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1 Introduction

In many fields of applications such as reactive transport or ocean-atmosphere cou-
pling, models with very different spatial and time scales have to be coupled. Opti-
mized Schwarz Waveform Relaxation methods (OSWR), applied to linear advection-
reaction-diffusion problems in [1, 8], provide efficient solvers for this purpose. They
have two main advantages: first, they are global in time and thus permit non conform-
ing space-time discretization in different subdomains, and second, few iterations are
needed to compute an accurate solution, due to optimized transmission conditions.
It has been proposed in [4] to use a discontinuous Galerkin method in time as a
subdomain solver. Rigorous analysis can be made for any degree of accuracy and lo-
cal time-stepping, and finally time steps can be adaptively controlled by a posteriori
error analysis, see [6, 7, 10].

We present here the 2D analysis of the method. The time interval is split into time
windows, and in each time window, a few iterations of an OSWR algorithm are com-
puted, using second order optimized transmission conditions. The subdomain solver
is the discontinuous Galerkin method in time, and classical finite elements in space.
Coupling between subdomains is done by a simple and optimal projection algorithm
without any additional grid (see [2, 3]). The mathematical analysis is carried out on
the problem semi-discrete in time. The nonconforming DG-OSWR domain decom-
position method is proved to be well-posed and convergent for a decomposition into
strips, and the error analysis is performed in the case of Robin transmission condi-
tions. We present numerical results in two dimensions which extends the domain of
validity of the approach to the fully discrete problem.

We consider the advection-reaction-diffusion equation in R 2, written for varia-
tional purpose in the form
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1 1
8tu+§v'(bu)+§b~Vu—V'(z/Vu)+cu:f. 1)

The initial condition is uo. The advection and diffusion coefficients & = (b*, b?) and
v, as well as the reaction coefficient ¢, are piecewise constant, i.e. constant in the
subdomains (2;, i € {1,...,I}. The subdomains are strips 2; = (a;, @it1) X R,
with @y = —oo and a1 = +oo. More general geometries as well as piecewise
smooth coefficients will be studied in [5]. We suppose that v > 0 and ¢ > 0.

2 Local Problem and Time Discontinuous Galerkin

The optimized Schwarz waveform relaxation algorithm, as described in [1], intro-
duces a sequence of initial boundary value problems in 2 = (a, ) x R of the
following type:

Qu+ 3V (bu)+3b-Vu— V- (vVu) +cu= fin2x(0,T),

b-n )
(v, — T)UA—SU =gonI' x(0,7),

where 7 is the unit outward normal to I", and S is the boundary operator defined on
I' ={a, B} x Rby Su = pu+ q (Ou+ royu — sdy,u). Here p, ¢, r and s are real
parameters, constrained to p > 0,¢ > 0, s > 0. If ¢ = 0, the boundary condition
reduces to a Robin boundary condition. We define the bilinear forms m and a by
m(u,v) = (u,v)r2(0) + q(u,v)r2(r), and

a(u,v) := /Q(%((b - Vu)v — (b Vv)u) +vVu - Vv + cuv )dx

+ / (qs0y udyv + qroyuv + puv) dy. (3)
r
By the Green’s formula, we obtain a variational formulation of ( 2):

L) +alu0) = (F,0)iay + @00y, eV, @)
with V. = HYQ) if ¢ = 0and V = H{(£2) defined below, if ¢ > 0. The
problem is well-posed: if ¢ = 0, if f is in L?(0,T,L?(02)), ug is in H(£2),
and g is in L2(0, T, H'/?(I")), then the subdomain problem (2) has a unique solu-
tion w in L2(0,T, H*(£2)) N H*(0,T; L?(£2)). If ¢ > 0, we introduce the spaces
H;(2) = {v € H*(R2),v)r € H*(I")} which are defined for s > 1/2. If
fisin L%(0,T, L*(£2)), ug is in Hi(£2), and g is in L?((0,T) x I"), then the
subdomain problem (2) has a unique solution « in L2(0,T, H3(£2)) with d,u €
L2(0,T; L2(2) N L2(I')), see [1, 9].

We now introduce the time-discontinuous Galerkin method, as described and
analysed in [6]. We are given a decomposition 7 of the time interval (0,7), I,, =
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(tn,tnt1], for 0 < n < N, the mesh size is k,, = t,+1 — t,,. For B a Banach space
and I an interval of R, define for any integer d > 0

d
Py(B,T)={¢:(0,T) = B, o1, = > _@it’, p; € B, 0<n < N}
=0
Let B = H{(2)ifq > 0,B = H($) if ¢ = 0. We approximate u by a function
U ePy(B,T)suchthat U(0,-) = ugand forall Vin P4 (B, T),

[ @ v) 4 a vyt + m ) - v V) = [ Lv)a ©)
I, I,
with L(V') = (f,V)z2(2) + (9, V) L2(r. Due to the discontinuous nature of the test
and trial spaces, the method is an implicit time stepping scheme, and U € P 4(B,T)
is obtained recursively on each subinterval, which makes the method very flexible.

Theorem 1. If p > 0, ¢ > 0, s > 0, Eq. (5) defines a unique solution.

The result relies on the fact that the bilinear form « is positive definite. This is most
easily seen by using a basis of Legendre polynomials.

We will make use of the following remark due to [ 7]. Introduce the Gauss-Radau
points, (0 < 71 < ... < 7441 = 1), defined such that the quadrature formula
fol f)dt ~ ZZ“ wq f(74) is exact in Py4, and the interpolation operator Z,, on
[try tny1] @ POINtS (L, by + 11Ky« oy by + Tag1kn). FOrany x € Py, Z,,x € Payi,
is such that Z,, x(t.) = x(t,,), Inx(tn+1) = x(t, 1), and therefore for any « in
P4, we have

d d
[ g @ovd - [ God=0h) - ©
As a consequence, we have a very useful inequality:
1
[ @ = St - vt )

Equation (5) can be written in a strong form as
QIU)+3V-(bU)+4b-VU -V - (vVU) +cU=Pfin2x(0,T),

8
(v On — b%’)U—I—pU—I—q((‘%(ZU)+r8yU—58yyU) =PgonI x (0,7T), ®)

where P is the L? projection in time on P 4(B,7) (B is defined by the underlying
space), and Z is the operator whose restriction to each subinterval is Z,,. We discuss
now the iterative algorithm.

3 The Optimized Schwarz Waveform Relaxation Algorithm
Discretized in Time with Different Subdomain Grids

For each subdomain (2;, the indices of the neighbouring subdomains are j € N;.
Since b is constant in £2;, equal to b;, 3V - (bjul) + 3b; - Vul = V- (b;u¥). Atthe
continuous level, the algorithm is
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bi ‘n; bj n;
(vidhn, = =5~ 3

with v = v; in £2;, Siju = Pij U+ Qij (8fu + mjayu - sij@,yu).

)’U,f + Sijuf = (yj(‘)m - )u?il + Sij ’U,?il on Fij,j € ./\[i,

Theorem 2. For any value of p;; > 0, ¢;; = ¢ > 0,75 = rand s;; = s > 0, the
algorithm (9) converges in each subdomain to the solution « of problem (1).

The proof of this theorem will be given in [5], for general geometries and variable
coefficients. It relies on elaborate energy estimates, the use of Trace Theorems and
the Gronwall Lemma.

Our purpose here is to describe the discrete formulation in detail. The time par-
tition in subdomain §2; is 7;, with N; + 1 intervals I, and mesh size k¢ . In view of
formulation (8), we define interpolation operators Z* and projection operators P* in
each subdomain, and we solve

W(T'UF+V - (0;UF — v;VUF) + ¢; UF =P fin2; x (0,T), (10)

bi-ni - bimi ke
(ViOn, — )Uf+5ijUf:7>%((yjam—%)Uﬁ L S,UF Y on Ty,

with S”U = Dij U+ qij (8,5(1'1U) + rijé)yU — sijc?yyU) and §”U = Dij U +
4ij (O((Z7U) + r4;0,U — 5,50,,U). If the algorithm converges, it converges to the
solution of

O(T'U;) + V - (b;U; — v;VU;) +¢; Uy = Pfin 2; x (0,T),
2

b]wni
2

(ViOn, — YU + Sij Uy = P (0O, — YU, + Si; U;) on Iy (11)

Theorem 3. Assume p;; = p > 0. If ¢;; = 0, or if ¢;; = ¢ > 0 with r;; = 0,
si; = s > 0andb; = 0, Problem (11) has a unique solution (U;);c s, and U; is the
limit of the iterates of algorithm (10).

The proof is based on energy estimates (see [5]).
We now state the error estimate.

Theorem 4. Let k = sup,, k. If p;; = p > 0 and ¢;; = 0, the error between u and
the solution U; of (11) is estimated by:

I
D lu= Uil o202 < CR N ulieozimz (). (12)

=1
Proof. We introduce the projection operator P, as
vn € {1,...,N;}, P p e Py(I}),

Pty ) = ¢(ty), Ve Pd—l(IiL%/I_ (P —@))y(t)dt = 0.

i
n
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We define W; = P (ulp,), ©; = U;—W; and p; = W; —ul,. Classical projection

estimates in [10] yield the estimate on p;:

I

Z Hpi||2L°°(O,T,L2(Q7‘,)) = CkQ(dH)Hagﬂu||2L2(o,T;L2(Q))~
i=1

Since U; — u|gn, = ©; + p;, it suffices to prove estimate (12) for ©;. Now, using the

equations of v and U;, and the identity d IzP* =P jt, O, satisfies:

(T O;) + V - (b;0;) — vAO; + ¢;0; = PY(=V - (bip;) + vAp; — cipi)
+ (1 = PHowu in 2; x (0,T),

BN ) 0, 4 pO, =P (v On, — " =

J an)Wj +ij) on Fij X (O,T)

(vi O, — *)6; +p6;)

~ (1= P)((v; On, —

We set [[io]l: = Il 22,y and [l oll? = vill Vol2a g, + cllgll3ap,, - Multiply the
first equation of (13) by ©;, integrate over (tﬁl,tilﬂ) x §2;, using (7) and integrate
by parts in space. Complete the argument by using Cauchy Schwarz inequality:

i b -n;
Ly By B O L
1 _
< SIO(EVE+C [ It Mg

Rewriting the boundary integral, we obtain:

S16x((t5) I + / et ) I dt
b; - nz 9
Z uza o, — — pO;)? dy dt
je./\f
b; - nz
Z// (viOn,©; — O, +pO;)* dy
je./\f

+ 5H9i((ti)*)llf+C/ﬁ lpi(t, M2 e, dt.

Using the transmission condition in (13) and the fact that 7? and 1 — P* are orthog-
onal to each other and have norm 1, we get by a trace theorem:
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S1Ex((t5) I + /me N2 at
b nz 2
Z V78 6; — —pO;)~dydt
je./\f
1 b; - n] i 2
<=2 [ ] wone, 256, -0, ay+ 50 )
p]EN
+C [ it )|\H2(Q>dt+0/ 11 =P (ul ) ()12, dt. (14)

Classical error estimates in [10] imply:

T T ;
| et Mo e+ [ 0=
S Cl{jQ(d+1)Hag+lul|%2(0,T;H2(Qi))' (15)

o.)(t, ')||§12(9,,)

Summing (14) in 5 and n, and using the previous equation yields (12).

4 Numerical Results

The above analysis deals with continuous problems and problems semi-discretized
in time. We have implemented the algorithm with d = 1 and P, finite elements in
space in each subdomain using mortar methods like in [3], in order to permit non-
matching grids in time and space on the boundary. Time windows are used in order to
reduce the number of iterations of the algorithm. In the first example, the coefficients
are optimized numerically using the convergence factor. In the second one, formulas
from [1] are used.

We first give an example of a multidomain solution with time windows. The
physical domainis £2 = (0,1) x (0, 2), the final time is 7" = 4. The initial value and
the right hand side are ug = f = ¢~ 100(==0:55°+u—1.1") The domain {2 is split
into two subdomains 2, = (0,0.5) x (0,2) and 2, = (0.5, 1) x (0, 2). The reaction
c is zero, the advection and diffusion coefficients are &; = (0, —1), v; = 0.05, and
by = (—0.1,0), vo = 0.1. The mesh size and time step in 2, are h; = 3.93.10~2
and k; = 2.5.1072, while in 25, ho = 8.84.1072 and ko = 6.25.10~2. In Fig. 1, we
observe, at final time 7" = 4, that the approximate solution computed using 4 uniform
time windows, with 3 iterations in the first time window, and then 2 iterations in
the next ones (right figure), is close to the reference solution computed in one time
window on a conforming finer space-time grid (left figure).

We analyze now the precision for continuous coefficients. The advection field
isb = (—sin(m(y — 1)) cos(n(z — 1)), cos(w(y — 1)) sin(r(z — 1))), and the
diffusion is v = 1. The exact solution is given by u(x, t) = cos(wz)sin(my)cos(nt),
in the unit square. The domain is decomposed into 2 subdomains with the interface
at x = 0.3. The space grid is fixed and non conforming with mesh sizes ~; = 0.0074
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Fig. 1. Computation using discontinuous Galerkin with time windows.

and ho = 0.011. We start with four time grids : time grids 1 and 2 are the conforming
finner and coarser ones with respectively 7 and 5 grid points in each domain. Time
grid 3 is nonconforming with 5 grid points in {2, and 7 grid points in 25, and time
grid 4 is nonconforming with 7 grid points in (2, and 5 grid points in {25. Thereafter
the time steps are divided by 2 several times. Figure 2 shows the norms of the error in
L°°(I; L?($2;)) versus the number of time refinements, for subdomain 1 on the left,
and subdomain 2 on the right. First we observe the order 2 in time for conforming
and nonconforming cases. They fit the theoretical estimates, even though we have
theoretical results only for Robin transmission conditions and the space continuous
problem. Moreover, the error obtained in the nonconforming case, in the subdomain
where the grid is finer, is nearly the same as the error obtained in the conforming
finer case.
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Fig. 2. Error curves versus the refinement in time, for 2, (left) and 2 (right).
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5 Conclusions

We have extended the numerical method proposed in [4] to higher dimensions and
analyzed it for heterogeneous advection-reaction-diffusion problems. It relies on the
splitting of the time interval into time windows, in which a few iterations of an
OSWR algorithm are performed by a discontinuous Galerkin method in time, with
projection between space-time grids on the interfaces. We have shown both theo-
retically and numerically that the method preserves the order of the discontinuous
Galerkin method.
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