vj −R−1
i vi)‖2R−1

i

.

The identity (14) then follows. &'
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If we further introduce the operator T i = RiAiPi : V → Vi, then T ∗
i = RtiAiPi,

T i := Ti + T ∗
i − T ∗

i Ti = RiAiPi, and (R
−1

i wi, wi) = (AiT
−1

i wi, wi) =
(T

−1

i wi, wi)A. Here T
−1

i := (T i|Vi)
−1 : Vi → Vi is well defined due to the as-

sumption (A). We then recovery the original formulation in [ 7]

(B
−1

m v, v) = ‖v‖2A + infPJ
i=0 vi=v

J∑
i=0

(T
−1

i T ∗
i wi, T

∗
i wi)A,

with wi =
∑J

j=i vj − T
−1
i vi. With these notation, we can also use (13) to recovery

the formula in [1]

(B
−1

m v, v) = infP
J
i=0 vi=v

J∑
i=0

(T
−1

i (vi + T ∗
i wi), vi + T ∗

i wi)A.

4 Method of Subspace Correction

In this section, we view the method of subspace correction [5] as an auxiliary space
method and provide identities for the convergence analysis.

Let V =
∑J

i=0 Vi be a space decomposition of V . For a given residual r ∈ V ,
we let ri = Qir be the restriction of the residual to the subspace V i and solve the
residual equation in the subspaces

Aiei = ri approximately by êi = Riri.

Subspace corrections êi are assembled together to give a correction in the space V .
There are two basic ways to assemble subspace corrections.

Parallel Subspace Correction (PSC)

This method is to do the correction on each subspace in parallel. In operator form, it
reads

uk+1 = uk +Ba(f −Auk), (16)

where

Ba =
J∑
i=0

IiRiI
t
i =

J∑
i=0

IiRiQi. (17)

Thus the PSC are also called additive methods. Note that the formula (17) and (9)
are identical and thus identity (10) is useful to estimate κ(BaA).

Successive Subspace Correction (SSC)

This method involves successive corrections. In operator form, it reads

v0 = uk, vi+1 = vi +RiQi(f −Avi), i = 0, . . . , N, uk+1 = vJ+1. (18)
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For each subspace problem, we have the operator form v i+1 = vi+Ri(f−Avi),
but it is not easy to write out the iterator for the space V . We define Bm such that the
error operator

I −BmA = (I −RJQJA)(I −RJ−1QJ−1A)...(I −R0Q0A).

Therefore the SSC are also called multiplicative methods. We now derive a formula-
tion of Bm from the auxiliary space method.

In the sequel, we consider the SSC applied to the space decomposition V =∑J
i=0 Vi with smoothers Ri, i = 0, · · · , J . Recall that Ṽ = V0 × V1 × ...× VJ and

Ã = ΠtAΠ . Let f̃ = Πtf . Following [2], we view SSC for solving Au = f as a
Gauss-Seidel type method for solving Ãũ = f̃ .

Lemma 2. Let Ã = D̃ + L̃ + Ũ and B̃ = (R̃−1 + L̃)−1. Then the SSC for Au = f
with the smoothers Ri is equivalent to the Gauss–Seidel type method for solving
Ãũ = f̃ :

ũk+1 = ũk + B̃(f̃ − Ãũk). (19)

Proof. By multiplying (19) by R̃−1 + L̃ and rearranging the terms, we have

R̃−1ũk+1 = R̃−1ũk + f̃ − L̃ũk+1 − (D̃ + Ũ)ũk.

Multiplying by R̃, we obtain

ũk+1 = ũk + R̃(f̃ − L̃ũk+1 − (D̃ + Ũ)ũk),

and its component-wise formula, for i = 0, · · · , J

uk+1
i = uki +Ri(fi −

i−1∑
j=0

ãiju
k+1
j −

J∑
j=i

ãiju
k
j )

= uki +RiQi(f −A
i−1∑
j=0

uk+1
j −A

J∑
j=i

ukj ).

Let

vi−1 =
i−1∑
j=0

uk+1
j +

J∑
j=i

ukj .

Noting that vi − vi−1 = uk+1
i − uki , we then get, for i = 1, · · · , J + 1

vi = vi−1 +RiQi(f −Avi−1),

which is exactly the correction on Vi; see (18). &'

Lemma 3. For SSC, we have

Bm = ΠB̃mΠ
t and Bm = ΠB̃mΠ

t.
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Proof. Let uk = Πũk. ApplyingΠ to (19) and noting that

f̃ = Πtf, and Ãũk = ΠtAuk,

we then get
uk+1 = uk +ΠB̃Πt(f −Auk).

ThereforeBm = ΠB̃mΠ
t. The formulae for Bm is obtained similarly. &'

Combining Lemma 3, (5), (6), and Theorem 3, we obtain the X-Z identity.

Theorem 4 (X-Z identity). Suppose assumption (A) holds. Then

‖(I −RJQJA)(I −RJ−1QJ−1A)...(I −R0Q0A)‖2A = 1− 1
1 + c0

, (20)

where

c0 = sup
‖v‖A=1

infPJ
i=0 vi=v

J∑
i=0

‖Rti(AiPi
J∑
j=i

vj −R−1
i vi)‖2R−1

i

.

In particular, for Ri = A−1
i ,

‖(I − PJ )(I − PJ−1) · · · (I − P0)‖2A = 1− 1
1 + c0

, (21)

where

c0 = sup
‖v‖A=1

infPJ
i=0 vi=v

J∑
i=0

‖Pi
J∑

j=i+1

vj‖2A.
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1 Introduction

In this paper, we will derive a novel adaptive finite element method for the following
symmetric, elliptic obstacle problem: Find u ∈ K such that

a(u, v − u) ≥ (f, v − u) ∀v ∈ K (1)

where Ω ⊂ R2 is a bounded polygonal domain with Lipschitz-continuous boundary
∂Ω, ψ ∈ C(Ω) is a lower obstacle satisfying ψ ≤ 0 on ∂Ω, f ∈ L2(Ω) is a load
term and

K = {v ∈ H1
0 (Ω) | v ≥ ψ a.e. in Ω},

and

a(v, w) =
∫
Ω

∇v · ∇w, v, w ∈ H1
0 (Ω).

This problem admits a unique solution u since K is a nonempty, closed, and convex
set, and a(·, ·) is H1

0 (Ω)-coercive.
Adaptive solvers are now widely used in numerical simulations of lots of prob-

lems for better accuracy with minimal computational cost. The reasons for choosing
adaptive method for the problem (1) are two-folded. First, the grid in the contact
zone is often not necessarily as fine as that in the non-contact zone. Secondly, the so-
lution u may have singularity in some local areas. Therefore, for obstacle problems,
a finite element solution on a suitable non-uniform grid may approximate the exact
solution much better than that on a uniform grid with the same number of degrees of
freedoms. Solvers which can generate non-uniform grids adaptively according to the
problem to-be-solved are desired.

The adaptive solver in this paper will be established based on a near-optimal
hierarchical estimate. Note that the hierarchical a posteriori analysis can be traced
back to the pioneering works [2, 7, 20] and the monographs [1, 19]. The hierarchical
analysis for obstacle problems have been studied in [13, 18, 22]. The hierarchical
estimate presented in this paper improves the results in [22] by estimating directly
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the energy norm of the discretization error, instead of the energy functional of the
discretization error in [22].

This paper is organized as follows. In Sect. 2, we present a near-optimal hierar-
chial estimate for obstacle problems. A detailed description of our adaptive method
will be presented in Sect. 3. In Sect. 4, numerical experiments will be given to show
that our algorithm has the optimal convergence rate.

Throughout this paper, “A � B” means that A can be bounded by B multiplied
with a generic constant depending only on the shape regularity of the underlying
grid, “A � B” means “A � B” and “B � A”.

2 A Near-Optimal Hierarchical Error Estimate

Let T be a conforming and shape regular triangulation ofΩ withN and let E denote
the set of all vertices and interior edges, respectively. We introduce the space S ⊂
H1

0 (Ω) of piecewise linear finite elements on T spanned by the nodal basis {φp |p ∈
N ∩Ω}. The finite element discretization of (1) reads as

uS ∈ KS : a(uS , v − uS) ≥ (f, v − uS) ∀v ∈ KS (2)

where the discrete constraints set

KS = {v ∈ S | v(p) ≥ ψ(p) ∀p ∈ N}.

Note that KS ⊂ K , if ψ ∈ S.
We define the residual type functional σS by

〈σS , v〉 = (f, v)− a(uS , v) =
∫
Ω

fv +
∑
E∈E

∫
E

jEv, ∀v ∈ H1
0 (Ω)

where jE = ∂nuS |τ2 − ∂nuS |τ1 denotes the jump of the normal flux across the
common edge E = τ1 ∩ τ2 of two triangles τ1, τ2 ∈ T and n denotes the normal
vector on E pointing from τ1 to τ2. For all E ∈ E , let φE be the piecewise affine
function characterized by φE(p) = δxE ,p for all p ∈ N ′ = N ∪ {xE′ |E′ ∈ E}, here
xE′ is the midpoint of E ′. We define

ρE = 〈σS , φE〉‖φE‖−1, E ∈ E

and will use |ρE | as our error indicators. Note that the similar edge-oriented indica-
tors have been introduced in the hierarchical estimate for variational equations [ 2, 5],
and for variational inequalities [11, 13, 18, 22]. Not all the ρE , E ∈ E are efficient.
To determine the efficient ρE , we let

N • = {p ∈ N
∣∣uS(p) = ψ(p) or p ∈ ∂Ω}, N ◦ = {p ∈ N ∩Ω

∣∣uS(p) > ψ(p)}

respectively be the set of contact and non-contact nodes and
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E• = {E ∈ E|NE ⊂ N •}, E◦ = {E ∈ E|NE ∩ N ◦ �= ∅}

be the set of contact and non-contact edges, where NE = N ∩ E be the nodes on
E,E ∈ E . Moreover we define E+ := {E ∈ E

∣∣ρE ≥ 0} and let

E1 = E \ E2, E2 = E◦ ∪ E+.

The indicators |ρE |, E ∈ E2 are efficient.
The second type of indicators are patch-oriented quantities ρ p = ‖hpf‖0,ωp, p ∈

N , where the patch ωp = supp φp. We define

N2 = {p ∈ N|fp ≥ 0} ∪ N ◦.

The indicators ρp are efficient for all p ∈ N2.
To present efficiency and reliability of our hierarchial estimator, we need to split

again the set of contact nodesN • into

N • = N •
0 ∪N •

1 ∪ N •
2 ∪ N •

3 ∪ N •
4

where

N •
0 = {p ∈ N • ∣∣ uS |ωp = ψ|ωp , f |ωp ≤ 0, jE ≤ 0 ∀E ∈ Ep}

is the set of the so-called full-contact nodes (c.f, [10, 18]) and

N •
1 = {p ∈ N • ∣∣ uS |ωp = ψ|ωp , fp ≤ 0, jE ≤ 0 ∀E ∈ Ep} \ N •

0 ,

N •
2 = {p ∈ N • ∣∣ uS |ωp = ψ|ωp , fp ≤ 0, ∃ E ∈ Ep s.t. jE > 0},

N •
3 =

{
p ∈ N •∣∣uS > ψ in ωp \ {p}

}
,N •

4 = N • \ (N •
0 ∪ N •

1 ∪ N •
2 ∪N •

3 ).

We define our hierarchical estimator by

η2 =
∑
E∈E2

ρ2
E +

∑
p∈N•

3 ∪N•
4

‖hpf‖20,ωp

and the oscillation by

osc2 =
∑

p∈N\N•
0

osc2p +
∑
p∈N•

3

‖∇(ψ − uS)‖20,ωp

where the patch-oriented oscillation (c.f., [9]) is defined for all p ∈ N by

oscp = ‖hp(f − fp)‖0,ωp .

Here fp = 0 if p ∈ N •
2 and fp = 1

|ωp|
∫
ωp
f otherwise. Note that the oscillation

defined above is smaller than that defined in [22] and it seems to be really of high-
order.

We have the following efficiency and reliability results.
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Theorem 1. There holds the lower bound

η � ‖e‖+ osc. (3)

Moreover, if ψ ∈ S, there holds the upper bound

‖e‖ � η + osc. (4)

Note that in the above theorem, the efficiency result holds for general obstacle ψ ∈
C(Ω) but the reliability result only holds for obstacle functions which are piecewise
affine with respect to the underlying grid T . The detailed and very complicated proof
of this theorem will be given in a future paper [21].

3 An Adaptive Finite Element Method

This section is dedicated to the presentation of an adaptive finite element method for
the obstacle problem (1).

The main purpose of our adaptive algorithm is to construct the sequence of tri-
angulations Tj , j = 0, 1, 2, · · · , resulting from the jth local refinement steps of an
initial triangulation T0. Here and throughout the paper, the subscript j will always
refer to the corresponding triangulation T j as, for example, in Nj , Ej , Sj , uj, ψj ,
and so on.

As a standard adaptive scheme, our adaptive algorithm consists of loops of the
following four basic steps

Solve → Estimate → Mark → Refine.

which will be described in the following.
Solve. To solve the discrete problem (2), we apply monotone multigrid methods

proposed in [12] on the non-uniform grid Tj . Our numerical implementation shows
that even for non-uniform grid, this monotone multigrid method requires onlyO(n j)
operations for each iteration, where nj denotes the degree of freedoms of Tj , and it
converges more rapidly than the standard nonlinear Gauss–Seidel method since its
convergence rate is about 1.

Given a mesh Tj and an initial iterate u0
j for the solution, the algorithm SOLVE

computes the discrete solution

uj := SOLVE(Tj , u0
j).

Estimate. We use the hierarchical estimators presented in the previous section
to estimate the error. For a given mesh Tj and the finite element approximation uj ,
the subroutine ESTIMATE computes the edgewise hierarchical indicators ρE for all
edges E ∈ Ej2 and the nodalwise indicators ρp for all p ∈ N •

j3 ∪ N •
j4:

({ρE}E∈Ej2 , {ρp}p∈N•
j3∪N•

j4
) = ESTIMATE(Tj , uj).
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Mark. We use a variant of Dörfler marking strategy [8] described as below. First,
we order all the quantities {|ρE |}E∈Ej2 and {ρp}p∈N•

j3∪N•
j4

according to their size.
Secondly, proceeding from the largest to smallest quantities, we collect all entries
from these two sets until they sum up to θηj where θ ∈ (0, 1) is some given param-
eter. Finally, if ρ2

E or ρ2
P are contained in this collection, then all the triangles in the

support of φE or φp are marked for refinement.
Given a mesh Tj and the indicators ({ρE}E∈Ej2 , {ρp}p∈N•

j3∪N•
j4

), together with

the parameter θ ,MARK generates a subset T̃j of Tj :

T̃j = MARK(θ, Tj , ({ρE}E∈Ej2 , {ρp}p∈N•
j3∪N•

j4
)).

Refine. We will use the so-called newest vertex bisection techniques to refine the
mesh Tj : first we label one vertex of each triangle in Tj as the newest vertex, the
opposite edge of the newest vertex is called reference edge. After being labeled, each
the element τ ∈ T̃j is then bisected to two new children elements by connecting the
newest vertex to the midpoint of the reference edge. After all the marked triangles
are bisected, more bisections are necessary to eliminate the hanging nodes (cf.,[ 3, 4,
15]). It is worth mentioning that here, each marked triangle is refined only once and
consequently, the interior node property[14, 17] has been circumvented.

Given a mesh Tj and a marked set T̃j , REFINE constructs the conforming and
shape regular triangulation Tj+1 :

Tj+1 = REFINE(Tj , T̃j).

Now we are ready to present our adaptive finite element methods for ( 1) which
consists of the loops of the above four subroutines SOLVE, ESTIMATE, MARK,
and REFINE, consecutively. Given an initial triangulation T0, a tolerance ε > 0 and
a parameter 0 < θ < 1, our adaptive solver can be described as below:

uFE = AFEM4OP(T0, ε, θ)
Set u0 = 0, for j = 1, . . ., do the following :

1. Set u0
j = uj−1, then uj = SOLVE(Tj , u0

j).
2. ({ρE}E∈Ej2 , {ρp}p∈N•

3 ∪N•
4
) = ESTIMATE(Tj , uj).

3. Compute ηj . If ηj ≤ ε, uFE = uj , stop. Otherwise, go to Step 4.
4. T̃j = MARK(θ, Tj , ({ρE}E∈Ej2 , {ρp}p∈N•

3 ∪N•
4
)).

5. Tj+1 = REFINE(Tj , T̃j). Set j = j + 1, go to Step 1.

4 Numerical Experiments

In our numerical experiments, we will test two examples to verify if our algorithm
AFEM4OP has a quasi-optimal convergence rate in terms of the number of degrees
of freedom. Note that for adaptive finite element methods for elliptic PDEs, the opti-
mal convergence rate has been obtained both theoretically and numerically in recent
papers such as [6, 16, 17].
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Example 1 Constant Obstacle. Let the obstacle function ψ ≡ 0, the domainΩ =
(−1, 1)2, and the radially symmetric right-hand side

f(x) =

⎧⎨⎩
−8r2, |x| > r

−8(2|x|2 − r2)), |x| ≤ r

.

This problem has the unique radially symmetric exact solution

u(x) = (max{r2 − |x|2, 0})2.

For simplicity, we select r = 0.7 in our numerical computations. Then the circle
{x ∈ Ω|r = 0.7} is the free boundary of the problem which decompose the domain
to the contact zone {x ∈ Ω||r > 0.7} and the non-contact zone {x ∈ Ω||r < 0.7}.

In our numerical experiments, the initial triangulation T0 consisting of four con-
gruent triangles. Selecting θ = 0.5 in AFEM4OP, we obtain the sequence of triangu-
lations Tj , j = 0, 1, . . . , 14. The left picture of Fig. 1 presents the discretization error
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Fig. 1. Left: the exact error and the hierarchial estimator for Example 1, Right: the estimator
for Example 2.

‖u− uSj‖ and the hierarchical estimator ηj over the number nj = #Tj . Obviously,
both the exact error and the hierarchical estimator have an optimal convergence rate
of O(n−1/2

j ).
Example 2 Lipschitz Obstacle. We consider (1) withΩ = {x ∈ R2 | |x1|+|x2| <

1}, the right hand side f = −5 and the Lipschitz obstacle

ψ(x) = −dist(x, ∂Ω).

As in the first example, we apply the algorithm AFEM4OP to obtain a sequence
of triangulations Tj , j = 1, 2, . . . , 18 based upon the initial triangulation T0 con-
sisting of four congruent triangles. The adaptive parameter θ = 0.35. As no exact
solution is available, the final approximate solution u18 is depicted in the left pic-
ture of Fig. 2 while the right picture shows the grid in the 18th iteration step. The
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Fig. 2. Approximate solution u18 and the grid in the 18th adaptive iteration step.

triangulation is locally refined in the neighborhood of the free boundary which is in
agreement with the corresponding lack of regularity. The hierarchical estimator is
presented in the right picture of 1. We still observe that ηTj = O(n−1/2

j ).
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energy functional in obstacle problems. Numer. Math., submitted, 2009.



Efficient Parallel Preconditioners for High-Order
Finite Element Discretizations of H(grad) and
H(curl) Problems

Junxian Wang1, Shi Shu1 and Liuqiang Zhong2

1 School of Mathematics and Computational Science, Xiangtan University, Xiangtan
411105, P.R. China, xianxian.student@sina.com; shushi@xtu.edu.cn

2 School of Mathematics Sciences, South China Normal University, Guangzhou 510631,
P.R. China, zhonglq@xtu.edu.cn

Summary. In this paper, we study preconditioning techniques for bothH(grad) andH(curl)
problems. For an H(grad) elliptic problem discretized by high-order finite elements with a
hierachical basis of k-th order, we design and analyse an parallel AMG preconditioner based
on a two-level method and a block Gauss–Seidel smoothing technique. For an H(curl) ellip-
tic problem discretized by high-order edge finite elements, we design a parallel solver based
on an auxiliary space preconditioner. Numerical experiments show that the number of iteration
for the corresponding PCG methods does not depend on the mesh size, and depend weakly on
the order of the finite element space and jumps of the coefficients.

Key words: high-order finite element, jump coefficients, parallel preconditioner,
block Gauss-Seidel smoother, auxiliary space preconditioner

1 Introduction

Many problems in fields such as computational electromagnetics and computational
fluid dynamics can be essentially be transformed into computations ofH(grad) and
H(curl) elliptic problems. The finite element method is one of the most commonly
used numerical methods for solving these kinds of problems. Efficient parallel al-
gorithms are of great importance because the resulting discrete systems are usually
large and the corresponding condition numbers grow rapidly with the refinement of
the mesh. High-order finite element methods are of great practical interests because
of their better approximation to the analytical solution. But the resulting algebraic
systems of equations are more difficult to solve than those derived from linear finite
elements.

The classical algebraic multigrid (AMG) method is quite efficient for solving the
algebraic system resulting from the discretization of H(grad) elliptic problems dis-
cretized by linear finite elements. But it does not work well for the systems obtained
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by the high-order finite elements. The reason is that the algebraic mesh graph cor-
responding to the stiffness matrix obtained by the high-order finite element is quite
different from the geometric mesh graph. There exist some improved AMG methods
for solving the linear system resulting from high-order finite elements ([ 2, 4, 6, 7]).
But, so far, they are mainly restricted to the smooth coefficient case, and the num-
ber of iterations depends on the order of the finite element space. For an H(curl)
elliptic problems, [3] designed an auxiliary space preconditioner for the algebraic
systems resulting from the linear edge elements of the first type of Nédélec elements.
Reference [9] further studied the preconditioners for high-order edge finite element
discretizations. Recently, the study of parallel algorithms have attracted more and
more researchers’ attention, and the corresponding numerical softwares has devel-
oped rapidly. The high performance parallel preconditioner package HYPRE is one
of the most popular numerical software in the world. BoomerAMG and AMS in
HYPRE are two efficient solvers for the H(grad) and H(curl) elliptic problems,
discretized by linear elements, respectively.

In this paper, we first consider an H(grad) elliptic problem with jump coeffi-
cients. Here we discuss the parallel PCG method for solving the algebraic system
derived from high-order finite element based on hierachical bases (HBk). Using a
two-level method and a block Gauss–Seidel smoothing technique, we have designed
an efficient parallel AMG preconditioner and a corresponding PCG method, and im-
plemented them using HYPRE. Then for anH(curl) elliptic problem discretized by
high-order edge finite elements, we have designed a parallel PCG algorithm, whose
key idea (see [8]) is to change the construction of the parallel preconditioner for the
H(curl) system into the design of several preconditioners for the H(grad) system.

The numerical results indicate that these new algorithms have good algorithmic
scalability and the number of iterations does not depend on the mesh size, and depend
weakly on the order of the finite element space and the jumps of the coefficients.

2 A Parallel Preconditioner for the H(grad) System

LetΩ be a simply connected polyhedron in R3. We consider the variational problem:
Find u ∈ H1

0 (Ω), such that

a(u, v) = (f, v), ∀v ∈ H1
0 (Ω), (1)

where a(u, v) =
∫
Ω
β∇u·∇vdx, (f, v) =

∫
Ω
fvdx, and β(x) is a bounded positive

function, which may contain large discontinuous jumps, and f ∈ L 2(Ω).
We discretize the continuous variational problem (1) with k-th order hierachical

basis {ψk, k = 1, · · · , nk} proposed in [1], where nk = dim(Zkh) and Zkh is the k-
th order Lagrangian finite element space. Furthermore we denote the corresponding
algebraic system as

Akuk = fk. (2)
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2.1 A Parallel AMG Preconditioner

Let np be the number of processors,Akj , ukj and fkj be the restrictions of Ak, uk and
fk on the j-th processor, respectively, and nkj be the number of rows ofAkj . Here, we
always assume that the indices of first n1

j rows of Akj corresponds to the indices of
the linear element basis. For the l-th component of ukj , we call l the local index on
the j-th processor, and let the location in uk be the global index. We also say that the
global index belongs to the j-th processor.

We use a two-level method for solving (2), which translates the solving of linear
system discretized by high order finite element into the solving of the one corre-
sponding to the linear finite element. We need to generate the parallel matrix of
linear finite element A1 that consists of elements whose row and column indices is
correspond to the linear element basis of Ak.

We change the traditional smoother to the block Gauss–Seidel smoother, since
the iteration number of a two level-method with the traditional smoother depends on
the order of the finite element space. Next, we generate the needed datum for the
block Gauss–Seidel smoother. And we need to introduce some notation related to
the j-th processor.

(i) Let Wj = {1, · · · , nkj } be the local index set for the j-th processor, and V j be
the corresponding global index set. For any i ∈W j , we denote

Si = {l|Akj (i, l) > θ max
m 
=ig

|Akj (i,m)|}, (3)

as the i-th block index set, where θ ∈ [0, 1],Akj (i,m) is an element ofAkj in row
i and columnm, ig is the global index of i.

(ii) Mapping array: g(i), i = 1, · · · , nkj where g(i) = 0 or i, which indicates
whether a block smoothing is needed for the g(i)-th block index set.

(iii) The expanded matrix Ãkj on the j-th processor is defined as the submatrix formed
by those rows ofAk whose indices belong to

⋃
g(i) 
=0 Sg(i). The expanded vector

f̃kj can be obtained similarly.

Then we can generate the mapping array g(i) and the block index set S g(i)
(for g(i) > 0), i = 1, · · · , nkj according to some suitable rule as in Algorithm 1.

Algorithm 1 (generate the mapping array and the block index set)

Step 1 Initialize the mapping array g(i) = 0, i = 1, · · · , nkj .
Step 2 Let g(i) = i, and generate Sg(i) according to (3), i = 1, · · · , n1

j .

Step 3 Let H = Vj\(Vj ∩
n1

j⋃
i=1

Sg(i)),

Step 4 For a given i ∈ H , find its corresponding local index i l ∈ Wj . Set g(il) = il,
and generate Sg(il).

Step 5 If H := H\(H ∩
⋃
g(i) 
=0 Sg(i)) is nonempty, then goto Step 4.
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In Algorithm 2, we generate the expanded matrix Ãkj and the expanded vector f̃kj
on the j-th processor in order to reduce the communication when the block Gauss–
Seidel iteration has been carried out.

Algorithm 2 (generate Ãkj and f̃kj )

Step 1 Set Ãkj := Akj . Let S̃ =
⋃
g(i) 
=0 Sg(i) = Vj

⋃
S̃0, where S̃0 denotes the set

of global indices belonging to those neighboring processors.
Step 2 Loop through all the neighboring processors, let S̃m0 be the set of those ele-

ment in S̃0 which is on the current neighboring processor m.
2.1 Form A0

m(f0
m) by those rows of Akm(fkm) whose global indices belongs to

S̃m0 . Then send A0
m(f0

m) to processor j.
2.2 On processor j, receive A0

m(f0
m) and append to Ãkj (f̃

k
j ).

Step 3 Generate the mapping array p(n), n = 1, · · · , |S̃|, which is from the set of
row numbers of Ãkj to its corresponding global index set.

Now, using Ãkj and f̃kj , we can generate all the block diagonal matrices A l,d
j,k,

nondiagonal matrices Al,ndj,k and right hand side vectors f l,dj,k on processor j when
g(l) �= 0. Then, we construct the parallel block Gauss–Seidel smoothing algorithm
as follows.

Algorithm 3 (block Gauss–Seidel iteration)
Assume that ũkj is the result from the block Gauss–Seidel iteration on the current

processor j. Let Smax be the maximum iteration number.

Step 1 Let the initial guess be ũkj = 0 and sm = 0.
Step 2 Let sm = sm+1. If sm > 1, then update ũkj for those components belonging

to its neighboring processors.
Step 3 For any l ∈ {1, · · · , nkj } with g(l) �= 0, solve Al,dj,ku

l,d
j,k = f l,dj,k −A

l,nd
j,k

˜̃ukj for

ul,dj,k, where ˜̃ukj is a zero extension of ũkj , and update ũkj by ul,dj,k.
Step 4 If sm < Smax, then goto step 2.
Step 5 Use those components of ũkj , whose indices belong to processor j, to form

the vector ũk,sj , then gather ũk,sj to form the parallel solution ũ(s)
k .

Based on the above block Gauss–Seidel smoother, we develop the correspond-
ing parallel two-level method in Algorithm 4 for solving (2). Let itmax denote the
maximum iteration number, and tol denote the stopping criteria.

Algorithm 4 (Two-Level method)

Step 1 For a given initial guess u(0)
k , use HYPRE to get an initial residual vector

r
(0)
k = fk −Aku(0)

k , and let res0 = ‖r(0)k ‖, l = 1.
Step 2 Presmoother: Use Algorithm 3 for (2) with Smax = m1 and the initial guess

u
(l−1)
k to get the parallel iterative vector ut.

Step 3 Correction
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3.1 Use HYPRE to get the vector rk = fk − Akut, and get the parallel vector
f1 from the first n1

j components of rk on the j-th processor.
3.2 Use BoomerAMG to solve A1e = f1, and obtain the solution et.
3.3 Add et and ut to get a new parallel vector ũt.

Step 4 Postsmoother: Use Algorithm 3 for (2) with Smax = m1 and initial guess ũt
to get the parallel iterative vector u(l)

k .

Step 5 Use HYPRE to get res = ‖fk − Aku
(l)
k ‖. If res

res0 < tol or l = itmax, then
exit. Otherwise, set l := l + 1, and goto step2.

Combining the above algorithms, we obtain a new parallel AMG method for
solving the system (2) resulting from the H(grad) problem.

In Algorithm 4, by setting itmax = 1, we can obtain a TLB-AMG-p precondi-
tioner for solving (2), and denote the PCG method using TLB-AMG-p as a precon-
ditioner for TLB-AMG-CG-p.

2.2 Numerical Experiments

Consider the model problem (1) with Ω = (0, 1)3, β = β0 in ΩJ and β = 1 in
Ω\ΩJ , where β0 is a positive constant, andΩJ is a subdomain of Ω.

We decomposeΩ into n×n×n hexahedraΩk(k = 1, · · · , n3). All the hexahedra
constitute the desired domain decomposition. To get the final triangulation of Ω, we
decompose each hexahedra mentioned above into m × m × m smaller hexahedra
and divide each smaller hexahedra into 6 tetrahedra. All the tetrahedra constitute the
triangulation Th = n(m) of the domainΩ.

We like to remark that each subdomainΩk corresponds to one processor.

Example 1. (A floating subdomain case) Let n = 3 and ΩJ = (1
3 ,

2
3 )3.

Example 2. (No floating subdomain case) Let n = 2 and ΩJ = (0, 1
2 )3.

We apply TLB-AMG-CG-p to solve the system (2) corresponding to Example 1. In
our test, we set Smax = 2 in Algorithm 3, one V-cycle in BoomerAMG, θ = 0.0 in
(3).

Both in Tables 1 and 2, the data below “ k” is the order of finite element basis,
the “ n(m)” row denotes the tetrahedron meshes, the datum in the row of “ β 0” are
the values of the coefficient β in ΩJ .

The numerical results for Example 1 are presented in Table 1. A relative reduction
of the preconditioned norm of the residual vector by a factor of 10 −8 was used as
termination criterion.

Table 1. No. of iterations for Example 1 with TLB-AMG-CG-p.

n(m) 3(4) 3(6)
β0 10−5 1 105 10−5 1 105

k = 2 4 4 5 4 5 6
k = 3 5 5 6 5 5 6
k = 4 5 6 9 5 5 9
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From Table 1, we find that the iteration number of TLB-AMG-CG-p does not
depend on the mesh size, depends weakly on the order of basis function and the
jumps of the coefficients for a floating subdomain case.

In Table 2, we present the numerical results obtained by BoomerAMG-CG(with
BoomerAMG as a preconditioner) for Example 2.

Table 2. No. of iterations for Example 2 with BoomerAMG-CG.

n(m) 2(4) 2(6)
β0 1 103 105 1 103 105

k = 2 65 101 88 72 43 42
k = 3 16 16 16 15 15 15
k = 4 29 28 27 27 25 25
k = 5 > 200 > 200 > 200 > 200 > 200 > 200

In view of Table 2, we find that BoomerAMG-CG is sensitive to the mesh size,
the order of basis functions and the jumps of the coefficients for the non-floating
subdomain case. So our TLB-AMG-CG-p is more robust and efficient.

3 A Parallel Preconditioner for the H(curl) Problem

Consider the variational problem: Find u ∈ H0(curl;Ω), such that

a(u,v) = (f ,v), ∀v ∈ H0(curl;Ω), (4)

where a(u,v) =
∫
Ω

(α∇×u ·∇×v+βu ·v)dx, (f ,v) =
∫
Ω

f ·vdx, α(x), β(x)
are two bounded positive functions, and f ∈ (L2(Ω))3.

Use the finite element space V k,j
h (k ≥ 1, j = 1, 2) for problem (4), where V k,1

h

and V k,2
h are the kth-order element spaces of the first family and second family of

Nédélec elements, respectively( see [5]), then we obtain a linear system

Ak,jh Uk,jh = F k,jh . (5)

Below we develop a parallel PCG algorithm for solving (5).

3.1 A Parallel Preconditioner for (5)

Let Bk,jh be the HX-ho preconditioner for Ak,j
h (see [8]). As an example, we take

k = 1 and j = 2. Let I lh : V 1,1
h �→ Zh,l(l = 1, 2, 3), Ig,2h : V 1,2

h �→ ∇Z2
h be the

corresponding interpolation matrices where (Z 1
h)

3 :=
∑3

l=1 Zh,l. Given a vector y,
we can give an algorithm for solving w = B 1,2y as Algorithm 5.

Algorithm 5 ( HX-ho preconditioner)

Step 1 (Setup):
1.1 Form (in parallel) matrices I lh, Ig,2h and get the matrix A1,1 with A1,2;
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1.2 Generate matrices Alh = I lhA
1,1(I lh)

T , l = 1, 2, 3 and Ag,2h = Ig,2h A1,2

(Ig,2h )T .
Step 2 (Solve):

2.1 Use zero as an initial guess, and apply m times parallel symmetric Gauss–
Seidel iteration for A1,2ũ = y to obtain the solution ũ;

2.2 Generate a vector y1 by extracting those y components which belong to
V 1,1
h . Compute ul = BlhI

l
hy1(l = 1, 2, 3) where Blh can be chosen as the

TLB-AMG-p (k = 1) preconditioner of Alh, calculate the vector u′
l by zero

extension of (I lh)
Tul;

2.3 Compute ũg,2 = Bg,2h Ig,2h y where Bg,2h can be chosen as the TLB-AMG-p
(k = 2) preconditioner of Ag,2h ;

2.4 Construct w = ũ+
3∑
i=1

u′l + (Ig,2h )T ũg,2.

We denote HX-ho-CG-p for the PCG method using Algorithm 5 as a preconditioner.
Below we present some examples to show the efficiency and robustness of HX-ho-
CG-p.

3.2 Numerical Results

We consider the model problem (4) with Ω = (0, 1)3, α = β = β0 in ΩJ and
α = β = β0 in Ω\ΩJ , where β0 is a positive constant, and ΩJ ⊂ Ω.

Example 3. (No floating subdomain case) ΩJ = (0, 1
3 )3, β0 = 105.

Example 4. (A floating subdomain case) ΩJ = (1
3 ,

2
3 )3, β0 = 105.

The numerical results for the two examples are reported in Table 3, where the
datum in the column “np” denote the number of processors, the number n(m) de-
note the tetrahedral meshes, and the datum left in the column of “n(m)” are the
corresponding iteration number of HX-ho-CG-p.

A relative reduction of the preconditioner norm of the residual vector by a fac-
tor of 10−6 was used as termination criterion in HX-ho-CG-p. In our test, we set
m = 3 in Algorithm 5 and the block Gauss–Seidel iteration is changed to 15 Jacobi
iterations with weight ω = 0.45 as a smoother in TLB-AMG-p.

Table 3. No. of iterations for the two examples with HX-ho-CG-p.

Example 3 Example 4
np

3(2) 3(4) 3(8) 3(2) 3(4) 3(8)

1 15 16 16 19 21 19
4 16 17 17 24 22 21
8 17 17 17 29 22 21

From Table 3, we find that the new algorithm HX-ho-CG-p has good algorithmic
scalability and that the number of iterations is independent of the mesh size, and
weakly dependent on the jumps of the coefficients.
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We introduce a uniformly convergent iterative method for the systems arising from
non-symmetric IIPG linear approximations of second order elliptic problems. The
method can be viewed as a block Gauß–Seidel method in which the blocks corre-
spond to restrictions of the IIPG method to suitably constructed subspaces. Numer-
ical tests are included, showing the uniform convergence of the iterative method in
an energy norm.

1 Introduction

In recent years, domain decomposition preconditioners and multilevel methods have
been developed for the efficient solution of the linear systems that arise from Dis-
continuous Galerkin (DG) discretizations of elliptic problems (see [5] and the ref-
erences therein). While most works deal with symmetric DG methods, very little
is known for preconditioning the non-symmetric ones. However, designing efficient
solvers for the resulting non-symmetric linear systems is of interest since they could
be used as building blocks for preconditioning DG discretizations of non-symmetric
PDEs (such as convection-diffusion problems). An important distinction between
non-symmetric and symmetric DG schemes (even for discretizations of selfadjoint
elliptic problems) is that the convergence analysis of the iterative methods is much
more involved. As shown numerically in [1], the symmetric part of the precondi-
tioned matrix of non-symmetric DG schemes (and in particular for the IIPG dis-
cretization considered here) can be indefinite and so the classical convergence theory
for GMRES (see [6]) cannot be applied and new theoretical tools are needed.

In this paper, we design an efficient solver by using a space decomposition of
the DG space introduced in [3]. We also extend some of the results from that work
to the case of variable diffusion coefficient. The proposed iterative method is a suc-
cessive subspace correction method for the non-symmetric IIPG discretization. We
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demonstrate via numerical experiments uniform convergence with respect to both the
penalty parameter and the number of degrees of freedom (dofs). In addition, as we
will discuss, the method considered here is more efficient than those proposed and
analyzed in [3]. However, the convergence of such method, although numerically
evident, is much more difficult to analyze and we do not present such analysis here.

2 Interior Penalty Discontinuous Galerkin Methods

Given f ∈ L2(Ω), we consider the following model problem

−∇ · (K∇u) = f in Ω , u = 0 on ∂Ω , (1)

where Ω ⊂ IRd, d = 2, 3 is a convex polygon or polyhedron and K ∈ (L∞(Ω))2ds
is a given piecewise constant permeability symmetric positive-definite tensor satis-
fying: 0 < c0‖ξ‖2 ≤ ξtK(x)ξ ≤ c1‖ξ‖2 ∀ξ ∈ IRd ∀x ∈ Ω.
Let Th be a shape-regular family of partitions of Ω into d-dimensional simplexes T
(triangles if d = 2 and tetrahedrons if d = 3) and let h = maxT∈Th

hT with hT de-
noting the diameter of T for each T ∈ Th. We assume Th does not contain hanging
nodes and K is constant on each T ∈ Th.
Let V DG denote the discontinuous finite element space defined by:

V DG =
{
u ∈ L2(Ω) : u|T ∈ P1(T ) ∀T ∈ Th

}
,

where P1(T ) denotes the space of linear polynomials on T . We denote by E oh and E∂h
the sets of all interior faces and boundary faces (edges in d = 2), respectively, and
we set Eh = Eoh∪E∂h . Following [2], we define the average and jump trace operators.
Let T+ and T− be two neighboring elements, and n+, n− be their outward normal
unit vectors, respectively (n± = nT±). Let ζ± and τ± be the restriction of ζ and τ
to T±. We set:

2{ζ} = (ζ+ + ζ−), [[ ζ ]] = ζ+n+ + ζ−n− on E ∈ Eoh,
2{τ} = (τ+ + τ−), [[ τ ]] = τ+ · n+ + τ− · n− on E ∈ Eoh,

and on E ∈ E∂h we set [[ ζ ]] = ζn and {τ} = τ . We will also use the notation

(u,w)Th
=

∑
T∈Th

∫
T

uwdx 〈u,w〉Eh
=

∑
E∈Eh

∫
E

uw ∀u,w,∈ V DG.

The approximation to the solution of (1) reads:

Find u ∈ V DG such that A(u,w) = (f, w)Th
, ∀w ∈ V DG. (2)

A(·, ·) is the bilinear form of the IIPG method (see [8]):

A(u,w) = (K∇u,∇w)Th
− 〈{K∇u}, [[w ]]〉Eh

+ 〈SE{K[[u ]]}, [[w ]]〉Eh
, (3)
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where SE = αEh
−1
E with αE ≥ α∗ > 0 for allE ∈ Eh and hE the length of the edge

E in d = 2 and the diameter of the face E in d = 3. We denote by α∗ a fixed value
of the penalty parameter for which A(·, ·) is coercive. In the numerical experiments
we take α∗ to be larger than (but close to) the critical value for which A(·, ·) is
only semidefinite. We point out that when α∗ is close to that critical value one may
expect less accurate DG solution due to the fact that the discrete problem is not
stable. We present interative methods which are uniformly convergent independently
of the value of α∗ as long as, α∗ is only just large enough to ensure coercivity of the
bilinear forms, even though the discretizations in this case lead to “nearly singular”
linear systems. This of course includes the cases of stable discretizations resulting
in accurate DG solutions, and hence the methods that we propose are aplicable to
the cases interesting from practical point of view. In general, αE might vary from
one face to another, but we assume that the possible variations on α are uniformly
bounded, namely

αmax

αmin
≈ 1, αmin := min

E∈Eh

αE , αmax := max
E∈Eh

αE . (4)

Together with A(·, ·), we consider also the bilinear form that results by computing
all the integrals in (3) with the mid-point quadrature rule:

A0(u,w) = (K∇u,∇w)Th
−〈{K∇u}, [[w ]]〉Eh

+〈SEP0
E({K[[u ]]}), [[w ]]〉Eh

, (5)

where P0
E : L2(E) −→ P0(E) is for each E ∈ Eh, the L2-orthogonal projection

onto the constants: P 0
E(u) := 1

|E|
∫
E
u, ∀u ∈ L2(E). Continuity and coercivity can

be shown for (3) in the DG energy norm (see [2]), which is equivalent to the norm
induced by the symmetric part of A(·, ·);

‖u‖ eA := Ã(u, u) Ã(u,w) =
A(u,w) +A(w, u)

2
∀u,w ∈ V DG .

We will also use the equivalent form of the IIPG method obtained via the weighted
residual approach introduced in [4]:

A(u,w) = 〈[[ K∇u ]], {w}〉Eo
h

+ 〈[[u ]], SE{K[[w ]]}〉Eh
∀u,w ∈ V DG,

A0(u,w) =〈[[ K∇u ]], {w}〉Eo
h
+ 〈[[u ]], SEP0

E({K[[w ]]})〉Eh
∀u,w ∈ V DG,

where we have already discarded the term (− ÷ (K∇u), w)Th
, since u ∈ V DG is

linear and K is constant on each T ∈ Th, and therefore (−÷ (K∇u), w)Th
=0. Next

result guarantees the spectral equivalence of A0(·, ·) and A(·, ·).

Lemma 1. Let A(·, ·) and A0(·, ·) be the bilinear forms of the IIPG method defined
in (3) and (5). Then, there exist c2 > 0 depending only on the shape regularity of Th
and c0 = c0(αmax, c1) > 0, such that:

c2A0(u, u) ≤ A(u, u) ≤ c0(αmax, c1)A0(u, u) ∀u ∈ V DG.
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3 Space Decomposition

In this section we introduce a new basis which provides a natural subspace splitting
of the linear V DG-space. We will show that if such basis is used the linear system
associated to (2) has special properties that allow for simple derivation of efficient
iterative methods for the non-symmetric IIPG method.

Let ϕE,T denote the canonical Crouzeix-Raviart (CR) basis function on T , dual
to the degree of freedom at the mass center mE of the face E, and extended by zero
outside T . Note that ϕE,T ∈ L2(Ω) and the support of ϕE,T is T . Then, for any
u ∈ V DG:

u(x) =
∑
T∈Th

∑
E∈∂T

uT (mE)ϕE,T (x) =
∑
E∈Eh

u+(mE)ϕ+
E(x)+

∑
E∈Eo

h

u−(mE)ϕ−
E(x).

with ϕ±
E(x) := ϕE,T±(x). Let V CR be the classical Crouziex-Raviart space:

V CR=
{
v ∈ L2(Ω) : v|T ∈ P1(T )∀T ∈ Th and P0

E [[ v ]] = 0 ∀E ∈ Eoh
}
.

Note that v = 0 at the midpointmE of each E ∈ E∂h . We also define the space

Z =
{
z ∈ L2(Ω) : z|T ∈ P1(T ) ∀T ∈ Th and P0

E{v} = 0 ∀E ∈ Eoh
}
. (6)

Observe that functions fromZ have nonzero jumps on each internal face and so they
can be deemed as highly oscillatory. Defining now:

ϕCRE = ϕE,T+ + ϕE,T− = 2{ϕE,T±} ∀E ∈ Eoh E = T+ ∩ T−,{
ψzE,T± = ϕE,T± − ϕE,T∓ ∀E ∈ Eoh E = T+ ∩ T−,

ψzE,T = ϕE,T ∀E ∈ E∂h , E = T ∩ ∂Ω,
we obtain a decomposition of the functions {ϕE,T} which provides following repre-
sentation for the spaces V CR and Z:

V CR = span{ϕCRE }E∈Eo
h

Z = span{ψzE,T }E∈Eo
h
⊕ span{ψzE,T }E∈E∂

h
.

(7)

Next result summarizes these observations.

Proposition 1. For any u ∈ V DG there exists a unique v ∈ V CR and a unique
z ∈ Z such that u = v + z , that is: V DG = V CR ⊕Z .

Thus, for all u ∈ V DG we have u = v + z with unique v and z, given by

v =
∑
E∈Eo

h

P0
E({u})ϕCRE (x), z =

∑
E∈Eh

P0
E

(
[[u ]] · n+

2

)
ψzE,T+(x).

Next Lemma gives a A-“orthogonality” property of the subspace splitting.

Lemma 2. Let u ∈ V DG be such that u = v + z with v ∈ V CR and z ∈ Z . Let
A0(·, ·) be the bilinear form defined in (5). Then,

A0(v, z) = 0 ∀ v ∈ V CR, ∀ z ∈ Z.
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3.1 Matrix Representation of the DG Bilinear Forms

We denote by A the discrete operator (Au,w) = A(u,w) (resp. (A0u,w) =
A0(u,w)). Let A (resp. A0) be the matrix representation of A (resp. A0) in certain
basis. The solution of (2) amounts to the solution of the linear system

Au = f , (8)

where u,f are the vector representations of the unknown u and the source f . If the
basis (7) is used for all these representations, we have:

u =
[

z
v

]
, A0 =

[
Azz0 0
Avz0 Avv0

]
, A =

[
Azz Azv

Avz Avv

]
. (9)

The blocks Azz, Azz0 and Avv, Avv0 correspond, respectively, to the stiffness matrices
that result when approximating the solution to (1) with the IIPG method restricted
to the Z and V CR subspaces. The block lower triangular form of A0 in (9) is a
consequence of Lemma 2. The solution of (8) with the block matrix A (or A0) as
in (9) will certainly involve solutions of smaller systems with Azz (or Azz

0 ) and Avv

(or Avv
0 ). Since, such systems are also solved in every iteration in the method we

propose, we next comment on methods for their solution:

Solution in V CR: Restricting the IIPG to the V CR space, we get:

A0(v, ϕ) = (K∇v,∇ϕ)Th
=

∑
T∈Th

(K∇v,∇ϕ)T ∀ v , ϕ ∈ V CR ,

A(v, ϕ) = (K∇v,∇ϕ)Th
+ 〈SE [[ v ]], {K[[ϕ ]]}〉Eo

h
∀v, ϕ ∈ V CR .

Hence, both Avv
0 and Avv are s.p.d. Moreover, note that A0 is the standard non-

conforming CR finite element method for the solution of ( 1). From the spectral equiv-
alence in Lemma 1, any system with Avv

0 or Avv can be efficiently solved by using
any of the known solvers for the CR approximation of ( 1); as those proposed in [7]
or [9].

Solution in the Z-space: Using the weighted residual formulation together with the
definition (6) of the Z space, it follows that ∀ z, ψ ∈ Z:

A0(z, ψ) = 〈SEP0
E([[ z ]]), {K[[ψ ]]}〉Eh

A(z, ψ) = 〈SE [[ z ]], {K[[ψ ]]}〉Eh
. (10)

Thus, restricted to Z , both A0 and A are symmetric and coercive (since we have set
αE ≥ α∗ > 0 for all E ∈ Eh). Therefore the blocks Azz

0 and Azz are both s.p.d.
Next Lemma establishes upper and lower bounds on their eigenvalues showing that
Azz0 and Azz are well conditioned.

Lemma 3. Let Z be the space defined in (6). Then for all z ∈ Z , it holds

c1(αmin)h−2‖K1/2z‖20,Th
≤ A0(z, z) ≤ A(z, z) ≤ c2(αmax)h−2‖K1/2z‖20,Th

,

where c1 and c2 depend on the mesh regularity and αmin, αmax are as in (4).



340 B. Ayuso and L.T. Zikatanov

The proof of similar result can be found in [3]. By virtue of this lemma and (4), denot-
ing by κ the condition number, we have that κ(Azz) = O(1) and κ2(Azz0 ) = O(1)
independent of the mesh size. Clearly, then a linear system with Azz can be solved
using the method of Conjugate Gradients (CG) and the number of CG iterations
needed for achieving a prescribed tolerance is also independent of the mesh size. It
is also easy to show that the matrix Azz

0 is diagonal, and hence Azz
0 can be also used

as a preconditioner for Azz .

4 A Uniformly Convergent Iterative Method

The general setting is a linear iterative algorithm with a given B(·, ·) ≈ A(·, ·):
Algorithm 1 Given initial guess u0, let uk, k ≥ 0 be the current approximation to
the solution. The next iterate uk+1 is then defined by

1. Solve B(ek, w) = (f, w)Th
−A(uk, w) ∀w ∈ V DG.

2. Update uk+1 = uk + ek.

In [3], the uniform convergence of Algorithm 1 is shown with B = Ã, the symmetric
part of A. Here we propose more efficient (in terms of computational work) algo-
rithm. It is suggested by the fact that A0 is lower triangular and the symmetric parts
ofA(·, ·) andA0(·, ·) are spectrally equivalent. This suggest to take the “block lower
triangular part” of A(·, ·) as B(·, ·), namely:

B(z + v, ψz + ϕ) := A(z, ψz) +A(z, ϕ) +A(v, ϕ), (11)

∀ v, ϕ ∈ V CR and ∀ z, ψz ∈ Z . The restrictions of this bilinear form on V CR and
Z are easy to find and the resulting iterative method can be then written in terms of
solution of the problems on the subspaces as follows:

Algorithm 2 Let u0 be a given initial guess. For k ≥ 0, and given uk = zk + vk,
the next iterate uk+1 = zk+1 + vk+1 is defined via the two steps:

1. Solve A(zk+1, ψ
z) = (f, ψz)Th

−A(vk, ψz) ∀ψz ∈ Z .
2. Solve A(vk+1, ϕ) = (f, ϕ)Th

−A(zk+1, ϕ) ∀ϕ ∈ V CR.

Observe that algorithm 2 requires two solutions of smaller s.p.d problems: one solu-
tion in Z-space (step 1 of the algorithm 2), and one solution in V CR-space (step 2
of algorithm 2). The solution of the subproblems on Z and on V CR can be done in
an efficient way as discussed in the previous section.

5 Numerical Results

We present a set of numerical experiments aimed at assessing the performance of the
proposed iterative method. We consider the model problem ( 1) on the unit square in
IR2 triangulated with a family of unstructured triangulations Th. In the tables given
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below J = 1 corresponds to the coarsest grid and each refined triangulation on level
J , J = 2, . . . , 4 is obtained by subdividing each of the triangles forming the grid on
level (J−1) into four congruent triangles. We set the permeability coefficient K = I,
to ease the comparison with the iterative methods for IIPG given in [ 3], where the
symmetric part of A, which we denote by Ã, is used as preconditioner. The coarsest
grid has n1 = 480 dofs and the finest (J = 4) has approximately n4 = 30, 720 dofs.
We have set α = Kα∗, and α∗ = 0.9 for J = 1 and α∗ = 1.3 for J ≥ 2. We
denote by B the matrix representation of B(·, ·), as given in (11), and by Ã the one
of Ã(·, ·). The latter being s.p.d. induces a norm IRnJ denoted here by ‖ · ‖eA. The
corresponding matrix norm is denoted below by the same symbol.

In Table 1 are given the rates of convergence measured in ‖ · ‖ eA-norm and in
Table 2 the asymptotic convergence rates (the spectral ρ(I− B−1A)).

Table 1. Rate of convergence: ‖I − B−1A‖eA for different levels and different values of the
penalty parameter α = Kα∗.

J = 1 J = 2 J = 3 J = 4

K = 1 0.541 0.530 0.571 0.595
K = 2 0.529 0.566 0.574 0.579
K = 4 0.576 0.610 0.616 0.619
K = 8 0.616 0.641 0.645 0.648

Table 2. Asymptotic convergence rate: ρ(I − B−1A) for different levels and different values
of the penalty parameter α = Kα∗.

J = 1 J = 2 J = 3 J = 4

K = 1 0.448 0.465 0.469 0.470
K = 2 0.451 0.465 0.469 0.470
K = 4 0.454 0.466 0.469 0.470
K = 8 0.456 0.467 0.470 0.470

The conclusion that we may draw from the above experiments is that the conver-
gence rate in ‖ · ‖eA norm is uniform with respect to the mesh size, and deteriorates
when increasing the value of the penalty parameter. The asymptotic convergence rate
is uniformly bounded with respect to bothK and the mesh size. The numerical tests
clearly show that the ‖ · ‖eA norm could be used to theoretically analyze the conver-
gence behavior of this iterative method. However, as we have already mentioned,
obtaining quantitative theoretical results that reflect and match the convergence rates
presented in Table 1 could be quite involved and is subject of a current research.
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Summary. For a class of multilevel preconditioners based on non-nested meshes, we study
numerically several selected prolongation and restriction operators. Robustness with respect
to the mesh size and to jumps in the coefficients is demonstrated.
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1 Introduction

The topic of this paper is a preconditioning strategy based on non-nested meshes for
linear problems arising from finite element discretizations. Using a set of suitable
prolongation and restriction operators, we give an explicit construction of a nested
space hierarchy with corresponding bases. The analysis of the resulting multilevel
preconditioner can be carried out in a natural way by looking at the original non-
nested spaces and the connecting operators.

The present approach has the advantage, as compared with (purely) algebraic
multigrid methods, that the little geometric information entering the setup leads to
a very efficient multilevel hierarchy. Both grid and operator complexity are partic-
ularly small. Moreover, in our numerical experiments, we observed robustness of
the developed semi-geometric method with respect to jumps in the coefficients; its
performance does also not deteriorate for systems of partial differential equations.

Aside from [1, 6, 14], our semi-geometric framework is distinctly motivated by
the literature on domain decomposition methods for unstructured meshes, e. g., [ 4, 5],
and the auxiliary space method [15]. We refer to [8] for a more detailed review. To
our knowledge, the present paper is the first one to include a numerical comparison of
different, to a greater or lesser extent sophisticated candidates for the prolongation
between non-nested finite element spaces. We examine operators from or at least
motivated by [2, 4, 5, 7, 8, 10, 11].

∗ Supported by Bonn International Graduate School in Mathematics
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2 Multilevel Preconditioners Based on Non-nested Meshes

Let Ω ⊂ Rd be a Lipschitz domain of dimension d ∈ {2, 3}. For a right hand side
f ∈ H−1(Ω) and a positive function α ∈ L∞(Ω) bounded away from zero, we
consider the variational model problem

u ∈ H1
0 (Ω) : a(u, v) := (α∇u,∇v)L2(Ω) = f(v), ∀ v ∈ H1

0 (Ω). (1)

For a Galerkin discretization of (1), let (Tl)l∈N be a family of non-nested shape regu-
lar meshes of domains (Ωl)l∈N. For a fixed finest level L ≥ 2, assume for simplicity
thatΩL = Ω and, in addition,Ωl ⊃ Ω for all l ∈ {0, . . . , L− 1}. Let hl : Ωl → R+

be a suitable function, e. g., piecewise constant, reflecting the local mesh size of T l.
We denote the set of nodes of Tl by Nl and abbreviate Nl := |Nl|. At each level l,
we consider the space Xl of Lagrange conforming finite elements of first order with
incorporated homogeneous Dirichlet boundary conditions and denote its nodal basis
functions as (λlp)p∈Nl

with λlp(q) = δpq , p, q ∈ Nl. Finally, set ωp := supp(λlp) for
p ∈ Nl.

Now, the goal is to develop an efficient method for the iterative solution of the
ill-conditioned discrete problem

u ∈ XL : ALu = fL, (2)

with the stiffness matrix AL associated with XL, namely (AL)pq := a(λLp , λ
L
q ) for

p, q ∈ NL, and the right hand side fL given by (fL)p := f(λLp ). Here and in the
following, we do not aspire to distinguish strictly between an operator or function
and its representation with respect to a finite element basis.

We introduce a rather simple multilevel preconditioner CL. The delicate point,
though, is the construction of an appropriate hierarchy of spaces from the originally
unrelated spaces (Xl)l=0,...,L. For this purpose, let the spaces (Xl)l=0,...,L be con-
nected by the prolongation operators (Π l

l−1)l=1,...,L, namely

Π l
l−1 : Xl−1 → Xl, ∀ l ∈ {1, . . . , L}.

A closer examination of selected linear operators (Π l
l−1)l=1,...,L will be the key issue

of this paper. We construct a nested sequence of spaces (V l)l=0,...,L via VL := XL,
VL−1 := ΠL

L−1XL−1, and further

Vl := ΠL
L−1 · · ·Π l+1

l Xl, ∀ l ∈ {0, . . . , L− 2}.

That way, the images of the operators determine the space hierarchy.
With the nodal bases of the finite element spacesXl−1 andXl a matrix represen-

tation of Π l
l−1 in RNl×Nl−1 can be computed for l ∈ {1, . . . , L}. For convenience,

we set λ̃Lq = λLq for q ∈ NL. Then, a basis (λ̃lp)p∈Nl
of Vl for l ∈ {0, . . . , L − 1}

can recursively be defined by

λ̃lq :=
∑

p∈Nl+1

(Π l+1
l )pqλ̃l+1

p , ∀ q ∈ Nl.
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In this manner, basis functions at level l − 1 are nothing but linear combinations of
basis functions at level l induced by the operatorΠ l

l−1; they are piecewise linear with
respect to the finest mesh TL. In particular, one can easily see that the matrixΠ l

l−1 ∈
RNl×Nl−1 may be regarded as an algebraic representation of the natural embedding
of the novel spaces Vl−1 into Vl.

Then, as customary in a variational approach, the coarse level matrices with re-
spect to the bases (λ̃lp)p∈Nl

are assembled by Galerkin restriction in the following
setup phase of the multilevel hierarchy.

Algorithm 1 (Setup semi-geometric multigrid method)
Choose type of prolongation operator according to Sect. 3.
setupSGM (type, (Tl)l=0,...,L) {

for (l = L, . . . , 1) {
Compute prolongation operator:Π l

l−1

Compute coarse level operator: Al−1 = (Π l
l−1)

TAlΠ
l
l−1}

}
If AL is symmetric positive definite and if (Π l

l−1)l=1,...,L have full rank, the
respective coarse level operators (Al)l=0,...,L−1 are symmetric positive definite, too.
In particular, the standard smoothing operators such as ν steps of the (symmetric)
Gauß–Seidel or the Jacobi method, denoted by (S νl )l=1,...,L in the following, are
assumed to satisfy a smoothing property in V l.

Algorithm 2 (Semi-geometric V(ν, ν)-cycle)
For (the residual) r ∈ Vl compute the value Clr as follows.
SGM (l, Π l

l−1, Al, S
ν
l , r) {

if (l = 0)
Solve exactly: C0r← A−1

0 r
else {

Pre-smoothing step: x← Sνl (r)
Coarse level correction:

Restriction: r̃ ← (Π l
l−1)

T (r −Alx)
Recursive call: x̃← SGM (l − 1, Π l−1

l−2 , Al−1, S
ν
l−1, r̃)

Prolongation: x← x+Π l
l−1x̃

Post-smoothing step: Clr ← x+ Sνl (r −Alx)
}
return Clr

}
The condition number of the preconditioned operator, κ(CLAL), may be ana-

lyzed using the well-known result by Bramble, Pasciak, Wang, and Xu [ 3, Theorem 1]
achieved at the beginning of the nineties. However, we emphasize that the relevant
estimates, more precisely, the existence of H 1-stable operators QVl : VL → Vl,
l ∈ {0, . . . , L − 1} satisfying suitable L2-approximation properties, follow from
assumptions on the original spaces (Xl)l=0,...,L and the prolongation operators
(Π l

l−1)l=1,...,L rather than on the spaces (Vl)l=0,...,L. Note that the possible depen-
dence of the results on the number of levels is not ruled out. For the details we refer
to [8].
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Theorem 1 (Quasi-optimal preconditioning [8, Theorem 3.5]). LetΠ l
l−1 : Xl−1 →

Xl, l ∈ {1, . . . , L}, beH1-stable prolongation operators with the L2-approximation
properties

‖h−1
l (v −Π l

l−1v)‖L2(Ω) � ‖v‖H1(Ω), ∀ v ∈ Xl−1. (3)

Assume there are H1-stable mappings QX
l : XL → Xl, l ∈ {0, . . . , L − 1}, sat-

isfying the analogous L2-approximation properties. If, additionally, the operators
(Sνl )l=1,...,L have suitable smoothing properties, then the multilevel method CL de-
fined by Algorithms 1 and 2 is a quasi-optimal preconditioner, i. e., κ(CLAL) � 1
uniformly with respect to the mesh size.

3 Looking for Suitable Prolongation Operators

The presented preconditioner based on non-nested meshes is related to both agglom-
eration multigrid methods [6] and aggregation-based algebraic multigrid methods
[1, 12, 14]. The difference is that in our semi-geometric approach the coarsening re-
flected by the “agglomerates” or “aggregates”, respectively, and thus the structures
of the coarse level operators are in large part determined by the meshes (T l)l=0,...,L.
Still, the second ingredient to the setup in Algorithm 1 is a set of prolongation
operators (Π l

l−1)l=1,...,L. It turns out that the little geometric information that en-
ters the method is enough to generate an efficient space hierarchy with relatively
smooth coarse level functions. Especially, no additional prolongation smoother [ 14]
is needed.

The paradigm one should keep in mind is that, in the multigrid context, the L 2-
projection is a natural way to prolongate a coarse level correction to a finer mesh. As
the evaluation of the discrete L2-projection is computationally inefficient in case of
non-nested meshes, one has to seek an alternative.

In this section, some selected (intuitive and more elaborate) candidates for the
prolongation operators (Π l

l−1)l=1,...,L are specified. This is done in preparation for
the numerical studies in the last section of the paper; for a more detailed review
we refer to [8]. First, we consider the most elementary operator. In the literature on
domain decomposition methods for unstructured meshes, the standard finite element
interpolation I ll−1 : C0(Ω) ⊃ Xl−1 → Xl, u �→ Ill−1u :=

∑
p∈Nl

u(p)λlp, has
been proposed to be used with non-nested coarse meshes. Different proofs of the
H1-stability and the L2-approximation property (3) can be found in [4, 5, 13] in the
context of partition lemmas.

Whereas the above mapping operates on continuous functions only, the rest of the
operators comprise a weighting and are thus well-defined on appropriate Lebesgue
spaces. The Clément quasi-interpolation operator first introduced in the influential
paper [7] is defined by

Rll−1 : L2(Ω) ⊃ Xl−1 → Xl, u �→ Rll−1u :=
∑
p∈Nl

(Qpu)(p)λlp, (4)
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with the L2-projections Qp onto the local polynomial spaces Pr(ωp) of degree
r ∈ N. It is probably most famous for its frequent use in proofs of the reliability
of a posteriori error estimators. In Sect. 4, we employRl

l−1 with r = 0.
The followingL2-quasi-projection operator has been analyzed in [2] to construct

approximation operators replacing the L2-projection from the space H 1(Ω) to the
discrete spaces Xl. It is defined by

Q̂ll−1 : L2(Ω) ⊃ Xl−1 → Xl, u �→ Q̂ll−1u :=
∑
p∈Nl

(λlp, u)L2(Ω)∫
ωp
λlp

λlp. (5)

Note that this is the operator obtained from the discrete L2-projection by lumping
the mass matrix associated with Xl.

In [8], we have investigated a new operator, primarily motivated by [ 10, 11]. For
its definition, choose a set of functions (ψ lp)p∈Nl

with ψlp ∈ C0(ωp) for all p ∈ Nl
such that (ψlp, λlq)L2(Ω) = δpq

∫
ωp
λlp, ∀ p, q ∈ Nl. Then, the pseudo-L2-projection

operator P ll−1 : L2(Ω) ⊃ Xl−1 → Xl is defined by a Petrov–Galerkin variational
formulation with trial space Xl and test space Yl := span{ψlp| p ∈ Nl} �⊂ C0(Ω)
yielding the representation formula

P ll−1u =
∑
p∈Nl

(ψp, u)L2(Ω)∫
ωp
λlp

λlp. (6)

For this last operator, the authors have proved theH 1-stability and theL2-approximation
property in case of shape regular meshes. Therefore, the multilevel preconditionerC L

defined by Algorithms 1 and 2 is quasi-optimal with the choice Π l
l−1 = P ll−1 for

l ∈ {1, . . . , L}; see [8, Theorem 5.7]. Note that the present considerations do not
yield estimates which are independent of the number of levels L, though.

Let us remark that, if the meshes Tl−1 and Tl are nested, the operators Rl
l−1

and Q̂ll−1 do not coincide with the L2-projection, which is the same as the finite
element interpolation in this case; see [8]. In contrast, the operator P ll−1 is always a
projection, especially the L2-projection in the nested case.

To evaluate (4), (5) or (6) in the setup phase (Algorithm 1) exactly, one has to
compute the intersections of elements in consecutive meshes. In practice, good re-
sults may be obtained by an approximate numerical integration via a quadrature rule
solely based on the finer mesh.

Without loss of generality, we may assume that the prolongation operators do not
contain any zero columns; otherwise the respective coarse degrees of freedom are
not coupled to the original problem (2) and should be removed in Algorithm 1. As
a measure for the efficiency of the multilevel hierarchy itself, in addition to iteration
counts or convergence rates, we put forward the notions of grid complexity C gr and
operator complexity Cop defined by

Cgr :=
L∑
l=0

Nl/NL, Cop :=
L∑
l=0

nl/nL, (7)
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that are common in the AMG literature. Here, n l is the number of non-zero entries
in Al, l ∈ {0, . . . , L}. A prevalent technique to keep Cgr and Cop small (and the
application of Algorithm 2 efficient) is truncation of the prolongation operators by
deleting the entries that are smaller than ε tr = 0.2 times the maximal entry in the
respective row and rescaling afterwards; see [12].

4 Numerical Results

Because of the geometric nature of the coarsening procedure, it is important to ana-
lyze its dependence on the meshes. This is done, in each single study, by choosing an
independently generated fine mesh TL (of varying mesh size) approximating the unit
ball. In the fashion of an auxiliary space method [15], we use nested coarse meshes
(Tl)l<L associated with the unit cube (structured; 189, 1,241 and 9,009 nodes, re-
spectively) and standard interpolation between the levels l < L. Note that the differ-
ent fine meshes yield different coarse spaces (Vl)l<L although the respective coarse
meshes are unchanged.

We report on the convergence of the conjugate gradient method (until the resid-
ual norm is below 10−16) preconditioned by the semi-geometric V(3, 3)-cycle (Al-
gorithm 2) with symmetric Gauß–Seidel smoothing. In view of the affinity of our
method to aggregation-based AMG, it is reasonable to examine whether an over-
relaxation of the coarse level correction can improve the convergence; see [ 1, 12].
For the model problem (1) and d = 3, we identify the scaling factors 1.0, 1.1, 1.1,
1.2 for the four operators, respectively, in Fig. 1. But note that over-correction is
not really necessary. The results of our experiments can be found in Table 1 for a
constant coefficient α = 1 and in Table 2 for a coefficient function α constant on
each element in TL with a randomly chosen value 1 or 10,000. For each operator, we
give the number of iteration steps and an approximation of the asymptotic conver-
gence rate. The last column (with caption “none”) always contains the values for the
one-level pcg with the symmetric Gauß–Seidel method as preconditioner.

A semi-geometric approach has the best chance of generating a very efficient
multilevel hierarchy. This can be verified by noting that the complexities ( 7) are
quite small in all numerical studies, namely down to Cgr = 1.035 and Cop = 1.070,
at the same time with convergence rates of 0.0713 and 0.0747, respectively, for the
scalar problem with 204,675 nodes; see Table 3.

Finally, let us remark that the convergence behavior does not deteriorate for sys-
tems of PDEs; see Table 4. This is in contrast to most algebraic multigrid methods;
we refer to [9] for a discussion and an exemplary comparison of different algorithms.
Certainly, one reason for this robustness is the fact that we treat the different physical
unknowns separately, e. g., the (scalar) displacement in direction of a chosen basis
of Rd in case of (linear) elasticity problems. Thus, the coarse level hierarchy is the
same in each component. In the present linear elastic example, we observe a superior
performance of the projections I and P over the operatorsR and Q̂.
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Table 1. Convergence of the pcg for a constant coefficient α. In this and the other convergence
studies (see Tables 2 and 4), we give the number of needed pcg iterations and an approximate
asymptotic convergence rate for Π = I, R, bQ, P . Both quantities appear to be reasonably
bounded.

#dof I R bQ P None
47,348 11 0.0287 11 0.0243 11 0.0230 12 0.0394 91 0.5832
53,460 12 0.0398 11 0.0255 12 0.0345 12 0.0330 97 0.6418
64,833 12 0.0381 12 0.0362 12 0.0288 12 0.0279 102 0.6434
72,525 13 0.0486 12 0.0333 12 0.0311 12 0.0288 106 0.6576
87,244 13 0.0503 13 0.0437 13 0.0452 12 0.0313 114 0.6954

127,787 14 0.0572 15 0.0469 13 0.0421 14 0.0416 125 0.6792
204,675 16 0.0761 16 0.0684 16 0.0737 16 0.0713 146 0.7358

Table 2. Convergence of the pcg for α randomly jumping between 1 and 10,000.

#dof I R bQ P None
47,348 15 0.0405 14 0.0235 14 0.0270 14 0.0296 98 0.6222
53,460 15 0.0387 14 0.0286 14 0.0277 14 0.0305 103 0.6767
64,833 15 0.0393 15 0.0357 15 0.0388 15 0.0408 109 0.6810
72,525 17 0.0653 15 0.0399 15 0.0342 15 0.0374 110 0.6470
87,244 16 0.0454 16 0.0439 16 0.0408 16 0.0412 121 0.7225

127,787 18 0.0586 17 0.0524 17 0.0553 17 0.0504 130 0.6880
204,675 20 0.0831 20 0.0790 20 0.0802 20 0.0747 152 0.7206

Table 3. Grid and operator complexity depend on the prolongation type and the problem size.
As we keep the coarse meshes fixed (but not the coarse spaces) throughout the presented
studies, both Cgr and Cop decrease with increasing problem size.

#elem. #dof Cgr(I) Cop(I) Cgr(R) Cop(R) Cgr( bQ) Cop( bQ) Cgr(P) Cop(P)

262,365 47,348 1.144 1.364 1.144 1.490 1.144 1.430 1.143 1.338
297,620 53,460 1.128 1.320 1.128 1.418 1.128 1.373 1.127 1.296
361,907 64,833 1.106 1.263 1.106 1.330 1.106 1.298 1.105 1.242
405,256 72,525 1.095 1.233 1.095 1.291 1.095 1.263 1.095 1.214
490,617 87,244 1.079 1.190 1.079 1.230 1.079 1.210 1.079 1.173
719,951 127,787 1.055 1.128 1.055 1.149 1.055 1.138 1.055 1.117

1,161,926 204,675 1.035 1.076 1.033 1.085 1.033 1.080 1.035 1.070

Table 4. Linear elastic problem on the unit ball with Poisson ratio 0.3. Some differences in
the performance of the prolongation operators may be observed.

#dof I R bQ P None
142,044 17 0.0915 24 0.1969 23 0.1754 19 0.1194 137 0.7398
160,380 17 0.0974 25 0.1936 23 0.1667 19 0.1319 146 0.7936
194,499 18 0.1068 28 0.2215 26 0.1767 20 0.1473 152 0.7501
217,575 18 0.1101 29 0.2297 26 0.2107 21 0.1447 160 0.8159
261,732 19 0.1285 31 0.2382 27 0.2095 21 0.1600 175 0.8334
383,361 20 0.1439 32 0.2547 28 0.2279 22 0.1692 186 0.8395
614,025 24 0.1895 34 0.2411 31 0.2267 24 0.1969 217 0.8760
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Fig. 1. Over-relaxation of the coarse level correction Πl
l−1ex in Algorithm 2. Study of the

number of pcg iterations depending on the scaling factor for the choices Π = I, R, bQ, P
(from left to right). Each line represents a different problem size.
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12. K. Stüben. An introduction to algebraic multigrid. In U. Trottenberg et al., editors,
Multigrid, pp. 413–532. Academic Press, London, 2001.

13. A. Toselli and O. Widlund. Domain Decomposition Methods – Algorithms and Theory,
volume 34 of Springer Series in Computational Mathematics. Springer, Berlin 2005.
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1 Introduction

Multiple scattering of waves is one of the important research topics in scientific and
industrial fields. A number of numerical methods have been developed to compute
waves scattered by several obstacles, e.g., acoustic waves scattered by schools of
fish, water waves by ocean structures, and elastic waves by particles in composite
materials.

In this paper, we focus on the acoustic scattering, which is described as solutions
of boundary value problems of the Helmholtz equation in an unbounded domain. In
order to compute such solutions numerically, the following method is well known
[2, 6]: one introduces an artificial boundary and imposes an artificial boundary con-
dition on it to reduce the original problem on the unbounded domain to a problem on
a bounded domain enclosed by the artificial boundary. Recently, [ 4] have developed
a new method by extending the method above to the multiple scattering problem.
In their method, one introduces several disjoint artificial boundaries, each of which
surrounds one of the obstacles, and imposes an exact non-reflecting boundary con-
dition on such artificial boundaries. This boundary condition is called the multiple
DtN (Dirichlet-to-Neumann) boundary condition.

In this paper, we parallelize their method by a parallel nonoverlapping Schwarz
method due to [5]. The original unbounded domain is then decomposed into bounded
subdomains, each of which is surrounded by one of the artificial boundaries, and the
remaining unbounded subdomain. A particular feature of this method is including a
problem in the unbounded subdomain, imposing Sommerfeld’s radiation condition.
This problem is reduced to a certain problem on the multiple artificial boundaries by
the natural boundary reduction due to [2].

The remainder of this paper is organized as follows. In Sect. 2 we introduce
the exterior Helmholtz problem, and present a parallel Schwarz algorithm and its
convergence theorem, which is proved by the energy method due to [ 1] in Sect. 5. We
introduce the multiple DtN operator associated with the problem on the unbounded
subdomain in Sect. 3. We describe how to reduce the problem on the unbounded
subdomain to the problem on the multiple artificial boundaries in Sect. 4.
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2 Exterior Helmholtz Problem and Schwarz Method

We consider the following exterior Helmholtz problem:⎧⎪⎪⎨⎪⎪⎩
−Δu− k2u = f in Ω∞,

u = 0 on
⋃J
j=1 ∂Oj,

lim
r−→+∞

r
1
2

(
∂u

∂r
− iku

)
= 0,

(1)

where k is a positive constant, Oj (1 ≤ j ≤ J) are bounded open sets of R2,

Ω∞ := R2 \
(⋃J

j=1Oj
)

, and f is a given datum. Assume that Ω∞ is connected, f

has a compact support, and ∂Oj (1 ≤ j ≤ J) are of class C∞. Problem (1) has a
unique solution belonging toH 2

loc(Ω∞) for every compactly supported f ∈ L2(Ω∞)
(see [7]), where

Hm
loc(Ω∞) := {u | u ∈ Hm(B) for all bounded open set B ⊂ Ω∞} (m ∈ N).

2.1 Domain Decomposition

Suppose that for each 1 ≤ j ≤ J , there exists a ball Bj with radius aj and center cj
such that Oj ⊂ Bj , supp f ⊂

⋃J
j=1 Bj , and Bj ∩ Bl = ∅ if j �= l. We introduce,

for every 1 ≤ j ≤ J , artificial boundaries: Γj :=
{
x ∈ R2 | |x− cj| = aj

}
and

bounded domains: Ωj := Bj \ Oj . We further introduce the following unbounded

domain:Ω0 := R2 \
(⋃J

j=1 Bj

)
. Then we can decomposeΩ∞ into subdomainsΩ0,

Ω1, . . ., ΩJ : Ω∞ =
⋃J
j=0Ωj , and we haveΩj ∩Ωl = ∅ if j �= l.

2.2 A Parallel Schwarz Method

To solve problem (1), we consider the following parallel Schwarz method of Lions:

(1) Choose u0
0 and u0

j (1 ≤ j ≤ J).
(2) For n = 1, 2, . . ., solve⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−Δun0 − k2un0 = 0 in Ω0,

−∂u
n
0

∂rj
− ikun0 = −

∂un−1
j

∂rj
− ikun−1

j on Γj (1 ≤ j ≤ J),

lim
r−→+∞

r1/2
(
∂un0
∂r

− ikun0

)
= 0,

(2)
and for 1 ≤ j ≤ J ,⎧⎪⎪⎨⎪⎪⎩

−Δunj − k2unj = f in Ωj ,
unj = 0 on ∂Oj,

∂unj
∂rj

− ikunj =
∂un−1

0

∂rj
− ikun−1

0 on Γj .
(3)
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Here, for each 1 ≤ j ≤ J , (rj , θj) are polar coordinates with origin cj , and then the
normal derivative on Γj is expressed by ∂/∂rj . As is well known, problems (2) and
(3), respectively, have a unique solution.

Theorem 1. Let u, un0 , and unj (1 ≤ j ≤ J) be the solutions of problems (1), (2),
and (3), respectively. If

∂u0
0

∂rj
− iku0

0

∣∣∣∣
Γj

and −
∂u0

j

∂rj
− iku0

j

∣∣∣∣∣
Γj

∈ H1/2(Γj) (1 ≤ j ≤ J), (4)

then we have un0 −→ u in L2(Γ ) and unj −→ u in H1(Ωj) (1 ≤ j ≤ J) as

n −→ +∞, where Γ :=
⋃J
j=1 Γj .

3 Multiple DtN Operator

We introduce the multiple DtN operator

S : H1/2(Γ )

⎛⎝∼= J∏
j=1

H1/2(Γj)

⎞⎠ −→ H−1/2(Γ )

⎛⎝∼= J∏
j=1

H−1/2(Γj)

⎞⎠
defined by

S : p =

⎡⎢⎢⎢⎣
p1

p2

...
pJ

⎤⎥⎥⎥⎦ −→
⎡⎢⎢⎢⎢⎢⎢⎢⎣

− ∂u
∂r1

∣∣∣
Γ1

− ∂u
∂r2

∣∣∣
Γ2

...

− ∂u
∂rJ

∣∣∣
ΓJ

⎤⎥⎥⎥⎥⎥⎥⎥⎦
,

where pj := p|Γj (1 ≤ j ≤ J), and u is the solution of the following problem:⎧⎪⎪⎨⎪⎪⎩
−Δu− k2u = 0 in Ω0,

u = p on Γ,

lim
r−→+∞

r1/2
(
∂u

∂r
− iku

)
= 0.

To represent S in an implicit form involving some operators which can be ana-
lytically represented, we introduce, for each 1 ≤ j ≤ J , an operator

Gj : H1/2(Γj) −→ H1
loc(Dj)

defined by Gj [ϕj ] := wj , where wj ∈ H1
loc(Dj) is the solution of the following

problem: ⎧⎪⎪⎨⎪⎪⎩
−Δwj − k2wj = 0 in Dj ,

wj = ϕj on Γj ,

lim
rj−→+∞

r
1
2
j

(
∂wj
∂rj

− ikwj

)
= 0,

(5)

where Dj :=
{
x ∈ R2 | |x− cj | > aj

}
.
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Theorem 2. If u ∈ H1
loc(Ω0) satisfies⎧⎨⎩ −Δu− k2u = 0 in Ω0,

lim
r−→+∞

r
1
2

(
∂u

∂r
− iku

)
= 0,

then there uniquely exists a ϕ ∈ H 1/2(Γ ) such that

u =
J∑
j=1

Gj [ϕj ] in Ω0. (6)

Proof. See [4]. &'
Taking the traces and the normal derivatives ∂/∂rj of both sides of (6) on Γj

(1 ≤ j ≤ J), we get

u = ϕj +
∑
l 
=j
Pjl[ϕl] on Γj (7)

and
∂u

∂rj
= −Sj[ϕj ]−

∑
l 
=j
Tjl[ϕl] on Γj , (8)

respectively, where

Pjl[ϕl] := Gl[ϕl]|Γj
, −Tjl[ϕl] :=

∂

∂rj
Gl[ϕl]

∣∣∣∣
Γj

(1 ≤ j �= l ≤ J),

−Sj [ϕj ] :=
∂

∂rj
Gj [ϕj ]

∣∣∣∣
Γj

(1 ≤ j ≤ J).

We here remark that Sj is the single DtN operator associated with (5). Deleting ϕj
from (7) and (8), we can see that the multiple DtN operator S can be represented as
follows:

S = TC−1, (9)

where

C :=

⎡⎢⎢⎢⎣
I P12 · · · P1J

P21 I · · · P2J

...
...

. . .
...

PJ1 PJ2 · · · I

⎤⎥⎥⎥⎦ , T :=

⎡⎢⎢⎢⎣
S1 T12 · · · T1J

T21 S2 · · · T2J

...
...

. . .
...

TJ1 TJ2 · · · SJ

⎤⎥⎥⎥⎦ .
As we all know, we can obtain an analytical representation of G j by separation

of variables, and hence, from this representation, we can derive analytical represen-
tations of the operators Sj , Tjl, and Pjl.

Note that we have C ∈ Isom(H1/2(Γ ), H1/2(Γ )), the proof of which will ap-
pear elsewhere.
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4 How to Solve Problem (2)

If un0 is the solution of problem (2), then we have

−∂u
n
0

∂rj
= Sun0 |Γj

(1 ≤ j ≤ J).

Hence we can reduce problem (2) to the following problem on Γ : find p ∈ H 1/2(Γ )
such that

Sp− ikp = λ, (10)

where λ ∈ H−1/2(Γ ) and λ = −∂un−1
j /∂rj − ikun−1

j on Γj . This process is often
called the natural boundary reduction (cf. [2]). The solution p of this problem gives
the trace on Γ of the solution un0 of problem (2).

By (9), we have

(S − ikI)p = λ⇐⇒ (T − ikC)C−1p = λ.

Hence, we can solve (10) by executing the following two processes:

• Solve (T − ikC)ϕ = λ.
• Compute p = Cϕ.

Equation (T − ikC)ϕ = λ can be written in the following variational form: find
ϕ ∈ H1/2(Γ ) such that

〈Sjϕj , ψj〉j +
∑
l 
=j

∫
Γj

Tjl [ϕl]ψj dΓj

−ik

⎛⎝∫
Γj

ϕjψj dΓj +
∑
l 
=j

∫
Γj

Pjl [ϕl]ψj dΓj

⎞⎠
= 〈λj , ψj〉j ∀ψj ∈ H1/2(Γj), 1 ≤ ∀j ≤ J, (11)

where 〈·, ·〉j is the duality pairing between H−1/2(Γj) and H1/2(Γj).
We can practically compute (11) by using the analytical representations of the

operators Sj , Tjl, and Pjl. Discretizing (11) by a FEM, we need to solve a linear
system whose matrix is full and of order the number of nodes on Γ .

5 Proof of Theorem 1

We can prove Theorem 1 by the energy technique due to [1]. Let u, un0 , and unj (1 ≤
j ≤ J) be the solutions of problems (1), (2), and (3), respectively. Put enj := u−unj
(0 ≤ j ≤ J). We should keep in mind that if (4) is satisfied, then en0 ∈ H2

loc(Ω0) and
enj ∈ H2(Ωj) (1 ≤ j ≤ J) for all n ∈ N.

We now define a pseudo energy En by

En :=
∫
Γ

|Sen0 − iken0 |
2
dΓ +

J∑
j=1

∫
Γj

∣∣∣∣∂enj∂rj
− ikenj

∣∣∣∣2 dΓj .
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Lemma 1. {En}∞n=1 is a decreasing sequence.

Proof. Because enj satisfies the homogeneous equation in Ωj and the homogeneous
boundary condition on ∂Oj , we have

Im

{∫
Γj

∂enj
∂rj

enj dΓj

}
= 0 (12)

for every n ∈ N and for each 1 ≤ j ≤ J . Hence, for every n ∈ N, we have the
following energy equality:

En+1 = En + 4k Im
{∫

Γ

Sen0 e
n
0 dΓ

}
. (13)

Since en0 also satisfies the homogeneous equation in Ω0, we have

Im
{∫

Γ

Sen0 e
n
0 dΓ

}
= −kR

∞∑
μ=−∞

Im

{
H

(1)′
μ (kR)

H
(1)
μ (kR)

}∣∣en0,μ(R)
∣∣2 (14)

for an arbitrary positive number R satisfying Γ ⊂ {x ∈ R2 | |x| < R}, where H (1)
μ

is the first kind Hankel function of order μ, and en0,μ(R) is the μth Fourier coefficient
of en0 on ΓR := {x ∈ R2 | |x| = R}. As we all know, we have

Im

{
H

(1)′
μ (kR)

H
(1)
μ (kR)

}
> 0 (15)

for all μ ∈ Z. Therefore, combining (13), (14) and (15) completes the proof of
Lemma 1. &'

Proposition 1. We have S − ikI ∈ Isom(H 1/2(Γ ), H−1/2(Γ )).

Proof. We can prove from the two facts that S − ikI is a bounded linear operator
fromH1/2(Γ ) onto H−1/2(Γ ), and that the following problem:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−Δu− k2u = 0 in Ω0,

− ∂u

∂rj
− iku = λ on Γj (1 ≤ j ≤ J),

lim
r−→+∞

r1/2
(
∂u

∂r
− iku

)
= 0

has a unique solution belonging to H 1
loc(Ω0) for every λ ∈ H−1/2(Γ ). &'

Proof of Theorem 1
Proposition 1 assures us that there exists a positive constant C such that

‖en+1
0 ‖H1/2(Γ ) ≤ C‖λ‖H−1/2(Γ ), (16)

where λj = −∂enj /∂rj − ikenj . Using (12) and Lemma 1, we have
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‖λ‖2L2(Γ ) =
J∑
j=1

∫
Γj

∣∣∣∣∂enj∂rj
− ikenj

∣∣∣∣2 dΓj ≤ E1. (17)

From (16) and (17), {en0} is a bounded sequence in H 1/2(Γ ), and hence {en0} has a
subsequence {enl

0 } such that enl
0 −→ e0 in H1/2(Γ ) weakly. This indicates that for

all q ∈ H1/2(Γ ),∫
Γ

Senl
0 q dΓ = 〈enl

0 , S
∗q〉 −→ 〈e0, S∗q〉 = 〈Se0, q〉, (18)

where S∗ is the DtN operator corresponding to the incoming radiation condition, and
〈·, ·〉 is the duality pairing betweenH−1/2(Γ ) and H1/2(Γ ).

On the other hand, from Lemma 1, (14), and (15), we have

E1 ≥
∫
Γ

|Sen0 − iken0 |2 dΓ

=
∫
Γ

{
|Sen0 |2 + k2|en0 |2

}
dΓ − 2k Im

{∫
Γ

Sen0e
n
0 dΓ

}
≥

∫
Γ

|Sen0 |2 dΓ.

This implies that there exists a subsequence of {Senl
0 }, still denoted by {Senl

0 },
which converges in L2(Γ ) weakly. Thus, we can see from (18) that Se0 ∈ L2(Γ )
and Senl

0 −→ Se0 in L2(Γ ) weakly. Further, by the compact imbedding ofH 1/2(Γ )
in L2(Γ ), enl

0 −→ e0 in L2(Γ ) strongly, and hence we have∫
Γ

Senl
0 e

nl
0 dΓ −→

∫
Γ

Se0e0 dΓ.

Now, from (13), we get

En+1 = E1 + 4k
n∑

m=1

Im
{∫

Γ

Sem0 e
m
0 dΓ

}
,

and hence Im
{∫
Γ Se

m
0 e

m
0 dΓ

}
−→ 0. Thereby we have Im

{∫
Γ Se0e0 dΓ

}
= 0.

This implies e0 = 0. Therefore, we can conclude that un0 −→ u in L2(Γ ).
We can show that unj −→ u in H1(Ωj) (1 ≤ j ≤ J) in the same way as in the

proof of Theorem 2.6 in [1]. &'

6 Concluding Remarks

We demonstrated the convergence of the parallel Schwarz method of Lions for mul-
tiple scattering problems. Many techniques of acceleration of the convergence of the
Schwarz method have been developed (see [3, 8]). The investigation of acceleration
techniques is yet to be done for the Schwarz method presented in this paper.



358 D. Koyama

References

1. B. Després. Domain decomposition method and the Helmholtz problem. In Mathematical
and Numerical Aspects of Wave Propagation Phenomena (Strasbourg, 1991), pp. 44–52.
SIAM, Philadelphia, PA, 1991.

2. K. Feng. Finite element method and natural boundary reduction. In Proceeding of the In-
ternational Congress of Mathematicians, Warsaw, Poland, 1983.

3. M.J. Gander, F. Magoulès, and F. Nataf. Optimized Schwarz methods without overlap for
the Helmholtz equation. SIAM J. Sci. Comput., 24(1):38–60, 2002.

4. M.J. Grote and C. Kirsch. Dirichlet-to-Neumann boundary conditions for multiple scatter-
ing problems. J. Comput. Phys., 201(2):630–650, 2004.

5. P.-L. Lions. On the Schwarz alternating method. III: a variant for nonoverlapping subdo-
mains. In T.F. Chan, R. Glowinski, J. Périaux, and O. Widlund, editors, Third International
Symposium on Domain Decomposition Methods for Partial Differential Equations , held
in Houston, Texas, March 20–22, 1989, SIAM, Philadelphia, PA, 1990.

6. M. Masmoudi. Numerical solution for exterior problems. Numer. Math., 51:87–101, 1987.
7. R.S. Phillips. On the exterior problem for the reduced wave equation. In Partial Differential

Equations (Proc. Sympos. Pure Math., Vol. XXIII, Univ. California, Berkeley, CA, 1971),
pp. 153–160, AMS, Providence, RI, 1973.

8. D. Tromeur-Dervout. Aitken-Schwarz method: acceleration of the convergence of the
Schwarz method. In F. Magoulès and T. Kako, editors, Domain Decomposition Methods:
Theory and Applications, chapter 2, pp. 37–64, Gakkotosho, Tokyo, 2006.



Numerical Method for Antenna Radiation Problem by
FDTD Method with PML
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Summary. In the numerical simulation of electromagnetic wave radiation from an antenna,
the antenna is assumed to be a perfectly conducting obstacle. It was shown numerically that
the antenna can be effectively modeled by a highly conducting region occupied by it. The
Finite Difference Time Domain method combined with Perfectly Matched Layer gives a flexi-
ble numerical methodology for this problem. We apply the method to analyze several radiation
problems with different types of antennas such as a birdcage and the Yagi types where the delta
gap type power supply model is adopted. For treating an unbounded outer region numerically,
we apply a newly developed technique to discretize the PML region with little artificial re-
flection. Theoretical justification of this procedure for a 1D case was presented in DD17, and
effectiveness of this technique was also demonstrated numerically for 2D and 3D cases. We
observe a good 3D numerical performance of the method and confirm its usefulness though
theoretical justification remains as a future problem.

1 FDTD Method and PML

In this paper, we consider a numerical method for electromagnetic wave propagation
in an unbounded domain. The standard numerical method for computing an electro-
magnetic wave is the FDTD (Finite Difference Time Domain) method introduced by
[6]. To solve the problem in the unbounded domain, one must truncate the outer un-
bounded domain appropriately. For this purpose the PML (Perfectly Matched Layer)
which was firstly introduced by [1] is popularly used, where one introduces an arti-
ficial magnetic conductivity σ∗ in this region. When we discretize the equations in
the PML, some artificial reflections are observed in a solution by the original scheme
of Berenger. We firstly review a new discretization scheme with fewer reflection in-
troduced by the present authors, [3] for a 1D problem and also applied for 2D and
3D problems. This scheme applied to the 1D problem does not cause any artificial
reflection at least in the constant σ∗ region. Although we have not proved mathe-
matically the non-existence of the artificial reflection for 2D and 3D cases, we have
succeeded in validating the method for these cases numerically.
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Secondly, we develop a 3D numerical method to simulate propagation of an RF
(Radio-Frequency) wave emitted by various antennas such as the Yagi antennas and
birdcage coil antennas used for an MRI (Magnetic Resonance Imaging) device.

In the FDTD method, a finite difference method with a space-time staggered
mesh is used for discretization of the Maxwell equation. To solve the problem in an
unbounded region, we employ the PML and introduce an artificial absorption term
σ∗ in the equation to attenuate the wave there. In order to make the computational
domain finite we impose a perfectly reflecting boundary condition on the outermost
boundary of the PML. The additional boundary condition may introduce a further
extra artificial reflection, but the reflection is supposed to be controllable within a
negligible level in most applications. The Maxwell equation in non-PML region is
written as

∂

∂t
E(t, x) = −σ(x)

ε
E(t, x) +

1
ε
∇×H(t, x), (1)

∂

∂t
H(t, x) = − 1

μ
∇× E(t, x), (2)

and in the PML region as

∂

∂t
E(t, x) = −σ(x)

ε
E(t, x) +

1
ε
∇×H(t, x), (3)

∂

∂t
H(t, x) = −σ

∗(x)
μ

H(t, x)− 1
μ
∇× E(t, x), (4)

with E = (Ex, Ey , Ez) the electric field, H = (Hx, Hy, Hz) the magnetic field, ε
the electric permittivity, μ the magnetic permeability, σ the electric conductivity and
σ∗ the artificial magnetic conductivity. In the followings, we assume without loss
of generality, that ε = μ = 1, and also impose an impedance matching condition,
σ∗ = σ.

By introducing σ∗, the solution in the non-PML region does not change numer-
ically in 1D, 2D and 3D cases, and we can prove it theoretically in 1D case (see
[3]).

In both PML and non-PML regions, in accordance with the idea of [ 1], we split
the variablesE andH into two components as Ex = Exy +Exz , Hx = Hxy +Hxz

and so on. By using these variables the Maxwell equation is expressed as

∂

∂t
Exy(t, x) = −σy(x)Exy(t, x) +

∂(Hzx(t, x) +Hzy(t, x))
∂y

, (5)

∂

∂t
Exz(t, x) = −σz(x)Exz(t, x) −

∂(Hyz(t, x) +Hyx(t, x))
∂z

, (6)

and similar equations derived by permutatingx, y, z cyclically and changing the roles
of E andH . The formulation for one dimensional case is seen in [ 3].

New FDTD discretization scheme for the 3D equations is
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En+1
xy (i+

1
2
, j, k) = AxyE

n
xy(i+

1
2
, j, k)

+ Bxy{H
n+ 1

2
zx (i+

1
2
, j +

1
2
, k) +H

n+ 1
2

zy (i+
1
2
, j +

1
2
, k)

− H
n+ 1

2
zx (i+

1
2
, j − 1

2
, k)−Hn+ 1

2
zy (i+

1
2
, j − 1

2
, k)}, (7)

with the coefficients,

Axy = e−σy(j)Δt and Bxy =
Δt

Δy
e−σy(j)Δt/2, (8)

and so on. In the previous standard scheme by Berenger, the corresponding coeffi-
cients are

Axy = e−σy(j)Δt, and Bxy =
1− eσy(j)Δt

σy(j)Δy
. (9)

There is another simplified scheme where the coefficients are given as

Axy =
1− σy(j)Δt

2

1 + σy(j)Δt
2

and Bxy =
Δt

Δy(1 + σy(j)Δt
2 )

. (10)

We show comparison of performance among these schemes by numerical exam-
ples in Fig. 1. It can be concluded that our new scheme is superior to others.
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Fig. 1. Comparison of reflection waves at t = 0.6 by Berenger’s scheme (left), simplified
scheme (middle) and new scheme (right).

To check the validity of our method in 3D case, we show a time evolution of the
absolute value of the Poynting’s vector at an observation point for an initial value
problem with a delta function like initial profile. Figure 2 shows that the artificial
reflection from the PML region is negligible, although we observe some small re-
flection wave from the PML region as well as from the outermost boundary.

2 Basic Formulation of Antenna Problem

Among variety of electromagnetic radiation and scattering problems the antenna
problem is a special case where a scatterer or an obstacle is a low dimensional sin-
gular object.



362 T. Kako and Y. Ohi

The antenna is usually modeled as a perfectly conducting obstacle, which con-
stitutes a lower dimensional region in the computational domain such as a flat plate
or a parabola panel as 2D region and a line or an array of lines as 1D region.

To make the numerical simulation, we need to calculate the electric current den-
sity profile on the line antennas. For this purpose, Pocklington’s integral equation for
electric current is already known in the case of a straight line antenna, for which the
standard numerical methodology is the moment method. There are, however, several
demerits of the method, i.e., it is effective only for the time harmonic problem and is
not so easy to extend it to more general antenna configurations.

On the other hand, the new method developed by us is free from these demerits as
our methodology is based on the FDTD method combined with the PML for solving
time dependent problems, and treats the antenna as an electrically highly conduc-
tive region, and the current density on the antenna can be calculated afterwards if
necessary.

A typical example of an array of line antennas is the Yagi antenna consisting of a
power supplier, reflectors and guiders (see [2]). In Fig. 3, the energy density profiles
of the wave on x–y plane and x–z plane are shown. The computational region is
approximately 2.2×2.2×2.2 with the PML having the thickness of 6h = 6×2−6 ≈
0.1 with the mesh size h = 2−6. The antenna lengths of the supplier, the reflector and
two guiders are 29h, 31h, 29h and 27h, respectively. At the midpoint of the supplier,
we assume a delta gap power supply, i.e., an external source which supplies a time
harmonic electric field sin(2πft)/h with frequency f = 1.0 on one mesh point. The
spatial mesh size h is h = 2−6 = 1/64 as stated before and the temporal mesh size τ
is τ = h/2 = 2−7 = 1/128. Figure 3 shows four spatial profiles of electromagnetic
energy density of the radiating wave from a Yagi antenna at time t = t 0, t0+(1/4)f ,
t0 + (1/2)f and t0 + (3/4)f with sufficiently large t0 = 5.0 � f = 1.0. One of
the most interesting and important problems is to arrange the components of the
line antennas so that the best performance of electromagnetic wave radiation to the
desirable direction is attained. We leave this problem to be solve in our future study.
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Fig. 2. Time evolution of the absolute value of Poynting’s vector for an initial value problem.
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3 Application to MRI Problem

As an application of our method, we show an example of the electromagnetic ra-
diation and scattering problems appearing in MRI (Magnetic Resonance Imaging)
which is an imaging technology based on NMR (Nuclear Magnetic Resonance).
There are many researches on human susceptibility related to a mobile phone (see
for example, [4, 5]) because use of electromagnetic wave of radio frequency range is
considered to have some unfavorable heating effect on the human body. Though the
calculation of SAR (Specific Absorption Rate) is important for this purpose, only a
few studies have been carried out on this problem up to now concerning MRI. Hence
it is challenging to develop a methodology for the estimation of SAR concerning
MRI.

For this purpose we first simulate numerically the propagation of the electromag-
netic wave excited by a birdcage coil in MRI device by the FDTD method with the
PML. Then by putting a phantom of a human body inside the birdcage coil we esti-
mate SAR in the phantom, by which the possible change of SAR under different coil
configuration can be studied.

In Fig. 4 we show examples of numerical simulation on heating of a phantom in
MRI with birdcage antennas. The size of computational domain is 2.2×2.2×2.2 m 3

and the thickness of PML is 0.1 m, and the frequency of power supply is 64 MHz. In
this example, some specific parts of the phantom body are heated more in comparison
with other parts. For example, we observed several typical phenomena, i.e., SAR
becomes higher at the positions nearest to the coil as a head and a waist, and also at
edges of the body, especially at the edges of convex shape as a head, a shoulder and
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Fig. 3. Examples of numerical simulation on spatial profiles of electromagnetic energy density
for a Yagi antennas at different times.
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a waist. Naturally, we see that the SAR decreases with increasing the coil dimension
(length and radius) and increasing the distance between the body and the coil. The
detailed analysis including the optimization of the antenna coil configurations and
others based on this methodology is our future problem.

4 Summary and Future Problems

We now summarize our study as follows:

(i) We tested the efficiency of our methodology through a basic antenna configura-
tion such as the Yagi antennas.

(ii) We applied our new scheme to the 3D MRI problem with a source birdcage coil
antenna, and computed SAR for a phantom body inside the coil.

Future problems are

(i) the optimal design of various line antennas by using appropriate optimization
algorithm (such as gradient method and/or GA);

(ii) the investigation of possible variation of SAR when we increase or decrease the
number of leading wires connecting two circular wires of birdcage coil;

(iii) the study of the effect of static background magnetic field configuration as well
as the effect of the way of impressing a source voltage through background elec-
tric circuit;

(iv) the usage of more realistic CAD models of a human body in its geometric shape
and with physical and/or physiological parameters.
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1 Introduction

Development of numerical methods for the solution of contact problems is a chal-
lenging task whose difficulty lies in the non-linear conditions for non-penetration and
friction. Recently, many authors proposed to use various numerical algorithms com-
bined with multigrid or domain decomposition techniques; see, e.g., the primal-dual
active set algorithm [8], the non-smooth multiscale method [10], or the augmented
Lagrangian based algorithm [3]. Another alternative consists in the formulation of
suitable iterations solving the elasticity equations for each sub-body separately with
certain boundary conditions [5]. In [1], the authors proposed a Dirichlet-Neumann
algorithm which takes into account the natural interface for frictionless contact prob-
lems. Another improvement has led to a Neumann–Neumann algorithm in which
they added two Neumann sub-problems in order to ensure the continuity of normal
stresses [2]. Later, various numerical implementations of this approach was given in
[7, 9]. In this contribution, we extend the algorithm to two-body contact problems
with Tresca friction. The advantage consists in decoupling the non-penetration and
friction conditions between the bodies so that they are treated separately by smaller
subproblems that may be solved in parallel. With respect to existing (global) algo-
rithms, our method is suitable in situations when material or geometrical qualities of
the bodies are considerably different. By numerical experiments, we illustrate that
the algorithm is mesh independent for a suitable choice of parameters.

2 Contact Problems with Tresca Friction

Let us consider two elastic bodies occupying bounded domainsΩ α ∈ R2, α = 1, 2.
Each boundary Γ α := ∂Ωα is assumed piecewise continuous and composed of
three disjoint, non-empty parts Γ α

u , Γα	 , and Γ αc . Each body Ωα is fixed on Γ αu
and subject to surface tractions φα ∈ L2(Γα	 ). The body forces are denoted by
fα ∈ L2(Ωα). In the initial configuration, the bodies possess the common contact
interface Γc := Γc

1 = Γc
2, where the unilateral contact with Tresca friction is
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considered. The problem consists in finding the displacement field u = (u 1,u2),
uα := u|Ωα , and the stress tensor σ = (σ(u1), σ(u2)) such that for α = 1, 2:

divσ(uα) + fα = 0 in Ωα,
σ(uα)nα = φα on Γα	 ,

uα = 0 on Γαu

⎫⎬⎭ (1)

and σ is related to the strain tensor e(uα) =
(
∇uα + (∇uα)T

)
/2 by Hooke’s law

for linear isotropic materials:

σij(uα) = Eαijkhekh(u
α),

where E = (Eαijkh)1≤i,j,k,h≤2 ∈ (L∞(Ωα))16 is the fourth-order tensor satisfying
the symmetry and ellipticity conditions.

We will use the usual notation for the normal and tangential components of the
displacement and stress vectors on Γc:

uαN = uα.nα, uαT = uα.tα, σαN = (σ(uα)nα).nα, σT α = (σ(uα)tα).nα,

where nα denotes the unit outer normal vector to Γ α
c and tα is the unit tangential

vector satisfying tα.nα = 0 and t1 = −t2. On Γc, the unilateral contact law is given
by

σ1
N = σ2

N := σN , σ1
T = σ2

T := σT , (2)

[uN ] ≤ 0, σN ≤ 0, σN [uN ] = 0, (3)

where [uN ] := u1
N + u2

N is the jump in the normal direction across the interface Γc.
The Tresca law of friction is given by

|σT | ≤ g,
|σT | < g ⇒ [uT ] = 0,
|σT | = g ⇒ ∃κ ≥ 0 : [uT ] = −κσT on Γc,

⎫⎬⎭ (4)

where g ∈ L2(Γc), g ≥ 0, is the given slip bound on Γc and [uT ] := u1
T + u2

T .

Remark 1. In the Coulomb law of friction, g replaces F|σN |, i.e., the product of
the coefficient of friction F and à-priori unknown absolute value the normal contact
stress σN .

The problem of finding the couple u = (u1,u2) satisfying (1), (2), (3), and (4)
will be called (P). Its existence and uniqueness is established in [6].

3 Algorithms and the Implementation

We start with the algebraic formulation of the non-decomposed problem. Let p α
denote the dimension of the finite element space Vα

0,h defined on the triangulation
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T αh of Ωα, α = 1, 2, and p := p1 + p2. Further, let q be the number of contact

nodes of Ω1, i.e., the nodes of T 1
h lying on Γ c \ Γ

1

u. As we consider matching
grids, the contact nodes of Ω1 and Ω2 coincide. By A ∈ Rp×p and b ∈ Rp, we
denote the stiffness matrix and the load vector, respectively, of the whole structure.
Let us note that A, b can be naturally decomposed into blocks corresponding to
Ω1 and Ω2 so that A = diag(A1,A2), b = (b�

1 , b
�
2 )�, where Aα ∈ Rpα×pα are

symmetric, positive definite and bα ∈ Rpα , α = 1, 2. We introduce the matrices
Nα,Tα ∈ Rq×pα , α = 1, 2, projecting contact displacements to the directions of
nα, tα, respectively, i.e., each row of Nα,Tα contains the two components of the
corresponding normal nα and tangential tα vectors. For sake of simplicity we denote
by Bα = (N�

α ,T
�
α )� that are matrices with orthonormal rows. Finally, the vector

g ∈ Rq is determined by the nodal values of g.
The finite element approximation of (P) leads to the following algebraic prob-

lem:

minimize
1
2

u�Au− u�b +
q∑
i=1

gi|T1u1 + T2u2|i

subject to N1u1 + N2u2 ≤ 0,
(5)

where u = (u�
1 , u

�
2 )�, uα ∈ Rpα , α = 1, 2 and |v| = (|v1|, |v2|, ..., |vq|)� for

v = (v1, ..., vq)�.
The problem (5) can be solved by ALGORITHM 1 and ALGORITHM 2 which are

discrete versions of our domain decomposition methods .

Algorithm 1 Let λ(0) = (λ(0)
ν

�
,λ

(0)
τ

�
)� ∈ R2q and θ > 0 be given. For k ≥

1 compute u(k)
α ,w(k)

α ∈ Rpα , α = 1, 2, and λ(k) = (λ(k)
ν

�
,λ

(k)
τ

�
)� ∈ R2q as

follows:

(Step 1) {Normal bilateral contact with Tresca friction for Ω1.}

u(k)
1 := argmin

1
2

u�
1 A1u1 − u�

1 b1 +
q∑
i=1

gi|T1u1 − λ(k−1)
τ |i

subject to N1u1 = λ(k−1)
ν ;

(Step 2) {Normal unilateral and tangential bilateral contact for Ω 2.}

u(k)
2 := argmin

1
2

u�
2 A2u2 − u�

2 b2

subject to λ(k−1)
ν + N2u2 ≤ 0, T2u2 = −λ(k−1)

τ ;

(Step 3) {Residual deformation of Ω 1.}

A1w(k)
1 =

1
2

B�
1 (B1(b1 − A1u(k)

1 )− B2(b2 − A2u(k)
2 ));

(Step 4) {Residual deformation of Ω 2.}
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A2w(k)
2 =

1
2

B�
2 (B1(b1 − A1u(k)

1 )− B2(b2 − A2u(k)
2 ));

(Step 5) {Relaxation of the contact displacements.}

λ(k) = λ(k−1) + θ(B1w(k)
1 + B2w(k)

2 ).

In Step 3 and Step 4, we compute deformations of the bodies induced by the non-
equilibria of contact stresses on Γc. These deformations vanish in the solution due to
the transfer condition (2). Below, we will show that the dual formulation simplifies
considerably the implementation of the algorithm.

The minimization in Step 1 is equivalent to the saddle-point problem:

Find (u1, s1) ∈ Rp1 × Λ(g) such that

L1(u1, s1) = min
v1∈Rp1

max
r1∈Λ(g)

L1(v1, r1) = max
r1∈Λ(g)

min
v1∈Rp1

L1(v1, r1),

where L1 : Rp1 × Λ(g) �→ R is the Lagrangian defined by

L1(v1, r1) :=
1
2

v�
1 A1v1 − v�

1 b1 + r�1 (B1v1 − λ(k−1))

with Λ(g) := {r1 = (r�1ν , r
�
1τ )

� ∈ R2q : |r1τ | ≤ g}. Eliminating u1 from the
max-min formulation we arrive at the quadratic programming problem:

minimize
1
2

s�1 C1s1 − s�1 h1 subject to s1 ∈ Λ(g), (6)

where C1 := B1A−1
1 B�

1 is symmetric, positive definite and h1 := B1A−1
1 b1 −

λ(k−1). After computing s1 from (6) one can obtain u(k)
1 in Step 1 by u(k)

1 =
A−1

1 (b1 − B�
1 s1).

The minimization problem in Step 2 can be handled analogously. It is equivalent
to the saddle-point problem:

Find (u2, s2) ∈ Rp2 × Λ+ such that

L2(u2, s2) = min
v2∈Rp2

max
r2∈Λ+

L2(v2, r2) = max
r2∈Λ+

min
v2∈Rp2

L2(v2, r2),

where L2 : Rp2 × Λ+ �→ R is the Lagrangian defined by

L2(v2, r2) :=
1
2

v�
2 A2v2 − v�

2 b2 + r�2 (λ(k−1) + B2v2)

and Λ+ := {r2 = (r�2ν , r
�
2τ )

� ∈ R2q : r2ν ≥ 0}. Analogously, this max–min
problem leads to the quadratic programming problem:

minimize
1
2

s�2 C2s2 − s�2 h2 subject to s2 ∈ Λ+, (7)
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where C2 := B2A−1
2 B�

2 is again symmetric, positive definite and h2 := B2A−1
2 b2−

c+λ(k−1). After solving (7) one can obtain u(k)
2 in Step 2 as u(k)

2 = A−1
2 (b2−B�

2 s2).
As (6) and (7) are the minimization problems with strictly quadratic functions

constrained by simple inequality bounds, it is appropriate to solve them by the con-
jugate gradient method combined with the projected gradient technique [ 4]. Since
both problems are independent, one can solve them in parallel.

Step 3 and Step 4 may be simplified. Let s (k)
1 , s(k)2 be the solutions to (6), (7),

respectively, in the k-th step. Since Aαu(k)
α − bα + B�

α s(k)α = 0, we get s(k)
α =

Bα(bα−Aαu(k)
α ). Using these results, we arrive at: Aαw(k)

α = 1
2B�

α (s(k)1 − s(k)2 ), so

that the computations of u(k)
α , α = 1, 2, can be omitted.

In the second algorithm we obtain the same structure as before, only Step 1 and
Step 2 are different.

Algorithm 2 (different steps)

(Step 1) {Linear elasticity for Ω1.}

u(k)
1 := argmin

1
2

u�
1 A1u1 − u�

1 b1

subject to B1u1 = λ(k−1);

(Step 2) {Unilateral contact with Tresca friction for Ω2.}

u(k)
2 := argmin

1
2

u�
2 A2u2 − u�

2 b2 +
q∑
i=1

gi|λ(k−1)
τ + T2u2|i

subject to λ(k−1)
ν + N2u2 ≤ 0;

Let us denote the relative precision of the k-th iterative step of ALGORITHM 1,2
by

ε
(k)
λ := ‖λ(k) − λ(k−1)‖/‖λ(k)‖,

where ‖ · ‖ stands for the approximation of the L2(Γc)-norm. We terminate if
ε
(k)
λ ≤ tol for a prescribed tolerance tol > 0. In order to increase the efficiency

of the algorithm, we initialize the inner iterative solvers in Step 1 and Step 2 by the
respective results from the previous outer iterate, i.e., by s (k−1)

1 and s(k−1)
2 , and we

terminate them by an adaptive (inner) terminating tolerance tol (k)
in > 0. The idea is

to choose tol (k)
in in such a way that it respects the precision ε(k−1)

λ achieved in the

outer loop: tol (k)
in := rtol × ε(k−1)

λ , where 0 < rtol < 1, ε(0)λ := 1.

4 Numerical Experiments

We consider two plane elastic bodies Ω1 = (0, 3) × (1, 2) and Ω2 = (0, 3) ×
(0, 1) made of an isotropic, homogeneous material characterized by Young modulus
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21.19 × 1010 and Poisson ratio 0.277 (steel); see Fig.1.(a). The decompositions of
Γ 1 and Γ 2 are as follows:

Γ 1
u = {0} × (1, 2), Γ 1

c = (0, 3)× {1}, Γ 1
	 = Γ 1\Γ 1

u ∪ Γ 1
c ,

Γ 2
u = {0} × (0, 1), Γ 2

c = (0, 3)× {1}, Γ 2
	 = Γ 2\Γ 2

u ∪ Γ 2
c .

The volume forces vanish for both bodies. The non-vanishing surface tractions φ 1 =
(φ1

1, φ
1
2) act on Γ 1

	 so that

φ1
1(x, 2) = 0, φ1

2(x, 2) = φ1
2,L + φ1

2,Rx, x ∈ (0, 3),
φ1

1(3, y) = φ1
1,B(2− y) + φ1

1,U (y − 1),
φ1

2(3, y) = φ1
2,B(2− y) + φ1

2,U (y − 1), y ∈ (1, 2),

where φ1
2,L = −6e7, φ1

2,R = −1e7, φ1
1,B = 2e7, φ1

1,U = 2e7, φ1
2,B = 4e7, and

φ1
2,U = 2e7. The slip bound is g = 1.7e7. Fig.1.(b–d) show results of the computa-

tions.

(a) Triangulation of bodies
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Fig. 1. Geometry and results.

In tables below we compare the performance of ALGORITHMS 1 and 2 for vari-
ous values of θ and degrees of freedom p and q. We set tol = 10−4, rtol = 0.1 and
we report the number of outer and inner iterations (out/inn). Since inn is proportional
to computing time, it characterizes the total complexity of the algorithm. Here the
symbol “-” means that the terminating tolerance is not achieved after the 100th itera-
tion. The numerical experiments show higher efficiency of Algorithm 1 in which the
non-linear conditions of non-penetration and friction are decoupled into Step 1 and
Step 2.
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Table 1. Algorithm 1, out/inn for various θ.

p/q θ = 0.1 θ = 0.2 θ = 0.3 θ = 0.4

12672/384 69/835 36/537 26/473 –
19680/480 69/845 37/574 25/445 –
23760/528 70/805 37/585 25/469 –
28224/576 69/845 37/591 25/479 –
38304/672 69/890 36/598 26/490 –
49920/768 70/881 36/610 25/497 –

Table 2. Algorithm 2, out/inn for various θ.

p/q θ = 0.1 θ = 0.2 θ = 0.3 θ = 0.4

12672/384 86/959 47/571 91/921 –
19680/480 86/961 48/587 98/983 –
23760/528 86/961 47/587 99/1021 –
28224/576 87/991 47/600 – –
38304/672 86/979 48/603 – –
49920/768 87/1000 47/588 91/952 –

5 Conclusions and Comments

We have presented two different ways of decomposing unilateral contact problems
with Tresca friction. According to the previous analysis, one can say that the variant
with the decoupled non-penetration and friction conditions is more efficient. The
theoretical proof of the convergence will be presented elsewhere. It is based on the
Banach fixed point theorem applied to an appropriate mapping that is Lipschitzian
and contractive in a suitable norm equivalent to the norm of the trace space H 1/2(Γc)
(see [7] for the frictionless case).

The algorithm can be easily extend to the solution of problems with Coulomb
friction as well as for 3D problems. In 3D, the inner minimization will be performed
by the method of [11] that treats circular constraints arising from the friction law.

Acknowledgement. The third author acknowledges the support of the project MSM 6198910027
of the Ministry of Education of the Czech Republic and of the project GAČR 101/08/0574 of
the Grant Agency of the Czech Republic.
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1 Introduction

Motivated by the numerical simulation of particulate flow with slip boundary con-
ditions at the interface fluid/particles, our goal, in this publication, is to discuss a
fictitious domain method for the solution of linear elliptic boundary value problems
with Robin boundary conditions. The method is of the virtual control type and relies
on a least-squares formulation making the problem solvable by a conjugate gradient
algorithm operating in a well chosen control space. Numerical results are presented;
they suggest optimal orders of convergence for the finite element implementation of
our fictitious domain method. A (brief) history of fictitious domain methods can be
found in, e.g., [[3], Chap. 8].

2 Formulation of the Boundary Value Problem

LetΩ andω be two bounded domains of Rd, such that d ≥ 1 andω ⊂ Ω (see Fig. 1).
We denote by Γ and γ the boundaries ofΩ and ω, respectively. The Robin–Dirichlet

Fig. 1. Problem geometry.

problem under consideration reads as follows:
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αψ − μ∇2ψ = f in Ω \ ω,

ψ = g0 on Γ, μ

(
∂ψ

∂n
+
ψ

ls

)
= g1 on γ, (1)

where: α ≥ 0, μ > 0, f ∈ L2(Ω \ ω), g0 ∈ H3/2(Γ ), g1 ∈ H1/2(γ), n is the unit
normal vector at γ pointing outward of Ω \ ω and l s is a characteristic distance. We
assume that Ω is convex and that γ is smooth. Problem (1) has a unique solution in
H2(Ω \ ω) which is also the solution of the following linear variational problem:

ψ ∈ H1(Ω \ ω), ψ = g0 on Γ,

α

∫
Ω\ω

ψϕdx + μ

∫
Ω\ω

∇ψ · ∇ϕdx +
μ

ls

∫
γ

ψϕdγ

=
∫
Ω\ω

fϕdx+
∫
γ

g1ϕdγ, ∀ϕ ∈ V0, (2)

where dx = dx1...dxd and V0 = {ϕ|ϕ ∈ H1(Ω \ ω), ϕ = 0 on Γ}.

3 A Least-Squares/Fictitious Domain Method for the Solution of
Problem (1), (2)

3.1 A Fictitious Domain Formulation of Problem (1), (2)

We proceed as follows to define a fictitious domain variant of problem ( 1), (2):

(i) With v ∈ L2(ω) we associate f̃(v) defined by

f̃(v) ∈ L2(Ω), f̃(v)|Ω\ω = f, f̃(v)|ω = v, (3)

and then {ψ1, ψ2} solution of the following elliptic system:

αψ1 − μ∇2ψ1 = f̃(v) in Ω, ψ1 = g0 on Γ, (4)

αψ2 − μ∇2ψ2 = v in ω, μ
∂ψ2

∂n
=
μ

ls
ψ1 − g1 on γ. (5)

Both problems (4) and (5) have a unique solution in H 1(Ω) andH1(ω), respec-
tively (actually, ψ1 and ψ2 have both the H 2–regularity).

(ii) We define A : L2(ω) → H1(ω) by

A(v) = (ψ2 − ψ1) |ω . (6)

Operator A is clearly affine and continuous.
(iii) We observe that if v verifies A(v) = 0, we then have ψ2 = ψ1 on ω and it is

easy to see that theH2–regularity of ψ1 and ψ2 implies that ψ1|Ω\ω = ψ, where
ψ is the solution of problem (1), (2). The problem is now to solve the functional
equation

A(u) = 0. (7)
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Indeed, the functional Eq. (7) has infinitely many solutions, but among these solu-
tions only one is of minimal norm in L2(ω).

Remark 1. Problem (7) can be viewed as an exact controllability problem in the sense
of [2] (and as a virtual control problem in the sense of [4]). If a conjugate gradient
algorithm is applied to a least-squares variant of (7) starting with 0 as initial guess, we
have convergence to the unique solution of problem ( 7) of minimal norm in L2(ω).

3.2 A Least-Squares Formulation of Problem (7)

A “reasonable” least-squares formulation of (7) reads as follows:

Find u ∈ L2(ω) such that

J(u) ≤ J(v), ∀ v ∈ L2(ω), (8)

with

J(v) =
1
2

∫
ω

[
α|ψ2 − ψ1|2 + μ|∇(ψ2 − ψ1)|2

]
dx, (9)

ψ1 and ψ2 in (9) being obtained from v via the solution of the elliptic boundary value
problems (4) and (5), respectively. The functional J is clearly convex and C∞ over
L2(ω). Any solution of problem (7) is a solution of the minimization problem (of the
virtual control type) (8). Such a solution is characterized by

DJ(u) = 0, (10)

whereDJ(·) is the differential of functional J . Using classical methods from Control
Theory (see, e.g., [2]), we can show that

∀v ∈ L2(ω), DJ(v) = (p1 − ψ1)|ω + ψ2, (11)

where in (11), ψ1 and ψ2 are defined from v via the solution of (4) and (5), respec-
tively, and where p1 is the the unique solution of the following adjunct equation
(written directly in variational form, here):

p1 ∈ H1
0 (Ω),∫

Ω

[αp1ϕ+ μ∇p1 · ∇ϕ] dx =
∫
ω

[α(ψ1 − ψ2)ϕ+ μ∇(ψ1 − ψ2) · ∇ϕ] dx

+
μ

ls

∫
γ

(ψ2 − ψ1)ϕdγ, ∀ ϕ ∈ H1
0 (Ω). (12)

4 On the Conjugate Gradient Solution of the Least-Squares
Problem (8)

In order to solve the (linear) least-squares problem (8), we advocate a conjugate
gradient algorithm operating in the space L2(ω); this algorithm reads as follows:
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u0 is given in L2(ω); (13)

solve

ψ0
1 ∈ H1(Ω),

αψ0
1 − μ∇2ψ0

1 = f̃(u0) in Ω, ψ0
1 = g0 on Γ, (14)

ψ0
2 ∈ H1(ω),

αψ0
2 − μ∇2ψ0

2 = u0 in ω, μ
∂ψ0

2

∂n
=
μ

ls
ψ0

1 − g1 on γ, (15)

p0
1 ∈ H1

0 (Ω),∫
Ω

[
αp0

1ϕ+ μ∇p0
1 · ∇ϕ

]
dx =

∫
ω

[
α(ψ0

1 − ψ0
2)ϕ+ μ∇(ψ0

1 − ψ0
2) · ∇ϕ

]
dx

+
μ

ls

∫
γ

(ψ0
2 − ψ0

1)ϕdγ, ∀ ϕ ∈ H1
0 (Ω), (16)

and set
g0 = (p0

1 − ψ0
1)|ω + ψ0

2 , w0 = g0. (17)

For n ≥ 0, assuming that un, gn and wn are known, the last two different from 0,
we compute un+1, gn+1 and wn+1 as follows (with χω the characteristic function of
ω):
Solve

ψ
n

1 ∈ H1
0 (Ω),

αψ
n

1 − μ∇2ψ
n

1 = wnχω in Ω, ψ
n

1 = 0 on Γ, (18)

ψ
n

2 ∈ H1(ω),

αψ
n

2 − μ∇2ψ
n

2 = wn in ω, μ
∂ψ

n

2

∂n
=
μ

ls
ψ
n

1 on γ, (19)

pn1 ∈ H1
0 (Ω),∫

Ω

[αpn1ϕ+ μ∇pn1 · ∇ϕ] dx =
∫
ω

[
α(ψ

n

1 − ψ
n

2 )ϕ+ μ∇(ψ
n

1 − ψ
n

2 ) · ∇ϕ
]
dx

+
μ

ls

∫
γ

(ψ
n

2 − ψ
n

1 )ϕdγ, ∀ ϕ ∈ H1
0 (Ω), (20)

and set
gn = (pn1 − ψ

n

1 )|ω + ψ
n

2 . (21)

Next, compute

ρn =

∫
ω |g

n|2dx∫
ω
gnwndx

(22)
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and

un+1 = un − ρnwn, (23)

gn+1 = gn − ρngn. (24)

If
R

ω
|gn+1|2dx

max{R
ω
|g0|2dx,

R
ω
|un+1|2dx} ≤ tol, take u = un+1 and ψ = ψn+1

1 |Ω\ω; else

compute

γn =

∫
ω |gn+1|2dx∫
ω
|gn|2dx (25)

and set

wn+1 = gn+1 + γnw
n. (26)

Do n+ 1→ n and return to (18).

5 On the Finite Element Implementation of the Least-Squares/
Fictitious Domain Methodology

5.1 Generalities

We (briefly) discuss in this section the finite element implementation of the least-
squares/fictitious domain methodology described in Sects. 3 and 4. We will assume
that ω ⊂ Ω ⊂ R2 and that Ω is convex and/or has a smooth boundary. We assume
also that γ is smooth. For simplicity, we still denote by ω and Ω the polygonal ap-
proximations of the above domains. From the triangulations Th1 of Ω and Th2 of ω,
we define the following finite dimensional spaces:

Vh1 = {ϕ|ϕ ∈ C0(Ω), ϕ|T ∈ P1, ∀T ∈ Th1}, (27)

V0h1 = {ϕ|ϕ ∈ Vh1 , ϕ = 0 on Γ}, (28)

and
Vh2 = {ϕ|ϕ ∈ C0(ω), ϕ|T ∈ P1, ∀T ∈ Th2}, (29)

P1 being the space of the polynomials of two variables of degree ≤ 1. We will use
h to denote the pair {h1, h2}. The finite element spaces Vh1 , V0h1 and Vh2 are finite
dimensional approximations to H 1(Ω), H1

0 (Ω) and H1(ω), respectively. Similarly,
we will use Vh2 to approximate the “control” space L2(ω). As usual, h1 (resp., h2)
denotes the length of the longest edge(s) of Th1 (resp., Th2 ).

5.2 Finite Element Approximation of the Least-Squares Problem (8)

We approximate the least-squares problem (8) by
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Find uh ∈ Vh2 such that

Jh(uh) ≤ Jh(v), ∀ v ∈ Vh2 , (30)

where

Jh(v) =
1
2

∫
ω

[
α|ψ2 − π2ψ1|2 + μ|∇(ψ2 − π2ψ1)|2

]
dx. (31)

In (31), ψ1 is the solution of the following fully discrete Dirichlet problem:

ψ1 ∈ Vh1 , ψ1 = g0h1 on Γ,∫
Ω

[αψ1ϕ+ μ∇ψ1 · ∇ϕ] dx =
∫
Ω

fh1ϕdx+
∫
ω

vπ2ϕdx, ∀ ϕ ∈ V0h1 , (32)

where: (i) g0h1 is an approximation of g0. (ii) fh1 ∈ Vh1 ; it approximates f over
Ω \ ω and vanishes over ω. (iii) π2 : C0(Ω) → Vh2 is the interpolation operator
defined as follows

π2ϕ =
Nh2∑
i=1

ϕ(Qi)w2i, ∀ ϕ ∈ C0(Ω), (33)

{Qi}
Nh2
i=1 being the set of the vertices of Th2 and w2i the P1– shape function asso-

ciated with the vertex Qi (we clearly have Nh2 = dimension of Vh2). Returning to
(31), the functionψ2 there is the solution of the following discrete Neumann problem

ψ2 ∈ Vh2 ,∫
ω

[αψ2ϕ+ μ∇ψ2 · ∇ϕ] dx =
∫
ω

vϕdx

+
μ

ls

∫
γ

(π2ψ1 − g1h2)ϕdγ, ∀ ϕ ∈ Vh2 , (34)

g1h2 being an approximation of g1. As a discrete analogue of problem (8), the fi-
nite dimensional least-squares problem (30) is also of the virtual control type and
well-suited to solution by a conjugate gradient algorithm operating in the space V h2 .
Due to page limitation we cannot describe this algorithm here; actually, this discrete
analogue of algorithm (13)–(26) will be fully described in [1].

6 Numerical Experiments

As test problem, we consider the particular case of problem (1) associated with: (i)

Ω = (0, 4) × (0, 4), ω =
{
{x1, x2} |

(
x1−G1
a

)2
+

(
x2−G2

b

)2
< 1

}
with G1 =

G2 = 2, a = 1/4 and b = 1/8. (ii) f(x1, x2) = α(x3
1 − x3

2) − 6μ(x1 −
x2), ∀{x1, x2} ∈ Ω\ω. (iii) g0 = x3

1−x3
2, g1 = μ

[
3(n1x

2
1 − n2x

2
2) + (x3

1 − x3
2)/ls

]
,

{n1, n2} = n being the unit normal vector at γ pointing to ω. (iv) α = 100, μ = 0.1
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and ls = 0.1. The unique solution of problem (1), associated with the above data, in
H1(Ω\ω) is given by

ψ(x1, x2) = x3
1 − x3

2.

Concerning the finite element implementation of the least-squares/fictitious domain
methodology discussed in Sects. 3 and 4, we employed for Th1 (resp., Th2 ) uniform
triangulations of Ω (resp., triangulations of ω) like the one shown in Fig. 2(left)
(resp., Fig. 2(right)). We used u0 = 0 to initialize the discrete analogue of the conju-
gate gradient algorithm (13)–(26), and took tol = 10−10 for the stopping criterion.

0 4
0

4

1.8 1.9 2 2.1 2.2
1.85

1.9

1.95

2

2.05

2.1

2.15

2.2

Fig. 2. A uniform triangulation of Ω(left); A triangulation of ω(right).

In Table 1, we report on the mesh sizes h2 = 1/40 and h1 = 1/5, 1/10, 1/20
and 1/40: (i) The number of conjugate gradient iterations necessary to achieve
convergence. (ii) Various norms of the approximation error. These results sug-
gest: (a) For h1 small enough, the number of iterations varies slowly with h1. (b)
‖ ψh−ψ ‖L∞(Ω\ω)≈ O(h2

1), ‖ ψh−ψ ‖L2(Ω\ω)≈ O(h2
1) and ‖ ψh−ψ ‖H1(Ω\ω)≈

O(h1). Concerning the decay of the cost function Jh, we have, if h = {1/10, 1/40}
(resp., h = {1/20, 1/40}), Jh(u0) = 3.67 (resp., Jh(u0) = 3.35) and Jh(u61) =
4.20 × 10−9 (resp., Jh(u59) = 5.11 × 10−9), showing clearly that the computed
approximations of ψ1 and ψ2 match quite well over ω. In order to further investigate
the convergence properties of the methodology discussed in the above sections we
performed computations with h2 = 1/20 and h1 = 1/10, 1/20, 1/40 and 1/80. The
corresponding results have been reported in Table 2. From these results we observe
that: (i) If h1 ≥ h2, the number of iterations necessary to achieve convergence does
not vary significantly with h1; on the other hand this number of iterations increases
sharply when h1 decreases below h2. (ii) The various approximation errors vary as
expected (that is as in Table 1) if h1 ≥ h2; on the other hand, they vary quite differ-
ently if h1 < h2, the only one behaving “nicely” being ‖ ψh − ψ ‖H1(Ω\ω), which
shows a text-bookO(h1) behavior as h1 varies over the interval [1/80, 1/10]. From
these results we suggest to take h1 = h2 to be on the safe side.

Remark 2. The results reported in [1] show a sharp decrease of the number of iter-
ation when the methodology discussed here is applied to the solution of parabolic
problems, including situations where ω is moving.
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Table 1. Summary of numerical results (h2 = 1/40).

h1 Number of iterations ‖ ψ − ψh ‖L∞(Ω\ω) ‖ ψ − ψh ‖L2(Ω\ω) ‖ ψ − ψh ‖H1(Ω\ω)

1/5 34 0.1046 7.8370E-03 0.2855
1/10 61 2.1845E-02 1.9028E-03 0.1423
1/20 59 4.5840E-03 4.7015E-04 7.1089E-02
1/40 68 1.1385E-03 1.1708E-04 3.5518E-02

Table 2. Summary of numerical results (h2 = 1/20).

h1 Number of iterations ‖ ψ − ψh ‖L∞(Ω\ω) ‖ ψ − ψh ‖L2(Ω\ω) ‖ ψ − ψh ‖H1(Ω\ω)

1/10 33 2.1845E-02 1.9038E-03 0.1424
1/20 36 4.5840E-03 4.6807E-04 7.1063E-02
1/40 114 2.1385E-03 1.0163E-04 3.5434E-02
1/80 85 3.1514E-03 5.2854E-05 1.7532E-02
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1 Introduction

The Stokes problem plays an important role in computational fluid dynamics since
it is encountered in the time discretization of (incompressible) Navier-Stokes equa-
tions by operator-splitting methods [2, 3]. Space discretization of the Stokes problem
leads to large scale ill-conditioned systems. The Uzawa (preconditioned) conjugate
gradient method is an efficient method for solving the Stokes problem. The Uzawa
conjugate gradient method is a decomposition coordination method with coordina-
tion by a Lagrange multiplier.

The paper is organized as follows. In the next section we recall the Stokes prob-
lem in its strong and constrained minimization formulations. Then we introduce an
additional (interface) continuity condition in the resulting constrained minimization
problem and we derive a decomposition coordination method with two multiplier:
the pressure (for the divergence free condition) and the interface multiplier (for the
continuity condition). A domain decomposition algorithm which solves on each step
an uncoupled scalar Poisson sub-problem is defined in § 3.3 and the paper concludes
by several numerical realizations.

2 Model Problem

Let Ω be a bounded domain in Rd (d = 2, 3) with Lipschitz-continuous boundary
Γ . We consider in Ω the Stokes problem

αu− νΔu +∇p = f, in Ω, (1)

∇ · u = 0, in Ω, (2)

u = 0, on Γ, (3)
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where u = u(x) is the velocity vector, p = p(x) is the pressure and f = f(x) is the
field of external forces.

In (1), α ≥ 0 is an arbitrary constant. If α = 0, (1)–(2) is the classical Stokes
problem. The constant ν ≥ 0 is the kinematic viscosity and if ν = 0, (1)–(2) turns
out to beL2 projection encountered in time discretization of Navier-Stokes equations
(see e.g. [2, 3]).

We need the following functional spaces

V =
{
v ∈ (H1(Ω))d : v = 0 on Γ

}
, L2

0(Ω) =
{
q ∈ L2(Ω) :

∫
Ω

q dx = 0
}
,

and the bilinear form

a(u, v) =
∫
Ω

(αu · v + ν∇u : ∇v) dx.

Let us introduce the quadratic functional J : V → R defined by

J(v) =
1
2
a(v, v)− (f, v)Ω ,

where (·, ·)Ω denotes the standardL2 scalar product overΩ. Assuming mes(Γ ) > 0,
the functional J is convex, G-differentiable and coercive on V .

With the above preparations, the Stokes problem (1)–(3) can be formulated as
the following constrained minimization problem

Find u ∈ Vσ = {v ∈ V | ∇ · v = 0 on Ω} such that

J(u) ≤ J(v), ∀v ∈ Vσ . (4)

Since Vσ is closed and convex subset of V and the functional J is strongly convex
and coercive, the constrained minimization problem ( 4) has a unique solution. The
pressure p is recovered as the Lagrange multiplier associated with the divergence
constraint (2).

3 Uzawa Domain Decomposition for Stokes Problem

We now study the domain decomposition of (4). We first rewrite (4) in the following
more useful form.

Find u ∈ V such that:

J(u) ≤ J(v) ∀v ∈ V, (5)

subject to∇ · u = 0 in Ω. (6)

Let {Ω1, Ω2} be a partition of Ω, as shown in Fig. 1, and let

Γ12 = Γ21 = ∂Ω1 ∩ ∂Ω2, Γi = Γ ∩ ∂Ωi,
vi = v|Ωi , pi = p|Ωi , Vi =

{
v ∈ H1(Ωi), v|Γi = 0

}
.
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Ω1

Γ12

Ω2

Fig. 1. Decomposition of Ω into two subdomains.

Inner products overΩi and Γ12 are defined by

(u, v)Ωi =
∫
Ωi

uvdx, and (u, v)Γ12 =
∫
Γ12

uvdΓ.

Restrictions of the functionals a and J overΩi are denoted by ai and Ji, respectively.
To simplify, let us denote vector-valued functions and spaces by bold-face letters, i.e.
u = (u1, u2), V = V1 × V2, etc.

3.1 Lagrangian Formulation and Dual Problem

Consider the following constrained minimization problem
Find (u1, u2) ∈ V1 × V2 such that:

J1(u1) + J2(u2) ≤ J1(v1) + J2(v2) ∀(v1, v2) ∈ V (7)

∇ · ui = 0 in Ωi (8)

u1 − u2 = 0 on Γ12. (9)

It is obvious that (7)–(9) is equivalent to (5)–(6). The Lagrangian functional associ-
ated with (7)–(9) is

L(v; q, μ) =
2∑
i=1

[Ji(vi)− (qi,∇ · vi)Ωi ]− (μ, [u])Γ12 . (10)

where we have set [u] = (u1 − u2)|Γ12 . Let us introduce the set

P =
{

(q1, q2) ∈ L2(Ω1)× L2(Ω2) :
∫
Ω1

q1(x)dx +
∫
Ω2

q2(x)dx = 0
}
.

Then the solution of (7)–(9) is characterized by the following saddle-point problem
Find (u; p, λ) ∈ V × P × L2(Γ12) such that:

L(u; q, μ) ≤ L(v; q, μ) ≤ L(v; p, λ) ∀(v; p, λ) ∈ V × P × L2(Γ12). (11)

Solving (11) is equivalent to solving the saddle point equations
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ai(ui, vi) = (fi, vi)Ωi +(pi,∇· vi)Ωi +(−1)i+1(λ, vi) ∀vi ∈ V i, (12)

−(qi,∇ · ui)Ωi = 0 ∀qi ∈ L2(Ωi) (13)

(μ, [u])Γ12 = 0 ∀μ ∈ L2(Γ12). (14)

The main advantage of the saddle point formulation is that ( 12) reduces to 2d uncou-
pled scalar Poisson problems if pi and λ are known.

Suppose that ui = ui(pi, λ) is the solution of the Poisson equation (12). For
convenience, in the sequel, we suppress the dependence of u i on (pi, λ). setting
vi = ui in (12) and substituting in (10) we get

J∗(p, λ) := L(u(p); p, λ) = −1
2

2∑
i=1

ai(ui, ui). (15)

Since the mapping (p, λ) �→ u(p, λ) is linear and the bilinear forms a i are strongly
convex, we deduce that J ∗ is a strictly concave functional. The dual problem of (7)-
(9) is the maximization problem

Find (p, λ) ∈ P × L2(Γ12) such that:

J∗(p, λ) ≥ J∗(q, μ) ∀(q, μ) ∈ P × L2(Γ12). (16)

To derive a maximization method for (16), we need some differential informations
on J∗.

3.2 Sensitivity Analysis

The sensitivity problem (which measures the variation of u i vs. (pi, λ)) is

ũi ∈ Vi; ai(ũi, vi) = (p̃i,∇ · vi)Ωi + (−1)i+1(λ̃, vi)Γ12 ∀vi ∈ Vi (17)

so that ui(pi + tp̃i, λ + tλ̃) = ui(pi, λ) + tũi. The directional derivative of J ∗ is
given by

∂J∗(p, λ)
∂(p, λ)

· (p̃, λ̃) = −
2∑
i=1

ai(ui, ũi), ∀(p̃, λ̃), (18)

where ũi is the solution of the sensitivity problem (17). If we set vi = ui in (17) and
substitute the result into (18), we get

∂J∗(p, λ)
∂(p, λ)

· (p̃, λ̃) = −
2∑
i=1

(p̃i,∇ · ui)Ωi + (λ̃, [u])Γ12 . (19)

Setting gi = ∇piJ
∗ and γ = ∇λJ∗, the gradient of J ∗ with respect to pi and λ,

respectively, we deduce from (19) that

gi = −∇ · ui, i = 1, 2, (20)

γ = [u], (21)
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for the standard L2 scalar product.
Let (p̃, λ̃) be a search direction for J ∗. Since J∗ is quadratic and concave, the

best search direction is a conjugate gradient direction. At each iteration k, the conju-
gate gradient direction (p̃k, λ̃k) is given by

βk =
[∥∥gk

∥∥2

L2(Ω)
+

∥∥γk∥∥2

L2(Γ12)

] [∥∥gk−1
∥∥2

L2(Ω)
+

∥∥γk−1
∥∥2

L2(Γ12)

]−1

, (22)

p̃k = gk + βkp̃
k−1, λ̃k = γk + βkλ̃

k−1. (23)

We need to determine the optimal step size to complete the iteration. The optimal
step size is computed as the maximizer of the real-valued function ρ(t) = J ∗(p +
tp̃, λ + tλ̃). Since J∗ is quadratic and strictly concave, the maximizer of ρ is the
unique solution of the linear equation

ρ′(t) =
∂J∗(p + tp̃, λ+ tλ)

∂(p, λ)
· (p̃, λ̃) = 0.

We deduce, from (19), that the optimal step size is

t =
(λ̃, [u])Γ12 −

∑
i(p̃i,∇ · ui)Ωi

(λ̃, [ũ])Γ12 −
∑

i(p̃i,∇ · ũi)Ωi

. (24)

3.3 Uzawa Conjugate Gradient Domain Decomposition Algorithm

With the preparations described in the previous subsection, we can now present our
Uzawa/conjugate gradient domain decomposition algorithm for the Stokes problem.

Algorithm DDM/P
Iteration k = 0. p0 ∈ P and λ0 ∈ L2(Γ12) given

Compute u0
i ∈ V iD via

ai(u0
i , vi) = (fi, vi)Ωi +(p0

i ,∇·vi)Ωi +(−1)i+1(λ0, vi)Γ12 , ∀vi ∈ V i (25)

Compute g0 ∈ P via

(g0
i , qi)Ωi = −(∇ · u0

i , qi)Ωi ∀qi ∈ L2(Ωi), i = 1, 2.

Compute γ0 ∈ L2(Γ12) via

(γ0, μ)Γ12 = ([u0], μ)Γ12 ∀μ ∈ L2(Γ12)

Initial direction: p̃0 = g0, λ̃0 = γ0

Iteration k ≥ 0. Assuming pk, λk , p̃k, λ̃k , gk, γk and uk are known
Sensitivity problems: compute ũi ∈ V i via

ai(ũki , vi) = (p̃ki ,∇ · vi)Ωi + (−1)i+1(λ̃k, vi)Γ12 ∀vi

Step size: Compute tk using (24)
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Update:

λk+1 = λk + tkλ̃
k,

pk+1
i = pki + tkp̃

k
i , uk+1

i = uki + tkũ
k
i , i = 1, 2.

Gradient: Solve the gradient systems

(gk+1
i , qi)Ωi = −(∇ · uk+1

i , qi)Ωi ∀qi ∈ L2(Ωi), i = 1, 2. (26)

(γk+1, μ)Γ12 = ([uk+1], μ)Γ12 ∀μ ∈ L2(Γ12). (27)

Conjugate gradient direction: Compute (p̃k+1, λ̃k+1) using (22)–(23)

We iterate until the gradient is “sufficiently” small, i.e.∥∥gk
∥∥2

L2(Ω)
+

∥∥γk∥∥2

L2(Γ12)
< ε

(∥∥g0
∥∥2

L2(Ω)
+

∥∥γ0
∥∥2

L2(Γ12)

)
(28)

where ε > 0 is a given tolerance. Each iteration, we solve in parallel 2d scalar
Poisson problems. The parallelizability of the algorithm is therefore obvious.

Note that if p0 = (p0
1, p

0
2) ∈ P and gk = (gk1 , g

k
2 ) ∈ P for all k ≥ 0, then

pk = (pk1 , p
k
2) ∈ P for all k ≥ 1. To compute gk in P , we first solve the gradient

systems (26) separately to obtain ḡki . The gradient gk = (gk1 , g
k
1 ) is then obtained by

the projection of (ḡk1 , ḡ
k
2 ) onto P .

4 Numerical Experiments

The domain decomposition algorithms presented in the previous sections were im-
plemented in Fortran 90, on a 172-core Linux cluster, using an MPI library. MPI sub-
routines are used only for solving in parallel uncoupled Poisson problems. All linear
systems involved are solved by a preconditioned conjugate gradient algorithm. The
preconditioning is obtained by an incomplete Choleski factorization with drop toler-
ance varying from 10−5 to 10−3. For discrete velocity-pressure spaces, we use the
P 1-iso-P 2/P 1 element. These spaces are well known to satisfy the discrete Babuska-
Brezzi inf-sup condition.

We consider the domain Ω = (0, a) × (0, 1) and we take α = 0 and ν = 1 in
(1). The right-hand side in (1) is adjusted such that the exact solution is

u1(x, y) = (1−cos(2πx/a)) sin(2πy), u2(x, y) =
1
a
(cos(2πy)−1) sin(2πx/a)

p(x, y) =
2π
a

(cos(2πy)− cos(2πx/a))

In our numerical experiments, a = 10.
We first consider the classical Stokes problem (i.e. α = 0 and ν = 1). Table 1

shows the L2 and H1 errors for uh and ph (h = 1/256) obtained using Algorithm
DDM/P with decomposition into 2, 4, 8, 16, 32 and 64 subdomains. We notice that
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the errors are comparable with those obtained with the standard Uzawa/conjugate
gradient for Stokes problem (NSD = 1). Note that for h = 1/256, we have 2561×
257 = 658, 177 nodes in the fine (velocity) mesh. Figure 2 shows that the speed-up
is significant forNSD ≥ 8.

Table 1. H1 and L2 errors for various number of subdomains NSD for Algorithm DDM/P
with h = 1/256.

NSD Iterations ‖u− uh‖L2(Ω) ‖u− uh‖H1(Ω) ‖p− ph‖L2(Ω)

1 20 3.7602 × 10−4 1.2293 × 10−1 7.1937 × 10−4

2 110 3.7611 × 10−4 1.2295 × 10−1 7.2209 × 10−4

4 120 3.7608 × 10−4 1.2295 × 10−1 7.5186 × 10−4

8 131 3.7616 × 10−4 1.2295 × 10−1 7.8013 × 10−4

16 158 3.7610 × 10−4 1.2295 × 10−1 8.2989 × 10−4

32 205 3.7611 × 10−4 1.2295 × 10−1 9.4120 × 10−4

64 258 3.7592 × 10−4 1.2295 × 10−1 1.1080 × 10−3
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Fig. 2. CPU times vs. number of subdomains for Algorithm DDM/P with α = 0, ν = 1 and
h = 1/256.

We now consider the case α = 1 and ν = 10−3. For the one-subdomain case,
we use the Cahouet-Chabard preconditioner [1], see also [2, 3]. This preconditioner
is the best for the Uzawa/conjugate gradient algorithm for the generalized Stokes
problem with α/ν >> 1. Figure 3 shows the CPU times obtained with our domain
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decomposition algorithm. We notice that the speed-up is significant when NSD ≥
16.
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Fig. 3. CPU times vs. number of subdomains for Algorithm DDM/P with α = 1, ν = 10−3

and h = 1/256.

5 Conclusion

A Uzawa domain decomposition algorithm for Stokes problem has been introduced.
The standard L2-scalar product is used for computing the gradient ( 26)–(27). This
approach is easy to implement and has a significant speed-up when the number of
subdomains is larger then 10. Nevertheless, it leads to a h-dependent algorithm. To
improve this algorithm, different preconditioners will be investigated :

• the Steklov-Poincaré operator on the interface (see e.g. [ 4, 5]),
• the Cahouet-Chabard preconditioner [1] for the pressure multiplier.

A coarse component of the preconditioner will be studied. Indeed, the iteration
counts for largeNSD could indicate the lack of a coarse component in the precondi-
tioner.
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Petrov-Galerkin Method
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Summary. A non-overlapping domain decomposition algorithm combining bound-
ary element method with meshless local Petrov-Galerkin method is presented for
solving the boundary value problem with discontinuous coefficient in this paper. The
static relaxation parameter is employed to speed up the convergence rate. The con-
vergence range and the optimal value of static relaxation parameter are studied, but
the numerical results show that the optimal static relaxation parameter is different for
different problems. Therefore, a dynamic relaxation parameter is presented for the
algorithm. The numerical results show that the number of iteration with the dynamic
relaxation parameter is less than that with the static relaxation parameter.

Key words: boundary element method, meshless local Petrov–Galerkin method, do-
main decomposition method, relaxation parameter

1 Introduction

As we know, the meshless methods and boundary element method (BEM) are widely
employed as two of the main numerical methods for the solution of a wide variety of
science and engineering problems. However, they exhibit different advantages when
applied to different classes of problems. The main feature of the meshless methods
is the absence of an explicit mesh, and the approximate solutions are constructed en-
tirely based on a cluster of scattered nodes. Therefore, the meshless methods are well
suited to problems with extremely large deformation, dynamic fracturing, or explo-
sion [1, 2]. On the other hand, the main advantage of BEM is that the dimensionality
of the problem is reduced by one, and the BEM is very efficient for the analysis of
homogenous linear problems in unbounded domains.

It is attractive to divide a computational domain into sub-domains and
to use the most appropriate method for each sub-domain. The idea of coupling the
meshless methods and BEM is by now well known as an efficient analysis tool,
which makes use of their advantages. A great number of articles on the topic, such
as combining element-free Galerkin method (EFGM) with BEM [ 10, 11, 12, 21],



392 L. Maojun and Z. Jialin

reproducing kernel particle method (RKPM) with BEM [16], the mesh-free finite
cloud method (MFCM) with BEM [17], meshless local Petrov-Galerkin (MLPG)
method with BEM [9], can be found. The above coupling methods deduce an en-
tire unified system for the whole domain, by combining the discretized equations
for the BEM and different meshless methods in sub-domains. However, the algo-
rithm for constructing a large entire system for the whole domain is complicated and
time-consuming for computation when compared with that for each single equation,
and may destroy the desirable features originally existing in the meshless methods
matrices, namely, symmetry and sparsity.

The domain decomposition methods (DDM) combining FEM-BEM or BEM-
BEM have been developed [3, 4, 5, 6, 7, 8, 13, 14, 15, 18]. The DDM is better than
the above coupling methods when the domains under consideration are governed
by different differential equations or constructed of different materials, especially
in the case of large domain with complicated boundary manifold. Therefore, a non-
overlapping DDM combining BEM with MLPG method is presented in order to
make use of their advantages and preserve the nature of the both methods in this
paper.

This paper is arranged as follows: Sect. 2 gives a non-overlapping domain de-
composition algorithm combining BEM and MLPG method for solving the boundary
value problem with discontinuous coefficient. Then, the dynamic relaxation param-
eter is presented for the algorithm in the next section. In Sect. 4, the convergence
range and the optimal value of the static relaxation parameter are studied and the
validity of the dynamic relaxation parameter is verified by numerical results. Finally,
the conclusions are given in Sect. 5.

2 A DDM Combining BEM with the MLPG Method

Consider the following boundary value problem with discontinuous coefficient⎧⎨⎩
∇ · (γ (x)∇u (x)) = 0, x ∈ Ω
u (x) = f (x) , x ∈ Γu
q (x) = γ (x) · ∂u (x)/∂n = g (x) , x ∈ Γq

(1)

where Ω ⊂ R2, Γ is its boundary. x = (x1, x2) denotes the point in R2. γ (x) is the
conductivity coefficient. f (x) , g (x) are the given boundary data. The problem ( 1)
often appears in engineering problems, e.g., heat conduction and electric conduction
models with mixed materials, Darcy flow in porous media, etc. Many methods, such
as FEM [19] and BEM [20], have been successfully used to solving the problem (1),
however, the domain decomposition is suitable for the problems with discontinuity
conductivity coefficients. In this paper, we assume that the conductivity coefficient
is as follows

γ (x) =
{

1, x ∈ ΩB ⊂ Ω
γM (x) , x ∈ ΩM = Ω \ΩB

(2)
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Then the domain of the original problem can be decomposed into BEM sub-domain
ΩB and MLPG sub-domainΩM , let Γ I = ∂ΩB∩∂ΩM be the BEM/MLPG interface
(Fig.1). Apparently, the continuity and equilibrium conditions should be satisfied at
the interface, that is

uB(x) = uM (x),
∂uB(x)
∂nB

+ γM (x)
∂uM (x)
∂nM

=0, x ∈ Γ I (3)

where uB(x) = u(x)|ΩB , uM (x) = u(x)|ΩM , nB and nM are the unit outward
normal vectors for the BEM and MLPG sub-domains, respectively.

Fig. 1. Domain decomposed into BEM and MLPG sub-domains.

On the one hand, we can obtain the following boundary integral equation for the
BEM sub-domainΩB

c(y)uB(y) +
∫

∂ΩB

uB(x)
∂u∗(x, y)
∂nB

dΓ =
∫

∂ΩB

u∗(x, y)
∂uB(x)
∂nB

dΓ, y ∈ ∂ΩB (4)

where u∗(x, y) = − 1
2π ln |x− y| is the fundamental solution of Laplace equation,

c(y) depends on the geometry shape at point y. The boundary integral equation ( 4)
can be rewritten as the following matrix form(

H11 H12

H21 H22

){
UBB
U IB

}
=

(
G11 G12

G21 G22

){
QBB
QIB

}
(5)
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where UBB and QBB are column vectors containing the non-interface nodal potentials
and fluxes values, respectively, U I

B and QIB are column vectors containing the inter-
face nodal potentials and fluxes values, respectively.H andG are the corresponding
coefficient matrices.

On the other hand, we have the following local weak form for the MLPG sub-
domainΩM by means of the MLPG method∫

ΩMi

(γM · ∇u · ∇v) dΩ +
∫
Γui

(
αuv − γM · ∂u

∂nM
· v

)
dΓ

=α
∫
Γui

fvdΓ +
∫
Γqi

gvdΓ +
∫
ΓIi

(
γM · ∂u

∂nM

)
vdΓ

(6)

whereΩMi ⊂ ΩM is a local sub-domain, v is a weight function,α is a penalty factor,
ΓIi = ∂ΩMi∩Γ I , Γui = ∂ΩMi∩Γu, Γqi = ∂ΩMi∩Γq. Then the assembled linear
equations are given by (

K11 K12

K21 K22

){
UMM
U IM

}
=

{
FMM
F IM

}
(7)

where U IM is the interface nodal potentials vectors, UM
M is the all nodal potentials

vectors except the interface nodal potentials, K and F are the corresponding coeffi-
cient matrix and right side vector, respectively. Note that F I

M is a vector containing∫
ΓIi

(
γM · ∂u

∂nM

)
vdΓ , then the conditions (3) can be rewritten as

U IB = U IM , F IM = PQIM = −PQIB, (8)

where P is a transition matrix, which depends on the weight function v and the
shape function in the moving least square approximation, Q I

M is a column vector
containing the interface nodal fluxes values.

Therefore, a parallel Dirichlet-Neumann BEM-MLPG algorithm is as follows:
Step 1: assign the initial potential vector U I

B,0 and flux vectorQI
M,0, and n:=0.

Step 2: solve(
H11 H12

H21 H22

){
UBB,n
U IB,n

}
=

(
G11 G12

G21 G22

){
QBB,n
QIB,n

}
for QIB,n (9)

(
K11 K12

K21 K22

){
UMM,n

U IM,n

}
=

{
FMM,n

PQIM,n

}
for U IM,n (10)

Step 3: apply
U IB,n+1 = βU IM,n + (1− β)U IB,n (11)

QIM,n+1 = −QIB,n (12)

Step 4: check if
∥∥U IB,n+1 − U IB,n

∥∥ +
∥∥QIM,n+1 −QIM,n

∥∥ ≤ εmax(||U IB,n+1||,
||QIM,n+1||), if yes then stop, otherwise set n:=n+1, and go to Step 2.
here β is a relaxation parameter to ensure and/or accelerate convergence, ε is the user
specified error allowance.
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3 A Dynamic Relaxation Parameter

If the relaxation parameter β is assigned as a constant for every iteration, an optimal
β̄ can be obtained by testing with different values. However, we find that the opti-
mal static value is different for the different problems in numerical test, therefore we
couldn’t find a suitable optimal value for all problems. Fortunately, a dynamic relax-
ation parameter has been obtained for the sequential FEM-BEM algorithm [ 18], that
is to say, the iterative procedure can be facilitated by allowing the relaxation param-
eter to change dynamically with each iteration. In this section, a dynamic relaxation
parameter will be presented for the parallel Dirichlet-Neumann BEM-MLPG itera-
tive algorithm.

By minimizing the square error functional

G (β) =
∥∥U IB,n+1 (β)− U IB,n (β)

∥∥2
+

∥∥QIM,n+1 (β)−QIM,n (β)
∥∥2

(13)

with respect to the relaxation parameter β, one gets an optimal dynamic value for the
next iteration, i.e.,

βn =
〈eB,n, eB,n − eM,n〉+ 〈eB,n−1, eB,n−1 − eM,n−1〉

‖eB,n − eM,n‖2 + ‖eB,n−1 − eM,n−1‖2
, n ≥ 3 (14)

eB,n = U IB,n − U IB,n−1, eM,n = U IM,n − U IM,n−1, n ≥ 2 (15)

where 〈a, b〉 is a inner product, and ‖a‖2 = 〈a, a〉.

4 Numerical Examples

To illustrate the convergence results of the iterative algorithm, a numerical example
is presented in this section. Moreover, the accelerated convergence of the dynamic
relaxation parameter will also be shown. In this section, we choose the error bound
as ε = 10−4.

Example (Potential flow problem [6, 8]) We consider the mixed boundary value
problem (1), and assume that ΩB = [0, 1] × [0, 1] and ΩM = [1, 2] × [0, 1], the
conductivity coefficient γM (x) = 2, the boundary conditions are selected such that
u (0, x2) = 0, u (2, x2) = 200 and zero flux elsewhere (Fig. 2a).

Using the proposed iterative algorithm in Sect. 2, the problem is solved by three
different discretization types denoted as Fig. 2 (b–d).

Figure 3 shows the convergence ranges and the optimal static values with the
static relaxation parameter for the different discretization types. Beyond the values
shown in Fig. 3, the iterative algorithm will not converge. From Fig. 3, we know
that convergence ranges and optimal static values are different for the different dis-
cretization types. Therefore it is impossible to select a suitable optimal static value
for all cases.

Table 1 shows the numbers of iterations with optimal static values and dynamic
values for the different discretization types. From Table 1, obviously, the number
of iterations with dynamic value is less than or equal to that with the static value.
Therefore, we can say that the dynamic values is the optimal relaxation parameter.
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Fig. 2. Potential flow problem and discretization types.

Fig. 3. Convergence ranges and optimal static values for the different discretization types.

Table 1. Number of iterations for the different discretization types.

Relaxation parameter Type (b) Type (c) Type (d)

Optimal static value β 8 14 16
Dynamic values βn 8 11 9
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5 Conclusions

Generally speaking, the static relaxation parameter is always employed to speed up
the convergence rate of domain decomposition methods. However the convergence
ranges and optimal values of the static relaxation parameter are different for different
problems. Therefore, the dynamic relaxation parameter is used in the proposed do-
main decomposition algorithm in this paper, the numerical results show that the dy-
namic relaxation parameter is the optimal relaxation parameter which is well suited
to all cases.
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Summary. In our earlier work [4], a dual iterative substructuring method for two dimensional
problems was proposed, which is a variant of the FETI-DP method. The proposed method
imposes continuity on the interface by not only the pointwise matching condition but also
uses a penalty term which measures the jump across the interface. For a large penalization
parameter, it was proven that the condition number of the resultant dual problem is bounded
by a constant independent of both the subdomain sizeH and the mesh size h. In this paper, we
extend the method to three dimensional problems. For this extension, we consider two things;
one is the construction of a penalty term in 3D to give the same convergence speed as in 2D
and the other is how to treat the ill-conditioning of the subdomain problems due to a large
penalization parameter. To resolve these two key issues, we need to be aware of the difference
between 2D and 3D in the geometric complexity of the interface. Based on the geometric
observation for the difference, we suggest a modified penalty term and a preconditioner aiming
at reducing couplings between functions on the interface.

1 Introduction

We consider the Poisson problem

−Δu = f in Ω,

u = 0 on ∂Ω,
(1)

where Ω is a bounded polyhedral domain in R3 and f ∈ L2(Ω).
In our previous work [4], for two dimensional problems, a dual iterative sub-

structuring method was proposed using the augmented Lagrangian method, which
is a variant of the FETI-DP method. To the Lagrangian functional of the standard
FETI-DP, a penalty term is added, which measures the jump across the interface
and includes a positive penalization parameter η. In the same way as in most dual
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substructuring approaches, the saddle-point problem related to the augmented La-
grangian functional is reduced to a dual problem with Lagrange multipliers as un-
knowns. Then it is solved by the conjugate gradient method. Differently from the
FETI-DP method, it was proven that the dual problem has a constant condition num-
ber independently of H and h even though it is not accompanied by any precondi-
tioner.

In this paper, we extend the method to the three dimensional case. For this exten-
sion, there are two things to be considered; one is to construct a strong penalty term
in 3D to guarantee the same convergence speed as in 2D and the other is how to treat
the ill-conditioning of the subdomain problems due to a large penalization parame-
ter. For both issues, we need to be aware of the difference between 2D and 3D in the
geometric complexity of an interface. An interface in 3D includes not only faces but
also edges which make all nodes on the interface coupled. First, it is noted that the
adoption of the same penalty as for two-dimensional problems gives an algorithm
which maintains the same performance with respect to the condition number of the
dual problem. However, the penalty term makes an unnecessary coupling between
functions on face nodes and edges nodes. Since such a coupling causes a consid-
erable decrease on practical efficiency, we suggest a modified penalty term for the
three dimensional problem aiming at reducing the coupling between functions on
the interface. Next, unlike the FETI-DP method, subdomain problems containing the
penalty term are solved iteratively, of which the condition number becomes large as
the penalization parameter η increases. The same type of preconditioner as in 2D
might be satisfactory for the ill-conditioned problem due to a large η. But, since the
preconditioner suggested in [4] contains a coupling among all nodes on the interface
in 3D, it is hardly practical in the implementation. Based on such an observation, a
more appropriate preconditioner for three-dimension problems is constructed, which
is not only optimal with respect to η but also more practical then the one used in 2D.

2 Dual Iterative Substructuring with a Penalty Term

Let Th denote a quasi-uniform triangulation onΩ, where the discretization parameter
h stands for the maximal mesh size of Th. For simplicity, we consider a triangulation
of hexahedra and the standard trilinear finite element approximate solution of ( 1):
find uh ∈ Xh such that

a(uh, vh) = (f, vh) ∀vh ∈ Xh, (2)

where

a(uh, vh) =
∫
Ω

∇uh · ∇vh dx, (f, vh) =
∫
Ω

fvh dx,

and Xh = {vh ∈ H1
0 (Ω) ∩ C0(Ω) | ∀τ ∈ Th, vh|τ ∈ Q1(τ)}.

We decompose Ω into N non-overlapping subdomains {Ωk}Nk=1, where a par-
tition {Ωk}Nk=1 of Ω is assumed to be shape-regular. On each subdomain, the tri-
angulation Thk

is quasi-uniform with matching grids on the boundaries of neigh-
boring subdomains across the interface Γ . Here the interface Γ is the union of the
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common interfaces among all subdomains, i.e., Γ =
⋃
k<l Γkl, where Γkl denotes

the common interface of two adjacent subdomains Ωk and Ωl. We define the finite-
dimensional subspaceX k on each subdomainΩk by

Xk =
{
vkh ∈ C0(Ωk)

∣∣ ∀τ ∈ Thk
, vkh|τ ∈ Q1(τ), vkh|∂Ω∩∂Ωk

= 0
}
.

By enforcing the continuity at the corner points, we assemble X k’s into Xc
h:

Xc
h =

{
v = (vkh)k ∈

N∏
k=1

Xk

∣∣∣∣∣ v is continuous at each corner

}
.

The interface Γ is composed of faces which are shared by two subdomains, edges
which are shared by more than two subdomains, and vertices. The geometrical ob-
jects on the interface are characterized in more details as

(i) Fkl denotes the common face of Ωk andΩl, which is regarded as an open set.
(ii) Em, where m is an index of an edge, is an edge shared by neighboring subdo-

mains, which does not include its end points, the vertices.

To enforce the continuity on the interface except vertices, a signed Boolean ma-
trix B is introduced in the same way as in FETI-DP (cf. [1, 2]). Note that we do not
allow any redundant continuity constraint on any edges, i.e., in the case where an
edge Em is shared by four subdomains, there are four different ways to choose three
pairs of adjacent subdomains to impose the continuity on the edge nodes.

The finite element problem (2) is reformulated as a minimization problem with
constraints imposed by the requirement of continuity across the interface Γ :

min
v∈Xc

h

(
1
2

N∑
k=1

∫
Ωk

|∇v|2 dx− (f, v)

)
subject to Bv = 0.

As in the constrained optimization, we introduce a vector μ of Lagrange multipliers
in RM and define a Lagrangian functional L : X c

h × RM → R as

L(v, μ) =
1
2

N∑
k=1

∫
Ωk

|∇v|2 dx− (f, v) + 〈Bv, μ〉,

where M represents the number of constraints used for the pointwise matching on
the interface and 〈·, ·〉 is the Euclidean inner product in RM . Then, we slightly change
the Lagrangian L by adding a penalty term. It is natural to adopt the same penalty
term as suggested for the two dimensional problem in [4]:

Jη(u, v) =
∑
k<l

η

h

∫
Γkl

(uk − ul)(vk − vl) ds, η > 0. (3)

To make the 3D algorithm efficient, we should minimize the coupling between the
functions associated with face nodes and edge nodes. But, the penalty term in ( 3)
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makes face nodes and edge nodes in each part Γkl of Γ coupled so that all nodes on
the interface are tied. By considering the interface as a union of two separate object,
faces and edges, we introduce a modified penalty term

Jη(u, v) = η(JF (u, v) + JE(u, v)), η > 0, (4)

where

JF(u, v) =
1
h

∑
k<l

∫
Fkl

(ukFkl
− ulFkl

)(vkFkl
− vlFkl

) dx

and

JE(u, v) =
∑
Em

∑
(i,j)∈IEm

∫
Em

(ui − uj)(vi − vj) ds.

Here, ukFkl
is a part of u, which is related to the contribution to uk on Fkl only from

the face nodal basis functions excluding the edge nodal basis functions. We define
an augmented Lagrangian Lη with the penalty term Jη

Lη(v, μ) = L(v, μ) +
1
2
Jη(v, v).

Given the augmented LagrangianLη , we consider the saddle-point problem:

Lη(uh, λh) = max
μh∈RM

min
vh∈Xc

h

Lη(vh, μh) = min
vh∈Xc

h

max
μh∈RM

Lη(vh, μh). (5)

It has been established that seeking the solution of (2) is equivalent to finding the
saddle-point of (5) (cf. [4]). The problem (5) is represented in the algebraic form[

Aη B
T

B 0

] [
u
λ

]
=

[
F
0

]
,

where

Aη =
[
AΠΠ AΠΔ
ATΠΔ AΔΔ + ηJ

]
, BT =

[
0
BTΔ

]
, u =

[
uΠ
uΔ

]
, F =

[
fΠ
fΔ

]
.

Here, Π indicates the degrees of freedom (dof) associated with both the interior
nodes and the subdomain corners, Δ those related to the face and edge nodes on
the interface, and λ the Lagrange multipliers for the continuity constraint across the
interface. Eliminating uΠ and uΔ successively, we have a dual system

Fηλ = dη (6)

where
Fη = BΔS

−1
η BTΔ, dη = BΔS

−1
η (fΔ −ATΠΔA−1

ΠΠfΠ)

with
Sη = S + ηJ = (AΔΔ −ATΠΔA−1

ΠΠAΠΔ) + ηJ.

Note that Fη is symmetric positive definite.
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3 Estimate of Condition Number

By letting the vector vΔ be partitioned into face and edge dof vΔ =
[
vf , ve

]T
, the

pointwise matching operator BΔ is represented as

BΔ =
[
Bf 0
0 Be

]
.

Let us denote by D(A) a block diagonal matrix such that D(A) = blockdiag(A).
Looking at the connection between the operator BΔ and the penalty term Jη from
their definitions, it is obvious that

J =
[
JF 0
0 JE

]
=

[
BTf D(JBf

)Bf 0
0 BTe D(JBe)Be

]
, (7)

where JBf
and JBe stand for the 2D mass matrix on each face weighted with 1/h

and the 1D mass matrix on each edge, respectively. We define by Λ the space of
vectors of dof associated with the Lagrange multipliers. To analyze the condition
number bound for Fη , based on Lemma 3.1 in [6], it is sufficient to specify a suitable
norm ‖ · ‖Λ on Λ and to estimate constants satisfying

c1‖λ‖2Λ′ ≤ 〈λ, Fηλ〉 ≤ c2‖λ‖2Λ′ ∀λ ∈ Λ,
c3‖μ‖2Λ ≤ 〈μ, μ〉 ≤ c4‖μ‖2Λ ∀μ ∈ Λ.

(8)

Taking the structural characteristic of J into consideration, we define the norm ‖ · ‖Λ
on Λ by

‖μ‖2Λ = μT
[
D(JBf

) 0
0 D(JBe)

]
μ, ∀μ ∈ Λ. (9)

The dual norm on Λ is defined by

‖λ‖Λ′ = max
μ ∈ Λ
μ 
= 0

|〈λ, μ〉|
‖μ‖Λ

, ∀λ ∈ Λ.

We list useful results in deriving bounds on the extreme eigenvalues of F η .

Proposition 1. For S = AΔΔ − ATΠΔA
−1
ΠΠAΠΔ, there exists a constant C =

λSmax/λ
J
min such that

vTΔSvΔ ≤ CvTΔJvΔ, ∀vΔ⊥Ker(BΔ),

where λSmax and λJmin are the maximum eigenvalue of S and the minimum nonzero
eigenvalue of J , respectively.

Lemma 1. Let λJmin be the minimum nonzero eigenvalue of J . Then, we have

λJmin ≥ Ch

where the constant C is independent of h andH .



404 C.-O. Lee and E.-H. Park

Thanks to Lemma 3.1 in [6], we have the following estimate of the condition
number κ(Fη).

Theorem 1. For any η > 0, we have

κ(Fη) ≤
(

1 +
C

η

)
C∗

where

C =
λSmax

λJmin

, C∗ =
max{λ

JBf
max, λ

JBe
max}

min{λ
JBf

min , λ
JBe

min}
.

Furthermore, the constants C and C ∗ are independent of the subdomain size H and
the mesh size h.

Corollary 1. For a sufficiently large η, we have

κ(Fη) ≤ C∗,

where C∗ is the constant estimated in Theorem 1.

Remark 1. The condition number estimate of the augmented FETI-DP (with edge
constraints) isC(1+log(H/h))2; see [3]. In our case, the vertex continuity is enough
to make our method have a constant bound for the condition number of the resultant
dual system.

4 Computational Issues

For the implementation of the proposed algorithm, we reorder the relevant dof in ( 6).
By rearranging u in order u = [ur, uc]T where ui, uf , and ue are assembled into ur,
we obtain a system in the following form

Kη
rrur +Krcuc +BTr λ = fr (10a)

KT
rcur +Kccuc = fc (10b)

Brur = 0 (10c)

Note that Kη
rr is non-singular and detailed as

Kη
rr = Krr + ηJ̃ =

[
Aii AiΔ
ATiΔ AΔΔ

]
+

[
0 0
0 ηJ

]
,

where

AΔΔ =
[
Aff Afe
ATfe Aee

]
, J =

[
JF 0
0 JE

]
.

By eliminating ur from (10a), we have
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Fcc −FTrc
Frc Frr

] [
uc
λ

]
=

[
dc
dr

]
(11)

where

Frr = Br(Kη
rr)

−1BTr , Frc = Br(Kη
rr)

−1Krc, Fcc = Kcc −KT
rc(K

η
rr)

−1Krc

and
dr = BTr (Kη

rr)
−1fr, dc = fc −KT

rc(K
η
rr)

−1fr.

Since Aη is invertible, so is Fcc. We can therefore eliminate uc in (11) to get

Fηλ = dη (12)

where
Fη = Frr + FrcF

−1
cc F

T
rc, dη = dr − FrcF−1

cc dc.

Note that the condition number of K η
rr grows linearly with η. Hence we need

to establish a preconditioner which reduces the effect of η. First, we introduce a
preconditionerM1 as

M1 =
[
Aii 0
0 AΔΔ

]
+

[
0 0
0 ηJ

]
.

Theorem 2. The condition number of the preconditioned system byM 1 grows asymp-
totically as

κ(M−1
1 Kη

rr) :=
λmax(M−1

1 Kη
rr)

λmin(M−1
1 Kη

rr)
�

(
H

h

)2

.

Next, we suggest a preconditionerM2 as

M2 =
[
Aii 0
0 ÃΔΔ

]
+

[
0 0
0 ηJ

]
with ÃΔΔ =

[
Aff 0
0 Aee

]
.

Theorem 3. Two preconditioners M1 and M2 are spectrally equivalent, i.e., there
are constants c and C independent of h and H such that

cvTr M2vr ≤ vTr M1vr ≤ CvTr M2vr, ∀vr .

Therefore, the condition number of the preconditioned system by M 2 grows asymp-
totically as

κ(M−1
2 Kη

rr) �
(
H

h

)2

.

Finally, by eliminating the coupling between all pairs of faces and edges, we
establish a preconditionerM3 as

M3 =
[
Aii 0
0 AΔΔ

]
+

[
0 0
0 ηJ

]
with AΔΔ =

[
Aff 0
0 Aee

]
.

Here, the matrices Aff and Aee are block diagonal with a block for each face and
for each edge, respectively. Also we rewrite Aff and Aee as block matrices of the
same structure as Aff and Aee.
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Theorem 4. Assume that on each subdomainΩk, a triangulation Thk
satisfies

V olume(Tc) ≤ min{V olume(T ac )},

where Tc ∈ Thk
is a hexahedron containing a subdomain corner as one of its ver-

tices and T ac is an adjacent hexahedron to Tc. Then, the condition number of the
preconditioned system by M3 grows asymptotically as

κ(M−1
3 Kη

rr) �
(
H

h

)2

.

Remark 2. The condition number of the subdomain problem in FETI-DP also de-
pends on the ratio H/h, more presisely, κ(Krr) ≤ C(H/h)3. In FETI-DP, the
subdomain problems are usually solved by direct methods. However, in the case
of subdomain problems of relatively large size, iterative solvers are used (cf. [ 5]).
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1 Summary

We apply a recently proposed [5] robust overlapping Schwarz method with a certain
spectral construction of the coarse space in the setting of element agglomeration al-
gebraic multigrid methods (or agglomeration AMGe) for elliptic problems with high-
contrast coefficients. Our goal is to design multilevel iterative methods that converge
independent of the contrast in the coefficients. We present simplified bounds for the
condition number of the preconditioned operators. These bounds imply convergence
that is independent of the contrast. In the presented preliminary numerical tests, we
use geometric agglomerates; however, the algorithm is general and offers some sim-
plifications over the previously proposed spectral agglomerate AMGe methods (cf.,
[2, 3]).

2 Introduction

The purpose of this paper is to present some preliminary results on the performance
of recently proposed overlapping Schwarz methods [ 5] for elliptic equations with
high-contrast coefficients. These methods converge independent of the contrast and
use a spectral construction of the coarse space. In this paper, we extend the methods
and results of [5] to the multilevel case. The resulting multilevel methods are optimal
in terms of the contrast. As it turns out, the resulting multilevel methods can be
viewed as a version of previously proposed spectral agglomerate algebraic multigrid
methods (or agglomerate !AMGe), proposed originally in [ 3] (see also [1]) and then

‡ The work of Y.E. is partially supported by NSF and DOE.
§ The work of this author was performed under the auspices of the U.S. DOE by Lawrence

Livermore National Laboratory under Contract DE-AC52-07NA27344.
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extended in [2] to allow for multilevel recursion without visiting the fine level. A
computational survey of various AMGe methods is found in [ 6], see also [7].

The approach proposed in [5] for the two-level case, which we extend in the
present contribution to the multilevel case, needs only to identify the “vertices” of
the agglomerates; no additional topological relations are required (assuming that we
have somehow come up with an agglomeration algorithm or when geometric meshes
are simply used as in our present experiments). The methods introduced here sim-
plify the previously proposed similar spectral agglomerate AMGe methods in [ 2, 3].
The simplification occurs due to the fact that the present method uses overlapping
subdomains (unions of fine grid agglomerates (elements) that share a common ver-
tex) as domains where the local eigenproblems are posed. To define the resulting
coarse basis, a partition of unity is applied at the end (as commonly used). To im-
plement the method, we need only an agglomeration algorithm and an algorithm to
generate the vertices of the resulting agglomerates. No other topological relations
need to be constructed or reduced Schur complements of local matrices need to be
computed (as in [2] or [6]) and still the method allows for recursion without visiting
the finest grid; see Sect. 3 below for details.

We apply the method to difficult elliptic finite element problems with discontin-
uous high-contrast coefficients (discontinuity, generally not aligned with the coarse
elements). The two-level version of the method was proven in [ 5] to be robust with
respect to the contrast. Our experiments that we present in this contribution show that
the same result holds for a more practical multilevel extension of the method that we
describe in the Sect. 3. The actual multiplicative and additive versions of the mul-
tilevel method are summarized after that in the following two sections, Sects. 4–5.
Finally, numerical results are presented in Sect. 7.

3 Notation and Building Tools

Let D ⊂ R2 (or R3) be a polygonal domain. We would like to find u∗ ∈ H1
0 (D)

such that
a(u∗, v) = f(v) for all v ∈ H1

0 (D), (1)

where the bilinear form a and the functional f are defined by

a(u, v) =
∫
D

κ(x)∇u(x) · ∇v(x)dx (2)

and f(v) =
∫
D f(x)v(x)dx for all u, v ∈ H1

0 (D). We allow discontinuous and
high-contrast coefficient κ.

Let Th = T (0) be a fine triangulation with mesh parameter h = h(0) and Vh =
V (0) be the finite element space of piecewise linear functions on T (0). The Galerkin
formulation of (1) is to find u∗ ∈ V (0) with a(u∗, v) = f(v) for all v ∈ V (0), or in
matrix form

Au∗ = b, (3)
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where for all u, v ∈ V h(D) we have uTAv =
∫
D
κ∇u · ∇v, and vT b =

∫
D
fv.

We denote A(0) = A. For each fine element τ ∈ T (0), let A(0)
τ be the local finite

element matrix. The fine-grid stiffness matrix A(0) can be obtained by the standard
assembling procedure based on the local (element) matrices A (0)

τ , τ ∈ T (0).
It is sufficient to consider the case of piecewise constant coefficient κ. From now

on we assume that κ is a piecewise constant coefficient in T h with value κ = κe on
each fine triangulation element e ∈ T h.

Introduce a coarser mesh T (1) ⊃ T (0) with parameter h(1). We assume that each
coarse element Tc ∈ T (1) is the union of fine elements τ with τ ∈ T (0). Define also
the subdomains {T } as coarse vertex neighborhoods. For each subdomain T , there is
coarse vertex xT such that T = ∪{Tc : xT ∈ Tc}. Each subdomain T contains only

one coarse vertex xT . Now, we define the subdomain matrices A(0)
T . For interior

floating subdomains, let A(0)
T be finite element Neumann matrix corresponding to

that subdomain. If T is a boundary subdomain let A (0)
T be the finite element matrix

with homogeneous Neumann boundary conditions in the inner boundary ∂T ∩ D
and homogeneous Dirichlet boundary conditions in the exterior boundary ∂T ∩ ∂D.
For any subdomain T , the matrix A(0)

T can be obtained by local assembling of finite
element matrices as follows

A
(0)
T =

∑
τ∈T

I(0)
τ A(0)

τ I(0)T
τ ,

where I(0)
τ is the extension by zero operator. Let M (0)

T the weighted mass matrix

with coefficient κ and of the same size ofA(0)
T . We solve the high-contrast eigenvalue

problem

A
(0)
T φk = λkM

(0)
T φk, φk = φk,T , λ1 ≤ λ2 . . . λk ≤ λk+1 ≤ . . . . (4)

In practice, the mass matrix can be replaced with the diagonal of the respective stiff-
ness matrix. This eigenvalue problem reveals the “small” part of the spectrum of the
local subdomain matrix A(0)

T . It can be shown that only a few small eigenvalues de-
pend on the contrast, i.e., that they vanish asymptotically as the contrast increases.
In particular, the number of these eigenvalues is the same as the number of isolated
high-conductivity inclusions when homogeneous Neumann boundary conditions in
(4) are considered. The idea is to include the corresponding eigenvector information
into the coarse space. Let {DT } be a partition unity represented by nonnegative di-
agonal matrices DT , that is,

∑
T ITDT I

T
T = Id, where Id : V (0) → V (0) is the

identity operator and IT is the extension by zero operator. Let L(0)
T be an integer and

define the coarse basis functions associated to the vertex xT by

Φ
(1)
k = DTP

(0)φ
(0)
k , k = 1, . . . , LT , Φ

(1)
k = Φ

(1)
k,T , (5)

where for convenience we define P (0) as the identity operator. These are the coarse
degrees of freedom. That is, we define the coarse space
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V (1) = Span{Φ(1)
k = Φ

(1)
k,T T subdomain, 1 ≤ k ≤ L

(0)
T }.

We mention that one can modify the mass matrix M (0)
T to get coarse spaces with a

smaller dimension, see [4].

Let N (1)
Tc

be the number of coarse degrees of freedom in a coarse element, or
coarse basis functions with support containing a coarse element, T c ∈ T (1). With
the (new) coarse basis functions we construct local matrices A(1)

Tc
.

Denote by P (1) the matrix whose columns are the coarse basis functions just
defined including all subdomains T , that is

P (1) = [Φ(1)
T,k]T,1≤k≤L(0)

T

.

The matrix P (1) : V (1) → V (0) is the interpolation from the coarse space V (1). We
use the Galerkin relation to define the coarse-level “1” matrix

A(1) = P (1)TA(0)P (1).

We now consider additional nested coarse meshes T (2) ⊃ · · · ⊃ T (L) with
parameters h(2), . . . , h(L) respectively. The procedure described above can be called
recursively to construct coarse spaces V (	) and interpolations P (	) : V (	) → V (0).
At level 
, we consider the coarser triangulation T (	+1) and we construct as before:
local element matrices, A(	)

τ , τ ∈ T (	); subdomain local matrices, A(	)
T ,M

(	)
T , T

subdomain; coarse basis functions,

Φ
(	+1)
k = DTP

(	)φ
(	)
k , k = 1, . . . , L(	)

T ; (6)

interpolation,P (	+1) = [Φ(	)
T,k]T,k; and coarse-level 
+1 matrix defined byA(	+1) =

P (	+1)TA(0)P (	+1).
Note that P (	+1) : V (	+1) → V (0) where we have defined the coarser space

V (	+1) = Span{Φ(	)
k = Φ

(	+1)
k,T T subdomain, 1 ≤ k ≤ L

(0)
T }.

Each eigenvalue problem is defined at a current level: A (	)
T φk = λkM

(	)
T φk.

These are sparse small size eigenvalue problems. Observe that, in order to construct
new coarse basis functions we interpolate the solution of the local weighted eigen-
value problems into the finest space V (0) and then apply the partition of unity. In
order to obtain a genuine multilevel construction only a minor modification needs to
be done. Definition (6) of the coarse basis functions changes to

Φ̃
(	+1)
k = D̃

(	)
T φ

(	)
k , k = 1, . . . , L(	)

T . (7)

Where D̃(	)
T is now a partition of unity of the 
th (coarse) degrees of freedom. In this

case the corresponding spaces Ṽ (	) are nested, Ṽ (0) ⊃ Ṽ (1) ⊃ · · · ⊃ Ṽ (L), with
interpolation P̃ (	) : Ṽ (	+1) → Ṽ (	) and matrices Ã(	+1) = P̃ (	+1)T Ã(	)P̃ (	+1).
Usual recursively defined multigrid (or MG) (V-cycle) algorithms can be used based
on this construction. The MG algorithm based on the non-nested spaces is summa-
rized in the next section. It falls into the category of “subspace correction” methods.
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4 Multigrid Method

Now we describe the multigrid method. We recall that in Sect. 3 we constructed
coarse (non-nested) subspaces V (1), . . . , V (L) associated to the coarse triangula-
tions T (1) ⊂ T (2) · · · ⊂ T (L). Given x, b ∈ V (0), we define y = MG(x, b) as
corresponding multigrid (V-cycle) operator with (multiplicative) Schwarz smoother
with initial guess x and right hand side b. A detailed description of the computations
is presented in Fig. 1. The operator r → MG(0, r), r ∈ V (0), can be used as a
preconditioner. We also consider the genuine multilevel (V-cycle) multigrid method
with in the construction using the coarse basis functions defined in ( 7).

Input: x, b ∈ V (0). Output: y=MG(x,b).

(i) Initialize y = x
(ii) For � = 0, . . . ,L − 1, smooth:

a) Set r = b− Ay, r� = P (�)T r and c� = 0
b) For s = 1, . . . , NS , c� ← c� + I

(�)
Ts

(A
(�)
Ts

)−1I
(�)T
Ts

(r� − A(�)c�)

c) y ← y + P (�)c�
(iii) Coarse correction:

a) r = b− Ay and rL = P (L)T r
b) cL = (A(L))−1rL
c) y ← y + P (L)cL

(iv) For � = L − 1, . . . , 0, smooth
a) r = b− Ay, r� = P (�)T

r and c� = 0
b) For s = NS , . . . , 1, c� ← c� + I

(�)
Ts

(A
(�)
Ts

)−1I
(�)T
Ts

(r� −A(�)c�)

c) y ← y + P (�)c�

Fig. 1. Multigrid operator.

5 Multilevel Additive Preconditioner (BPX)

Now we define a BPX–like additive multilevel method with overlapping Schwarz
method as smoother. Given r ∈ V (0) we define

M−1
addr =

L∑
	=1

∑
T

P (	)I
(	)T
T (A(	)

T )−1I
(	)
T P (	)T r,

where the second sum runs over all subdomains at level 
, 
 = 1, . . . ,L. See [5]
for a two-level version of this method. In [5], it is proved that Cond(M−1

addA
(0)) ≤

C(1 + 1
h(1)λL+1

), where C is a constant independent of the contrast and λL+1 =
minT λL(1)

T +1
. If, in each subdomain, the right number of basis functions is chosen,

then, the previous estimate becomes independent of the contrast. We note that the
multilevel extension of [5] would require the solution of fine triangulation eigenvalue
problems in each subdomain at every level. In our construction in Sect. 3, we solve
eigenvalue problems at the actual level.
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6 Condition Number Bounds

Now we present a simplified version of the condition number bounds for the methods
described above. We recall that in this paper we are interested in the performance of
the methods in terms of the contrast. We have the following results which proof
uses tools developed in [2, 3, 5], see also [4]. A complete analysis of the proposed
algorithms and more detailed numerical experiments are in progress.

Theorem 1. We have the condition number bounds for the preconditioned operators:
Cond(MG(0, ·)A(0)) ≤ C and Cond(M−1

addA
(0)) ≤ D, where the constants C and

D depend on the number of levels and on the contrast-independent eigenvalues λ k =
λ	k,T , k ≥ LT , T is a subdomain, 1 ≤ 
 ≤ L.

We stress upon the fact that our experiments indicate that the constants C and D
above seem to be mesh-independent (at least in the case of geometric agglomerates).
The independence (or exact dependence) of these estimates on the number of levels,
as well as the analysis of the genuine multilevel algorithm, are subject of ongoing
research.

7 Numerical Experiments

In this section we present representative numerical experiments that show that the
proposed methods have an optimal convergence in terms of contrast.

We consider D = [0, 1]× [0, 1] and solve problem (1) with two different distri-
butions of high-contrast coefficients κ. In the first experiment, we consider the co-
efficients depicted on the left of Fig. 2. We use Preconditioned Conjugate Gradient
(PCG) with the preconditioners described above, the multigrid, the genuine multi-
level and the multilevel additive methods, see Sects. 4 and 5. The mesh and degrees
of freedom information for the basis functions constructions in Sect. 3 is displayed in
Table 1. The degrees of freedom information corresponding to the genuine multilevel
method is similar and it is omitted. In Table 2 we present the (estimated) condition
number of the preconditioned operator for different values of the contrast η. We iter-
ate until the initial residual is reduced by a factor of tol = 10−10. In our experiments,
the selection of the number of small eigenvalues in each subdomain follows the cri-
teria L(	)

T = mink λk > ρ; for 
 = 0, . . . ,L, where ρ is chosen based on the first
large (order one) jump of the eigenvalues (c.f., [ 2, 5, 6]).

In a second experiment we consider the coefficient depicted on the right of Fig. 2.
These coefficients have several inclusions and two long channels. The mesh infor-
mation is contained in Table 1 and the condition number estimates are given Table 3.
As we observe from these numerical results that the proposed methods have optimal
convergence in terms of the contrast.
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Fig. 2. Left: Coefficient corresponding to nine high-contrast inclusions. Light grey indicates the
high-contrast part, κ(x) = η. Dark grey indicates value κ(x) = 1. The results are displayed in
Table 2 and the degrees of freedom information in Table 1. Right: Coefficient with inclusions
and long channels. See Tables 1 and 3.

Table 1. Mesh information and interior degrees of freedoms in each level for the coefficients
depicted in Fig. 2 (5th and 6th column, respectively). See Sect. 3.

Level h Subdomains Nodes (int) dof MG-Ex. 1 dof- MG Ex. 2
0 1/64 32×32 4225(3969) 4225(3969) 4225(3969)
1 1/32 16×16 1089(961) 1089(961) 1089(961)
2 1/16 8×8 289(225) 289(225) 289(225)
3 1/8 4×4 81(49) 117(77) 113(78)
4 1/4 2×2 25(9) 77(45) 38(19)
5 1/2 1×1 9(1) 45(9) 27(6)

Table 2. Condition number estimates for the preconditioned CG. The information on the de-
grees of freedom is in Table 1 (5th column).

η Multigrid Genuine ML Additive
103 2.1389 2.1087 31.9844
104 2.3288 2.3201 36.8847
105 2.3612 2.4559 37.7580
106 2.3647 2.4961 37.8532

Table 3. Condition number estimates for the preconditioned CG. The information on the de-
grees of freedom is in Table 1 (6th column).

η Multigrid Genuine ML Additive
103 1.7780 2.0010 27.0319
104 1.7834 2.0751 27.4616
105 1.7822 2.0837 27.5052
106 1.7829 2.0846 27.5096



414 Y. Efendiev et al.

References

1. M. Brezina, C. Heberton, J. Mandel, and P. Vanek. An iterative method with convergence
rate chosen a priori. UCD/CCM Report 140, 1999.

2. T. Chartier, R. Falgout, V.E. Henson, J.E. Jones, T.A. Manteuffel, S.F. McCormick, J.W.
Ruge, and P.S. Vassilevski. Spectral element agglomerate AMGe. In Domain Decompo-
sition Methods in Science and Engineering XVI, volume 55 of Lecture Notes in Computa-
tional Science and Engineering, pp. 513–521. Springer, Berlin, 2007.

3. T. Chartier, R.D. Falgout, V.E. Henson, J. Jones, T. Manteuffel, S. McCormick, J. Ruge,
and P. S. Vassilevski. Spectral AMGe (ρAMGe). SIAM J. Sci. Comput., 25(1):1–26, 2003.

4. H. Yanping, R. Kornhuber, O. Widlund, and J. Xu (eds.). Domain Decomposition in Sci-
ence and Engineering XIX, Springer Verlag, Berlin Heidelberg, p. 189–196, 2011.

5. J. Galvis and Y. Efendiev. Domain decomposition preconditioners for multiscale flows in
high contrast media. to appear in SIAM MMS.

6. I. Lashuk and P.S. Vassilevski. On some versions of the element agglomeration AMGe
method. Numer. Linear Algebra Appl., 15(7):595–620, 2008.

7. P.S. Vassilevski. Multilevel Block Factorization Preconditioners: Matrix-based Analysis
and Algorithms for Solving Finite Element Equations. Springer, New York, NY, 2008.



A FETI-DP Formation for the Stokes Problem
Without Primal Pressure Components

Hyea Hyun Kim1 and Chang-Ock Lee2

1 Department of Mathematics, Chonnam National University, Gwangju, Korea,
hyeahyun@gmail.com; hkim@jnu.ac.kr

2 Department of Mathematical Sciences, KAIST, Daejeon, Korea, colee@kaist.edu

Summary. A scalable FETI–DP (Dual-Primal Finite Element Tearing and Intercon-
necting) algorithm for the Stokes problem is developed and analyzed. Advantages of
this approach are a coarse problem without primal pressure unknowns and the use of
a relatively cheap lumped preconditioner. Especially in three dimensions, these ad-
vantages provide a more robust and faster FETI-DP algorithm. In three dimensions,
the velocity unknowns at subdomain corners and the averages of velocity unknowns
over common faces are selected as the primal unknowns in the FETI-DP formulation.
A condition number bound of the form C(H/h) is established, where C is a positive
constant which is independent of any mesh parameters and H/h is the number of
elements across individual subdomains.

1 Introduction

FETI–DP (Dual-Primal Finite Element Tearing and Interconnecting) algorithms are
known to be among the most scalable domain decomposition methods, which are
iterative substructuring methods based on Lagrange multipliers, see [ 1, 2]. This fam-
ily of algorithms was developed for the Stokes problem by [ 3, 5, 6, 7]. In all these
works for the Stokes problem, a compatibility condition on the dual velocity un-
knowns is required for each subdomain. As a consequence of this requirement, the
velocity averages over edges in addition to the velocity unknowns at the subdomain
corners are selected as primal unknowns in two dimensions. In three dimensions,
the introduction of face averages and more complicated primal unknowns related to
edges are unavoidable. By enforcing a compatibility condition on the dual veloc-
ity unknowns in each subdomain, additional primal unknown pressure components,
constant in each subdomain, are used to enforce these compatibility conditions in
these algorithms. This gives an indefinite coarse problem with both primal velocity
and primal pressure unknowns.

In our previous work [4], we developed a new FETI-DP algorithm for the
Stokes problem in two dimensions. In this algorithm, only velocity unknowns at
the subdomain corners are selected as primal variables to reduce complication of the
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implementation. The primal pressure components are not used in contrast to other
approaches for the Stokes problem. In this formulation, we can eliminate all the
pressure unknowns by solving local Stokes problems, since such a selection of the
primal velocity unknowns results in dual velocity unknowns which guarantee the
solvability of the local Stokes problems without eliminating spurious pressure com-
ponents. The Dirichlet-type preconditioners are no longer relevant to the FETI-DP
formulation and a lumped preconditioner is naturally employed. Its condition num-
ber bound C(H/h)(1 + log(H/h)) was proved with the constant C depending on
the inf-sup constant of a certain pair of velocity and pressure spaces. Furthermore
it was shown that the inf-sup constant is independent of any mesh parameters for
rectangular subdomain partitions. This method can be considered as an extension of
the work in [8] to the Stokes problem.

In this paper, we extend the FETI-DP algorithm without primal pressure un-
knowns to the three-dimensional Stokes problem. By relaxing the compatibility con-
dition on the dual velocity unknowns, we can select a relatively small set of primal
unknowns, which are the primal velocity unknowns at the subdomain corners. To
ensure scalability of a method in three dimensions, our method involves only primal
velocity unknowns, which are velocity averages over common faces.

The resulting coarse problem of our method consists of only the primal veloc-
ity unknowns and becomes symmetric and positive definite. This allows the use of a
more practical Cholesky solver for the coarse problem in contrast to indefinite coarse
problems that appear in [5, 6, 7, 9]. With a lumped preconditioner, a scalable condi-
tion number bound C(H/h) is obtained for the FETI-DP algorithm.

2 FETI-DP Formulation

2.1 Model Problem

We consider the three-dimensional Stokes problem,

−�u +∇p = f in Ω,
∇ · u = 0 in Ω,
u = 0 on ∂Ω,

(1)

where Ω is a bounded polyhedral domain in R3 and f ∈ [L2(Ω)]3. We introduce
a pair of inf-sup stable finite element spaces (X̂, P ) where X̂ ⊂ [H1

0 (Ω)]3 and
P ⊂ L2

0(Ω). Here H1
0 (Ω) is the Sobolev space with functions that have square

integrable weak derivatives up to the first order and with zero traces on ∂Ω, and
L2

0(Ω) consists of square integrable functions with average value zero over Ω. In
addition, the velocity functions are continuous and the pressure functions can be
discontinuous across element boundaries, and P = P

⋂
L2

0(Ω), where P is the
space of pressure functions before enforcing the zero average condition.
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2.2 FETI-DP Formulation Without Primal Pressure Components

We now decomposeΩ into a non-overlapping subdomain partition {Ω i}Ni=1 in such
a way that each subdomain aligns to the finite element triangulation of Ω. The sub-
domain finite element spaces are then obtained as

X(i) = X̂|Ωi , P
(i) = P |Ωi ,

that are the restrictions of X̂ and P to the individual subdomains. Among the subdo-
main velocity unknowns, we select some unknowns at each subdomain boundary as
primal unknowns and we denote each part of the subdomain velocity unknowns by
u(i)
I , u(i)

Π , and u(i)
Δ , where I , Π , and Δ denote unknowns of the subdomain interior,

the primal unknowns, and the remaining dual unknowns at the subdomain boundary,
respectively. In the present work, the velocity unknowns at the subdomain corners
and the averages of the velocity unknowns over common faces are selected as the
primal unknowns.

We introduce the velocity spaces, X (i)
I , X(i)

Π , and X (i)
Δ corresponding to the un-

knowns u(i)
I , u(i)

Π , and u(i)
Δ , respectively. We also introduce a space X (i)

r of both the
interior and the dual velocity unknowns,

X(i)
r = X

(i)
I ×X(i)

Δ ,

and use the notation u(i)
r for the velocity unknowns in the space X (i)

r .
Throughout the paper, for given spacesW (i) associated withΩi we denote byW

the product space ofW (i) and by W̃ the subspace ofW , where the strong continuity
at the primal unknowns is enforced. The subspace of W , where continuity at all
interface unknowns is enforced, will be denoted by Ŵ . The unknowns at these spaces
W , W̃ , and Ŵ are then decoupled, partially coupled, and fully coupled across the
subdomain interface, respectively. We also use the same notational convention for the
velocity unknowns; ur denotes (u(1)

r , . . . ,u(N)
r ) and ũ denotes velocity unknowns

in the space X̃ . We will use the same notation u to denote velocity unknowns and
the corresponding finite element function.

We now obtain a discrete form of the Stokes problem (1) in the finite element
space (X̃, P ) by enforcing the pointwise continuity on the remaining part of the
interface unknowns using Lagrange multipliers λ ∈M :

find ((uI ,uΔ, ûΠ), p, λ) ∈ X̃ × P ×M such that⎛⎜⎜⎜⎜⎜⎝
KII KIΔ KIΠ B

T

I 0
KT
IΔ KΔΔ KΔΠ B

T

Δ JTΔ
KT
IΠ KT

ΔΠ KΠΠ B
T

Π 0
BI BΔ BΠ 0 0
0 JΔ 0 0 0

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝

uI
uΔ
ûΠ
p
λ

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
f I
fΔ
fΠ
0
0

⎞⎟⎟⎟⎟⎠ , (2)

where BI , BΔ, and BΠ are defined by
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−
∑
i

∫
Ωi

∇ · ũ q dx, ∀q ∈ P ,

JΔ is a boolean matrix that computes jump of the dual unknowns across the subdo-
main interface Γij ,

JΔuΔ|Γij = u(i)
Δ − u(j)

Δ ,

and the other operators are defined by∑
i

∫
Ωi

∇ũ · ∇ṽ dx.

The common interface Γij can be an edge or a face of subdomains Ω i and Ωj .
We introduce fully redundant Lagrange multipliers in our FETI-DP formulation. For
λ ∈ M , λ|Fij denotes the Lagrange multipliers which are related to the continuity

constraints u(i)
Δ − u(j)

Δ = 0 on the common face F ij . Similarly, λ|Eik
denotes the

Lagrange multipliers related to the continuity constraints u (i)
Δ − u(k)

Δ = 0 on the
common edge Eik, which is the only common part of the two subdomains Ω i and
Ωk. We call λ|Fij face-based Lagrange multipliers and λ|Eik

edge-based Lagrange
multipliers, respectively.

We recall that the pressure finite element space,

P = P
⋂
L2

0(Ω),

where P =
∏N
i=1 P

(i). These local pressure spaces P (i) do not satisfy the zero
average condition. In order to eliminate all the pressure unknowns by solving inde-
pendent local Stokes problems, we will use the pressure space P instead of P in
our FETI-DP formulation. By adding a constant pressure component, we extend the
pressure space P to the space P . The added constant component will give us an
additional condition on ũ,∑

i

∫
Ωi

∇ · ũ q dx = 0, q = c, (3)

which is equivalent to∑
i

∫
Ωi

∇ · ũ c dx = c
∑
ij

∫
Fij

(u(i)
Δ − u(j)

Δ ) · nij ds = 0.

Here Fij denotes the common face of two subdomains Ω i and Ωj . The above equa-
tion can be obtained as a linear combination of the continuity constraints on uΔ,

JΔuΔ = 0.

Since JΔuΔ = 0 has been already enforced in (2), by adding (3) to the algebraic
system (2), we obtain an extended algebraic system which is equivalent to ( 2).
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We write the extended algebraic system with the pressure space P as follows:
find ((uI ,uΔ, ûΠ), p,λ) ∈ (X̃, P,M) such that⎛⎜⎜⎜⎜⎝

KII KIΔ KIΠ BTI 0
KT
IΔ KΔΔ KΔΠ BTΔ JTΔ

KT
IΠ KT

ΔΠ KΠΠ BTΠ 0
BI BΔ BΠ 0 0
0 JΔ 0 0 0

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝

uI
uΔ
ûΠ
p
λ

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
f I
fΔ
fΠ
0
0

⎞⎟⎟⎟⎟⎠ . (4)

Here BI , BΔ, and BΠ are defined by

−
∑
i

∫
Ωi

∇ · ũ q dx, ∀q ∈ P,

and the other terms are the same as those in (2).
In the new algebraic form, the unknowns (u I ,uΔ, p) can be eliminated by solv-

ing independent local problems. The advantage of the extended algebraic system is
that no pressure unknowns are left and only the primal velocity unknowns remain
after solving the local problems. The primal velocity unknowns can be eliminated
by solving a global coarse problem, which is smaller and more practical than those
of other domain decomposition algorithms for the Stokes problem [ 5, 6, 7, 9]. As a
result a linear system on λ will be obtained,

FDPλ = d.

The introduction of fully redundant Lagrange multipliers and the extension of the
pressure space make the resulting system singular.

The extension of the pressure space introduces one more null space component
which is given by

μ0|Fij = ζijnij , ∀Fij and μ0|Elk
= 0, ∀Elk.

Here μ0|Fij and μ0|Elk
are face-based and edge-based Lagrange multipliers, respec-

tively, nij is the unit normal to the face Fij , and at each nodal point xl ∈ F ij , ζij(xl)
is given by

ζij(xl) =
∫
Fij

φl(x(s), y(s), z(s)) ds,

where φl is the velocity basis function related to the node x l. This can be shown by
observing that (uI ,uΔ, ûΠ) = 0, p = c, and λ = cμ0 are solutions of (4) for the
zero force terms (f I , fΔ, fΠ) = 0 with c an arbitrary constant.

Let Range(JΔ) be the range space of JΔ. We then have

M = Null(JTΔ)
⊕

Range(JΔ).

We now introduce a subspace of M , which is orthogonal to the null space compo-
nents of FDP ,
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Mc =
{
μ ∈ Range(JΔ) : μtμ0 = 0

}
.

We then perform the preconditioned conjugate gradient iteration in the subspaceM c

by employing a lumped preconditioner M̂−1,

M̂−1 =

⎛⎝ 0
JTΔ
0

⎞⎠T ⎛⎝KII KIΔ BTI
KT
IΔ KΔΔ BTΔ
BI BΔ 0

⎞⎠⎛⎝ 0
JTΔ
0

⎞⎠ = JΔKΔΔJ
T
Δ.

3 Analysis of a Bound of Condition Number

In this section, we will provide a condition number bound of the FETI-DP operator
with the lumped preconditioner by proving the following inequalities:

C1β
2〈M̂λ,λ〉 ≤ 〈FDPλ,λ〉 ≤ C2

(
H

h

)
〈M̂λ,λ〉, ∀λ ∈Mc, (5)

where β is the inf-sup constant of a certain pair of velocity and pressure finite element
spaces, (ÊI,Π , P ). In a more detail, ÊI,Π = XI + ÊΠ and ÊΠ consists of functions
v in X̂ , which minimize the H 1-discrete seminorm and satisfy

v(V ) = aV ,∫
F
Ih(θFv)(x) dx(s) = aF ,∫

F I
h(θEv)(x) · nF dx(s) = aEF , ∀F ∈ F(E),

with given values of aV , aF , and aEF , which are provided for all vertices V ∈ V , all
faces F ∈ F , and all edges E ∈ E . Here F(E) is the set of faces with the edge E
in common, and θF and θE are face and edge cut-off functions, which are one at the
interior nodes of the face F , and those of the edge E, respectively, and zero at the
other unknowns. In addition, I h(v) is the nodal interpolant of v to the velocity finite
element space X̂ .

These inequalities in (5) yield the following condition number bound,

κ(M̂−1FDP ) ≤ C
1
β2

(
H

h

)
.

3.1 Lower Bound

Lemma 1. For any μ ∈Mc, there exists u ∈ X̃ such that
1. JΔuΔ = μ,
2.

∑
i

∫
Ωi
∇ · u q dx = 0, ∀q ∈ P,

3. 〈Ku,u〉 ≤ C 1
β2 〈KΔΔJ

T
Δμ, JTΔμ〉, where β is the inf-sup constant of the pair

(ÊI,Π , P ).
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We introduce

X̃(div) =
{
v ∈ X̃ :

∫
Ωi

∇ · vq dx = 0, ∀q ∈ P
}
.

We then have the identity,

〈FDPλ,λ〉 = max
v∈ eX(div)

〈JΔvΔ,λ〉2
〈Kv,v〉 , (6)

where K is the stiffness matrix given by

K =

⎛⎝KII KIΔ KIΠ

KT
IΔ KΔΔ KΔΠ

KT
IΠ KT

ΔΠ KΠΠ

⎞⎠ .

The following lower bound can be obtained from Lemma 1 and (6):

Theorem 1. For any λ ∈Mc, we have

C1β
2〈M̂λ,λ〉 ≤ 〈FDPλ,λ〉,

where β is the inf-sup constant of the pair (ÊI,Π , P ) and C1 is a positive constant
that does not depend on any mesh parameters.

3.2 Upper Bound

The following result is obtained from a Poincaré inequality, see [ 8, Lemma 4]:

Lemma 2. LetΩi be a three-dimensional subdomain. For any function v ∈ H 1(Ωi),

‖v − cF ‖2L2(F ) ≤ CH |v|2H1(Ωi)
,

where F is a face of the subdomainΩi and cF is given by

cF =

∫
F
Ih(θF v)dx(s)∫
F dx(s)

.

By using the above lemma, we obtain:

Lemma 3. There exists a constant C such that

〈KΔΔJ
T
ΔJΔuΔ, JTΔJΔuΔ〉 ≤ C

H

h
〈Ku,u〉, for any u ∈ X̃.

The identity in (6) combined with Lemma 3 gives the upper bound:

Theorem 2. For any λ ∈Mc, we have

〈FDPλ,λ〉 ≤ C2
H

h
〈M̂λ,λ〉,

where C2 is a positive constant that does not depend on any mesh parameters.
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1 Université de Nice Sophia-Antipolis, Laboratoire J.-A. Dieudonné, UMR CNRS 6621,
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Switzerland, martin.gander@unige.ch

Summary. Schwarz waveform relaxation methods have been studied for a wide range of
scalar linear partial differential equations (PDEs) of parabolic and hyperbolic type. They are
based on a space-time decomposition of the computational domain and the subdomain itera-
tion uses an overlapping decomposition in space. There are only few convergence studies for
non-linear PDEs.

We analyze in this paper the convergence of Schwarz waveform relaxation applied to
systems of semi-linear reaction-diffusion equations. We show that the algorithm converges
linearly under certain conditions over long time intervals. We illustrate our results, and further
possible convergence behavior, with numerical experiments.

1 Introduction

Schwarz waveform relaxation methods are domain decomposition methods for evo-
lution problems, which were invented independently in [ 1, 6, 7], where the latter
paper only appeared several years later in print. These methods use a domain de-
composition in space, and a subdomain iteration in space-time to converge to the
underlying time dependent solution, see Fig. 1 for an illustration. Schwarz wave-
form relaxation methods exhibit different convergence behaviors, depending on the
underlying PDE and the time interval of the simulation: for the heat equation, conver-
gence is linear over long times, see [6], and superlinear over short times, see [7]. For
the wave equation, convergence is obtained in a finite number of steps for bounded
time intervals, see [4], where also an optimized variant is described, which was first
proposed in [3], both for hyperbolic and parabolic problems.

The analysis of Schwarz waveform relaxation methods for nonlinear problems is
significantly more difficult: for scalar semilinear reaction diffusion problems, see [ 2],
and for scalar convection dominated nonlinear conservation laws, see [ 5]. The pur-
pose of our paper is to present a first convergence analysis for systems of nonlinear
PDEs, for the model problem of semilinear reaction diffusion equations.
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2 Systems of Semi-linear Reaction Diffusion Equations

To simplify the presentation, we show our results for a system of two equations in
one spatial dimension, but the techniques used in the analysis can be generalized
to systems with more unknowns, and also to higher dimensions. We consider on a
bounded domainΩ ⊂ R the system of semi-linear reaction diffusion equations

∂tu−Δu + f(u) = 0 in Ω × (0, T ),
u(x, t) = g(x, t) on ∂Ω × (0, T ),
u(x, 0) = u0(x) in Ω,

(1)

where u = (u1, u2) represents the vector of two unknown concentrations to be
determined, and f(u) = (f1(u1, u2), f2(u1, u2)). A well posedness result for such
systems of semi-linear reaction diffusion equations can be found in [ 8], see Corollary
3.3.5, p. 56.

Our analysis of the Schwarz waveform relaxation algorithm is based on com-
parison principles. Such principles have been studied in various contexts for system
(1), see for example [10, 11], and they often require quite elaborate proofs for the
generality employed. We state here precisely the results we need.

Lemma 1. Let u = (uj)1≤j≤2 ∈ C2,1(Ω × [0,∞))2 be a function for which each
component satisfies the inequality

∂tui −Δui + ai1(x, t)u1 + ai2(x, t)u2 > 0 in Ω × (0,∞),
ui(x, t) > 0 on ∂Ω × (0,∞),
ui(x, 0) > 0 in Ω.

(2)

If aij(x, t) ≤ 0 for i �= j and all (x, t) ∈ Ω × (0,∞), then ui(x, t) > 0 for all
(x, t) ∈ Ω × (0,∞).

The proof of this theorem by contradiction is a straightforward extension of the result
in the scalar case, see [2]. The strict inequalities in Lemma 1 can however be relaxed,
as we show next.

Lemma 2. Under the same assumptions as in Lemma 1, if

∂tui −Δui + ai1(x, t)u1 + ai2(x, t)u2 ≥ 0 in Ω × (0,∞),
ui(x, t) ≥ 0 on ∂Ω × (0,∞),
ui(x, 0) ≥ 0 in Ω,

(3)

then ui(x, t) ≥ 0 for all (x, t) ∈ Ω × (0,∞).

Proof. By performing the change of variables ũ i(x, t) := eCtui(x, t), where C is a
constant to be chosen, the first inequality of (3) can be rewritten as

∂tũi −Δũi − Cũi + ai1ũ1 + ai2ũ2 ≥ 0. (4)

Now let û = ũ + ε. If we rewrite (4) in terms of û, and choose the constant C such
that C < ai1 + ai2, we can apply Lemma 1, and taking the limit for ε → 0 shows
that ui(x, t) ≥ 0.
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3 Schwarz Waveform Relaxation Algorithm

We consider the semi-linear reaction diffusion system (1) in the domainΩ = (0, L).
We decompose the domain into two overlapping subdomains Ω 1 = (0, βL) and
Ω2 = (αL,L), α < β, as shown in Fig. 1. We denote by g1(t) := g(0, t) and by

T

x

t

Ω1 ∩ Ω2

Ω1 Ω2

0 LαL βL

Fig. 1. Space-time domain decomposition.

g2(t) := g(L, t). The classical Schwarz waveform relaxation algorithm constructs
at each iteration n approximate solutions vn, wn on subdomains Ωi, i = 1, 2, by
solving the equations

∂tv
n+1 −Δvn+1 + f(vn+1) = 0 in Ω1 × (0, T ),

vn+1(0, t) = g1(t) on (0, T ),
vn+1(βL, t) = wn(βL, t) on (0, T ),
vn+1(x, 0) = u0(x) in Ω1

∂tw
n+1 −Δwn+1 + f(wn+1) = 0 in Ω2 × (0, T ),

wn+1(αL, t) = vn(αL, t) on (0, T ),
wn+1(L, t) = g2(t) on (0, T ),
wn+1(x, 0) = u0(x) in Ω2.

(5)

In order to analyze the convergence of the Schwarz waveform relaxation algorithm
(5) to the solution u of (1), we denote the errors in subdomainΩ1 by dn := u− vn

and in Ω2 by en := u−wn. The error equations are

∂td
n+1 −Δdn+1 + f(u)− f(vn+1) = 0 in Ω1 × (0, T ),

dn+1(βL, t) = en(βL, t) on (0, T ),
∂te

n+1 −Δen+1 + f(u)− f (wn+1) = 0 in Ω2 × (0, T ),
en+1(αL, t) = dn(αL, t) on (0, T ),

(6)

where the initial and boundary conditions on the exterior boundaries are zero, since
the error vanishes there. Using a Taylor expansion with remainder term in Lagrange
form, we obtain for i = 1, 2

∂td
n+1
i −Δdn+1

i + ∂1fi(ξi,1, u2)dn+1
1 + ∂2fi(vn+1

1 , ξi,2)dn+1
2 = 0 in Ω1 × (0, T ),

∂te
n+1
i −Δen+1

i + ∂1fi(ξ′i,1, u2)en+1
1 + ∂2fi(wn+1

1 , ξ′i,2)e
n+1
2 = 0 in Ω2 × (0, T ),
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a linear system with variable coefficients, depending on the Jacobian of the non-
linearity.

Our convergence analysis is based on upper solutions for the errors, which are
constant in time.

Theorem 1 (Linear Convergence Estimate). Assume that ∂1f1 ≥ 0 and ∂2f2 ≥ 0,
and that there exists a constant a satisfying 0 < a < (π/L)2, such that −a ≤
∂1f2 ≤ 0 and −a ≤ ∂2f1 ≤ 0. Then the errors in the Schwarz waveform relaxation
algorithm (5) satisfy

sup
x∈Ω1

‖d2n+1(x, ·)‖∞ ≤ C1γ
k‖e0(βL, ·)‖∞, (7)

sup
x∈Ω2

‖e2n+1(x, ·)‖∞ ≤ C2γ
k‖d0(αL, ·)‖∞, (8)

where γ in (0, 1) is

γ =
(

sin(
√
aαL)

sin(
√
aβL)

)(
sin(

√
a(1− β)L)

sin(
√
a(1− α)L)

)
,

and the constants C1,2 are given by

C1 = sup
0<x<βL

sin(
√
ax)

sin(
√
aβL)

, C2 = sup
αL<x<L

sin(
√
a(L− x))

sin(
√
a(1− α)L)

.

Proof. Let M := max {||en1 (βL, ·)||∞, ||en2 (βL, ·)||∞} and define the function
d̃n+1 := M sin(

√
ax)/ sin(

√
aβL), which is the unique solution of the steady state

problem

−Δd̃n+1 − ad̃n+1 = 0, with d̃n+1(0) = 0, d̃n+1(βL) = M.

In order to show that d̃n+1 is a supersolution of the two errors dn+1
1 and dn+1

2 , we
consider the differences d̂n+1

1 := d̃n+1 − dn+1
1 and d̂n+1

2 := d̃n+1 − dn+1
2 , which

satisfy in Ω1 the system of equations

∂td̂
n+1
1 −Δd̂n+1

1 − ad̃n+1 − ∂1f1(ξ1,1, u2)dn+1
1 − ∂2f1(vn+1

1 , ξ1,2)dn+1
2 = 0,

∂td̂
n+1
2 −Δd̂n+1

2 − ad̃n+1 − ∂1f2(ξ2,1, u2)dn+1
1 − ∂2f2(vn+1

1 , ξ2,2)dn+1
2 = 0.

Adding and subtracting ∂1f1(ξ1,1, u2)d̃n+1 and ∂2f1(vn+1
1 , ξ1,2)d̃n+1 in the first

equation, and ∂1f2(ξ2,1, u2)d̃n+1 and ∂2f2(vn+1
1 , ξ2,2)d̃n+1 in the second equation,

we obtain

∂td̂
n+1
1 −Δd̂n+1

1 = −∂1f1(ξ1,1, u2)d̂n+1
1 − ∂2f1(vn+1

1 , ξ1,2)d̂n+1
2

+∂1f1(ξ1,1, u2)d̃n+1 + (a+ ∂2f1(vn+1
1 , ξ1,2))d̃n+1,

∂td̂
n+1
2 −Δd̂n+1

2 = −∂1f2(ξ2,1, u2)d̂n+1
1 − ∂2f2(vn+1

1 , ξ2,2)d̂n+1
2

+(a+ ∂1f2(ξ2,1, u2))d̃n+1 + ∂2f2(vn+1
1 , ξ2,2)d̃n+1.
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Under the assumptions of the theorem, and using the fact that d̃n+1 is strictly positive
in the interior of subdomainΩ1, we obtain the system of inequalities

∂td̂
n+1
1 −Δd̂n+1

1 + ∂1f1(ξ1,1, u2)d̂n+1
1 + ∂2f1(vn+1

1 , ξ1,2)d̂n+1
2 ≥ 0,

∂td̂
n+1
2 −Δd̂n+1

2 + ∂1f2(ξ2,1, u2)d̂n+1
1 + ∂2f2(vn+1

1 , ξ2,2)d̂n+1
2 ≥ 0.

Since ∂2f1(vn+1
1 , ξ1,2) ≤ 0 and ∂1f2(ξ2,1, u2) ≤ 0, we can now apply Lemma 2

to conclude that d̂n+1
1 = d̃n+1 − dn+1

1 ≥ 0 and d̂n+1
2 = d̃n+1 − dn+1

2 ≥ 0 in Ω1.
Using a similar argument for the sums, we obtain that also d̃n+1 + dn+1

1 ≥ 0 and
d̃n+1 + dn+1

2 ≥ 0, which implies by the positivity of d̃n+1 that their modulus is
bounded, and we have for i = 1, 2

|dn+1
i (x, t)| ≤ d̃n+1 = max {||en1 (βL, ·)||∞, ||en2 (βL, ·)||∞}

sin(
√
ax)

sin(
√
aβL)

.

Using a similar argument on subdomainΩ2, we obtain for i = 1, 2

|en+1
i (x, t)| ≤ max {||dn1 (αL, ·)||∞, ||dn2 (αL, ·)||∞}

sin(
√
a(L− x))

sin(
√
a(1− α)L)

.

Since the bounds are uniform in t, we obtain over a double step

‖dn+1(αL, ·)‖∞ ≤ γ‖dn−1(αL, ·)‖∞,
‖en+1(βL, ·)‖∞ ≤ γ‖en−1(βL, ·)‖∞,

and by induction (7) and (8). The fact that γ < 1 has been shown already in [2].

4 Numerical Results

We present numerical results for three different semilinear systems: the Belousov-
Zhabotinsky equations, the FitzHugh-Nagumo equations, and the Lotka-Volterra
system with migration. All numerical experiments are performed in the domain
Ω = (0, 1) and on the time interval (0, T ), with T = 12π. We discretize the equa-
tions with a standard three point finite difference method in space (with mesh size
Δx = 1

20 ), and a semi-implicit Euler time-discretization scheme (with time step
Δt = π

10 ), where implicit integration is used for the diffusive term and explicit in-
tegration for the reaction term. The space-time domain Ω is decomposed into two
overlapping domains (with overlap size δ = 2Δx) and we use Dirichlet conditions
at the interfaces.

4.1 Belousov-Zhabotinsky Equations

The Belousov-Zhabotinsky equations model non-equilibrium thermodynamics, re-
sulting in the establishment of a nonlinear chemical oscillator, see [9], p. 322 for
details. They are given by
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∂tu1 − 1
2∂xxu1 − u1(1− u1 − ru2) = 0,

∂tu2 − 1
2∂xxv + bu1u2 = 0. (9)

The hypotheses of Theorem 1 are satisfied for this system after performing the
change of variables ũ1 = 1− u1, ũ2 = u2, under the condition that the components
u1 and u2 remain positive. This condition holds, provided that the initial conditions
satisfy u1(x, 0) = u1,0(x) ≥ 0 and u2(x, 0) = u2,0(x) ≥ 0. Figure 2 shows the
linear convergence predicted by the convergence bound of Theorem 1.
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Fig. 2. Convergence history for the Belousov-Zhabotinsky equations.

4.2 FitzHugh-Nagumo Equations

The system of reaction diffusion equations

∂tu1 − 1
2∂xxu1 − f(u1) + u2 = 0,

∂tu2 − 1
2∂xxu2 − u1 + u2 = 0,

with f(u1) = u1 − u3
1 is called the FitzHugh-Nagumo equations, and describes

how an action potential travels through a nerve. It is the prototype of an excitable
system (e.g., a neuron) or an activator-inhibitor system: close to the ground state,
one component stimulates the production of both components, while the other one
inhibits their growth, see [9], p. 161 for details. This system does not satisfy the
hypotheses of Theorem 1, but nevertheless we observe linear convergence, as shown
in Fig. 3.

4.3 Lotka-Volterra Equations

The Lotka-Volterra equations with migration term are
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Fig. 3. Convergence history for the FitzHugh-Nagumo equations.

∂tu1 − 2
25∂xxu1 − u1(1− u2) = 0,

∂tu2 − 2
25∂xxu2 + u2(1− u1) = 0,

and they describe a biological predator-prey system, where both predator and prey
are migrating randomly. This system does not satisfy the hypotheses of Theorem 1,
and now we observe quite a different convergence behavior, as shown in Fig. 4.
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Fig. 4. Convergence history for the Lotka-Volterra equations with migration.
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5 Conclusions

Schwarz waveform relaxation algorithms often exhibit superlinear convergence, as
observed in the last example, see for example [2]. A corresponding convergence
analysis requires however quite different techniques from the ones we have presented
here, and will appear in an upcoming paper.
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Summary. A direct solver for large scale sparse linear system of equations is presented in
this paper. As a direct solver, this method is among the most efficient direct solvers available
so far with flop count as O(n logn) in one-dimensional situations and O(n3/2) in second
dimensional situation. This method has advantages over the existing fast solvers in which it
can be used to handle more general situations, both well-conditioned or ill-conditioned sys-
tems; more importantly, it is a very stable solver and a naturally parallel procedure! Numerical
experiments are presented to demonstrate the efficiency and stability of this algorithm.

1 Introduction

One of the core tasks in mathematical computations is to solve algebraic linear sys-
tem of equations, which often arise from solving physical and engineering problems
modeled in PDE and discretized by FEM or FDM. Frequently one may encounter
systems with up to hundreds of thousands of unknowns and coefficient matrix is
usually very sparse, i.e., most of the entries in the coefficient matrix are zeros.

Currently direct methods for solving large scale linear systems are variations of
Gaussian elimination method (GE), such as TDMA, the multifrontal methods [ 1, 4],
Pardiso [2] and superLU [5],etc. It is well-known that GE method is not stable due
to the accumulated rounding errors, even if partial pivoting is applied; the excessive
flops needed in GE (which is a part reason for the instability) is also an big issue.
Though parallel can be partly implemented in reordering of unknowns [ 3, 6], a for-
ward and a backward substituting procedure are always needed.

In this paper we are to discuss a complete parallel efficient algorithm for solv-
ing linear system of equations. This algorithm is based on the recognizing of certain
special sequence of vectors, which is then orthogonalized by a special algorithm
called Layered Group Orthogonalization (LGO). The new direct solver is based on
LGO and is applied to solve linear systems with banded matrices arising from some
one-dimensional problems. Numerical examples show some astonishing stability be-
havior of this new method. More applications of the idea presented here are to be
followed by later papers.
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2 A Quasi-Orthogonal Vector Sequence

We start from recognizing a special sequence of vectors, which are closely related to
banded matrices.

Definition 1. A sequence of vectors v1, v2, · · · , vn is called quasi-orthogonal if there
exists an integer m such that after grouping the above sequence into groups of m
vectors

{v1, · · · vm}, {vm+1 · · · , v2m}, · · · , {vlm+1, · · · , vn}
there holds

vTi vj = 0, ∀vi ∈ Gi′ , vj ∈ Gj′ (|i′ − j′| > 1) (1)

where Gi is the ith group containing vectors {v(i−1)m+1 · · · , vim}. Note the last
group does not necessarily have m vectors. Furthermore, since any integer greater
than m can be used to group the vector sequence while (1) is satisfied, we call this
sequence as k-orthogonal sequence with k as the smallest integer m available.

Obviously a regular orthogonal sequence can be regarded as a quasi-orthogonal
sequence, but a k-orthogonal sequence (k > 0) is not orthogonal. We are to present
an efficient algorithm to orthogonalize a k-orthogonal sequence a moment later, but
first let’s give some examples of quasi-orthogonal sequences.

Example 1. Let A ∈ R be a bidiagonal matrix, A = (a1, a2, · · · an) be a partition
with ai(i = 1, · · ·n) as its column vectors, then a1, a2, · · ·an form a 1-orthogonal
sequence. If one partitions A into a sequence of row vectors, one also gets a 1-
orthogonal sequence.

Similarly one can see that the row/column vectors of a tridiagonal matrix form a 2-
orthogonal sequence. As a matter of fact, given any banded matrix A with at most
k+1 nonzero entries at each row/column, the associated row/column vectors always
form a k-orthogonal sequence.

Note here we define k-sequence from vectors with only a few nonzero entries.
Does there exist indeed vector sequence with all entries as nonzero numbers to form
a k-orthogonal sequence? The following remark provides a positive answer to this
question.

Remark 1. LetQ ∈ Rn×n be an orthogonal matrix, v1, v2, · · · , vn be a k-orthogonal
sequence with each vi ∈ Rn, then sequence Qv1, Qv2, · · · , Qvn also form a k-
orthogonal sequence.

Outline of the proof Note that we have

(Qvi)TQvj = vTi Q
TQvj = vTi vj = 0, for |i′ − j′| > 1,

where vi ∈ Gi′ , vj ∈ Gj′ , the conclusion thus comes directly from the above obser-
vation.

It is easy to see that any vector combinations inside each group will not change
the k-orthogonal property of the sequence. As a direct consequence, the following
statement is true and will be used in later section.
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Remark 2. LetG1, G2, · · ·Gl be a sequence of groups associated with a k-orthogonal
sequence. If we orthogonalize vectors in each group, the newly formed groups of
vector, still denoted by G1, G2, · · ·Gl, keep the k-orthogonal property.

3 Layered Group Orthogonalization

As we mentioned previously, the k-orthogonal sequence is not a regular orthogonal
sequence, thus a process is needed to orthogonalize this sequence. However classi-
cal Gram-Schmidt process or Hessenberg is not suitable for this purpose since the
sparsity of the vector (matrix) structure will be destroyed. Although Hessenberg QR
factorization can be used to orthogonalize the sequence, its parallel implementations
is not an easy task [7] since in essence QR factorization is a sequential algorithm

In this section we are to provide a new type of orthogonalization process espe-
cially designed for this type of quasi-orthogonal sequence, which is called Layered
Group Orthogonalization process (LGO). The detail comes as follows.

3.1 Algorithm (LGO)

Let v1, v2, · · · , vn be a k-orthogonal vector sequence and is grouped into
groupsG1, G2, · · ·Gl. Assuming each group has m(≥ k) vectors.

Step 1: Orthogonalize all odd groups (these can be done independently),
i.e., G1, G3, · · ·Gl are orthogonalized at this step (assuming l is odd).

Step 2: If there are no even groups left, stop. Otherwise update each even
group by making it orthogonal to its neighboring odd groups.

Ḡ2i = Ḡ2i − Ḡ2i+1Ḡ
T
2i+1Ḡ2i − Ḡ2i−1Ḡ

T
2i−1Ḡ2i

where Ḡj represents the matrix formed by vectors in vector groupG j .
Step 3: Take out all odd groups and renumber the groups left in the same

order:G2, G4, · · ·G2s −→ G1, G2, · · · , Gs
Step 4: Go back to Step 1.

To justify the above algorithm, we need first the following conclusions.

Proposition 1 The vector sequence formed by vectors in all odd groups after step 1
are orthogonal.

Proof By the definition of k-orthogonality, vectors from different odd groups are
orthogonal already. By Remark 2 and the fact that vectors in each odd group are
orthogonalized in step 1, vectors from the same group are orthogonal to each other.
This completes the proof.

Proposition 2 The vectors in every even group are orthogonal to vectors in any
odd groups after step 2. i.e., given any vector v i ∈ G2i′+1, vj ∈ G2j′ , there holds
vTi vj = 0.
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The proof of this proposition is omitted .
Proposition 1 and 2 actually indicate this fact: “half” vectors in the original k-

orthogonal sequence are orthogonalized in the first run of the loop in the above al-
gorithm. To make the second run keeps similar orthogonalization function, we need
the conclusions that follows immediately.

Proposition 3 Vector sequence formed by vectors from even groups after second
step in the above algorithm still form a k-orthogonal sequence.

Proof It is omitted here.

3.2 Matrix representation of LGO

For the sake of simplicity, we assume k-orthogonal sequence v1, v2, · · · , vn is
grouped into l + 1 groups G0, G1, G2, · · · , Gl with each containing k vectors, we
denote the first step operation in the algorithm by matrix S (i)

1 and S(i)
2 for the second

step in each run of the loop (i = 1, 2, . . .). Then one can see that

S
(1)
1 =

⎛⎜⎜⎜⎜⎜⎝
R−1

1

Ik
R−1

3

Ik
. . .

⎞⎟⎟⎟⎟⎟⎠ and S(1)
2 =

⎛⎜⎜⎜⎜⎜⎝
Ik −ĜT1 G2

0 Ik 0
−ĜT3 G2 Ik −ĜT3G4

0 Ik 0
. . .

⎞⎟⎟⎟⎟⎟⎠
assuming l + 1 is odd. Thus one can see that the first step in each run of the loop
always corresponding to a block diagonal matrix with only a small portion of blocks
are non-identity blocks, while the second step matrix has a small portion of columns
having at most three non-zero blocks.

The whole process, denoted by matrix S−1, has the following form: S−1 =
S

(1)
1 S

(1)
2 · · ·S(r)

1 S
(r)
2 , where r = [log(n/k)]. Let Q be the resulted orthogonal ma-

trix by LGO process, then one has A = QS, where A is the matrix formed by the
k-orthogonal sequence as its column vectors. Note that bothQ and S are sparse ma-
trices with O(k2n log(n/k)) nonzero entries. Actually the following graphs show
their sparsity pattern.

4 LGO Solver and Numerical Experiments

An immediate application of the LGO factorization is of course to solve linear system
Ax = b with A as a banded matrix. Formerly one would have by multiplying both
sides the inverse of matrix S,

S−1Ax = S−1b.

Note that Q = S−1A is an orthogonal matrix, thus the solution x can be written as

x = (S−1A)TS−1b = QTS−1b.
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Fig. 1. Distribution of nonzeros of sparse matrix Q and S.

In actual calculations, the inverse of matrix S is not explicitly formed, and as we
noted previously, the operation S−1A and S−1b only cost O(k2n log(n/k)) flops.

Next we present results of some numerical experiments. We take the simplest
banded matrix–tridiagonal matrix. As we know currently the most frequently used
method is the so-called TDMA. Our comparison of LGO method and TDMA in
case A is diagonally dominant shows that these two methods reach almost the same
precision and the result are thus not listed here.

In case of A not diagonally dominant, we tried to use TDMA, UMFPACK and
LGO to solve a system with A slightly away from diagonally dominant as follows:

A = tridiag{−1.05, 2,−1}

and the condition number of this matrix A grows from hundreds when n is less than
100 to O(1013) when n is about 1,000.

In Fig. 2 one can see that both TDMA and UMFPACK work well in case of
system with 1,000 unknowns, however when the size of system is greater than 1,500,
the relative error becomes unacceptable. In order to test the stability of LGO, we
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Fig. 2. Comparison of relative error by using TDMA, UMFPACK and LGO.

construct an extremely ill-conditioned linear system with A as a tridiagonal matrix
with diagonal entries as 2, upper diagonal entries as -1 and lower diagonal entries run
from 1 to n− 1 with n as the size of the matrix. The following table is the calculated
condition numbers of A when n varies.
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n 10 15 20 25
cond (A) 9.3066e+004 5.0624e+008 4.7161e+013 3.9742e+017

Both TDMA and UMFPACK fail when n = 30. But by using LGO solver we
successfully obtained pretty good solutions for n up to 100, 000 with the exact solu-
tion as f(x) = x(1 − x)ex+6 (see Fig. 3).
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Fig. 3. Error between the exact solution and calculated solution using LGO.

5 A Nested Direct Domain Decomposition Idea

In this section we are going to briefly talk about another important application of the
aforementioned direct solver, which is actually a generalization of LGO.

Based on our discovery of the quasi-orthogonal sequence introduced in previous
section, we find that in FEM or FDM, each mesh node corresponding to a row in
resulted coefficient matrix can be naturally grouped into different groups by its geo-
metric locations; and if two groups are separated by at least a few grid lines (Fig. 4),
then row vectors corresponding to these two groups can be orthogonalized indepen-
dently. A simple implementation is described in the following.
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Fig. 4. Partitioning of direct domain decomposition.
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Fig. 5. Zero pattern of stiffness matrix.

A generalized LGO process is used to handle a second dimensional problem on
[0, 1]2. Here we assume the domain is discretized with a rectangular mesh. In each
layer of the LGO process we use small rectangular areas as the subdomains and the
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subdomains in the upper layer are formed by grouping the neighboring rectangular
subdomains in previous layer which share a common vertex. By using lexicography
order of nodes the resulted coefficient matrix A is a banded matrix with zeros inside
the band, as shown in Fig. 6.

The generalized LGO factors of A in this case have however some different zero
patterns, as we can see from the following figures (Figs. 6, 7) that the counts for
nonzeros are of orderO(n1.5), which can also be verified by estimating each step of
the generalized LGO process.

Fig. 6. Zero pattern of factor Q.
Fig. 7. Zero pattern of factor S.

Comparison between UMFPACK and LGO have been made on both well-
conditioned and ill-conditioned systems from some simple two dimensional prob-
lems. Numerical experiments show that for standard Poisson problem defined on
rectangular domain [0, 1]2, both methods work well (Fig. 8). However, for an artifi-
cially constructed discrete operator which leads to the following Toeplitz-like matrix
A = (aij)n×n (very ill-conditioned) where

aij =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
4, (i = j)
−6, (i = j − 1 and (i mod l) �= 1)
−2, (i = j + 1 and (i mod l) �= 0)
−1, (|i− j| = l)
0, ( otherwise)

and l is the positive square root of system size n, UMFPACK fails when the size
of system n is greater than a few thousands while LGO solver still shows satisfying
relative error when n is more than 20, 000 (Fig. 9). More meaningful tests and appli-
cations of LGO are currently under the way and the results will be presented in later
papers.
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Is Additive Schwarz with Harmonic Extension Just
Lions’ Method in Disguise?
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Summary. The Additive Schwarz Method with Harmonic Extension (ASH) was introduced
by Cai and Sarkis (1999) as an efficient variant of the additive Schwarz method that converges
faster and requires less communication. We show how ASH, which is defined at the matrix
level, can be reformulated as an iteration that bears a close resemblance to the parallel Schwarz
method at the continuous level, provided that the decomposition of subdomains contains no
cross points. In fact, the iterates of ASH are identical to the iterates of the discretized parallel
Schwarz method outside the overlap, whereas inside the overlap they are linear combinations
of previous Schwarz iterates. Thus, the two methods converge with the same asymptotic rate,
unlike additive Schwarz, which fails to converge inside the overlap (Efstathiou & Gander
2007).

1 The Methods of Lions, AS, RAS and ASH

Let Ω ⊂ Rn be a bounded open set. Suppose we want to solve the elliptic PDE

Lu = f on Ω, u = g on ∂Ω. (1)

Based on the theoretical work of [8, 9] introduced the first domain decomposition
methods for solving (1). In the two-subdomain case, let Ω1, Ω2 ⊂ Ω such that Ω1 ∪
Ω2 = Ω and Ω1 ∩ Ω2 �= ∅. We also define Γi = ∂Ω ∩ Ω̄i and Γij = ∂Ωi ∩ Ω̄j for
i, j = 1, 2. Then Lions’ parallel Schwarz method calculates the subdomain iterates
uki : Ωi → R, i = 1, 2 via

Luk+1
i = f on Ωi, uk+1

i = g on Γi, uk+1
i = uk3−i on Γi,3−i. (2)

If we discretize the parallel Schwarz method (2), we obtain for k = 0, 1, . . . ,

A1uk+1
1 = f1 −A12uk2 , A2uk+1

2 = f2 −A21uk1 , (3)

where Ai = RiAR
T
i , Aij = (RiA − AiRi)RTj , and Ri restricts the set V =

{1, . . . , n} of all nodes onto the subset Vi of nodes that lie in Ωi. The above method
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trivially generalizes to the case of many subdomains if there are no cross points, i.e.,
Ωi ∩Ωj ∩Ωl = ∅ for distinct i, j and l:

Aiuk+1
i = fi −

∑
j 
=i

Aijukj , for all i. (4)

Note that (4) does not define a global approximate solution Uk that is valid over
the entire domain Ω. In fact, if the subdomains overlap, there is no unique way of
defining Uk in terms of the ukj until the method has converged. Thus, one cannot
directly consider parallel Schwarz as a preconditioner for the global system and use
it in combination with Krylov subspace methods.

In order to turn parallel Schwarz into a preconditioner, [ 3] introduced the additive
Schwarz (AS) method, which is equivalent to a block Jacobi iteration when the sub-
sets Vj are disjoint. However, when the subdomains overlap, the method no longer
converges inside the overlapping regions ([4, 6]). To obtain a convergent method, [2]
introduced the methods of Restricted Additive Schwarz (RAS) and Additive Schwarz
with Harmonic Extension (ASH), which are defined as follows: let Ω̃j be a partition
of Ω such that Ω̃j ⊂ Ωj . Let Ṽj be the nodes that lie in Ω̃j , and R̃l be a matrix of
the same size as Rl, such that

[R̃l]ij =

{
1 if [Rl]ij = 1 and j ∈ Ṽl,
0 otherwise.

Then, starting from an initial guess of the global solution U 0, RAS calculates

Uk+1 = Uk +
∑
j

R̃Tj A
−1
j Rj(f − AUk), (5)

whereas ASH computes

Uk+1 = Uk +
∑
j

RTj A
−1
j R̃j(f − AUk). (6)

By restricting either the residual or the update to Ṽj , RAS and ASH avoids the re-
dundant updates that occur within the overlap when Additive Schwarz is used. There
exist other methods capable of eliminating the non-converging modes in AS, such
as the method of Restricted Additive Schwarz with Harmonic Overlap (RASHO),
which was proposed by [1].

It is clear that the RAS and ASH preconditioners are transposes of each other
whenA is symmetric; one thus expects the two methods to converge at a similar rate.
In the case where A is an M -matrix, [5] proved that RAS and ASH both converge
as an iterative method. For the RAS method, [6] showed that the iterates produced
are equivalent to those of the discretized parallel Schwarz method, regardless of the
number of subdomains and whether cross points are present. On the other hand, to
our knowledge no such interpretation exists for the ASH method. Our goal is to offer
such an interpretation in the case where cross points are absent.
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2 Assumptions and the Main Result

Before stating the main result, we make some assumptions that are algebraic mani-
festations of the fact that there are no cross points. The first one is self-evident based
on the definition of the restriction operatorsRk.

Assumption 1 (No cross points) For distinct i, j and l, we have

RiR
T
j RjR

T
l = 0. (7)

The next pair of assumptions ensures that ∂Ωj \ ∂Ω are partitioned into r con-
nected components, each of which must be a subset of only one Ω̃i for some i (see
Fig. 1).
Assumption 2 (Partition of internal boundaries) For all i �= j, we must have

(Ri − R̃i)(ARTj −RTj Aj) = 0, (8a)

(RiA−AiRi)(RTj − R̃Tj ) = 0. (8b)

The two conditions are simply transposes of each other; hence, they will be satisfied
simultaneously if A has a symmetric nonzero pattern. Also note that when i = j, the
two relations are trivially satisfied: since R̃i = R̃iR

T
i Ri, we have

(Ri − R̃i)(ARTi −RTi Ai) = RiAR
T
i︸ ︷︷ ︸

Ai

−RiRTi︸ ︷︷ ︸
I

Ai − R̃iRTi RiARTi︸ ︷︷ ︸
Ai

+R̃iRTi Ai = 0.

(9)

Ω1 Ω2

Ω3

Ω̃1 Ω̃2

Ω̃3

(a) (b)

Fig. 1. Some examples of decompositions into subdomains, with solid lines delimitingΩi and
dashed lines delimiting the Ω̃i. In (a), Assumptions 1–2 are satisfied, whereas in (b) they are
not, because the stencil of ART

1 − RT
1 A1 along the thick portion of ∂Ω1 would extend into

Ω2 \ Ω̃2, violating (8a).
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We can interpret (8a) as follows. For any vector w over Vj , the vectors ARTj w and
RTj Ajw agree inside Vj , but ARTj w may have nonzero entries outside Vj (which
RTj Ajw cannot have). For a PDE, these entries are located along the boundary ∂Ω j .
The assumption then says that these entries must correspond to nodes that are either
inside Ω̃i or completely outside Ωi, as in Fig. 1(a). In Fig. 1(b), the thick portion of
∂Ω1 is inside Ω2 \ Ω̃2, violating (8a).

We are now ready to state our main result.

Theorem 1. Suppose U0 = 0 and Assumptions 1 and 2 are satisfied. Then the iter-
ates Uk of the ASH method are related to the iterates vki of the discretized parallel
Schwarz method with v0

i = 0 and

Aiv1
i = R̃if, (10)

Aivki = Rif −
∑
j 
=i

Aijvk−1
j (k ≥ 2) (11)

via the relation

N∑
j=1

RTj vkj = Uk +
(∑

j

RTj Rj − I
)
Uk−1. (12)

Remark Since
∑
j RjR

T
j − I is zero outside the overlap, it is clear that the iterates

of ASH and Parallel Schwarz are identical outside the overlap, whereas inside they
are linear combinations of the current and previous iterates.

3 Proof of the Main Result

We assume throughout this section that Assumptions 1 and 2 hold. We let

rk := f −AUk, δukj := A−1
j R̃j(f −AUk), ukj :=

k−1∑
l=0

δulj .

From (6) it is clear that Uk =
∑

j R
T
j ukj . We also define vkj such that v0

j = u0
j = 0,

v1
j = u1

j , and

vkj = ukj +
∑
i
=j

RjR
T
i uk−1

i (k ≥ 2). (13)

The following properties are elementary and will be used repeatedly:

(i) RiRTi = I for all i,
(ii) R̃Ti Ri = RTi R̃i = R̃Ti R̃i for all i,

(iii) R̃iRTi = RiR̃
T
i = R̃iR̃

T
i for all i,

(iv)
∑

j R̃
T
j R̃j = I .

Lemma 1. For all k ≥ 1 and for all i, we have (Ri − R̃i)rk = 0.
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Proof. Fix i and let k ≥ 0. We calculate

(Ri − R̃i)rk = RiR
T
i (Ri − R̃i)rk = Ri

[∑
j

R̃Tj R̃jR
T
i (Ri − R̃i)rk

]
.

Since RTj Rj and RTi (Ri − R̃i) are diagonal matrices, they commute, and hence

(Ri − R̃i)rk = Ri

[∑
j

RTi (Ri − R̃i)R̃Tj R̃jrk
]

= RiR
T
i (Ri − R̃i)

∑
j

R̃Tj R̃jr
k.

Noting that RiRTi = I and R̃Tj R̃j = RTj R̃j , we can rewrite R̃jrk as Ajδukj . Then
(8a) and (9) together give

(Ri − R̃i)rk = (Ri − R̃i)
∑
j

ARTj δu
k
j

= (Ri − R̃i)A(Uk+1 −Uk) = (Ri − R̃i)(rk − rk+1).

Cancelling (Ri − R̃i)rk from both sides gives the required result.

Proof of Theorem 1 We first prove the relation (12). We have∑
j

RTj vkj =
∑
j

RTj ukj +
∑
j

RTj
∑
l 
=j

RjR
T
l uk−1

l

= Uk +
∑
j

RTj Rj

(∑
l

RTl uk−1
l −RTj uk−1

j

)
= Uk +

(∑
j

RTj Rj

)
Uk−1 −

∑
j

RTj uk−1
j

= Uk +
(∑

j

RTj Rj − I
)
Uk−1,

as required. Now let AiΓ := RiA − AiRi be the boundary operator. Multiplying
both sides of (12) by AiΓ on the left gives

AiΓ
∑
j

RTj vkj = AiΓUk +AiΓ

(∑
j

RTj Rj − I
)
Uk−1

= AiΓUk +AiΓ

(∑
j

(RTj Rj − R̃Tj Rj)
)
Uk−1

= AiΓUk +AiΓ

(∑
j

(Rj − R̃j)TRj
)
Uk−1 = AiΓUk,

sinceAiΓ (Rj−R̃j)T = 0 for all i and j by (8b) and (9). When i �= j,AiΓRTj = Aij
by definition, and when i = j, we have

AiΓR
T
i = (RiA−AiRi)RTi = RiAR

T
i −AiRiRTi = Ai −Ai · I = 0.
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So in fact we have

AiΓUk = AiΓ
∑
j

RTj vkj =
∑
j 
=i

Aijvkj . (14)

We now prove the main statement of the theorem. For k ≥ 0, we have

Aivk+1
i = Aiuk+1

i +Ai
∑
j 
=i

RiR
T
j ukj

= Aiδuki +Aiuki +Ai
∑
j 
=i

RiR
T
j ukj

= R̃i(f − AUk) +Ai
∑
j

RiR
T
j ukj

= R̃if − R̃iAUk +AiRiUk.

If k = 0, then all terms other than R̃if vanish because U0 = 0; we have thus proved
(10). We continue by assuming k ≥ 1:

Aivk+1
i = R̃if − R̃iAUk + (RiA−AiΓ )Uk

= R̃if + (Ri − R̃i)AUk −AiΓUk

= R̃if + (Ri − R̃i)(f − rk)−AiΓUk

= Rif − (Ri − R̃i)rk︸ ︷︷ ︸
=0

−
∑
j 
=i

Aijvkj .

by Lemma 1 and (14), and (11) follows.

4 Convergence Rate

Given the close relationship between ASH and Parallel Schwarz, one would expect
that the two methods converge at the same speed. This is true if the overlap subprob-
lem is well posed.

Theorem 2 (cf. [7]). LetRo be the restriction operator onto the union of all overlaps,
i.e., Ro is a full row-rank matrix such that RTo Ro =

∑
j R

T
j Rj − I . If RoARTo is

non-singular, then the ASH method (6) converges if and only if the parallel Schwarz
method (10), (11) converges. In addition, when both methods converge, they do so at
the same asymptotic rate.

To illustrate this theorem, we solve Poisson’s equation on the unit square with
homogeneous Dirichlet boundary condition. We use a 20× 20 grid, which is divided
into two subdomains with a two-row overlap (Fig. 2(a)). We then solve this problem
using (i) the discrete Parallel Schwarz method with Dirichlet boundary conditions,
as defined in Eq. (3), (ii) the ASH method, and (iii) overlapping Additive Schwarz.
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The convergence history for all three methods is shown in Fig. 2(b). We see
that ASH converges linearly, unlike AS, which does not converge because of the
overlap. In addition, the curves for Parallel Schwarz and ASH are very close to one
another, and their slopes are asymptotically equal. We also see from Table 1 that the
ratio of successive errors for parallel Schwarz alternates between 0.5737 and 0.5895
(which is typical for a two-subdomain problem), whereas ASH converges at a rate of
0.5815 =

√
0.5737 · 0.5895, the geometric mean. Thus, as iterative methods, ASH

and parallel Schwarz converge at the same rate, as stated in Theorem 2.
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Table 1. Error norms for Parallel Schwarz and ASH iterates.

Parallel Schwarz ASH

Error on Ω1 Error on Ω2 Error on Ω

Iters L2-Norm Ratio L2-Norm Ratio L2-Norm Ratio

1 60.4103 61.2159 69.0920
2 35.5724 0.5888 35.0937 0.5733 40.1592 0.5812
3 20.4046 0.5736 20.6840 0.5894 23.3519 0.5815
4 12.0281 0.5895 11.8656 0.5737 13.5796 0.5815
5 6.9001 0.5737 6.9947 0.5895 7.8969 0.5815
6 4.0676 0.5895 4.0126 0.5737 4.5923 0.5815
7 2.3335 0.5737 2.3654 0.5895 2.6706 0.5815
8 1.3756 0.5895 1.3570 0.5737 1.5530 0.5815
9 0.7891 0.5737 0.7999 0.5895 0.9031 0.5815
10 0.4652 0.5895 0.4589 0.5737 0.5252 0.5815
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5 Conclusions

We have shown that when the domain decomposition contains no cross points, the
ASH method and parallel Schwarz have identical iterates outside the overlap. When
both methods converge, they do so at the same asymptotic rate, provided the overlap
subproblem is well posed. Thus, ASH is simply Lions’ parallel method disguised as a
preconditioner. The same conclusions hold when optimized transmission conditions
are used; the proof is given in a separate article [7]. Such an insight can be used
to estimate convergence rates of the optimized ASH method in cases where known
results (e.g. [5]) do not apply. It would be interesting to see whether similar ideas
can be used to relate RASHO to the parallel Schwarz method. Finally, a crucial
assumption throughout this paper is that there must be no cross points. Since no such
assumption is required in the interpretation of RAS [6], it would be instructive to
study a problem with cross points to see whether similar results hold for arbitrary
domain decompositions.
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Summary. We introduce a family of parallel Newton-Krylov-Schwarz methods for
solving complementarity problems. The methods are based on a smoothed grid se-
quencing method, a semismooth inexact Newton method, and a two-grid restricted
overlapping Schwarz preconditioner. We show numerically that such an approach is
highly scalable in the sense that the number of Newton iterations and the number
of linear iterations are both nearly independent of the grid size and the number of
processors. In addition, the method is not sensitive to the sharp discontinuity that is
often associated with obstacle problems. We present numerical results for some large
scale calculations obtained on machines with hundreds of processors.

1 Introduction

Complementarity problems have many important applications [ 3, 4, 6], and there are
growing interests in developing efficient parallel algorithms for solving these semis-
mooth problems on large scale supercomputers. One popular approach is the class of
semismooth methods which solves the complementarity problem by first reformulat-
ing it as a semismooth system of equations and then applying a generalized Newton
method to solve this system. There are extensive theoretical and numerical results
associated with this approach, see, e.g., [5, 7, 8]. However, all existing approaches
seem to have scalability problems in the sense that when the degree of freedoms in
the problem increases the number of nonlinear or linear iterations increases drasti-
cally.

In this paper, we introduce a class of general purpose two-grid Newton-Krylov-
Schwarz (NKS) algorithms for complementarity problems associated with partial
differential equations. The methods are based on an inexact semismooth Newton
method, a smoothed grid sequencing method and a two-level cascade restricted

∗ The research was supported in part by DOE under DE-FC-02-06ER25784, and in part by
NSF under grants CCF-0634894 and CNS-0722023.
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overlapping Schwarz preconditioning technique. It turns out, with an appropriate
grid sequencing, the convergence rate of the semismooth Newton method can be
made nearly independent of the number of unknowns of the system using either the
Fischer-Burmeister function or the minimum function. Using the two-level restricted
Schwarz preconditioner with sufficient overlap, the number of linear iterations also
becomes nearly independent of the number of unknowns of the system. More impor-
tantly, both the linear and nonlinear iterations are nearly independent of the number
of processors in our numerical experiments on machines with hundreds of proces-
sors.

2 Semismooth Function Approaches for Complementarity
Problems

Let Ω ∈ R2 be a bounded open domain on which a linear or nonlinear differential
operatorL(u) is defined. Many problems can be described as finding a function u(x)
defined in certain space such that⎧⎨⎩Lu(x) ≥ 0, x ∈ Ω

u(x) ≥ Φ, x ∈ Ω
(u(x) − Φ)Lu(x) = 0, x ∈ Ω

(1)

with some boundary conditions assumed for u(x), x ∈ ∂Ω. Here Φ is given and
often called an obstacle. In this paper, we consider the following complementarity
problem:

find uh ∈ Rn,
such that uh ≥ φ, F (uh) ≥ 0, (uh − φ)TF (uh) = 0, (2)

where F (uh) = (F1(uh), · · · , Fn(uh))T : Rn → Rn denotes a continuously dif-
ferentiable function from the discretized version of L(u), and φ ∈ R n denotes the
obstacle from the discretization of Φ.

2.1 Semismooth Newton Methods

Let ai = (uh − φ)i and bi = Fi(uh), the reformulations of the complementarity
problem based on the Fischer-Burmeister function [5] and the minimum function [7]
are as follows:

FFB(a, b) := a+ b−
√
a2 + b2 = 0, (3)

FMIN (a, b) := min{a, b} = 0. (4)

In fact, the Fischer-Burmeister function is differentiable everywhere except at the
point (a, b) = (0, 0), while the minimum function is piecewise smooth with its non-
differentiable points forming the line {(a, b)T ∈ R2 : a = b}.
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If we apply a Newton-type method to (3) and (4), respectively, then it leads to
the class of inexact semismooth Newton methods, in which we need to solve a right-
preconditioned Jacobian system

‖F(ukh) + JkM
−1
k (Mksk)‖ ≤ max{ηr‖F(ukh)‖, ηa},

where Jk is a generalized Jacobian of F(ukh) to be introduced below, ηr ∈ [0, 1) is
a relative tolerance, ηa ∈ [0, 1) is an absolute tolerance, and M−1

k is an overlapping
Schwarz preconditioner [9, 10].

For both the Fischer-Burmeister function and the minimum function, the gener-
alized Jacobian matrix Jk is of the form

Jk = Dk
a +Dk

bF
′
(ukh) (5)

with diagonal matrices (depending on the iteration index k)

Dk
a = diag(da1 , . . . , dan), Dk

b = diag(db1 , . . . , dbn). (6)

The values of Dk
a and Dk

b in (6) corresponding to the Fischer-Burmeister function
take the form

dai :=
{

1− ai/
√
a2
i + b2i , if a2

i + b2i �= 0,
1, if a2

i + b2i = 0,

and

dbi :=
{

1− bi/
√
a2
i + b2i , if a2

i + b2i �= 0,
1, if a2

i + b2i = 0.

Similarly, when using the minimum function, the values ofD k
a andDk

b in (6) assume
the form

dai :=
{

1, ai < bi,
0, ai ≥ bi,

and

dbi :=
{

0, ai < bi,
1, ai ≥ bi.

When using a Newton type method to solve complementarity problems, one of
the major problems is the deterioration of the convergence rate when the mesh is
refined. We here propose a smoothed grid sequencing technique: First, compute the
solution u∗H of the nonlinear system FH(uH) = 0 on a coarse grid. Second, interpo-
late the coarse solution to obtain ũ0

h = IhHu
∗
H , which is then smoothed by replacing

its value at each grid point with the following weighed average of its neighboring
values:

1
16

1
8

1
16

↘ ↓ ↙
1
8 →

1
4 ←

1
8

↗ ↑ ↖
1
16

1
8

1
16 .
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The smoothed vector is then used as the initial guess for the fine grid Newton iter-
ation. In Fig. 1, we show the surface plots of the nonlinear system Fh(IhHu∗H) on a
fine grid without smoothing (left figure), and Fh(u0

H) with one sweep of smoothing
(right figure) for an obstacle problem. More details of this problem will be discussed
in the numerical experiments section.
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Fig. 1. The effect of smoothing of the interpolated coarse grid solution on the fine grid.

2.2 Schwarz Preconditioner

Let J be the Jacobian matrix on the fine grid and R δ
i andR0

i , the restriction operator
from Ω to its overlapping and non-overlapping subdomains, respectively. Then the
one-level restricted additive Schwarz (RAS) preconditioner [2] is

M−1
RAS =

Ns∑
i=1

(R0
i )
TJ−1

i Rδi . (7)

with Ji = Rδi J (Rδi )
T and Ns is the number of subdomains, which is the same as

the number of processors.
Let Jc be the Jacobian matrix on the coarse grid and IHh a restriction operator

from the fine grid to the coarse grid. Then the two-level restricted Schwarz precon-
ditioner is

M−1 = M−1
c +M−1

RAS −M
−1
RASJM

−1
c

withM−1
c = (IHh )TJ−1

c IHh . We refer to [9, 10] for further analysis and examples of
Schwarz preconditioning techniques.

3 Numerical Experiments

We report some results of our numerical experiments. Our solver is implemented
using PETSc ([1]). We consider an obstacle problem: find u(x) such that
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−Δu(x) + C ≥ 0, x ∈ Ω,
u(x) ≥ −d(x, ∂Ω), x ∈ Ω,
(u(x) + d(x, ∂Ω))(−Δu(x) + C) = 0, x ∈ Ω,
u(x) = 0, x ∈ ∂Ω,

(8)

where the d(x, ∂Ω)-operator measures the distance from a point x to the domain
boundary ∂Ω, and the parameter C = 5.

For the discretization we use the standard second-order five-point finite differ-
ence method on a uniform grid. The initial guess u 0

h for the global Newton iteration
is the obstacle from the discretization of −d(x, ∂Ω) in (8). We stop the fine grid
Newton iteration if

‖F(ukh)‖ ≤ max{10−6‖F(u0
h)‖, 10−10}.

The fine grid Jacobian system is solved with GMRES (30), and the iteration is
stopped if the tolerance

‖F(ukh) + Jksk‖ ≤ max{10−4‖F(ukh)‖, 10−10}

is satisfied. The subdomain problems are solved with LU factorization. Through-
out this section,“np” stands for the number of processors which is the same as the
number of subdomains, “INB” the number of inexact Newton iterations, “RAS” the
number of RAS preconditioned GMRES iterations, and “Time” of the total computer
time in seconds.

3.1 One-Level Results

We first study the one-level method with overlap δ = 3. As shown in Table 1, on
a fixed grid, the number of Newton iterations is independent of the number of pro-
cessors, but the number of GMRES iterations increases as the number of processors
increases for both the Fischer-Burmeister function and the minimum function. The
major problem with the one-level method shows up, if we look at the scalability for
a fixed number of processors. For each row in the table, every time we refine the grid
by a factor of 2, the number of Newton iterations doubles. This problem prohibits
the use of the method for high resolution applications.

3.2 Two-Level Results

In this subsection, we present the numerical results using the two-level approach in
which a coarse grid is used in the nonlinear solver for generating a better initial guess
and also in the linear solver for generating part of the Schwarz preconditioner. In the
test, the initial guess for the global Newton iteration on the coarse grid is the obstacle
φ in (2), and the tolerance conditions on the fine grid are the same as in the one-level
method. We stop the coarse grid Newton iteration if

‖FH(ukH)‖ ≤ max{10−4‖FH(u0
H)‖, 10−10}.
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Table 1. Results for the one-level method with overlap δ = 3.

Mesh 256× 256 512× 512 1, 024× 1, 024 2, 048× 2, 048

np INB RAS Time INB RAS Time INB RAS Time INB RAS Time
The Fischer-Burmeister function

64 82 11.4 3.3 162 14.7 32.5 320 19.1 384.1 639 24.4 4781.1
128 82 13.6 2.1 162 17.5 17.4 320 22.2 180.4 639 30.8 2236.3
256 82 14.4 1.5 162 18.9 10.2 320 24.3 95.9 639 34.1 1110.0
512 82 17.2 1.1 162 22.6 7.5 320 32.3 62.3 639 38.5 568.9

The minimum function
64 80 11.7 2.9 159 15.3 29.5 319 19.9 361.9 637 26.4 4673.0
128 80 14.0 1.9 159 18.3 16.1 319 23.7 173.5 637 33.7 2201.8
256 80 14.9 1.4 159 19.7 9.7 319 26.1 94.4 637 36.5 1104.8
512 80 17.7 1.3 159 23.8 7.3 319 34.5 62.0 637 41.1 567.5

In the test, the Jacobian system on the coarse grid is solved with a one-level RAS
preconditioned GMRES (30) with the following stopping condition

‖FH(ukH) + JkHM
−1
H,RAS(MH,RASsk)‖ ≤ max{10−4‖FH(ukH)‖, 10−10},

whereM−1
H,RAS is defined similar to (7) on the coarse grid. The subdomain problems

are solved with LU factorization.
Using δ = 6 and δc = 3, we solve the test problem on several different fine

grids with the two-level method and the results are summarized in Table 2, for both
the Fischer-Burmeister function and the minimum function. The main concern is the
size of the coarse gridH , which is taken as h/2, h/4 and h/8, where h is the size of
the fine grid. In terms of the total number of Newton iterations,H = h/2 is certainly
the best, but H = h/8 offers the best results in terms of the total compute time.
Note that some cases, marked as “∗”, for the fine grid 256 × 256 are not available
because the corresponding coarse grids are too coarse and the coarse Newton may not
converge. The compute time includes the coarse grid calculation of the initial guess,
the smoothing of the coarse solution, and the solving of the fine grid problem. Note
that the minimum function approach is always faster than the Fischer-Burmeister
function approach in terms of all measures.

We should mention that the use of smoothed grid sequencing plays an important
role in the two-level methods. In Fig. 1, the surface plots of the residual function
before and after the smoothing are shown and they are quite different. The cost of
the smoothing step is very small and fewer number of Newton iterations is needed as
a result of the smoothing.

4 Some Final Remarks

We have developed a family of parallel, highly scalable, two-grid algorithms for
solving general complementarity problems. In addition to the fine grid, on which
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Table 2. Results with different fine and coarse grids. The overlapping sizes of the coarse grid
and the fine grid are δc = 3 and δ = 6, respectively. The preconditioner is the two-level RAS.
h and H are the fine and coarse grid sizes, respectively.

Mesh 256 × 256 512 × 512 1,024× 1,024 2,048× 2,048

np INB RAS Time INB RAS Time INB RAS Time INB RAS Time
The Fischer-Burmeister function

H = h/2

64 6 10.8 2.4 5 15.8 11.5 4 21.8 76.0 4 26.3 848.5
128 6 13.0 2.2 5 18.8 8.5 4 26.3 49.0 4 35.8 536.1
256 6 13.8 1.8 5 20.8 6.0 4 30.0 33.6 4 37.8 291.9
512 6 19.3 2.8 5 24.4 5.9 4 34.6 32.9 4 43.0 206.5

H = h/4

64 ∗ 7 15.3 6.2 7 19.0 33.9 6 25.8 201.7
128 ∗ 7 18.4 4.8 7 22.6 21.9 6 32.7 120.8
256 ∗ 7 20.3 3.6 7 25.4 25.4 6 38.7 71.6
512 ∗ 7 23.9 4.3 7 33.9 12.1 6 43.7 56.6

H = h/8

64 ∗ 9 15.7 5.9 9 19.7 31.0 8 26.4 169.9
128 ∗ 9 19.1 4.6 9 23.7 18.8 8 33.9 99.2
256 ∗ 9 21.0 3.5 9 26.6 10.7 9 36.6 54.3
512 ∗ ∗ 9 34.3 10.8 8 45.3 34.4

The minimum function
H = h/2

64 2 14.0 1.3 3 14.3 8.3 3 17.7 60.4 2 31.5 777.7
128 2 16.5 1.2 3 16.7 6.0 3 21.7 40.6 2 39.0 446.3
256 2 17.5 1.0 3 18.3 4.3 3 26.3 26.3 2 49.5 260.6
512 2 25.0 1.5 3 20.0 3.9 3 29.7 22.2 2 57.0 178.5

H = h/4

64 ∗ 4 15.5 3.9 4 18.8 21.1 5 19.6 160.3
128 ∗ 4 18.8 2.9 4 24.8 14.6 5 23.2 93.1
256 ∗ 4 20.3 2.3 4 28.0 9.2 5 24.4 50.8
512 ∗ 4 24.5 2.8 4 33.0 7.7 5 30.6 39.7

H = h/8

64 ∗ 7 15.6 4.6 6 21.3 21.7 6 25.7 126.9
128 ∗ 7 18.6 3.5 6 24.8 13.1 6 33.3 74.2
256 ∗ 7 20.7 2.7 6 26.7 7.3 6 37.0 37.0
512 ∗ ∗ 6 34.8 7.4 6 42.5 25.4

the PDE is discretized and the complementarity problem is solved, a coarse grid
is introduced to accelerate the nonlinear convergence, and to precondition the lin-
ear Jacobian solver in a semismooth Newton iteration. With the help of a smoothed
grid sequencing, a semismooth Newton method and a two-level restricted Schwarz
preconditioner, we have showed numerically that the family of two-grid Newton-
Krylov-Schwarz algorithms has a fast and robust convergence and that the rate of
convergence is nearly independent of the number of unknowns of the problem and
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the number of processors. Surprisingly good results were obtained for solving some
rather difficult obstacle problems with millions of unknowns and on parallel ma-
chines with up to 512 processors.
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1 Introduction

In this paper we study the finite element approximation for boundary control prob-
lems governed by semilinear elliptic equations. Optimal control problems are very
important model in science and engineering numerical simulation. They have various
physical backgrounds in many practical applications. Finite element approximation
of optimal control problems plays a very important role in the numerical methods for
these problems. The approximation of optimal control by piecewise constant func-
tions is well investigated by [7, 8]. The discretization for semilinear elliptic optimal
control problems is discussed in [2]. Systematic introductions of the finite element
method for optimal control problems can be found in [ 10].

As one of important kinds of optimal control problems, the boundary control
problem is widely used in scientific and engineering computing. The literature on this
problem is huge, see, e.g. [1, 9]. For some linear optimal boundary control problems,
[11] investigates a posteriori error estimates and adaptive finite element methods. [ 3]
discusses the numerical approximation of boundary optimal control problems gov-
erned by semilinear elliptic partial differential equations with pointwise constraints
on the control. Although a priori error estimates and a posteriori error estimates of
finite element approximation are widely used in numerical simulations, it is not yet
been utilized in semilinear boundary control problems.

Recently, in [4, 5, 6], we have derived a priori error estimates and superconver-
gence for linear optimal control problems using mixed finite element methods. A
posteriori error analysis of mixed finite element methods for general convex optimal
control problems has been addressed in [13].

In this paper, we derive a posteriori error estimates for a class of boundary con-
trol problems governed by semilinear elliptic equation. The problem that we are
interested in is the following semilinear boundary control problems:

min
u∈K⊂U

{
g(y) + j(u)

}
(1)
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subject to the state equation

−div(A∇y) + φ(y) = f, x ∈ Ω, (2)

(A∇y) · n = Bu+ z0, x ∈ ∂Ω, (3)

where the bounded open set Ω ⊂ R2 is a convex polygon, g and j are convex func-
tionals, f ∈ L2(Ω), z0 ∈ U = L2(∂Ω), B is a continuous linear operator from
U to L2(Ω), and K is a closed convex set of U . For any R > 0 the function
φ(·) ∈ W 1,∞(−R,R), φ′(y) ∈ L2(Ω) for any y ∈ H1(Ω), and φ′(y) ≥ 0. We
assume that the coefficient matrixA(x) = (ai,j(x))2×2 ∈ (W 1,∞(Ω))2×2 is a sym-
metric positive definite matrix and there are constants c0, c1 > 0 satisfying for any
vector X ∈ R2, c0‖X‖2R2 ≤ XtAX ≤ c1‖X‖2R2 .

In this paper, we adopt the standard notation W m,p(Ω) for Sobolev spaces on
Ω with a norm ‖ · ‖m,p given by ‖v‖pm,p =

∑
|α|≤m

‖Dαv‖pLp(Ω), a semi-norm

| · |m,p given by | v |pm,p=
∑

|α|=m
‖Dαv‖pLp(Ω). We set Wm,p

0 (Ω) = {v ∈

Wm,p(Ω) : v |∂Ω= 0}. For p=2, we use the notation Hm(Ω) = Wm,2(Ω),
Hm

0 (Ω) = Wm,2
0 (Ω), and ‖ · ‖m = ‖ · ‖m,2, ‖ · ‖ = ‖ · ‖0,2. In addition C or

c denotes a general positive constant independent of h.
The plan of this paper is as follows. In next section, we present the finite element

discretization for semilinear boundary control problems. A posteriori error estimates
are established for the boundary control problems in Sect. 3.

2 Finite Elements for Boundary Control Problems

We shall now describe the finite element discretization of general semilinear convex
boundary control problems (1)–(3). Let V = H1(Ω), W = L2(Ω).

Let

a(y, w) =
∫
Ω

(A∇y) · ∇w, ∀y, w ∈ V, (4)

(f1, f2) =
∫
Ω

f1f2, ∀(f1, f2) ∈W ×W, (5)

(u, v)U =
∫
∂Ω

uv, ∀(u, v) ∈ U × U. (6)

Then the boundary control problems (1)–(3) can be restated as

min
u∈K⊂U

{
g(y) + j(u)

}
(7)

subject to

a(y, w) + (φ(y), w) = (f, w) + (Bu+ z0, w)U , ∀w ∈ V, (8)

where the inner product in L2(Ω) or L2(Ω)2 is indicated by (·, ·).
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It is well known (see, e.g., [11]) that the optimal control problem has a solution
(y, u), and that a pair (y, u) is the solution of (7)–(8) if and only if there is a co-state
p ∈ V such that triplet (y, p, u) satisfies the following optimality conditions:

a(y, w) + (φ(y), w) = (f, w) + (Bu+ z0, w)U , ∀w ∈ V, (9)

a(q, p) + (φ′(y)p, q) = (g′(y), q), ∀q ∈ V, (10)

(j′(u) +B∗p, v − u)U ≥ 0, ∀v ∈ K ⊂ U, (11)

where B∗ is the adjoint operator of B, g ′ and j ′ are the derivatives of g and j. In the
rest of the paper, we shall simply write the product as (·, ·) whenever no confusion
should be caused.

Let us consider the finite element approximation of the control problem ( 7)–
(8). Let Th be regular partition of Ω. Associated with Th is a finite dimensional
subspace Vh of C(Ω̄), such that χ|τ are polynomials of m-order (m ≥ 1) ∀χ ∈ Vh
and τ ∈ Th. It is easy to see that Vh ⊂ V .

Let ThU be a partition of ∂Ω and ∂Ω =
⋃

s∈Th
U

s̄. Associated with ThU is another

finite dimensional subspaceUh ofL2(∂Ω), such that χ|s are polynomials ofm-order
(m ≥ 0) ∀χ ∈ Uh and s ∈ ThU . Let hτ (hs) denote the maximum diameter of the
element τ (s) in Th (ThU ), h = max

τ∈Th

{hτ}, and hU = max
s∈Th

U

{hs}.

By the definition of finite element subspace, the finite element discretization of
(7)–(8) is as follows: compute (yh, uh) ∈ Vh × Uh such that

min
uh∈Kh⊂Uh

{
g(yh) + j(uh)

}
(12)

a(yh, wh) + (φ(yh), wh) = (f, wh) + (Buh + z0, wh)U , ∀wh ∈ Vh, (13)

where Kh is a non-empty closed convex set in Uh.
Again, it follows that the optimal control problem (12)–(13) has a solution

(yh, uh), and that a pair (yh, uh) is the solution of (12)–(13) if and only if there
is a co-state ph ∈ Vh such that triplet (yh, ph, uh) satisfies the following optimality
conditions:

a(yh, wh) + (φ(yh), wh) = (f, wh) + (Buh + z0, wh)U , ∀wh ∈ Vh, (14)

a(qh, ph) + (φ′(yh)ph, qh) = (g′(yh), qh), ∀qh ∈ Vh, (15)

(j′(uh) +B∗ph, vh − uh)U ≥ 0, ∀vh ∈ Kh. (16)

In the rest of the paper, we shall use some intermediate variables. For any control
function uh ∈ K , we first define the state solution (y(uh), p(uh)) which satisfies

a(y(uh), w) + (φ(y(uh)), w) = (f, w) + (Buh + z0, w)U , ∀w ∈ V, (17)

a(q, p(uh)) + (φ′(y(uh))p(uh), q) = (g′(y(uh)), q), ∀q ∈ V. (18)

The following Lemma is important in deriving a posteriori error estimates of
residual type.
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Lemma 1. Let πh be the standard Lagrange interpolation operator. Then form = 0
or 1, 1 < q ≤ ∞ and ∀v ∈W 2,q(Ω),

‖v − πhv‖Wm,q(τ) ≤ Ch2−m
τ |v|W 2,q(τ). (19)

3 A Posteriori Error Estimates

For given u ∈ K , let S be the inverse operator of the state equation ( 9), such that
y(u) = SBu is the solution of the state equation (9). Similarly, for given uh ∈ Kh,
yh(uh) = ShBuh is the solution of the discrete state Eq. (14). Let

S(u) = g(SBu) + j(u),

Sh(uh) = g(ShBuh) + j(uh).

It is clear that S and Sh are well defined and continuous on K and Kh. Also the
functional Sh can be naturally extended on K . Then (7) and (12) can be represented
as

min
u∈K

{S(u)}, (20)

min
uh∈Kh

{Sh(uh)}. (21)

It can be shown that

(S′(u), v) = (j′(u) +B∗p, v),
(S′(uh), v) = (j′(uh) +B∗p(uh), v),
(S′
h(uh), v) = (j′(uh) +B∗ph, v),

where p(uh) is the solution of the equations (17)–(18).
In many applications, S(·) is uniform convex near the solution u (see, e.g., [ 12]).

The convexity of S(·) is closely related to the second order sufficient conditions of
the control problem, which are assumed in many studies on numerical methods of
the problem. If S(·) is uniformly convex, then there is a c > 0, such that

(S′(u)− S′(uh), u− uh) ≥ c‖u− uh‖20,∂Ω, (22)

where u and uh are the solutions of (7) and (12), respectively. We will assume the
above inequality throughout this paper.

Now we establish the following a posteriori error estimates, which can be proved
similarly to the proofs given in [12].

Theorem 1. Let u and uh be the solutions of (7) and (12), respectively. Assume that
Kh ⊂ K for any element s ∈ Th

U , (B∗ph + j′(uh))|s ∈ H1(s) and that there exists
a vh ∈ Kh such that
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|(B∗ph + j′(uh), vh − u)U | ≤ C
∑
s

hs|B∗ph + j′(uh)|1,s‖u− uh‖0,s. (23)

Then

‖u− uh‖20,∂Ω ≤ C
(
η2
1 + ‖ph − p(uh)‖20,∂Ω

)
, (24)

where
η2
1 =

∑
s

h2
s|B∗ph + j′(uh)|21,s.

Proof. It follows from (22) that for all vh ∈ Kh,

c‖u− uh‖20,∂Ω ≤S′(u)(u− uh)− S′(uh)(u − uh)
=(j′(u) +B∗p, u− uh)U − (j′(uh) +B∗p(uh), u− uh)U
≤− (j′(uh) +B∗p(uh), u− uh)U
≤(j′(uh) +B∗ph, uh − vh)U + (j′(uh) +B∗ph, vh − u)U

+ (B∗(ph − p(uh)), u− uh)U
≤(j′(uh) +B∗ph, vh − u)U + (B∗(ph − p(uh)), u − uh)U .

(25)

It is easy to see that

(B∗(ph − p(uh)), u − uh)U ≤ C‖B∗(ph − p(uh))‖20,∂Ω +
δ

2
‖u− uh‖2∂Ω

≤ C‖ph − p(uh)‖20,∂Ω +
δ

2
‖u− uh‖2∂Ω, (26)

where δ is an arbitrary positive constant. Then (25)-(26) and (23) imply that

c‖u− uh‖20,∂Ω ≤C
∑
s

h2
s|B∗ph + j′(uh)|21,s

+ C‖ph − p(uh)‖20,∂Ω +
δ

2
‖u− uh‖2∂Ω

=Cη2
1 + C‖ph − p(uh)‖20,∂Ω +

δ

2
‖u− uh‖2∂Ω. (27)

Then (24) follows from (27).

Now, we are able to derive the following result.

Theorem 2. Let (y(uh), p(uh)) and (yh, ph) be the solutions of (17)–(18) and (14)–
(15), respectively. Assume that g ′ is Lipschitz continuous in a neighborhood of y.
Then

‖p(uh)− ph‖21,Ω ≤ C(η2
2 + η2

3) + C‖y(uh)− yh‖20,Ω, (28)

where
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η2
2 =

∑
τ∈Th

h2
τ

∫
τ

(g′(yh) + div(A∗∇ph)− φ′(yh)ph)2 ,

η2
3 =

∑
l∩∂Ω=φ

hl

∫
l

[A∗∇ph · n]2 +
∑
l⊂∂Ω

hl

∫
l

(A∗∇ph · n)2,

where l is a face of an element τ , [(A∗∇ph · n)] is the A-normal derivative jump
over the interior face l, defined by

[(A∗∇ph · n)]l = (A∗∇ph|τ1
l
−A∗∇ph|τ2

l
) · n,

where n is the unit normal vector on l = τ̄ 1
l ∩ τ̄2

l outwards τ1
l .

Analogously to Theorem 2, we show the following estimate:

Theorem 3. Let (y(uh), p(uh)) and (yh, ph) be the solutions of (17)–(18) and (14)–
(15), respectively. Assume that g ′ is Lipschitz continuous in a neighborhood of y.
Then

‖y(uh)− yh‖21,Ω ≤ C(η2
4 + η2

5), (29)

where

η2
4 =

∑
τ∈Th

h2
τ

∫
τ

(f + div(A∇yh)− φ(yh))
2 ,

η2
5 =

∑
l∩∂Ω=φ

hl

∫
l

[A∇yh · n]2 +
∑
l⊂∂Ω

hl

∫
l

(A∇yh · n−Buh − z0)2,

where l is a face of an element τ , [(A∇yh ·n)] is the A-normal derivative jump over
the interior face l, defined by

[(A∇yh · n)]l = (A∇yh|τ1
l
−A∇yh|τ2

l
) · n,

where n is the unit normal vector on l = τ̄ 1
l ∩ τ̄2

l outwards τ1
l .

Now, we are able to derive our main result.

Theorem 4. Let (y, p, u) and (yh, ph, uh) be the solutions of (9)–(11) and (14)–(16),
respectively. Assume that all the conditions of Theorems 1–3 hold. Then

‖u− uh‖20,∂Ω + ‖y − yh‖21,Ω + ‖p(uh)− ph‖21,Ω ≤ C

5∑
i=1

η2
i , (30)

where ηi, i = 1, 2, 3, 4, 5 are defined in Theorem 1, Theorem 2, and Theorem 3.

Proof. From Theorems 1–3 and the trace theorem we can see that

‖u− uh‖20,∂Ω ≤ C
(
η2
1 + ‖ph − p(uh)‖20,∂Ω

)
≤ C

(
η2
1 + ‖ph − p(uh)‖21,Ω

)
≤ C

(
η2
1 + η2

2 + η2
3 + ‖yh − y(uh)‖20,Ω

)
≤ C

5∑
i=1

η2
i . (31)
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Note that

‖y − yh‖1,Ω ≤ ‖yh − y(uh)‖1,Ω + ‖yh − y(uh)‖1,Ω, (32)

‖p− ph‖1,Ω ≤ ‖ph − p(uh)‖1,Ω + ‖ph − p(uh)‖1,Ω. (33)

It follows from (9) and (17) that

a(y − y(uh), w) + (φ(y) − φ(y(uh)), w) = (B(u − uh), w), ∀w ∈ V. (34)

Let w = y − y(uh), we have that

‖y − y(uh)‖1,Ω ≤ C‖B(u− uh)‖0,Ω ≤ C‖u− uh‖0,∂Ω. (35)

Similarly, from (10) and (18) imply that

a(q, p− p(uh)) + (φ′(y)(p− p(uh)), q)
= (g′(y)− g′(y(uh)), q) + ((φ′(y(uh))− φ′(y))p(uh), q), ∀q ∈ V. (36)

Let q = p− p(uh), using (31), (35), and the trace theorem, we have that

‖p− p(uh)‖21,Ω ≤ (g′(y)− g′(y(uh)), p− p(uh))
+((φ′(y(uh))− φ′(y))p(uh), p− p(uh))

≤ ‖g′(y)− g′(y(uh))‖0,Ω‖p− p(uh)‖0,Ω
+‖φ′(y(uh))− φ′(y)‖0,Ω‖p(uh)‖0,4,Ω‖p− p(uh)‖0,4,Ω

≤ C‖y − y(uh)‖20,Ω + Cδ‖p− p(uh)‖21,Ω
≤ C‖u− uh‖20,∂Ω + Cδ‖p− p(uh)‖21,Ω

≤ C

5∑
i=1

η2
i + Cδ‖p− p(uh)‖21,Ω.

Then, for δ sufficiently small,

‖p− p(uh)‖21,Ω ≤ C

5∑
i=1

η2
i , (37)

and thus (30) follows from (31), (35), and (37).
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19. I. Babuška, P.G. Ciarlet, T. Miyoshi (eds.), Mathematical Modeling and Numerical Simulation in
Continuum Mechanics.

20. T.J. Barth, T. Chan, R. Haimes (eds.), Multiscale and Multiresolution Methods. Theory and
Applications.

21. M. Breuer, F. Durst, C. Zenger (eds.), High Performance Scientific and Engineering Computing.

22. K. Urban, Wavelets in Numerical Simulation. Problem Adapted Construction and Applications.



23. L.F. Pavarino, A. Toselli (eds.), Recent Developments in Domain Decomposition Methods.

24. T. Schlick, H.H. Gan (eds.), Computational Methods for Macromolecules: Challenges and
Applications.

25. T.J. Barth, H. Deconinck (eds.), Error Estimation and Adaptive Discretization Methods in
Computational Fluid Dynamics.

26. M. Griebel, M.A. Schweitzer (eds.), Meshfree Methods for Partial Differential Equations.

27. S. Müller, Adaptive Multiscale Schemes for Conservation Laws.

28. C. Carstensen, S. Funken, W. Hackbusch, R.H.W. Hoppe, P. Monk (eds.), Computational
Electromagnetics.

29. M.A. Schweitzer, A Parallel Multilevel Partition of Unity Method for Elliptic Partial Differential
Equations.

30. T. Biegler, O. Ghattas, M. Heinkenschloss, B. van Bloemen Waanders (eds.), Large-Scale PDE-
Constrained Optimization.

31. M. Ainsworth, P. Davies, D. Duncan, P. Martin, B. Rynne (eds.), Topics in Computational Wave
Propagation. Direct and Inverse Problems.

32. H. Emmerich, B. Nestler, M. Schreckenberg (eds.), Interface and Transport Dynamics. Computa-
tional Modelling.

33. H.P. Langtangen, A. Tveito (eds.), Advanced Topics in Computational Partial Differential
Equations. Numerical Methods and Diffpack Programming.

34. V. John, Large Eddy Simulation of Turbulent Incompressible Flows. Analytical and Numerical Results
for a Class of LES Models.
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