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Summary. We propose and analyze a hybrid discontinuous Galerkin method for the solution
of incompressible flow problems, which allows to deal with pure Stokes, pure Darcy, and
coupled Darcy-Stokes flow in a unified manner. The flexibility of the method is demonstrated
in numerical examples.

1 Model Problem

Let 2 C R? be a bounded Lipschitz domain in d = 2 or 3 dimensions. Given data
fc [L?(Q)]? and g € L?(Q), we consider the generalized Stokes problem

ou—2udive(u)+Vp=f  and divu=g inQ. (1)

As usual, u denotes the velocity, p the pressure, and £(u) := 1 (Vu+ Vu’) is the
symmetric part of the velocity gradient tensor. We require that

>0, u>0, and M>oco+u>m>0 in Q.

For convenience, we assume that o, the reciprocal of the permeability, and the vis-
cosity u are constant, and consider homogeneous boundary conditions

upo=0 if u>0 or wnljo=0 if u=0. 2)

The unique solvability of the boundary value problem (1)—(2) is guaranteed, if
the pressure p and the data g have zero average. For the case u > 0, we then
have (u,p) € H)(Q) x L3(£2), where H)(Q) := {v € [H'(2)]? : v|;q = 0} and
L% :={q € L*(2): [oq dx = 0}. In the Darcy limit u = 0, we only have u €
Hy(div; Q) := {v € [L*(Q)]? : divv € L*(Q), v-n| o = 0}.

For the approximation of problem (1)-(2), we consider a hybrid discontinuous
Galerkin method, which is capable of treating incompressible flow in the Stokes
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and Darcy regimes, as well as coupled problems in a unified manner. Our analysis
extends the results of [7] for Stokes flow. Related work on stabilized non-conforming
and discontinuous Galerkin methods for Darcy-Stokes flow can be found in [4, 8] and
the references given there. We refer to [1, 5] for a unified treatment of discontinuous
Galerkin methods for elliptic problems and their hybridization.

2 Notation and Preliminaries

Let .7, = {T} be a shape-regular quasi-uniform partition of €2 into affine families
of triangles and/or quadrilaterals (tetrahedra and/or hexahedra) of size h. By 9.7}, :=
{dT : T € J},}, we denote the set of element boundaries, and by &= {E;; = dT;N
dTj:i> jRU{E;io=0T;NdQ} the set of edges (faces) between elements or on the
boundary; & = g, E is called the skeleton.

Fors > 0,let H*(7,) := {v € L*(Q) :v|r € H*(T) for all T € Z,} denote the bro-
ken Sobolev space with inner product (u,v)s, 7, := Yrc g, (u,v)sr and norm |[ull 7
the subindex is omitted for s = 0. Piecewise defined derivatives are denoted with
the standard symbols. The traces of functions in H'(.7,) lie in L?(d.%,), which is
equipped with the scalar product (u,v)y = Xrc 7 (u,v)s7 and norm [v|5 5. Any
function in L?(&) can be identified with a function in L?(9.7},) by doubling its values
on the element interfaces. Bold symbols are used for vector valued functions.

Let #7,(T) denote the polynomials of degree < p over T, and recall that
Vel <erp*h ! |vpllF for all v, € Z,(T). 3)

Explicit bounds for the constant cr in the discrete trace inequaliy (3) are known for
all elements under consideration. The parameter cr can be replaced by the shape
regularity parameter ¥ := max{cr : T € Z}, }, which is assumed to be independent of
h. We then choose a stabilization parameter ¢ such that

4yp’h ' <o <4yp’h )
with 7 independent of p and h, and we define two norms on L?(9.7,) by
12 .
|V|i1/2,8<%, = (ZTG% |V|il/2,ar) / with |V|i1/2,8T = Olil/2|v|3T.

Similar norms are frequently used for the analysis of mixed, non-conforming and
discontinuous Galerkin methods; see e.g. [1].

3 The Hybrid DG Method

Let us fix p > 1, and choose g = p — 1 or q = p. For the approximation of velocity
and pressure in (1)—(2), we will utilize the finite element spaces

Page 696

28
29
30
31
32

33

34
35
36
37
38
39
40
41
42
43
44
45

46

47
48
49
50

51

52

53

54

55
56



A Hybrid Discontinuous Galerkin Method for Darcy-Stokes Problems
V= {vi € LA(F) 1 vilr € [P(T))¢ forall T € G},
On:=1{qn €L§(Q): qu|r € P(T) forall T € F,}.
We further choose p = p or p = q, and define a space
Vi = {Vi e L2(&) : Wyl € [P(E)]? forallE € &, V), =0o0ndQ},

of piecewise polynomials for representing velocities on the skeleton. The conditions
p—1 <q<pandq < p are explicitly used in the analysis of a Fortin operator; see
Proposition 5. In view of Lemma 1, we also require that p > 1. Note that the Dirichlet
boundary condition has been included explicitly in the definition of the hybrid space
V.. We further denote by 72 : H' (.7;) — V, and 7 : L2(&£) — V. the L2 orthogonal
projections onto the discrete spaces. The boundary value problem (1)—(2) is then
approximated by the following finite element scheme.

Method 1. Find u, € V,, @, € Vy, and pj, € Qp, such that

{ ay, (W, Uy Vi, Vi) + by (Vi, Vi pi) = (£,v4) 7,5
by (W, W5 gn) = (8:91) 7
forall v, € V,, v, € \7;,, and g, € Qy. The bilinear forms are defined as

a,(u,u;v,v) := ody,(wu; v,v) + 2us, (u,a;v,v),
by (v.v:q)i=—(divv,q) 7, + (v—V.qn)5 7,

and the bilinear forms d;, and s; are given by

d;(u,u;v,v).:= (u, )9,1+06<(7rpu u)-n ,(ﬁﬁv—?)-n)a%,
Sh(uvﬁ;vv ) ( ( ) ( )) <8(ll)-n,V—/V\>ayh

—(u—u,e(v) n)yz +a(mPu—0,7v—V),.

One easily verifies that any regular solution of (1)—(2) also satisfies the discrete vari-
ational principle above.

Proposition 1 (Consistency). Let (u, p) denote a solution of (1)-(2), and assume
additionally that u € H*(.7;) and p € H'(F},). Then

a,(w,w; v, V) + by (Vi Vi p) = (£,vi) 4, and  by(u,usq,) = (8,q1) 7,
forall v, € Vy, vV, € \A7h, and gy, € Qy; thus, Method 1 is consistent.

In the Darcy limit u = 0, it suffices to require u € H'(.7},).

4 Stability and Error Analysis

An important ingredient for our analysis will be the following result.
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Lemma 1 (Discrete Korn inequality). Let p > 1. Then there is a x > 0 independent 76

of b, such that for all ve H'(9},) and V € L*(&), there holds 7
leW)II%, + 172 (V=) 2,05, = KV, )
Proof. The statement follows via the triangle inequality from Korn’s inequality for
piecewise H' functions [3, Eq. (1.12)] established by Brenner. O
Proposition 2. For any (v;,,V;,) € V), X {7;, there holds 78
i (Vi Vi Vi, Vi) = miﬂ{ls—za 7} (||V“H29h +|7P(u—1) |%/2,aﬂh) \ IS
Proof. By Young’s inequality, Eq. (3) and (4), we obtain 80
—2(e(vi) - 0,vi—Vi)ar > —31e(va)llF — 3172V — Vi) [} .07 81
The result then follows by Lemma 1, and the definition of s,. a

For appropriately characterizing the coercivity-of the bilinear form dy, let us intro- s2

duce the discrete kernel space for the bilinear form by, namely 83
Ky = {(vi, %) € Vi x Vi, - by(vi, Vs qn) = 0 Vg € O} 84

85

Proposition 3. For any pair of functions (vy,,vy,) € K, there holds 86
A (Vi Vs Vi, Vi) ZAVAIG, + 1 divval|% + 3172 (i —Va) -n[] 2.5 5 87

Proof. Note that for every T € 7, we have divvy|r € Zq(T). Testing with g, = &8
divv;, and using (3) yields 89

[ divvallF = (va = Vi) - 0,divvi) or < 3[(&Pv, — Vi) -mly 2, 97| divvallr,

andhence || divv,|| 5, < %|(ﬁf’vh — Vi) 1|25, The result then follows by adding
and subtracting || divv, |3 z from the bilinear form d;,. O

The two coercivity estimates suggest to utilize the following energy norms for the 9o
stability analysis of Method 1, namely, ||¢||o, 7, and 91
SV2 . 2 - ~p S onl2
IV DT 7, = o (IIVI15, + | divv]|Z, + 7 (v=¥) nf{ 5 5.7)
2 ~p SV12
F((IVVIG, + 7PV = V)T 20,)-
92

Remark 1. If it = 0, then ||(-,-) |1, 7, is only a semi-norm on V;, x V,,. This deficiency o3
can be overcome by eliminating the tangential velocities in the definition of the hy- o4
brid space, or by penalizing also the jump of the tangential velocities in the bilinear 95
form d;,. Both remedies do not affect our analysis. 9%

A combination of Propositions 2 and 3 now yields the kernel ellipticity for ay,. 97
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Proposition 4 (Coercivity). For any element (v;,V;,) € Ky, there holds

2y (Vi ViV, Vi) = min{ 3, 3 (va, V) IF -

The constants C; appearing in the following results depend on the bounds m and M,
but are else independent of the parameters (, 0, and of h and p. Let us next consider
the operator (7P, 7°) : H) () — V;, x V..

Proposition 5 (Fortin operator). For any v € H}(Q) there holds

by (v, 7TPv;q;) = b(v,q1)  Vqn € On, ©6)

and — ||(m*V, 7)1, 5 < Cxp'?|V]1 q- (7

Proof. Equation (6) follows from the properties of the projections, and (7) results
from stability estimates for the L? projections; cf. [7] for details. O

The inf-sup stability of b, now follows directly from the previous result.

Proposition 6 (Inf-sup condition). For any q;, € Qy, there holds

b Vs
sup h(Vhavh qn)

Tt > G lanllo, 7 (8)
(vh,?h)thx\A/h ||(Vh’vh)|‘1*'yh ﬁ "

As a consequence of Propositions 4 and 6, we obtain by Brezzi’s theorem that
Method 1 has a unique solution and thus is well-defined. Next, we show the bound-
edness of the bilinear forms with respect to a pair of stronger norms defined by

llgnll§, 7 :=llgnll%; +1gn-nl, , 5, and
T n /2,09,

Ivm VI, 7 =11V V)17 5+ 1 Onv¥al 1 12,97

The norms || - ||o,7,. [|(+,-)|[1,7, and [|-[llo, 7, [(-,)|ll1,7, are equivalent on the finite
element spaces with equivalence constants less than two. This yields coercivity and
inf-sup stability of a; and b, also with respect to the stronger norms. The following
bounds then follow from the Cauchy-Schwarz inequality.

Proposition 7 (Boundedness). For any G, V € V), ® L3(&) and every function u,
veV,® (H(Q)NH?(F,)), there holds

2, (0, 0;,v,V) < Co|(w,0) 1,71 (v, ¥)l1, 7,
and for all p € Qy @ (L3(Q)NH'(F},)), there holds additionally

by, (u,u; p) < Gyl (w,0)]l1, 7l Pllo. -

Standard polynomial approximation results [2] imply the following properties.
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Proposition 8 (Approximation). Assume s > 1. Then for any function u € H)(£) N
H 1 (.,,) there exist elements v, € V), and vy, € V}, such that

lI(w=vau=i)ll,7 < Capp' > H"" 2 full 11,7,
and for any p € L3(Q) N H*(F,) there exists a g, € Q, such that

llp=anllo,7, < Capp K™% || pl|; 7.
The a-priori estimates now follow by combination of the previous results.

Proposition 9 (Error estimate). Let (u,p) be the solution of (1)=(2), and let
(up,, Uy, pr) denote the approximation defined by Method 1. Then

l(w = u—85)ll11.7 +p P - pillo.7
< Conp!Ph™ ™25} (p12 S utlfyi1 7 + 00| plls5,)-

Proof. The result follows with the usual arguments from the consistency, discrete
stability, and boundedness of the bilinear forms, and the approximation properties of
the finite element spaces; for details, see [7] or [9].

5 Remarks

The analysis of Sect.4 applies-almost verbatim to spatially varying material param-
eters i and o. In particular, a coupling of Darcy and Stokes equations in different
parts of the domain is possible and treated automatically. A numerical example for
such a case is presented in the next section.

Our results can'be extended to shape regular meshes and varying polynomial
degree. Also meshes with a bounded number of hanging nodes on each edge or face,
and even more general non-conforming mortar meshes can be treated. We refer to
[6, 7] for-a detailed discussion of conditions on the mesh and polynomial degree
distribution.

The coercivity and boundedness estimates also hold for more general finite
element spaces, but we explicitly utilized the complete discontinuity of the spaces
in the proof of the inf-sup condition. Other constructions of a Fortin-operator, cf.
e.g. [9], would allow to relax this assumption.

Our analysis also covers equal order approximations q = p, which are stabilized
sufficiently by the jump penalty terms.

All degrees of freedom except the piecewise constant pressure and the hybrid
velocities can be eliminated by static condensation on the element level. This leads
to small global systems, which for p = 0 exhibit the same sparsity pattern as a non-
conforming P; — P, discretization. For p = 0, the discrete Korn inequality (5) is not
valid, so this choice had to be excluded here. If €(u) in (1) is replaced by %Vu, we
however obtain a stable scheme.
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A Hybrid Discontinuous Galerkin Method for Darcy-Stokes Problems
6 Numerical Results

Let us now illustrate the capability of the proposed method to deal with incompress-
ible flow in various regimes. Our numerical results were obtained with an implemen-
tation of Method 1 in NGSolve.

As a first example, we consider the generalized Stokes equation (1) on the unit
square 2 = (—1,1)? with a known analytic solution given by

u= (20xy3, 5xt — 5y4) . p=060x2y—20y°,.

The data f and g can be obtained from Eq. (1). For the numerical solution, we em-
ployed Method 1 with p=p =2 and q = 1 on a sequence of uniformly refined
meshes for different values of y and . The analytic solution was used to compute
the errors listed in Table 1. As predicted by the theory, we can observe the optimal
quadratic convergence.

Table 1. Energy errors obtained by simulation on a sequence of uniformly refined meshes for
(o,u) €{(1,0), (%, %) (0,1)}, resembling Darcy, Brinkman, and Stokes flow.

level Darcy rate Brinkman  rate  Stokes rate

0 4.3996 - 3.4058 - 3.8578 -

1 1.1261 1.96 0.8628 1.98 09764 1.98
2 0.2799  2.00 0.2146 2.00 0.2428 2.00
3 0.0678 2.04 0.0533 2.00 0.0603 2.00

As a second test case, we consider a coupled Darcy-Stokes flow on a domain consist-
ing of two subdomains £2p and €2, as depicted in Fig. 1. The flow in the subdomains
is governed by

o; —2u;dive(u;) +Vp; =0 and dive; =0 in Q;,

with up = 0 in the Darcy domain Qp, and o5 = 0 in the Stokes domain 25, and the
subproblems are coupled across the interface d€Qp N d Qg through

us-n=up-n, ps—2U(e(us) -n)-n=pp, us-7+2y(e(us) -n)-7=0

For y = 0, these conditions arise naturally when considering the generalized Stokes
problem (1) with discontinuous coefficients. In the case y # 0 the third Beaver-
Joseph-Saffiman condition, which restricts the tangential components of the normal
stresses, gives rise to an additional interface term that has to be included in the defi-
nition of the bilinear form ay; for details see [8] and the references given there.
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Fig. 1. From left to right: problem setup, and isolines of x- and y-components of the velocity
for parameters ts = 1, og = 0 and up =0, op=1; Yy = 0. A part of the flow soaks through
the porous medium. The normal component of the velocity is (almost) continuous across the
interface, while no continuity is obtained for the tangential component

Bibliography

[1] D.N. Arnold, F. Brezzi, B. Cockburn, and D: Marini. Unified analysis of discon-
tinuous Galerkin methods for elliptic problems. STAM J. Numer. Anal., 39:1749—
1779, 2002.

[2] 1. Babuska and M. Suri. The Ap version of the finite element method with qua-
siuniform meshes. M2AN, 21:199-238, 1987.

[3] S. C. Brenner. Korn’s inequalities for piecewise H' vector fields. Math. Comp.,
73(247):1067-1087, 2004.

[4] E. Burman and P. Hansbo. A unified stabilized method for Stokes’ and Darcy’s
equations. J. Comput. Appl. Math., 198:35-51, 2007.

[5] B. Cockburn,J. Gopalakrishnan, and R. Lazarov. Unified hybridization of dis-
continuous Galerkin, mixed and continuous Galerkin methods for second order
elliptic problems. SIAM J. Numer. Anal.,47:1319-1365, 2009.

[6] H. Egger and C. Waluga. A Hybrid Mortar Method for Incompressible Flow.
Preprint AICES-2011-04/01, RWTH Aachen, April 2011.

[7] H. Egger and C. Waluga. hp-analysis of a hybrid DG method for Stokes flow.
Preprint AICES-2011-04/02, RWTH Aachen, April 2011.

[8] G. Kanschat and B. Riviére. A strongly conservative finite element method for
the coupling of Stokes and Darcy flow. J. Comput. Phys.,229:5933-5943,2010.

[9] D. Schoétzau, C. Schwab, and A. Toselli. Mixed hp-DGFEM for incompressible
flows. SIAM J. Numer. Anal., pages 2171-2194, 2003.

Page 702

172

173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192





