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1 Introduction

Many domain decomposition techniques for contact problems have been proposed
on discrete level, particularly substructuring and FETI methods [1, 4].

Domain decomposition methods (DDMs), presented in [2, 10, 11, 16] for unilat-
eral two-body contact problems of linear elasticity, are obtained on continuous level.
All of them require the solution of nonlinear one-sided contact problems for one or
both of the bodies in each iteration.

In works [6, 14, 15] we have proposed a class of penalty parallel Robin—Robin
domain decomposition schemes for unilateral multibody contact problems of linear
elasticity, which are based on penalty method and iterative methods for nonlinear
variational equations. In each iteration of these schemes we have to solve in a parallel
way some linear variational equations in subdomains.

In this contribution we generalize domain decomposition schemes, proposed in
[6, 14, 15] to the solution of unilateral and ideal contact problems of nonlinear elastic
bodies. We also present theorems about the convergence of these schemes.

2 Formulation of Multibody Contact Problem

Consider a contact problem of N nonlinear elastic bodies Q, C R? with sectionally
smooth boundaries I'y,, oo = 1,2,...,N (Fig. 1). Denote 2 = ngl Q.

A stress-strain state in point x = (x; ,xz,x3)T of each body 2, is defined by the
displacement vector Uy = uy;€;, the tensor of strains €, = €4 je;e; and the tensor
of stresses 6 = Og;je;e;. These quantities satisfy Cauchy relations, equilibrium
equations and nonlinear stress-strain law [8]:

Ooij = Afoc5ij@oc+2lioc3(xij -2y wOC(eOC)eOCija i,j=12,3, (D

where Oy = €411 + €x22 + €033 is the volume strain, A4 (x) > 0, g (x) > 0 are
bounded Lame parameters, eq;j = £4ij — S; i Oq, / 3 are the components of the strain
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Fig. 1. Contact of several bodies

deviation tensor, eq = /2 8¢ / 3 is the deformation intensity, go = (€q11 — 8a22)2 +
(€022 — €033)% + (€33 — €q11)* +6(€2 o+ 8a23 + £a31) and ®y/(z) is nonlinear dif-
ferentiable function, which satisfies the following properties:

0 < 0,(z) <9 (204(2)) /2 <1,.0 (04(2)) /dz>0. 2)

On the boundary Iy, let us introduce the local orthonormal basis &, N, Na,
where ny, is the outer unit normal to Iy. Then the vectors of displacements and
stresses on the boundary can’be written in the following way: ug = uge¢ &, +
Uon Mg + tanNo, O =GN =0qz &, + OunNy+ CanN -

Suppose that the boundary I, of each body consists of four disjoint parts: I, =
IUTZ U USe. T # 0, I = I, I} USe # 0, where S, = Upep, Sap. and
rl= Uprer, Lapr- Surface Sy g is the possible unilateral contact area of body €24 with
body Qg, and By C {1,2,...,N} is the set of the indices of all bodies in unilateral
contact with-body €2, Surface I'g = I/ is the ideal contact area between bodies
Qg and Qp/, and I, C {1,2,...,N} is the set of the indices of all bodies which have
ideal contact with £2,,.

We assume that the areas S, C Iy and Sg,, C I are sufficiently close (Sqp ~
Sga)> and ng (x) = —ng(x'), X € Sup, X' = P(X) € S, Where P(x) is the projection
of x.on Sy [12]. Let dgp(x) = £ |)x — X/, be a distance between bodies Q. and
€2 before the deformation. The sign of d 3 depends on a statement of the problem.

We consider homogenous Dirichlet boundary conditions on the part I';/, and Neu-
mann boundary conditions on the part I ?:

uy(x)=0, xeIl}; 0¢(x)=pa(x), xEI7. 3)

On the possible contact areas Sy, B € Bo, & = 1,2,..., N the following nonlin-
ear unilateral contact conditions hold:

Oan(X) = 0p,(x') <0, Oge(x) = 0p¢ (X') = 0an(x) = 0py(x') =0, (4

ton(X) +ug,(x') <dgp(x), ®)
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(ttan(x) +up,(x') —d 4p (X)) Con(x) =0, X € Syp, X' =P(x) €Sgy.  (6)

On ideal contact areas I'op = Iprg, B’ €ly, a=1,2,...,N we consider ideal
mechanical contact conditions:

Ua(x) = U (x), Oalx) = ~Op(x), X . ™

3 Penalty Variational Formulation of the Problem

For each body €, consider Sobolev space Vy, = [H' (£24,)]° and the closed subspace
V) ={ug €Vy: uyg=0onT}Y}. All values of the elements iy € Vo, ug € VY on
the parts of boundary I'y, should be understood as traces [9]-

Define Hilbert space Vo = V x ... x V with the ‘scalar product (u,v)y, =

>N, (Uq,Va)y, and norm [luf[y, = ,/(u,u)y, u,v-€ Vy. Introduce the closed con-

vex set of all displacements in Vp, which satisfy nonpenentration contact condi-
tions (5) and ideal kinematic contact conditions:

K= {UEV()Z Ugn +UBy Sd(xﬁ on Sy, U/ =g ON Fa’ﬁ/}a ®)

where {0, B} € 0,0 ={{o,p}: @ €{1,2,....N}, Be By}, {/, '} €0, 0 =
({o/,B'}: o €{1,2,...,N} /B € Tg}, and dpp € Hop (Z0), Zq = int (I \ TY).

Let us introduce bilinear form A(u,v) = Zlo\f:l ag(Wg,Ve), u,v € Vp, which rep-
resents the total elastic deformation energy of the system of bodies, linear form
L(v) =3 _1a(va)sVE Vo, which is equal to the external forces work, and non-
quadratic functional H(v) = Zlo\f:l ha(Va), v € Vi, which represents the total nonlin-
ear deformation energy:

a(X(uOUVOC):/ [Aa@a(ua)@(x(v(x)+2Ivloczgocij(ua)3ocij(va)]an 9)

Qg i,j
lo(Va) = [ fa-vad@+ [ pa-vads, (10)
Qq o
ea(Vtx)
hatve) =3 [ o [ z00(0) dz a2, (11)

where py € [Haol/z(Ea)P, and £, € [Ly(Q4)]? is the vector of volume forces.
Using [12], we have shown that the original contact problem has an alternative
weak formulation as the following minimization problem on the set K:
F(u):A(u,u)/Z—H(u)—L(u)HmiII}. (12)
uec
Bilinear form A is symmetric, continuous with constant M4 > 0 and coercive

with constant B4 > 0, and linear form L is continuous. Nonquadratic functional H is
doubly Gateaux differentiable in Vp:
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H' (u,v) = Y o (ug,ve), H (w,v,w) = Y hy(ug, Ve, Wo), w,v,weVy, (13)
o

o

I, (W, V) = 2/% Ho O (W) Y eaif(a) eaij(Va) dQ. (14)
Moreover, we have proved that the following cogiiitions hold:

(3C>0)(VueVy) {(1-C)A(u,u) >2H (u) }, (15)

(v € Vo) (3R > 0) (9 € Vo) { |H'(w,)| < RVl } (16)

(30> 0) (vu,v,w e Vo) { [H" (w,v,w)| <D|vly, Wl |0 (A7)

(3B > 0) (Vu,v € V) {A (v,v) — H"(u,v,v) > B ||v||50} : (18)

From these properties, it follows that there exists a unique solution ot € K of min-
imization problem (12), and this problem is equivalent to the following variational
inequality, which is nonlinear in u:

A(w,v—u)—H'(u,v—u)—L(v=u)>0,/YveK, ueck. (19)

To obtain a minimization problem in-the whole space V, we apply a penalty
method [3, 7,9, 13] to problem (12). We use a penalty in the form

1 2
Jo(u) = 20 {a‘ﬁZ},EQH (dep — tten —up,) L2 (Sap)
1 2
TS el @)
20 (. fcor 12 (Tt )P

where 6 > 0 is a penalty parameter, and y~ = min{0,y}.
Now, consider the following unconstrained minimization problem in Vp:

Fg(u):A(u,u)/Z—H(u)—L(u)—i—]g(u)—>néi‘r/l. (21)
u 0
The penalty term Jy is nonnegative and Gateaux differentiable in Vj, and its dif-

ferential -Jj (u,v) = _éz{“vﬁ}leSaﬁ (dop —ttan—up,)  (van+vp,) dS+
éz{aﬁ prreol fl—a,ﬁ, (ugy —ugs) - (vor — vgr) dS satisfy the following properties [15]:

(Yu e Vo) (3R > 0)(Wv € Vo) { 7y (u,v)| <R Hv||V0} : 22)
(3D > 0)(vu, v, we Vo) {|g (u-+w,v)~Jp () DIl Iwl } . 23)
(Vu,v € Vo) {Jp (u+v,v) —Jg(u,v) > 0}. (24)

Using these properties and the results in [3], we have shown that problem (21)
has a unique solution iy € Vy and is equivalent to the following nonlinear variational
equation in the space Vj:

Fy(u,v) =A(u,v) —H'(u,v) +Jy(u,v) —=L(v) =0, VveVy, ueVy. (25

Using the results of works [7, 13], we have proved that [[iig — 1|y, 6—>00.
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4 Iterative Methods for Nonlinear Variational Equations

In arbitrary reflexive Banach space V consider an abstract nonlinear variational
equation
D (u,v)=L(v), VveVy, uel (26)

where @ : V) x V) — R is a functional, which is linear in v, but nonlinear.in u,
and L is linear continuous form. Suppose that this variational equation has a unique
solution @i, € Vj.

For the numerical solution of (26) we use the next iterative method.[5, 6, 15]:

G(uk“,v):G(uk,v)—y[qﬁ(uk,v)—L(V) ,VveVy, k=0,1,..., (27)

where G is some given bilinear form in Vy x Vo, ¥ € R is fixed parameter, and u* € Vj
is the k-th approximation to the exact solution of problem (26).
We have proved the next theorem [5, 15] about the convergence of this method.

Theorem 1. Suppose that the following conditions hold

(Vo € Vo) GRo > 0) (vv £¥) { 106(u,v)| < Rovlly, } 28)

(300 >0)(Vu,v,we Vo) {|@ (0 +w;v) = (V)| < Do |[Vlly, Wl } - (29)

(3Bg > 0) (Vu,v-€ V) {cb(u—i—v,v) — @ (u,v) > Bg ||v||%,0}7 (30)

bilinear form G is symmetric, continuous with constant Mg > 0 and coercive with
constant Bg > 0, and y€.(0;2y*) ,¥* = BoBg /D%,

Then ||ju* —a, HVO O 0, where {u*} C Vy is obtained by method (27). Moreover,

the convergence rate in norm || - || = /G (-, ) is linear, and the highest convergence
rate in this .norm reaches as y = y*.

In-addition, we have proposed nonstationary iterative method to solve (26), where
bilinear form G and parameter y are different in each iteration:

Gk(uk“,v):Gk(uk,v)—)/‘[cb(uk,v)—L(v)], VveVy, k=0,1,.... (31)

A convergence theorem for this method is proved in [15].

5 Domain Decomposition Schemes for Contact Problems

Now let us apply iterative methods (27) and (31) to the solution of nonlinear penalty
variational equation (25) of multibody contact problem. This penalty equation can
be written in form (26), where

@ (u,v) = A(u,v) — H'(u,v) +Jy(u,v), u,ve V. (32)
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We consider such variants of methods (27) and (31), which lead to the domain
decomposition.
Let us take the bilinear form G in iterative method (27) as follows [6, 15]:

G(u,v)=A(u,v)+X(u,v), u,ve, (33)
1 N
"8

where Wp(x)={1,x € S35} V{0,x € Sgp\Sp5 } and @gpr(x) = {1,x €Ty} V
{0, x € T\, alﬁ/} are characteristic functions of arbitrary subsets S(lxﬁ C Sups

Z/ ua,,vm,l//aﬁdS—i— 2/ Ug - va(paﬂ/dS

BEBy Blely

r! apr S C I,pr of possible unilateral and ideal contact areas respectively.

Introduce a notation 8! = [u**! —u¥]/y+u* € V. Then iterative method (27)
with bilinear form (33) can be written in such way:

A (ﬁk+1 ) +X( e V) =L(V)+X (uk,v) +H (uk,v) = sk y), (34
o yad o (1—p¥, k=0,1,.... (35)
Bilinear form X is symmetric, continuous with constant My > 0, and nonnegative

[15]. Due to these properties, and due to the properties of bilinear form A, it follows
that the conditions of Theorem 1 hold. Therefore, we obtain the next proposition:

Theorem 2. The sequence {uk} of the method (34)—(35) converges strongly to the
solution of penalty variational equation (25) for v € (0; ZB(pBG/D%D), where Bg =
By, B = B, Do = Mg+ D+ D. The convergence rate in norm ||- | is linear.

As the common quantities of the subdomains are known from the previous iter-
ation, variational equation (34) splits into N separate equations for each subdomain
Qy, and method (34)—(35) can be written in the following equivalent form:

aa(uk+1 / "llﬂlﬁ ~/((x~‘y;ll andS+ 2 / ¢O€ﬂ ~k+1 VggdS
ﬁeB Sap picly ' Tap

=la (VOC + Y z / |:Wa[3 Ugn+ (dﬂtﬁ - M]({xn - ulzin) ] VandS

ﬁEB

+— 2/ dop s + (uﬁ,—ug)} VadS+ 1,0k va), Yva € VO, (36)
ﬁ’el

u’(;“ =y +(1-pul, a=1,2,...,N, k=0,1,.... (37)

In each iteration k of method (36)—(37), we have to solve N linear variational
equations in parallel, which correspond to some linear elasticity problems in sub-
domains with additional volume forces in €2, , and with Robin boundary conditions

on contact areas. Therefore, this method refers to parallel Robin—Robin type domain
decomposition schemes.
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Penalty Robin-Robin Domain Decomposition Schemes

Taking different characteristic functions Y,z and ¢4/, we can obtain different
particular cases of penalty domain decomposition method (36)—(37).

Thus, taking Yug(X) =0, B € Bo, $p/(x) =0, B’ €I, 0 =1,2,... N, we get
parallel Neumann—Neumann domain decomposition scheme.

Other borderline case is when Wog(x) = 1, B € By, ¢gp(x) = 1, B’ € I, 00 =
12 NleSﬁ—Saﬁ, aﬁ,:FaB/.

Moreover we can choose functions Y,z and @44 differently in each iteration k.
Then we obtain nonstationary domain decomposition schemes, which are equivalent
to iterative method (31) with bilinear forms

Gk(u,v) =A(u,v)+X*(u,v), u,veVy, k=0,1,..., (38)
Xk(u7V [ z / UonVon WaBdS+ z / Uy - Va¢aB/dS‘|
BEBq Bl Top!

If we take characteristic functions Waﬁ and ¢ocﬁ/ as follows [6, 14, 15]:

0, dgp (X) — e, (x) =ufy (X)) > 0
Vap (%) = 2o (¥) = { 1 (%) — g (X)) <0

¢§B,(x) =1,x€l,p, BEBy B €lo, a=12,....N
then we shall get the method, which can be conventionally named as nonstationary
parallel Dirichlet-Dirichlet domain decomposition scheme.

In addition to methods (27),(33) and (31), (38), we have proposed another family
of DDMs for the solution of (25), where the second derivative of functional H (u) is
used. These domain decomposition methods are obtained from (31), if we choose
bilinear forms G (u,v) asfollows

GFu,v) = A (u,v) — H" (u*,u,v) + X (u,v), u,veVy, k=0,1,... . (39)

Numerical analysis of presented penalty Robin—Robin DDMs has been made
for plane unilateral two-body and three-body contact problems of linear elasticity
(wy =0) using finite element approximations [6, 14, 15]. Numerical experiments
have confirmed the theoretical results about the convergence of these methods.

Among the positive features of proposed domain decomposition schemes are
the simplicity of the algorithms and the regularization of original contact problem
because of the use of penalty method. These domain decomposition schemes have
only one iteration loop, which deals with domain decomposition, nonlinearity of the
stress-strain relationship, and nonlinearity of unilateral contact conditions.
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