Space-Time Nonconforming Optimized Schwarz
Waveform Relaxation for Heterogeneous Problems
and General Geometries

Laurence Halpern®, Caroline Japhet?, and Jérémie Szeftel?

L LAGA, Université Paris XIII, Villetaneuse 93430, France,
halpern@math.univ-parisl3.fr

2 LAGA, Université Paris XI11, Villetaneuse 93430, France; CSCAMM, University of
Maryland College Park, MD 20742 USA, japhet@cscamm.umd . edu, the first two
authors are partially supported by french ANR (COMMA) and GdR MoMasS.

3 Département de mathématiques et applications, Ecole Normale supérieure, 45 rue d’Ulm,
75230 Paris cedex 05 France, Jeremie.Szeftel@ens. fr

1 Introduction

In many fields of applications it is necessary to couple models with very different spa-
tial and time scales and complex geometries. Amongst them are ocean-atmosphere
coupling and far field simulations of underground nuclear waste disposal. For such
problems with long time computations, a splitting of the time interval into windows
is essential. This allows for robust and fast solvers in each time window, with the
possibility of nonconforming space-time grids, general geometries, and ultimately
adaptive solvers.

Optimized Schwarz Waveform Relaxation (OSWR) methods were introduced
and analyzed for linear advection-reaction-diffusion problems with constant coef-
ficients in [1, 3, 9]. All these methods rely on an algorithm that computes inde-
pendently in each subdomain over the whole time interval, exchanging space-time
boundary data through optimized transmission operators. They can apply to different
space-time discretization in subdomains, possibly nonconforming and need a very
small number of iterations to converge. Numerical evidences of the performance of
the method with variable smooth coefficients were given in [9].

An extension to discontinuous coefficients was introduced in [ 4], with asymptot-
ically optimized Robin transmission conditions in some particular cases. In [2, 6],
semi-discretization in time in one dimension was performed using discontinuous
Galerkin, see [8, 10]. In [7], we extended the analysis to the two dimensional
case. We obtained convergence results and error estimates for rectangular or strip-
subdomains.

For the space discretization, we extended numerically the nonconforming ap-
proach in [5] to advection-diffusion problems and optimized order 2 transmission
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conditions, to allow for non-matching grids in time and space on the boundary. The
space-time projections between subdomains were computed with an optimal projec-
tion algorithm without any additional grid, as in [5]. In [7], two dimensional simula-
tions with continuous coefficients were presented.

We present here new results in two directions: we extend the proof of conver-
gence of the OSWR algorithm to nonoverlapping subdomains with curved interfaces.
We also present simulations for two subdomains, with piecewise smooth coefficients
and a curved interface, for which no error estimates are available. We finally present
an application to the porous media equation.

We consider the advection-diffusion-reaction equation,

Ou+ V- (bu—vVu) +cu= finRY x (0,7), (1)

with initial condition uqg, and N = 2. The advection, diffusion and reaction coeffi-
cients b, v and ¢, are piecewise smooth, we suppose v > vy > 0 a.e..

2 The Continuous OSWR Algorithm

We consider a decomposition into nonoverlapping subdomains §2;,i € {1,...,1},
organized as depicted in Fig. 1. The interfaces between the subdomains are supposed
to be flat at infinity. For any i € {1, ..., 1}, 912, is the boundary of 2;, n; the unit
exterior normal vector to 92;, N; is the set of indices of the neighbors of (2;. For
Jj € N, I; ; is the common interface.

Fig. 1. Decomposition in subdomains. Left: Robin transmission conditions, right: second order
transmission conditions.

Following [1, 2, 3, 4], we introduce the boundary operators S; ; acting on func-
tions defined on 17 ;:

Sijp = pije + 600 +Vr, ;- (rije— sV, v),

with respectively V - and V - the gradient and divergence operatorson I". p; ;, ¢; ;,
Ty 4, Si; are real parameters. ¢; ; = 0, will be referred to as a Robin operator. We
introduce the coupled problems

Owu; +V - (bzuz — uq;Vui) + cu; = fin§2; x (0, T)

(Vi0n, = bi *ni) wi + S jui = (2)
(¥jOn, —bj ;) uj + S jujon I j x (0,T),j € Ni.
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As coefficients » and b are possibly discontinuous on the interface, we note, for
s €I j,vi(s) = lim._,o v(s—en;). The same notation holds for b. Under regularity
assumptions, solving (1) is equivalent to solving (2) for i € {1,..., I} with u, the
restriction of « to £2;. We now introduce an algorithm to solve (2). An initial guess
(9i,7) is givenin L2((0,T) x I; ;) fori € {1,...,I},j € N;. We solve iteratively

ol +V - (bjuk — v, Vul) + couk = fin 2, x (0,7),
(yi(‘)m —b; - ni) ’U,f + S¢7juf = 3)
(1/]8"7 — bj . nl) U§_1 + Si,j’u?_l on Fi,j X (0, T),j S M

with the convention (w&m —b; -ni) uzl + S@ju} = Gij> j e M

Theorem 1. Assume b; € (W12 (2,))N, v; € WHo°(£2;), p; j € WH(I; ;) with
Pij > 0 ae.lf qi; = 0, or if qi; = q > 0 with Tij € (Wl,oo(ri’j))Nfl,
Tij =Tji0n Fi’j, Sij € W1’°°(Fi,j), Sij > 0, Sij = Sji 0N Fi’j, the algorithm
(3) converges in each subdomain to the solution of problem (2).

Proof. We first need some results in differential geometry. For every j € N3, the
normal vector n; can be extended in a neighbourhood of I; ; as a smooth function
n; with length one. Let ¢, ; € C°°(£2;), such that ¢; ; = 1 in a neighbourhood of
I j, ;= 0in a neighbourhood of I'; , for k € Ny, k # jand 30,y ¥i; > 0
on {2;. Let n; be defined on a neighbourhood of the support of %/ ; ;. We can extend
the tangential gradient and divergence operators in the support of +); ; by:

Vi, e = Ve — (O, Vi, ¢:=V-(p—(p-0)n).

It is easy to see that (ﬁpw o, = Ve (%pw. “@)ir,, = Vr,, - andfor o
and  with support in supp(t; ;), we have

/ (Vr, @) xdz = —/ ¢ Vr,,xdz. (4)
£2; 2;

Now we prove Theorem 1. The key point is to obtain energy estimates for the homo-
geneous problem (2), i.e. for f = ug = 0. We sketch the proof in the most difficult
case ¢; ; = ¢ > 0. For the geometry, we consider the case depicted in the right part
of Fig. 1. In that case (2; has at most two neighbours with

We set [[oll; = [l@llrz:), ll@llf = vV Vel 19l = 1@l
lellin00 = ll@llwroe (e, and B; = 3 o i, With 8 j = | B P,

1. We multiply the first equation of (3) by 52 u¥, integrate on 2, x (0, t) then integrate
by parts in space,
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Bt 2 + / sk (r, ) 12 dr — / / B:(b: - V) (uk)? do dr

// ¢+ = v b;) 3% (u dxdT—// vi|VBi2(ul)? dzx dr
_biom; o
ﬁ” V;On, U5 5 Mukdodr =0. (5)

2. We multiply the first equation of (3) by d,uk, integrate on £2; x (0, ¢) and integrate
by parts in space,

t 1 t
[ lowtizar+ k@ U+ [ [ ek + V- @b dl dear
0 0 Ja2
t
—// Vi(‘)mufatufdadrzo. (6)
0o Jri,

3. We multiply the first equation of (3) by 6[‘7”. (p? T U %) integrate on £2; x (0, )
integrate by parts in space to obtain

t t
// Ol r, (V7 ri juf) dxdT—I—// V-(biuf) Vi (7 i gul) daedr
// ciug Vp w”r”u ) dx dr— // ViOn,ul Vi, ,(ri jul) do dr
=3 [ Wy VO, i ar < © / (Imvab I + 87y dr. (7
0

4. We multiply the first equation of (3) by —?Fi - (¥2 351, Vp u¥) integrate on
£2; x (0,t), integrate by parts in space using (4). Usmg that

//VZVU (wmsva uf)) dx dr
t
> / 0577555 V¥, ublFdr = C [ mvat|Ear
0 0

we obtain

1
S0 /355 T, 2+ 5 [ 55 VO, )l

t
+// W2 sij eV, UdeiL’dT-f—// ViOn,u V1, (815 Vr,, uf) dodr
o Jo,
t
<[ [ty - sV, ub dedr +0 / |Vmvet2dr. (8)
0 i 0

We add (6), (7) and (8), multiply the result by ¢, and add it to (5). We use ab <
% + %bQ in the integral terms in the right-hand side, simplify with the left-hand side,
and obtain
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. 1Bk (D17 + a Il uf ) 17 +allebi /55 Vi, uf || IHﬂ IZ d
B iU i T4 i i TAVii\/Sij VI iU i T
qtak2d g [ N Y TWAVAV, 24
+5 [ il T+3 ), i gv/visis VYV, ; ug ”i T
—q/ / ViOn,ulf (Ol +Vr,, - (rijuf) =V, - (si; Vi, uf)) dodr
b; - b -n; ok 9
iUn,;,U; — i,1,00 i||,00 i
ﬁ (ViOn, uy 5 Dufdodr < 2 (Ilb 1,00 + ll€illi,oo) 1uf (1))
t
o ([ ipatizar+a [ vmvidizar). @
0 0
Recalling that s; ; = s;; on I ; and r; j = r;; on I ;, we use now the identity:
(z/zan,uf —b; ?’Lﬂllic + Si’juéc)Q — (z/zan,uf —b; nzuf — Sj7iuf)2
b -
=4( ﬁj(ui(‘)muf - zT Mub + quidy, uk (Ol +Vr,, (r”uf)))
— 4V, - (505 Vi, uf) +20(piy — pia — 2bi i) (Opuf + Vi - (rijuy)

— V1, (815 Vi, ub)uf + (pij + i) (i — pji — bi -m)(uf)?. (10)

Replacing (10) into (9), we obtain
5 (1B ()12 + 11 b 0) 1+l /55 Vs, w2 / ek (7. ) I
/||8tuk|\ dr + = // (viOn, ik — by -my ik — S ub)? do dr
+%/0 H%‘,jmvvr uk||2dT< // (ViOn, uk —b; -nul —|—S”u) do dr
+/0t /Fm(pi,j+pj,i)(—pi,j+pj,i+bi-ni)( "2 do dr+2 (Hb it ooElleilioo) [u(0)]12
g/ot/F (—pij+pji+2bin;) (O +Vr, - (ri jul ) =V, (80 Vi, ul)) uf do dr
| co([1sadizar+a [ 1vmvaizar).
In order to estimate the fourth term in the right-hand side of (11), we observe that

¢ 1
/ / (—pi,j+pj,i+2bi-ni)uf 8tuf dodr = 3 / (_pi7j+pj7i+2bi'ni)uf(t)2 do.
0 Jri, r

©J

By the trace theorem in the right-hand side, we write:

t
/ / (—pis + pri + 2b; -ma)ab Byt do dr < Clluk ()]s VTV D)
0o Jri,
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¢ ¢ 3 3
B2 = By k|2 B2
||ui<t>||ﬁ2/0 /Qi<atuz>uz<2(/0 |atuz|z> (/ Jud ||) L@

we obtain

and

t
g// (=pij + pji + 2b; - n;)ul Oyl do dr
0 Jr;;

¢ t
<1 / 0k 2 dr + L [ ube) 112 +C ( / ||@u§|%d7>. (13)
0 0

Moreover, integrating by parts and using the trace theorem, we have:

t
—g// Vr,,; (51,5 VYV, ug ") (— Di,j + Dj.i + 2b; nl)u do dr
0 Jri,

< L [ s V1, b
o / 197, b2 dr + / |8k |2 dr). (14)
Using (12), we estimate the third term in the right-hand side of (11) by:
5 (b kol <3 | owt |2+ / . @)

Replacing (14), (13) and (15) in (11), then using the transmission conditions, we
have:

i1,00 + |

1 q
5 (1B @1 + 2 1wk (8) 12 +allvi/505 Vi, wk )12
t t
+ [ ekl ar+ g [ oatizar s / W1 /7755 ¥ Vi, b dr
0

// Vza,hu —b; -n;u “u) do dr

1
Z// V]8n7u§ ! —b; -nju k 1—|—S”uk 1) dodr

o ([isadizar+ L [ 1vmvadizar).
0 0

We now sum up over the interfaces j € N;, then over the subdomains for 1 <4 < I,
and over the iterations for 1 < k& < K, the boundary terms cancel out and with

aft) = %Eie{l,...,[} Ejej\/i f(: frm (VJanluz b; - nz“ + Sijuy ) do dr, we
obtain forany ¢ € (0,7),

S % (I JvEV R+ [ I9GaEar)

ke{l,....K}ie{l,....I}

<at)+C Y Z (/ 8;u¥|12 dr + = /||\/y7wk|\ dT).

ke{l,...,K}ie{l,..
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We conclude with Gronwall’s lemma that the sequence convergesin L2 (0, T; H' (£2;)).

3 Numerical Results

We recall the discrete time nonconforming Schwarz waveform relaxation method
developed in [7].

Let 7; be the time partition in subdomain (2;, with IV; + 1 intervals I}, and time
step k%. We define interpolation operators Z¢ and projection operators P* in each
subdomain as in [7], and we solve

O.(T'UF) + ¥V - (BUF — v;VUF) + ¢; UF = Pif in 2 % (0,T),
(Viani - bt n7) U1k + S7JU1k =

2

P ((v;0n, — 2 '2"1)U;f—1 +8;,;UF " on I 5 x (0,7),

with Si’j U = pi;jU + ¢, (8t(IZU) + pr. . (’I"i’jU - Si,iji,j U)), and
S@j U= Dij U + qi,j (8f(I‘]U) + VFW. . (’l"mU — Sj,JV[‘w U))

The coefficients p; ; and g; ; are defined through an optimization procedure, see
[1], restricted to values such that the subdomain problems are well-posed. The time
semi-discrete analysis was performed in [7] in the case V - b = 0. For the space
discretization, we use the nonconforming approach in [5] extended to problem (1)
and order 2 transmission conditions, to allow non-matching grids in time and space
on the boundary. We have implemented the algorithm with P ; finite elements in
space in each subdomain. Time windows are used in order to reduce the number of
iterations of the algorithm. To reduce the number of parameters and following [ 1],
we chooser; ; = ITr, ;b; with I , ; the tangential trace on I; j, and s; ; = v; (even
though the present analysis does not cover this case). The optimized parameters are
constant along the interface. They correspond to a mean value of the parameters
obtained by a numerical optimization of the convergence factor.

We first give an example of a multidomain solution with one time window. The
physical domain is 2 = (0,1) x (0, 2), the final time is T' = 1. The initial value is
up = 0.25¢~100((z=0.55)*+(y—1.1*) and the right-hand side is f = 0. The domain 2
is split into two subdomains £2; = (0,0.5) x (0,2) and £2; = (0.5,1) x (0,2). The
reaction factor c is zero, the advection and diffusion coefficients are b, = (0, —1),
v1 = 0.001,/y, and by = (—0.1,0), v, = 0.1sin(zy). The mesh size over the
interface and time step in 2, are hy = 1/32 and k; = 1/128, while in {25, hy =
1/24 and ko = 1/94. On Fig. 2, we observe, at final time 7" = 1, a very good
behavior of the multidomain solution after 5 iterations. The relative error with the
one domain solution is of the same order as the error of the scheme.

We analyze now the precision in time. The space mesh is conforming and the
converged solution is such that the residual is smaller than 10 ~8. We compute a vari-
ational reference solution on a time grid with 4,096 time steps. The nonconforming
solutions are interpolated on the previous grid to compute the error. We start with a
time grid with 128 time steps for the left domain and 94 time steps for the right do-
main. Thereafter the time steps are divided by 2 several times. Figure 3 (left) shows
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Fig. 2. Nonconforming DG-OSWR solution after 5 iterations.
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Fig. 3. Error between variational and DG-OSWR solutions versus the refinement in time (left),

and versus the iterations (right).

the norms of the error in L°°(I; L?(2;)) versus the number of refinements, for both
subdomains. First we observe the order 2 in time for the nonconforming case. This
fits the theoretical estimates, even though we have theoretical results only for Robin
transmission conditions. Moreover, the error obtained in the nonconforming case, in
the subdomain where the grid is finer, is nearly the same as the error obtained in the

conforming finer case.
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The computations are done using Order 2 transmissions. Indeed, the error be-
tween the multidomain and variational solutions decreases much faster with the Or-
der 2 transmissions conditions than with the Robin transmissions conditions as we
can see on Fig. 3 (right), in the conforming case.

We now consider advection-diffusion equations with discontinuous porosity:

wou +V - (bu —vVu) = 0.

The physical domain is 2 = (0,1) x (0,2), the final time is T = 1.5. The ini-
tial value is ug = 0.5¢~100(==0.1*+(=1.5% Domain £ is split into two sub-
domains (2, x (0,1.5) and 2, x (0,1.5) with (1 — w, 25),0 <s<1la
parametrization of the interface, as in Fig. 4. The advection and diffusion coeffi-

AVAS VAV
eV

S

Fig. 4. Domain decomposition with £2; (left) and (2, (right).

cients are by = (—sin(Z(y — 1))cos(m(z — 1)),3cos(%(y — 1))sin(n(z — 1))),

vy = 0.003, w; = 0.1, and by = by, o = 0.01, we = 1. We consider first a
conforming grid in space. The mesh size over the interface is h = 1/104 and time
step in £y is k; = 1/128, while in 25, ko = 1/94. On Fig. 5, we observe, at fi-
nal time T" = 1.5, that the approximate solution computed using ten time windows
and 3 iterations in each time window is close to the variational solution computed
in one time window on the conforming finer space-time grid as shown on the error.
We now consider nonconforming grids in space as shown on Fig. 4. The mesh size
over the interface and time step in (2, are h; = 1/104 and k; = 1/128, while in
25, hy = 1/81 and ko = 1/94. On Fig. 6, we observe, at final time T" = 1.5, that
the approximate solution computed using 5 iterations in one time window is close to
the variational solution computed on the conforming finer space-time grid. On Fig. 7
we observe the precision versus the mesh size and time step. The converged solu-
tion is such that the residual is smaller than 10 8. A variational reference solution is
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computed on a time grid with 2,048 time steps and 384 mesh grid. The space-time
nonconforming solutions are interpolated on the previous grid to compute the error.
We start with a time grid with 32 time steps and 24 mesh size for the left domain and
time steps 12 and 12 mesh size for the right domain and divide by 2 the time step
and mesh size several times. Figure 7 shows the norms of the error in L2(I; L?(£2;))
versus the time steps, for both subdomains. We observe the order 2 for the noncon-
forming space-time case, even though we have theoretical results only for the time
semi-discretized case in [7].
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Fig. 5. Error between variational and DG-OSWR solutions, at final time, after 10 time win-
dows and 3 iterations per window.

4 Conclusions

We have analyzed the continuous algorithm for variable discontinuous coefficients
and general decompositions. We have shown numerically that the method preserves
the order of the one domain scheme in the case of discontinuous variable coefficients,
nonconforming grids in space and time and a curved interface. An analysis of the
influence of the decomposition in time windows is in progress.
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