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1 Introduction

We consider a symmetric system of linear equations with a block structure,

()= (2 - () 0

We assume that A is n x n and C is an m X m matrix. Many such systems arise from
the discretization of (systems of) partial differential equations. For example, Stokes
equations discretized with stable finite elements or a mixed finite element method
for second order elliptic PDEs lead to a positive definite matrix A and to C = 0, so
that (1) has a genuine saddle point structure. Certain other PDE problems may result
in an indefinite matrix A, or a semidefinite matrix A with a large kernel, which gives
(1) the structure of a so called generalized saddle point problem. Linear elasticity
equations modelling nearly incompressible materials discretized with mixed finite
elements result in both matrices A and C being positive definite, having thus a nature
of a penalized saddle point problem. All systems mentioned above have a common
feature that the matrix of (1) is indefinite.

The specific structure of (1) makes it possible to design efficient solution methods
which intensively exploit the properties of the system, see the recent survey of [4]
on the state-of-the-art in this field. Systems derived from the discretization of PDEs
are usually very large and sparse, and typically are solved by some iterative method.
Unfortunately, these systems are ill-conditioned with respect to the mesh size A, so
preconditioning is necessary in order to keep the number of iterations within a rea-
sonable limit. Applying a left preconditioner 22, one then solves a problem with a
preconditioned matrix &2~ !.# . We shall consider preconditioners of the form
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where Ay and Sy are symmetric, positive (or negative) definite matrices whose in-
verses are easy to apply and ¢,d € {—1,+1}. In accordance with [8], we will refer
to Zy as the family of dual block preconditioners and to &, as the family of primal
block preconditioners.

Many popular block preconditioners can be formed by choosing appropriate val-
ues of ¢ and d in the formulas above. For example, a block diagonal preconditioner,
cf. e.g. [2, 6,9, 13, 19, 21] corresponds to ¢ = d = 0 above. Block triangular pre-
conditioners considered e.g. in [7, 14, 22] and the Bramble—Pasciak preconditioner
as well, see [5], are obtained with either ¢ or d equal to zero. The choicec =d =1
in (2) produces a symmetric indefinite preconditioner, see [3, 20, 24, 25], while the
same choice in (3) leads to a primal based penalty preconditioner, [1, 8].

It is straightforward that solving a system with &7, requires one solve with Sy and
at most two solves with Ay, while applying &, to a vectortakes one solve with A
and at most two solves with Sy. When c¢d = 0, both types of preconditioners require
only one solve with Ay and one with S.

Let us stress that when (1) arises from finite element discretization of PDEs, there
is a possibility to use other than block preconditioning approaches. On the other
hand, for many types of discretizations and problems, specialized methods based
on direct construction of a multigrid or domain decomposition preconditioner—
although usually outperforming block preconditioners, [15]—may take a consid-
erable effort to develop, implement and analyse. Since the block preconditioning
approach as discussed here turns out to be based on preconditioners for symmet-
ric positive definite matrices, this‘property makes it a viable and robust alternative to
custom methods, as in this'case one can efficiently reuse existing theory and software
to solve more complex problems. This feature has been recognized in the software
package PETSc, see [23], where a family of so called field-splitting preconditioners
has recently been-implemented.

2 Eigenvalue Estimates of the Preconditioned System

Eigenvalue clustering is vital for the convergence of a Krylov method, so it is im-
portant to bound the spectrum of & ~!.#, where & stands for either &4 or Pp.
Inspired by the block nature of the problem, which imposes a decomposition of the
unknowns into two parts (u, p) € R" x R™, let us define a block diagonal, symmetric,

positive definite matrix
_ Ao
7=("s)

where Ay is either Ao, if Ag is positive definite, or (—Ay), if Ag is negative definite;
So is defined in the same way. We assume there exist positive constants mq and m;
such that

mollll s < Ll yo <millell , Vxe R xR,

where
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u
1 (3 17 = 1, + 1

This is nothing but a stability and continuity assumption in an appropriate norm, see
also [18]. At the same time we suppose there exists a constant by such that for any
u e R"and p € R™,
T
|p" Bul < bollul[z, 11Plls,-
Finally, we assume that for some 0 € {—1,+1}, the matrix 5 is positive definite,
where J# is equal to either 74 or /%, (depending on whether we are addressing %4

or &), with
o A() —cA
Hi=9 < So+chAOIBT+dC)’

To-lp
=5 (A0+ch Sy 'B—cA

So+ dC> '
It turns out that then both #3.%24 ' .4 and %9{1/// are symmetric and the

eigenvalues of the preconditioned matrix are bounded as stated in the following the-
orem, whose proof appeared in [16]:

Theorem 1. Suppose the above assumptions are fulfilled. If A is an eigenvalue of
Py or of 9{1///, then it is real and satisfies

mgo

2(1——|—b%) <A < 2my(14b3).

Let us mention that earlier Klawonn [12] proved a similar result for block diago-
nal preconditioning matrices.

2.1 Example Application: Stabilized Stokes Equations

Theorem 1 relies on the stability of (1) and therefore indicates that block precondi-
tioners can be used also in the case when the inf-sup condition is not satisfied and one
uses a so called stabilized method. As a model example let us consider a stabilized
Q1 — 0 discretization of Stokes equations

V-u=0.

Let .7, denote a shape-regular, quasi-uniform triangulation of a polygonal Q C
R? into quadrilaterals. Define the finite dimensional spaces of bilinear finite elements:

V= {ve [HYQ)P v € [0 () Vie T}

and
Wy ={q € L5(2)NC(Q) : q, € Q1(Kx) VK€ T},
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where Q; (k) denotes the space of bilinear functions on x. Since Vj, and W}, do not
satisfy the inf-sup condition the following stabilized discretization has been intro-
duced in [11]:
(Vuh, Vvh)Lz(Q) — (divvh, ph)L2(9> = (f, Vh)LZ(Q) Vvh (S Vh, (4)
—(divag, qn)r2(Q) — ¢(Prrqn) = =T Zxez, (s Van) 2oy Van € Wi,

where
c(pman) =7 Y, BV pn Van)i2e

KET,
and 7 > 0 is some prescribed parameter, independent of 4. As-the above system

1/2
is stable and continuous in the norm (||u||§11 +1 p||i2) ,.one concludes that an
0

optimal preconditioner (with respect to the mesh size /) can'be obtained with either
Py or P, where Ay is spectrally equivalent to the discrete Lapacian operator and
So is spectrally equivalent to the pressure mass matrix. These operators may require
some pre-scaling in order to make either 773 or %3 positive definite.

Numerical Experiments

We confirm the above findings running experiments for a stabilized Q; — Q; dis-
cretization of the Stokes system on a unit square, obtained under MATLAB with the
software package IFISS 2.2, see [10].

We investigated the number of iterations of the preconditioned conjugate resid-
ual method required to reduce the residual norm by a factor of 10°. We experimented
with &4 having one of the following forms: block diagonal (¢ = 1, d = 0), upper tri-
angular (c =0, d=1) and lower triangular (¢ = d = 0) (see [17] for implementation
details) for varying mesh size 4. The results for the case when Ag = A and So = M
(as suggested by the above analysis) are provided below, confirming a convergence
rate independent of A:

n+m 243 867 3,267 12,675 49,923
Lower triangular| 17 21 21 22 23
Upper triangular| 16 16 16 16 16
Diagonal 32 35 37 39 39

In order to show a more realistic choice of Ag, we used Ay I defined by means of
the incomplete Cholesky factorization of A, with drop tolerance 1073, Since for our
model problem the quality of the incomplete Cholesky factorization degrades slowly
with increasing size of the system, this is also reflected in an increase of the iteration
counts:

n+m 243 867 3,267 12,675 49,923
Lower triangular| 18 20 24 35 113
Upper triangular| 17 17 20 33 —
Diagonal 33 38 48 74 132
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It has been observed that (at least in our implementation) the best solution times
were obtained mostly for triangular preconditioners.

3 Conclusions

We have presented two classes of block preconditioners for symmetric saddle point
problems and provided eigenvalue estimates of the preconditioned system 7= .7
under a quite general assumption of the stability and continuity of the problem being
solved. In the context of PDEs, based upon this result, an iterative method, optimal
with respect to the mesh size &, can be designed, which may reuse existing state-of-
the-art preconditioners or fast solvers for certain elliptic problems.
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