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1 Introduction

We present an Algebraic Multigrid (AMG) method for graph Laplacian problems.
The coarse graphs are constructed recursively by pair-wise aggregation, or matching
as in [3] and we use an Algebraic Multilevel Iterations (AMLI) [1, 6] for the solution
phase.

The two-level method constructs a splitting of the underlying vector space into
two subspaces Vg and Vp and then corrects the error successively on Vs and Vp. The
coarse space Vp is obtained using matching on the underlying graph. Such a two-level
method is shown to be uniformly convergent. In the AMLI method (multilevel), m
coarse level corrections are applied on each level. For large m, while the conver-
gence rate of the method is comparable to that of the two-level method and, hence,
uniformly convergent, it is clear that the overall complexity of such method could
be too high for large values of m. In our approach, the AMLI convergence rate is
estimated solely based on the underlying two-level method, which allows us to show
that m = 2 gives a balance between the complexity and the desired convergence rate,
thus, resulting in an efficient algorithm.

The paper is organized as follows. In Sect. 2 the graph Laplacian problem is de-
scribed. In Sect. 3, the graph matching algorithm is introduced and it is indicated
that the ¢, projection on the coarse space is the key quantity for obtaining the mul-
tilevel estimates of the AMLI method. In Sect. 4, an analysis of a specific two-level
method is presented and in Sect. 5 its convergence and complexity are estimated. In
the following section, numerical results are reported.

2 Graph Laplacian Problems

Graph Laplacian solvers can be used as preconditioners for various discrete numeri-
cal models, e.g., ones arising from discretizations of partial differential equations,
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machine learning algorithms, and spectral clustering of images. Consider a con-
nected unweighted graph ¥ = (¥,&) where ¥ and & are the sets of vertices and
edges. The graph Laplacian A € R"*", where n = |¥| (cardinality of ¥"), corre-
sponding to the graph ¢, can be defined as follows:

(Auv) =Y (i—u;)(vi—vj).

k=(i,j)e&

The matrix A is symmetric and positive semi-definite. The null space of A is one
dimensional, and its basis is given by {1}, where 1 is a vector whose components are
all equal to 1. Our aim here is to solve graph Laplacian problems, or to find u, such
that (u,1) = 0 and

Au= f,

for a given f satisfying (f,1) = 0.

We want to find an AMG method to solve graph Laplacians with simple settings,
so that we can estimate the performance of the AMG method, with as few assump-
tions introduced as possible. The construction of this AMG method can also help
us to derive similar methods for weighted graph Laplacian problems, which come
from finite element or finite difference discretizations of elliptic partial differential
equations, circuit simulations, and in general, network flow simulations.

3 Graph Matching

Given a graph ¢, assume that-we can find a set of aggregates .# called a matching,
where each aggregate contains exactly two vertices, and every vertex of ¢ is con-
tained in exactly one aggregate. For a certain aggregate that contains vertices i and
J, we merge the two vertices, and the newly formed vertex, named k, is considered
connected to the vertex / if and only if / is connected to i or j on graph ¢. By merg-
ing vertices in each aggregate, a reduced graph of the graph ¢ is formed. Applying
such a matching algorithm recursively will result in a sequence of graphs. We then
construct-a solver for the graph Laplacian of ¢ based on the sequence of reduced
graphs.

In the matching .#, we consider the k-th aggregate as a graph %, = (¥, &%). Let
Q be the /-orthogonal projection on the coarse space, which consists of vectors that
are piecewise constant on each set #}. An alternative definition of Q is as follows.

Classical AMG theory suggests that the coarse space should cover, or approx-
imate algebraically smooth error components. Detailed explanations can be found,
e.g., in the appendix of [5]. In the following section, we will compute how well piece-
wise constant vectors can approximate smooth vectors and will discuss the properties
of two-level and multilevel methods using the subspace(s) associated with the pro-
jection Q.
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4 A Two-Level Method

Define matrices P and S for a given matching .#, such that
Pe=eitej, S-e=ei—ej (i,j) €,

where e; and e; are Euclidean basis vectors. Since a prerequisite for designing an
efficient AMLI method is an efficient two-level method, in this section we focuson
two-level methods and their convergence rates. Given an initial guess ug, a typical
two-level algorithm which takes as input u; and returns the next iterate u. | is as
follows:

L. v=u+SRST(f — Auwy),

2. w=v+PA'PT(f—Av),

3 Upy =wH+ SRiTST(f—AW).

Here the matrix R is a preconditioner of STAS, which is the restriction of A on the
space range(S) = [range(P)]*. The matrix A, is an approximation of the restriction
of A on the coarse space V, = range(P). In our algorithm, A, is first defined as the
graph Laplacian of the unweighted coarse graph and thus A. # PT AP. We then scale
A, such that (vIA.v)/(vVI PTAPY) € [1,c.]. A proper scaling results in ¢, = 2 for
P that corresponds to an aligned matching and A that is a structured grid of any
dimension. The matrix representation of this two-level method, denoted by G, can
be deduced via the error propagation matrix given as follows.

E=(I—SRTSTAYI=PA_'PTA)(I—SR'STA)=1—-G'A. (1)

We now derive an estimate on the angle between the spaces range(S) and
range(P), which in our setting amounts to obtaining a bound on the energy norm
of Q, the ¢-orthogonal projection onto range(P). Let v be the C.B.S. constant such
that it is the smallest number satisfying (Sw, Pv)a < 7|Sw|a|Pv|a, then (cf. [6, Corol-
lary 3.7]):

013 =1/(1-7).

Using [2, Theorem 4.2] we can show tllat, if the symmetrized smoother R=R+
RT — STAS is positive definite, and (w” Rw)/(w! STASw) € [1, k3], then

vI Gy
m S [1, |Q|,24(Ks+cc_ 1)]

If a two-level method using a certain matching is already given, then both |Q|s
and K can be estimated using the properties of the underlying graph. The norm |Q|4
is estimated as follows:

u"QAQu="Y ((Qu)i—(Qu);)* <2d Y (u;i—u;)* < (2d)u"Au

(i,j)e& (i,j)€E

where d is the maximum degree of the graph. This implies that |Q|i < 2d. Assuming
that the matching .# is perfect, we show that the smallest eigenvalue of STAS is
larger or equal to 4, by computing
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wiSTASw > Y ((Sw)i—(Sw))P = Y, 4(Sw)i =4|wl7,.
(i.j)e# (i,j)e.

According to the Gershgorin theorem, the largest eigenvalue of STAS is bounded
by a function of d and for a simple smoother R, such as Richardson iteration, K is
also bounded by a function of d. From the above results (i.e, the stability estimate
of Q in the A-seminorm and the lower bound on the smallest eigenvalue of STAS) it
follows that the two-level method is uniformly convergent with respect to the size of
the matrix A. Based on the two-level convergence estimate, AMLI cycles with low
complexity and predictable convergence is then constructed.

S Algebraic Multilevel Iterations

An estimate of the two-level convergence rate does not automatically carry over to an
estimate of the convergence of a multilevel V-cycle, and in general, for piece-wise
constant coarse spaces, it can be shown that the convergence rate degrades expo-
nentially with respect to the number of levels. A remedy for this issue is to use more
complicated cycles such as AMLI, and keep a balance between complexity of a cycle
and its convergence rate so that the resulting algorithm is optimal or nearly optimal.

We describe an AMLI method by first rewriting the two-level preconditioner G,
as well as G which is G under the hierarchical basis (S, P), in block form:

N R T __ T —1 .
G-1_f-n ((R—i—R OS AS) A01>L1’

c

G=(S.P)"'G(s,p)T,

= I 0
L= (PTASRI 1> '

Then define an AMLI preconditioner B as follows.

S~ 1 7 ((R+RT—STAS)! 0
B =L ( 0 B, )

B~ = (5,P)"B'(5,P).

where

Here A, is the scaled unweighted graph Laplacian of the coarse graph and B, is a
preconditioner of A, and ¢(¢) is a polynomial. When ¢ () = 1, the action B! stands
for a V-cycle with an inexact solver B.! on the coarse level. In the case of a W-cycle,
we have g(1) =2 —1.

The following lemma shows how well the AMLI preconditioner B approximates
the two-level preconditioner G.

Lemma 1. IfA; < A(B.'A;) < Ay and tq(t) > 0 fort € [A1, Ay, then

) 1 Gy 1
min  ——) < ———— <max(l, max ).
M<t<ay tq(t) vIB~ly M<t<h, tq(t)

min(1,
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This lemma suggests that, the AMLI method is spectrally equivalent to a two-
level method, given that the coarse-level preconditioner is spectrally equivalent to
the coarser-level matrix. The upper and lower bounds in the lemma above are related
to estimates on |rg(¢)| for ¢ in a given interval. As shown in [1, 6], using higher
order polynomials ¢(t), the matrix B~! can approximate G~ arbitrarily well and
thus we will have a method with excellent convergence rate. However, a higher order
polynomial ¢(z) leads to a much more expensive computation of the coarser level
correction, and the resulting multilevel methods can have a very high complexity
and one should be careful in the choice of the polynomial degree.

Assume that a multilevel hierarchy is formed by a recursive application of the
matching algorithm. Denote the graph Laplacians on each level, and the correspond-
ing two-level preconditioners by A; and Gy. Following the ordering of levels in [1, 6]
we set A = Ag and denote by A; the coarsest matrix. Define-a sequence of solvers as

§;1 :A\} = (SJaPJ)iTA;(vapf)ila
B.' = (S, P) B ' (SutPy), k=0,....J,

~ 1 g ((Re+RI —STAS;)! 0 _
B 1_LT<(" kT ok - L k=0...0-1.
g k 0 Bkilq(AkﬂLlBkJil) k

Then, a multilevel proof of convergence follows.

Lemma 2. Assume that there is'a constant cg, 1 < cg < 4, such that the following
relation holds.

vTka < vTékv < cgvTka, Yvandk=0,...,J.

Then there exists a linear function q(t), such that

2 T !
<V kv<1, Ywandk=0,...,J.

c “TA Y T
Ve k

Here ¢(#).is a scaled and shifted Chebyshev type polynomial (see [1]).

This lemma shows that, if ¢, is strictly less than 4, then the action B, I'is an
uniformly convergent AMLI cycle with O(nlogn) complexity. Even if ¢, = 4 on all
levels, one may prove that the condition number of B]IA ; for the case of second
order ¢(t) (similar to a W-cycle) grows linearly with respect to the number of lev-
els J = logn. This results in a convergence factor 1 — 1/logn at a complexity of
O(nlogn) for each cycle.

The two-level method we suggest is based on graph matching, thus ¢, < |03 (k;+
¢c — 1). In a simple case where the graph ¢ is a two-dimensional uniform grid, an
aligned regular matching yields |Q|§ <2, Ky = 1+ ¢ for arbitrary small €, and ¢, < 2.

This yields ¢, < 4 and thus the W-cycle AMLI preconditioner will result in
a nearly optimal order method (cf. Lemma 2 and the discussion below). For un-
structured or higher dimensional grids, numerical experiments indicate that random
matching may still result in two-level methods for which ¢, < 4.
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6 Numerical Results

We use the matching based AMLI method to solve a family of unweighted graph
Laplacians, corresponding to graphs that represent structured grids or unstructured
triangulations.

Structured grids. In the structured grid case on a rectangular domain, we match
in a fixed direction. After several levels of matching the graph corresponding to the
coarsest grid is a line. For the test on L-shaped domain, we still use matching in a
fixed direction until a part of the coarsest graph becomes a tree. In such case, the
unknowns can be ordered so that the fill-in during LU factorization on the coarsest
grid is small.

A similar strategy can be used for graph Laplacians corresponding to three-
dimensional structured grids. The matching procedure is applied only in two fixed
directions.

Convergence analysis indicates that, choosing as a smoother R~ = (§TAS)~!
guarantees the bound ¢, < 4, for a matching based two-level method on structured
grids. In the numerical experiments, we instead use a Gauss-Seidel smoother for all
structured grid problems. Using such a smoother retains a convergence rate ~(1 —
1/1logn) and O(nlogn) computational complexity.

Unstructured grids. Each of the unstructured grids in our tests are constructed
by first perturbing the coordinates of vertices of a structured grid, followed by De-
launay triangulation of the resulting set of vertices. For unstructured grids, we use
a random matching algorithm. Numerical results show that the maximum degree of
the coarser graphs grow only during the first few coarsening steps. Hence, smoothers
such as Gauss-Seidel can approximate well (S,{AkSk)’l on all levels and the ap-
plication of such a.smoother has a complexity proportional to the number of de-
grees of freedom (DOF) on level k. We use the CG method to perform the action
of (STA.Sk)~! on a vector. Such approach is practical since STAS is equally well
conditioned on all levels.

Instead of using the same AMLI polynomial g(7) on all levels, we determine the
polynomials ¢ (¢) on each level recursively, starting from the second coarsest level.
After constructing a multilevel hierarchy, we use 6 AMLI two level cycles (level
(J —1) and level J) and a Lanczos algorithm to estimate the condition number of
Bj’_llA J—1. We apply this procedure recursively (and with 6 AMLI multilevel cycles
from level (k+ 1) to J) to estimate the condition number of Bk’lAk on level k, for
k=1,...,J —2. When all polynomials are determined, they are used in the AMLI
cycle during the solving phase.

Numerical tests. We use the AMLI cycle as a preconditioner of Conjugate Gra-
dient (CG) method. We stop the iterations when the relative residual becomes smaller
than 107!°. The results are summarized in Table 1. The number of CG iterations is
denoted by M, and the average convergence rate of the last five iterations is denoted
by 7,. The CG coefficients are also used to estimate the condition number k(B 1A9),
as suggested in [4]. The operator and grid complexities are less than 2 in all the
examples presented below.
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(a) 2D unit square (b) 3D unit cube

DOF|[ k r, M DOF| k r, M
256%[18.4 0.55 32 32317.8 0.36 21
512%]24.8 0.61 36 643[11.4 0.45 25
10242[32.9 0.69 40 1283[19.2 0.51 29

(¢) 2D L-Shaped (d) 3D Fichera

DOF| k rs M DOF| k ra M
(3/4)-2567|17.8 0.56 33 (7/8)-323] 7.5 0.40 22
(3/4)-5127[23.9 0.64 36 (7/8)-643[11.1 0.48 25

(3/4)-1024%[31.7 0.69 38 (7/8) - 128%[15.8 0.55.29

(e) 2D unit square (ug)
DOF| k r, M
256%(31.4 0.58 35
512%36.7 0.63 39
10242[42.0 0.58 41

(f) 3D unit cube (ug)

DOF| x r, M
323]29.5 0.51 35
643(37.6 0.68 46

128%48.30.72 52

Table 1. Results for structured grids on square, cubic, L-shaped and Fichera domain, and for
unstructured grids (ug) on square and cubic domain. Here, x is an estimate (from CG) of
K'(Ba 1A()).

Note that for the 2D and 3D unstructured grid problems, the number of levels
for a given unstructured grid is the same as that of a structured grid with the same
degrees of freedom. We observe a logarithmic growth of the condition numbers with
respect to the size of the grids, and fast convergence rates of the preconditioned CG
method in all cases.

7 Conclusions

We present an AMLI (AMG) method based on graph matching with a nearly optimal
convergence rate and computational complexity. We have also presented numerical
tests which confirming our estimates. Our ongoing research is on extending the es-
timates to general aggregation algorithms and aggregates configurations and we are
also investigating improvements of the AMLI method components.
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