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1 Introduction

In this paper we present a nonoverlapping domain decomposition preconditioner for
a weakly over-penalized symmetric interior penalty method that is based on balanc-
ing domain decomposition by constraints (BDDC) methodology (cf. [2, 5, 7, 8]). The
full analysis of the preconditioner can be found in [4].

Let Q be a bounded polygonal domain in R? and f € L,(£). Consider the fol-
lowing model problem:
Find u € H} () such that

/Vu-Vvdx:/fvdx Vv € H) (). ()
Q Q

Let .7, be a quasi-uniform triangulation of 2, where the mesh parameter 4 mea-
sures the maximum diameter of the triangles in .7, and let

Vi={vel,(Q):vlreP(T) VT € I}

be the discontinuous P finite element function space associated with .7},. The model
problem (1) can be discretized by the following weakly over-penalized symmetric
interior penalty (WOPSIP) method (cf. [3, 9]):

Find u;, € V, such that

where
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ap(v,w) = / Vv-Vwdx+ Y #/eﬂe()[[v]] M0[w]ds, (2)

TeI," r e€éy

&, is the set of the edges of .7}, |e] is the length of the edge e, [ v] denotes the jump of
v across the edges, and IT? is the orthogonal projection from [L,(e)]? onto [Py(e)]?.
Py(e) denotes the space of constant functions on the edge e.

For simplicity in presentation, we consider the Poisson model on conforming
meshes. But the results can be extended to heterogeneous elliptic problems on non-
conforming meshes (cf. [4]). We note that BDDC technique was used in [6] to couple
conforming finite element spaces from different subdomains that allows nonmatch-
ing meshes across subdomain boundaries, where condition number estimates inde-
pendent of the coefficients were obtained for heterogeneous elliptic problems. The
main difference between [6] and this paper is that the finite element functions in this
paper can be discontinuous at the element boundaries.

The rest of the paper is organized as follows. In Sect. 2 we introduce a subspace
decomposition. We then design a BDDC preconditioner for the reduced problem in
Sect. 3. The condition number estimate is also presented. In Sect. 4 we report numeri-
cal results that illustrate the performance of the proposed preconditioner and confirm
the theoretical estimates.

Throughout the paper we will use A <.B and A 2 B to represent the statements
that A < (constant)B and A > (constant)B, where the positive constant is independent
of the mesh size, the subdomain size, and the number of subdomains. The statement
A~ Bis equivalentto A < BandA 2 B.

2 A Subspace Decomposition

In this section we propose an intermediate preconditioner for the WOPSIP method,
which is based on-a subspace decomposition.

Let €Qy,...,€; be a nonoverlapping partition of € aligned with .9}, and I" =
( 52 109Q;) \ 92 be the interface of the subdomains. We assume that the subdo-
mains are shape regular polygons (cf. [1, Sect. 7.5]). We denote the diameter of £;
by H; and define H to be max << H;. &, is the subset of &, containing the edges
onl.

First we decompose V), into two subspaces as follows:

Vi =Vihc®Vip,
where

Vic = {v € V), : [v] = 0 at the midpoints of the edges on the boundaries
of the subdomains},

Vip = {v € Vi : {v} = 0 at the midpoints of the edges in &), - and
v =0 at the midpoints of the edges in Q\ I'}.
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Here {v} denotes the average of v from the two sides of an edge in &), .
Let Ay, : V, — V}/ be the symmetric positive-definite (SPD) operator defined by

(Apv,w) = ap(v,w) Yv,w €V,

where (-, -) is the canonical bilinear form between a vector space and its dual. Simi-
larly, we define A p : Vip — V;, pand Ay : Vo — Vj - by

(Appvsw) = ap(v,w) Yv,w € Vjp, 3)
(Apcv,w) = a(v,w) Vv,w €V c. 4

Given any v € V},, we have a unique decomposition v = vp + v where vy, € Vj, p
and v¢ € Vj, c. Then based on the definitions of the subspaces Vj, p and V;, ¢, it can be
shown that

(Apv,v) = (A pVp,vp) + (Ancve, ve) Vv eV, (5)

Remark 1. Since functions in Vj, ¢ are continuous at the midpoints of the edges in

én,r> we have
J

ap(v,w) = z ap,j(vi,w;) Vv,w e Ve, (6)
i=1

where v; = V’Qj’ wj :W’.Qj and

1
anj(vi,wi) =, /VV.i‘VWjdx+ > e—P/HB[[Vj]]'HB[[Wj]]dS- (7
reg, T ecé), ¢
TCQj eCQj

Note that the second sum on the right-hand side of (7) is over the edges interior to £2;
and therefore ay, j(-,+) is a localized bilinear form. The introduction of the subspace
decomposition where the bilinear form can be localized as shown in (6) and (7) is
the key ingredient in designing our preconditioner in Sect. 3.

Next we decompose V, ¢ into two subspaces V;, (2 \ I") and Vj, ¢(I") defined as

follows:
Vie(2\TI') = {v € V} ¢ : v=0 at all the midpoints of the edges in &), },
Vh’C(F) = {V S Vh7C : ah(v,w) =0 VYwe Vh,C('Q\F)}-

The space V), ¢(I") is the space of discrete harmonic functions, which are uniquely
determined by their values at the midpoints of the edges in &, r.

Let the SPD operators A, o\ : Vi, c(Q\I') — Vi, o(Q\T') and Sp, : Vi o(T') —
V(') be defined by

(Apo\rv,w) = an(v,w) Vv,we Vi c(Q\T),
(Spv,w) = ap(v,w) Vv,w € Vje(I).
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Note that given any v¢ € Vj, ¢, we have a unique decomposition ve = veoyr + ver
where veor € Vic(2\T') and ver € Vi o(I'). It follows from the definitions of
Vmc(ﬂ \F) and Vh7c(r) that

<Ah,CVC7VC> = <Ah,Q\FVC,Q\r, Vc,n\r> + <ShVC,r, Vc,r> Yve € Vh,c- (8)

Based on the relations (5) and (8), we define a preconditioner By : V},/ — ¥, for
Ah by
By = IpA, bl +1,17Q\FA,;}2\F1,’17Q\F +1IrS, I,
where Ip : Vip — Vi, I o\r : Vic(2 \I') — Vy, and I : Vj,¢(I") — V}, are
natural injections.
It follows from (5) and (8) that

Amax (B14y)

BiA
( ! h) lmm(BlAh)

~ 1. )
Remark 2. Let us observe the properties of the preconditioner B; from the imple-
mentational point of view. First it is easy to implement the solve A, 1D because Ay, p
is a block diagonal matrix with small blocks. Next in view of (6) and (7), the solve
Ahﬂ\r can be implemented by solving independent subdomain problems in paral-
lel. On the other hand, noting that .S;, is a global solve, we need to design a good
preconditioner for Sy, in order to obtain a'good parallel preconditioner for Ay,.

3 A BDDC Preconditioner

In this section we propose a preconditioner for the Schur complement operator Sy,
based on the BDDC methodology.

Let Vj, ;-be the space of discontinuous P; finite element functions on £2; that
vanish at the midpoints of the edges on d£2; N d€2, and V,,(£2;) be the subspace of
Vj,,j whose members vanish at the midpoints of the edges on d€2;. We denote by .7
the space.of local discrete harmonic functions defined by

A= {v Vi nw) =0 Yw e Vi(2)}

The space 77, is defined by gluing the spaces ¢; together along the interface
I' through enforcing the continuity of the mean values on the common edges of
subdomains:

%,,:{VELZ(Q):vj:vmjeji’j-forlgjgj

and/ vjds:/ vids for 1 < j k <J},
agjﬁagk afzjﬂ(?!)k

and we equip 77, with the bilinear form

ay (v,w) = 2 ap,j(vj,wj).
1<j<J
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Nonoverlapping DD Preconditioner for WOPSIP

Let &y be the set of the edges of the subdomains €2y, - -, ;. The BDDC precon-
ditioner is based on a decomposition of %, into orthogonal subspaces with respect

toaj'(-,-): ]
oy = I S I, (10)

where

%—{VG%:/VdS—O VEEé"H}
E

and
%:{vef%’jn:a;f'(v,w)zo VWEﬁiZ}. (11)

Then we equip 5% and the localized subspaces jf (1<j<J)of H:

jf?j:{vef%’j:/vds:OforalltheedgesEofﬂj},
E

with the SPD operators S : %5 — ¢ and S : jfj — c%zj’ defined by

(Sov,w) = ' (v,w) Vv,we J4), (12)
(Sjv,w) = ay j(v,w) Vv,weeﬁ?j. (13)

Note that V, ¢(I") is a subspace of .77, and there exists a projection Pr : J&, —
Vic(I") defined by averaging:

(Pry)(me) = {v} (m.) Veeéyr,

where m, is the midpoint of e. The operator Pr connects the BDDC preconditioner
based on .7, to the Schur complement operator S, on Vj, ¢(I").

We can now define the BDDC preconditioner Bgppc : Vio(I') — Vy (') for
the Schur complement operator Sy, : Vi, c(I") — Vi, c(I")' as follows:

7
Bspoc = (Prlo) Sy ' (Prio)’ 2 PrE;)S; ' (PrE;),

where Iy is the natural injection of %) into 7, and E; : %‘j — 7 is the trivial
extension defined by

Eop, — \31‘ on.Qj N o
V= VVjEjfj.
0 onQ)\Q;

We then obtain the preconditioner B, : V;, — V;, for Aj, by replacing the global
solve S;l in (2) with the preconditioner Bgppc:

By =IpA, I+ LarA, }NI,;’ o\ +IrBeooc-.

We can analyze the condition number of BpppcS;, by the theory of additive
Schwarz preconditioners (cf. [1, 10, 11], and the references therein). The proof of
the following result can be found in [4].
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Lemma 1. We have the following bounds for the eigenvalues of BgppcS),
Amin (BpppeSu) = 1,

H 2
)Lmax(BBDDCSh) 5 (1+1HZ> .

Combining (5), (8) and Lemma 1, we have the following estimate of the condition
number of the preconditioned system ByAj,.

Theorem 1. There exists a positive constant C, independent of h, H and J, such that

_ Amax(B2Ap) H\’
K(B2Ay) = —lmin(BzAh) <C 1—|—an )

4 Numerical Results

In this section we present some numerical results that illustrate the performance of
the preconditioners By and Bj.

We consider the model problem (1).on the unit square (0, 1)? with the exact solu-
tion u(x,y) = y(1 — y) sin(zx). We use a uniform triangulation .7, of isosceles right
triangles, where the mesh parameter / represents the length of the horizontal/verti-
cal edges. The domain € is divided into J nonoverlapping squares aligned with .7},
and the length of the horizontal/vertical edges of the squares is denoted by H. The
discrete problem obtained by.the WOPSIP method is solved by the preconditioned
conjugate gradient method. The iteration is stopped when the relative residual is less
than 107°,

Numerical results for the preconditioners By and B, are presented in Table 1,
which confirm the theoretical estimates in (9) and Theorem 1.

Table 1. Results for the preconditioners B and B with J = 42

B A, ByAy
K /,Lmin )L'max K lmin )L'max

32 1.4206 8.2624e-1 1.1738 1.4478 8.2623e-1 1.1962
4 4 1.19169.1258¢-1 1.0874 1.7782 9.1300e-1 1.6235
5
6

h H/h

8 1.0919 9.5608e-1 1.0439 2.3215 9.5673e-1 2.2211
16 1.0433 9.7880e-1 1.0212 3.0490 9.7994e-1 2.9879

We present in Table 2 the iteration counts and total time to solution for a parallel
implementation of our preconditioner. For comparison, results on a single processor
of the same machine without preconditioning are also presented for J = 1. The three
operations Aile)vAﬁz\r’ and Bpppc are performed one after the other, sequentially,
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Nonoverlapping DD Preconditioner for WOPSIP

but each of these operators is evaluated in parallel on the decomposed domain with
one subdomain per processor. Iteration counts are consistent with our theory and
confirm again that the method is scalable, and the running times show good parallel
speedup for large problems.

Table 2. Parallel performance of the preconditioner By

J=1 J=4>H=2"?% J=82H=23 J=165H=2"*
Its Wall clock time Its Wall clock time Its Wall clock time Its Wall clock time
276 235 0.46 7 0.37 7 0.5 5 1.14
2-7 450 3.75 2.22 1.06 1.96

8 8 6
28 884 35.45 9 20.12 8 4.35 6 2.71
2791786 319.0 8 126.15 8 27.15 7 7.81

The numbers K (B,A) /(1 +1In(H /h))* and & (BappeSp) / (1+1n(H /h))? are
plotted against H/h in Fig. 1. As H/h increases these two numbers settle down to
around 0.2, which indicates that the estimates in Lemma 1 and Theorem 1 are sharp.

o5 055

o
C = k(B (. S/ A+In(H/m) C = (B, A )/(+In(H/h))
os

15 20 25 a0 as 1 s 10 15 20
H/h H/h

Fig. 1. Left figure: the behavior of C = K (BappcSy) / (1+1n(H /h))? for the BDDC precon-
ditioner; right figure: the behavior of C = k (ByAy,) / (1+1In(H /h))* for the preconditioner
By
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