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Summary. In this paper, we establish the existence of a stable decomposition in the Sobolev
space Hé for domain decompositions which are not shape regular in the usual sense. In partic-
ular, we consider domain decompositions where the largest subdomain is significantly larger
than the smallest subdomain. We provide an explicit upper bound for the stable decomposition
that is independent of the ratio between the diameter of the largest and the smallest subdomain.

1 Introduction

One of the great success stories in domain decomposition methods is the invention
and analysis of the additive Schwarz method by Dryja and Widlund in [2]. Even
before the series-of international conferences on domain decomposition methods
started, Dryja and Widlund presented a variant of the historical alternating Schwarz
method invented by Schwarz in [5] to prove the Dirichlet principle on general
domains. This variant, called the additive Schwarz method, has the advantage of
being symmetric for symmetric problems, and it also contains a coarse space compo-
nent. In a fully discrete analysis in [2], Dryja and Widlund proved, based on a stable
decomposition result for shape regular decompositions, that the condition number of
the preconditioned operator with a decomposition into many subdomains only grows
linearly as a function of 4 where H is the subdomain diameter, and 8 is the over-
lap between subdomains. This analysis inspired a generation of numerical analysts,
who used these techniques in order to analyze many other domain decomposition
methods, see the reference books [4, 6, 7], or the monographs [1, 8], and references
therein.

The key assumption that the decomposition is shape regular is, however, often
not satisfied in practice: because of load balancing, highly refined subdomains are
often physically much smaller than subdomains containing less refined elements,
and it is therefore of interest to consider domain decompositions that are only
locally shape regular, i.e., domain decompositions where the largest subdomain can
be considerably larger than the smallest subdomain, and therefore the subdomain
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diameter and overlap parameters depend strongly on the subdomain index. In such
a domain decomposition, the generic ratio % from the classical convergence result
of the additive Schwarz method can be given at least two different meanings: let H;
refer to the diameter of subdomain number i and §; refer to the width of the over-
lap around subdomain number i. Then in the classical convergence result from [2],
one could replace the generic ratio % by Irnn?ﬁz Egi)> , but this is likely to lead to a very
pessimistic estimate for the condition number growth. The general analysis of the
additive Schwarz method based on a shape regular decomposition does unfortunately
not permit to answer the question if the condition number growth for a locally shape
regular decomposition is in fact only linear in the quantity maxi(%), which is much

smaller than Hnliﬁ’ glg,-)) in the case of subdomains and overlaps of widely different sizes,

a case of great interest in applications.

In [3], we established the existence of a stable decomposition in the continuous
setting with an explicit upper bound and a quantitative definition of shape regular-
ity in two spatial dimensions. The explicit upper bound is also linear in the generic
quantity %, and the result is limited to shape regular domain decompositions where
all subdomains have similar size and where the overlap width is uniform over all
subdomains. Having explicit upper bounds, however, allows us now, using simi-
lar techniques, to establish the existence of a stable decomposition in the continu-
ous setting with explicit upper bounds when max;(H;) > min;(H;), and we provide
an explicit upper bound which is linear in max;(H;/§;) for problems in two spatial
dimensions. To get this result, only a few of the inequalities established in [3] need to
be reworked, and it would be very difficult to obtain such a result without the explicit
upper bounds from the continuous analysis in [3].

We state first in Sect. 2 our main theorem along with the assumptions we make on
the domain decomposition. We then prove the main theorem in Sect. 3 in two steps:
first, we show in Lemma 1 how to construct the fine component in Sect. 3.1, which
is an extension of the result [3, Theorem 4.6] for the case where subdomain sizes
H; and overlaps.§; can strongly depend on the subdomain index i. The major contri-
bution is however in the second step, presented in Lemma 2 in Sect. 3.2, where we
show how to construct the coarse component in the case of strongly varying H; and 6;
between subdomains. This result is a substantial generalization of [3, Lemma 5.7].
Using these two new results, and the remaining estimates from [3] which are still
valid, we can prove our main theorem. We finally summarize our results in the con-
clusions in Sect. 4.

2 Geometric Parameters and Main Theorem

In the remainder of this paper, we always consider a domain decomposition that has
the following properties:

o Q is a bounded domain of RZ.
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Non Shape Regular Domain Decomposition

. The (U )1<,<N are a non-overlapping domain decomposition of €2, i.e., satisfy
Y, U;=Q and U;N U;j =0 when i # j . The U; are bounded connected open
sets of R? and for all subdomams U; the measure of U; \ U is zero.

* We set H; := diam(U;).

« Two distinct subdomains U; and U are said to be neighbors if U; N U ; # 0.

* For each subdomain U;, let §; > 0 be such that 26; < minj,ﬁ,-mﬁjzo (dist(U;, Uy)).
We set ; := {x € Q, dist(x,U;) < 6;}. The €; form an overlapping domain
decomposition of £2. When subdomains U; and U; are neighbors, then the over-
lap between ; and £; is 0; + 6; wide. The intersection £; N Q; is empty if and
only if the distance between U; and U; is positive.

* We set §7 = min; 4T, 40 §;and &/ = MaX; L, 7,477 40 6.

* The domain decomposition has N, colors: there exists a partition of NN [1,N]
into N, sets I; such that £2; N €2; is empty whenever i# j and i and j belong to
the same color ;.

* .7 is a coarse triangular mesh of : one node x; per subdomain £2; (not counting
the nodes located on dQ). By P;(.7), we denote the standard finite element
space of continuous functions that are piecewise linear over each triangular cell
of 7.

* Let ), be the minimum of all angles of mesh .7.

 No node (including the nodes located on d€2) of the coarse mesh has more than
K neighbors.

* Let d; be the length of the largest-edge originating from node x; in the mesh .7

 Let Hj,; be the length of the shortest height through x; of any triangle in the
coarse mesh .7 that connects to x;. We also set H; ; as the minimum of H, ; over
i and its direct neighbors in mesh 7.

* We suppose that for-each subdomain Uj, there exists r; > 0 such that U is star-
shaped with respect to any point in the ball B(x;,7;). We also suppose r; <
and r; <Hj /2.

e We also assume the existence of both a pseudo normal X; and of a pseudo cur-
vature radius R; for the domain Uj, i.e., we suppose that for each U; there exists
an-open layer L; containing dU;, a vector field X; continuous on L; N U;, €~ on
L; A U; such that DX;(x)(X;(x)) =0, || X;(x)|| = 1, and & > 0 such that for all
positive € < & and for all & in JU;, X+ €X;(%) € U; and 2 — €X;(%) ¢ U;. We set,
for all positive &, US = {x € U;, dist(x ,0U;) < 6'}, and v = {3+5X,(%),%
U;,0 < s < &'} We assume there exist R; > 0, 0y, 0 < Oy < m/2, and 50,,
0< 6y < R;sin Ox such that ViR C L;NU; and Ul-5 y9'/sinbx for all positive
8" < & Set R; :=1/||divX;||... We suppose 8y > 5,!.

We finally define, for all i, the linear form on H} () by
1

é,‘ = —
(w) nr?

Hy,;
4K+1

1 "
dx:—/ i+ riy)dy.
wdr= [ utery)dy

B(x;,r;)

We can now state our main theorem, namely the existence of a stable decomposi-
max; (H;)
min;(H;) *
fore leads to a substantially sharper condition number estimate in the important case

tion of H& () whose upper bound is independent of This theorem there-
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of an only locally shape regular decomposition, and is a major improvement of [3,
Theorem 5.12], which only considered shape regular decompositions, albeit at the
continuous level, in contrast to [2].

Theorem 1. For u in H} (), there exists a stable decomposition (u;)o<i<n of u, i.e.,
u=3Nu ugin P(7)NHL(Q) and u; € H} (€;) such that

N
Va2 < ClIVala g
i=0

where C =2Cy +2(1 + C,)C; and

(e ma () K () 2m)
! tan B, 1 — ((2K+1)+(4K+1)maxl(1_]—)) max,(H—)7
Ié 51 R
2 1
Cy=2+8A3(N.—1)? (1+max “_)maX§ aXSI:’sinex
A 6[ r.2

8 2 Ri i
—I—gkz(Nc— )? (1+max - )maxﬁma mx

4

1
‘e (Hiz_'_l)z‘ H; 1 H? H
X o — A "o T A4 )
i 2 \/_rl 2 }’I~2 2}";l

with Ay a universal constant depending only on the dimension, and being smaller
than 6 in the two dimensional case we consider here.

.. H, i . . . I
Note that the condition r; < ﬁ implies that the denominator of C; is positive. The

value of C, is also always positive.

3 Proof of Theorem 1

The proof is based on the continuous analysis in [3], but two results must be
adapted to the situation of only locally shape regular decompositions: we first show
in Sect. 3.1 how to construct the fine component, which is a technical extension of
the result [3, Theorem 4.6] for the case where subdomain sizes H; and overlaps 6; can
strongly depend on the subdomain index i. Second, we explain in Sect. 3.2 the con-
struction of the coarse component in the case of strongly varying H; and §; between
subdomains, which is a non-trivial generalization of [3, Lemma 5.7]. With these two
new results, and the remaining estimates from [3], the proof can be completed.

3.1 Constructing the Fine Component

We begin by establishing a stable decomposition when there is no coarse mesh.
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Non Shape Regular Domain Decomposition
Lemma 1. Let u be in H}(Q). Then, there exist (u;)1<i<n, u; in Hy(£2;) such that 137

u=YN u, and 138

> Vit < 21IVal2 8AZ(N, (o R R o
Zi” “1HL2(Q)— | “HL2(Q)+ Ay (Ne—1) Z( +RT,')3_f5fsin9X” “HLz(U,-)

i=1

2, N 6l 1
+ 845 (N, <121 7 SYMH HLz >,
ey
where Ay is the universal constant of Theorem 1. We further have, for alln > 0, 139

znwny ) <2Vl g + 823 (Ve — 1) ;HR 5 5remey |V

8(1+1m),, N Ry 8! 17
+=— R e e
3 3 (Ne = 1)? Zi( R)S 8¢R;sin Ox
1 4
H? 1\* ~ H 1 H H vl
A\ r2) %5, ) T e | Ve

1 N R; 8  H?
+8(1 +ﬁ)n122(Nc— D2Y(1+ —_)6—{+|£,-(u)|2.

2

Proof. We follow the proof of [3, Theorem 4.6]. Let p be a ¥ non-negative func- 140
tion whose support is included in the closed unit ball of R?> and whose L' norm 141
is 1. Let pe(x) = p(x/€)/€? for all € > 0. Let h; be the characteristic function of 142
the set {x.€ R:dist(x,U;) < &/2}. Let ¢; = ps, /> * hi. The function ¢; is equal 143
to 1 inside U;, vanishes outside of {x € R? dist(x,U;) < §;}, and ||V¢iHL"°(R2) < 144

2||Vp||L1(R2;(R2,||-||2))/6i' Here, HVPHLI(RZQ(RZ,H'”z)) means j]RZ \/21'2:1 |8,p|2dx 145

Foriin NN [1,N], let y; = ¢ TT._" (1 — ). Wehave0<q/i§1,q/izeroin!2\!2i 146
andY; v; = 1in Q. Set u; = yu. The function u; is in H} (€;) and u = ¥, u;. Follow- 147
ing the proof of [3, Lemma 4.3], we get ¥ [|[Vy;(x)[|3 <2(Ne — 1) IN, || Vi (x) ||3. 148
Therefore, for all x in 2, 149

N 1o (%)
2 Q\U;
ZHVW ||2<8( _1)HVPHLI(RZ;(RAH‘HZ))ZI6—1'2,

where 1 4 is the indicator function for the set &. Since Zi||Vu,~||iz(_Q) < 2|\Vu||iz(g) + 150
2 [ |u(x)[* 2| Vyi(x)[*dx, we get .

< 2 2 2 2% Ju(x)[?
zi”V”iHLz(g) < ZHV””L2(9) +425 (Ne— 1) Zi/U ]l{dist(x,aU,-)<6,-l} de’
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with A5 := 2[[Vp |1 g2,m2 |.|,,))- Using the WI1(R?) function p(x) = 1 — ||x[|2, we
obtain the estimate A, = 6. To get (1), we apply Lemma 4.5 in [3] to each U;, and to
obtain (2), we apply Lemma 5.10 from the same reference. O

To obtain a stable decomposition with a coarse component, we want to construct
up in P (7) such that for all 7, ¢;(ug) = ¢;(u).
3.2 Constructing the Coarse Component

To construct uy, we follow the ideas of [3, Sect. 5.2]. First, we definea special norm.

Definition 1. Let .7 be the coarse mesh of the domain Q. Let %' be the set of indices
of the nodes of 7 located on the boundary* Q. Let 9 be the set of the indices of
the nodes that are neighbors to the nodes with index in %B'. Let V be the set of pairs
of indices of neighboring nodes in 7 which are not.on Q. We define

vz : RY = R,

Y =il + Y il

(i,j)ev ich
When u is in P{(T)NHL(Q), set \ulw 2 = || (u(x:))1<i<n|| v 2, where the x; are
the interior nodes of the mesh 7.

Lemma 2. For u in H} (Q), there exists ug in Py(.7 ) NH} () such that, for all i in
{1,...,N}, £i(up) = 4i(u) and

ot (1+2max,(Hr" ))K (2 max (’ri)+27r)
) = tan iy 1 — (2K + 1)+ (4K + 1)max,(H—)) max;(g-)

V|24

Proof. The results of [3, Lemmas 5.6 and 5.8] stand without modifications. There-
fore ug exists, and we have

1 1+2maxi(f1r—i)
< " ||u||%/ B-
)7 tan Opin 1 — (2K + 1) + (4K + 1)max,(H ))max(H’}z,)

i
s

V22

Note that the condition 7; < 4 ¥ +1 " implies the second denominator in the above equa-
tion positive.

It remains to compare ||u||%, v, and |\Vu||L2(Q We need to adapt the proof of [3,
Lemma 5.7]. We can suppose without any loss of generality that u is in € (Q).
Let i,jin {1,...,N} be indices of neighboring nodes of .7. Let d;; = x; — x, and
d;j = ||d;j||. We have for all (i,j) € ¥

4 Because of the homogenous Dirichlet condition on the boundary 9, the nodes whose

indices are in %’ are not associated to a degree of freedom, therefore %’ and {1,...,N}
have empty intersection.
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Non Shape Regular Domain Decomposition

2
)~ 007 = 5 (o ot ) =t 1)y )

1 1
< o Jrony o IV r) (1 —0) a3+ 3y + (= iyl

(di1+|ri—rj|)2/ /1 2
T Vu(t(xi+riy) + (1 —1)(x; +r; drd
T B(0,1)Jo IV (e (i + riy) + (1= 1) (x + 7)) [[2drdy

d;; - —ri])? ULy e (1—)xs A (1—1)rs
< ij+|ri—ril) / IIVu(y’)II%/ {y (gl Siret1-0r} g 07
T T 0 (tri+ (1 —1)r))

A

<

where the tube 7; ; is the convex hull of B(x;,r;) UB(x;,r;). We get 173

dr

i /1 11{Hy'—zx,»—uft)xj||sm+;1*f)rf}
y'eR2J0 (tr,-—l—(l—t)rj)
/1 ]1{ (S*[d,‘j)2+s/2§tri+(1_t)rj}
= max
(s,5)eR2 J0 (tri+ (1 =1)r;)?

_mx /1 s tds ot (10
s€l—rjd;ij+ri] JO (tri + (1 - t)rj)z

s+

i) 1
<  max / Yo =t
s€[—rjdij+r]. Wﬁi’/) (tri+(1—1)r;)?
s+rj
1 { 1 }du(’t’/)
=  max ——
seferjdij+r] ri—rj |({tri+(1—=1)r)) diji(r:irj)
ma ( 2 )
= X —_—
s€[—rj.dij+r] d,'jrj + s(rl- — rj)
_ 2
min(ry, ;) (dij — |ri — ;)
Since d;j > Hj,; > 4max(r;, r;), we have 174
25d;;
L) =) < ———4  _IVul]%,, .. 3
6) = 500 < s Vil @

If i is in the boundary set of the coarse mesh, then the node x; is neighbor to a 175
node x; located on 0. Note that i’ lies outside of the range {1,...,N}. Using [3, 176
Eqgs. (5.7) and (5.9)], we get 177

4 xi—xl‘/
3l < (2 el /||w<x>||2dx> PRVl @

IS4 ich

where T/ is the convex hull of B(x;,r;) UB(x;,r;). We sum inequality (3) over all
i,j in the neighbor set and combine the resulting inequality with Eq.(4). Since
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max(r;,r;) < Hj ;/2 < min(Hy ;, Hj, j))/2, no point can belong to more than K tubes
T; j or T!. Therefore, ||u||2,/% < K(25max;(d;/r;)/(6m) +27) ||Vu|\iz(g). This con-
cludes the proof. a
To prove Theorem 1, we use Lemma 2 to construct the coarse component ug. We then
apply Lemma 1 to u — ug to get the fine components u;. The terms in ¢;(u) vanish.

4 Conclusion

We have proved the existence of a stable decomposition of the Sobolev space H(} (Q)
in the presence of a coarse mesh when the domain decomposition is-only guaran-
teed to be locally shape regular. We provided an explicit upper bound for the stable
decomposition that depends neither on max;(H;)/min;(H;), noron the number of
subdomains. This would not have been possible without the explicit upper bounds
provided in [3]. This shows that deriving such explicitupper bounds can be important
for problems arising naturally in applications, e.g., load balanced domain decompo-
sitions with local refinement.
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