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Summary. Analysis of material interfaces in composite materials is in the center of atten-
tion of many material engineers. The material interface influences significantly the overall
behaviour of composite materials. While the perfect bond on material interface is modelled
without larger difficulties, the imperfect bond between different components of composite ma-
terials still causes some obstacles. This contribution concentrates on application of the FETI
method to description of the imperfect bond.

1 Introduction

The overall behavior of the engineering materials and structures is significantly af-
fected or even dominated by the presence of interfaces, i.e. internal boundaries aris-
ing from material discontinuities. Therefore, considerable research efforts within the
engineering community have been focused to adequately describe and simulate the
interfacial behavior under general loading conditions. A successful approach to this
problem is offered by the cohesive zone concept published in reference [3], in which
the bulk material is assumed to be damage-free, whereas the interface response is
described by means of inelastic damage law. The interface model itself is formulated
in terms of displacement jumps and cohesive tractions bridging the interface, with
the elastic stiffness as the basic constitutive parameter. Initially, the stiffness is set
to a large value (modeling almost perfect bonding) that gradually decreases with in-
creasing load. For the standard displacement-based finite element approximations,
this gives a rise to numerical difficulties manifested in oscillations of interfacial trac-
tions for stiff interfaces and non-physical penetration of adjacent bodies for imperfect
bonding. The purpose of this contribution is to demonstrate that these limitations can
be overcome by duality solvers based on FETI method.

2 Interface Model

The constitutive description adopted in this work is based on the Ortiz-Pandolfi
model proposed in [7]. Detailed description of the model of the imperfect material
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interface can be found in reference [2]. The model is based on three state variables,
namely the domain displacement field, u(/) (x), the interfacial displacement jump,
[u®)](x), and the interfacial damage parameter, ®"/)(x). The superscript () de-
notes the subdomain number while the two superscripts (i, j) denote the interface
between the i-th and j-th subdomains.

The kinematics of the interface is quantified by the normal and tangential com-
ponent of the displacement jump, provided by

(710 =[] (x) n0(x). M
where n(/) (x) denotes the normal vector and the tangential component is in the form
(160 = [ (0 = [ T (x)nU) (x): @)

Note that the non-penetration condition hold, i.e. the normal component must remain
non-negative. Following [3], these quantities are combined into an effective opening

5(x, [u ] (x)) = /[ [2)+ B2 [0 T ()2 (3)

in which 8 denotes a constitutive parameter, also called the mode mixity parameter,
to be determined. This gives rise to‘an equivalent effective traction, o, see [7]. In
addition, the state of an interface is quantified by an internal damage variable, ,
with @(x) = 0 corresponding to a-perfect bonding at x, whereas @(x) = 1 indicates
a fully damaged interface point.

In order to assemble the functional of energy, several energy densities are needed.
The density of internal energy has the form

. , 1 , T ,

elixu(x) = 5 (e (x) ) De(uV(x). )

where £(/)(u(/) (x)) denotes the strain, D denotes the stiffness matrix of the material.

The internal energy functional can be written as

EY) ) (x)) = / L e ut (x))dQ. 5)
Q

vol ) vol

The potential energy of external forces has the form

EY) (@) (x),1) = — / ul) (x) - b(x,1)dQ —

o | 0 ul)(x) - t(x,1)dr, (6)

where b(x,#) denotes the vector of volume forces, t(x,#) denotes the vector of surface

traction and I, U) is the part of the boundary of the j-th subdomain where the surface
tractions are prescribed. The energy-based description involves the stored energy
function defined as

e (% [] (3), 0(x)) = 5 5 )
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where A is the critical interface opening and G is the fracture toughness of an inter-
face. This form is consistent with the linear softening law drawn in Fig. 1. Note that
the stiffness associated with a partially damaged interface with the damage parame-
ter, @, is obtained as a slope of the line 0A. The energy dissipated by changing the
internal variable from ®; to w; is given by

Je {G(x)(a)z(x) —w1(x)) VX E Ty : 01(x) < ;n(x), ®)

) otherwise,

where the term oo refers to the fact that the damage variable cannot decrease-during
the loading process. The interfacial dissipation distance is defined

D(@1(x), @2(x)) = /F d(x, o1 (x), 02 (x))dT )

The interfacial energy functional has the form

Eim([[ll]](X),w(X)):/ eint (X, [0][(x), 0 (x))dI", (10)

int

where I;,, denotes the interface between subdomains.

2G/A

0 wA A 0

Fig. 1. Interfacial constitutive law

The description of the material interface is based on incremental solution where
the state variables at the k-th step wg_;(x), [uflz—1(x), @y_1(x) are known. Then,
the energy functional has the form

M (u(x). [u])(x), ©(x)) = ﬁlEé-;?(W (%)) + (11)

ﬁlEg?(qu))+El-m<uuﬂ<x>,w<x>>+D<wk1<x>,w<x>>

and the following minimization problem is solved

(0. a0 () =arz | min I (u(x). [u](0).0(x). (12
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The discretization of displacements and strains has the form

w0 (x) = 0/ (%) =N,y () (3)
V) ~ g (x) = 2, (x)u, (14)

where N( )( x) denotes the matrix of basis functions and %’( )( x) denotes the strain-
dlsplacement matrix. The displacement jump is discretized in the form

[ (x) ~ [0 ) (x) = N[, (%) [u®)], (15)
and the damage parameter can be expressed

') (x) ~ w,(,i’j) (x) = N“’Q (x)wﬁf’j). (16)

,

After discretization, the functional of energy (11) has the form

1 N . n T /.
Iy(w, [ul,op) = 5 Y Kul = 3wl 6/ + (17)
j=1 j=1
1
+ E[[“]]tht(wh)[[ [n+ 0 i,

where the stiffness matrix has the classical form
/ #9) D040 (18)
and the vector of prescribed forces is defined as

() _ )" 40 0" Ma |
w = Ny x0)bx)d+ [ N7 (x)t(x,r)dl. (19)
Q(J) ; 1—{/ ’

The stiffness matrix of the interface has the form

G 1 ,
Kin (@) = /F, 2 (W - 1) N n (®)BN[ 5 (x)dI” (20)

and the vector py, is expressed as
pr= [ GOONoa(x)dr @1

The minimization (12) is done by the alternate minimization approach which can
be written as

(0, [k x(x) = angmin (| min 1 (u(x) Tu0) 00) ). @2

The minimization with respect to u(x) and [u(x)] is associated with the Lagrangian
function in the form
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n T i . n T /-
Lin(up, [u]lp,An) = = Y u) KOul) — 3wl g0 4 (23)
j=1

Jj=1

+ 5[] K (@p) [u]ln + A% (Byuy — [ully).

N = N =

Note that the displacement jumps [u]], are subject to the non-penetration condition
Bj,[[u];, > 0. In the current implementation, these constraints are converted to equal-
ities by adopting a simple active set strategy based on the values of the Lagrange
multipliers A;,. There are three stationary conditions

Wi _ iy ) 4075 — g (24)
all(j) h h u,h ’
h
ILih _ <~ () () _
e ;Bu’huh [u], =0, (25)
8Lk7h - ) _
a[[ll]]h = K,,,,(a)h)[[u]]h 7Lh =0. (26)

Equation (24) is the equilibrium equation for the j-th subdomain, (25) expresses the
interface conditions and (26) defines the relationship between the Lagrange multipli-
ers and the displacement jumps on the interface.

3 FETI Method

This section summarizes the notation and the basic relationships of the FETT method
which is a non-overlapping domain decomposition method. More details can be
found in references [1, 4] or [5]. The vector of unknowns is denoted by u, the vector
of prescribed forcesis denoted by f and the stiffness matrix is denoted by K. Interface
conditions for perfect and imperfect interaction have the form

Bu—<gz>u—<2)—c, (27)

where s denotes the jump between subdomain displacements.
After space discretization, the functional of energy has the form

II=I(u,l)= %uTKu—uTH— AT(Bu—c), (28)

where A denotes the vector of Lagrange multipliers.
The interface condition and the solvability condition define the coarse problem

(@8)()-()

where the well-known notation
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F=BK'B’, G=-BR, d=BK'f, e=-R'f (30)

is used.
In reference [6], a constitutive law for the Lagrange multipliers and the disconti-
nuity was introduced in the form
c=HA, 31)

where the compliance matrix, H, was defined. The coarse problem can be rewritten

to the form FAH G . d
(e ) (2)- () @)

The system of equations (32) is solved by the modified preconditioned conjugate
gradient method.
Comparison of (26) and (31) reveals the following equalities

c=[[u], =HA =K, (@)L (33)

nt

4 Numerical Examples

The proposed strategy is applied to the end-notched flexure (ENF) test and the mixed-
mode flexure (MMF) test used in reference [8]. The set up of the tests is depicted in
Fig. 2. The material parameters are the following: Young’s modulus of elasticity E =

prescribed displacement

ENF
)

A initial crack / i_
17 mm
MMF

60 mm | lOmm| 13 mm

120mm

Fig. 2. End-notched flexure (ENF) and mixed-mode flexure (MMF) tests

75 GPa, Poisson’s ratio v = 0.3, critical stress Gy, = 3.602 MPa, critical opening
A = 0.011 mm, fracture toughness G = 0.02N/mm, mode mixity parameter § =
0.472. The structures are discretized by quadrilateral finite elements with bi-linear
basis functions. They are loaded by prescribed displacements in the center.

The load-deflection curves for both tests are depicted in Figs. 3 and 4 Very good
agreement with results published in [8] and [7] is obtained.
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[===Modified Ortiz and Pandoli]
== =Valoroso

Load [N]

0 05 1 15 2 25 3
Deflection [mm]

Fig. 3. Load-deflection curves for ENF test

Load [N]

Deflection [mm]

Fig. 4. Load-deflection curves for MMF test

5 Conclusions

Description of the imperfect material interface based on the compliance matrix H
introduced in [6] was generalized with help of the energy-based delamination model
described in [2]. This formulation uses piecewise constant approximation of damage
variables and as such it allows to express the interfacial stiffness matrix easily.
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