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Summary. The usual setting of an eddy current problem distinguishes between a conduct-
ing region and an air region (non-conducting) surrounding the conductor. For the numerical
approximation of this heterogeneous problem it is very natural to use iterative substructur-
ing methods based on transmission conditions at the interface. We analyze the convergence
of the Dirichlet-Neumann iterative method fortwo different formulations of the eddy current
problem: the one that consider as main unknown the electric field and the one based on the
magnetic field.

1 Introduction

To model the electromagnetic phenomena concerning alternating currents at low fre-
quencies it is often used the time-harmonic eddy current model (see e.g. [2]). The
main equations of this model are Faraday’s law

curl E = —iouyH in Q, €))

and Ampere’s law
curlH=0cE+]J, inQ, (2)

where E, H and J,, denote the electric field, the magnetic field and the applied current
density respectively. For the sake of simplicity we assume that the computational do-
main 2 C R is a simply connected Lipschitz polyhedron with connected boundary
that contains a conducting region £2c CC €2 and that both ¢ and its complement
Q; := Q\ Qc are connected Lipschitz polyhedra. Let us denote I" := Q¢ N €. The
magnetic permeability u is assumed to be a symmetric uniformly positive definite
3 X 3 matrix with entries in L*(£2), whereas the electric conductivity o is supposed
to be a bounded symmetric positive definite matrix in the conducting regions, and to
be null in non-conducting regions. The real scalar constant @ # 0 is a given angu-
lar frequency. In € suitable boundary conditions must be assigned. Most often the
tangential component of either the electric field E x n or the magnetic field H x n are
given (here n denotes the unit outward normal vector on 9 Q).
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Let us introduce some notations that will be used in the following. The space
H (curl ; Q) indicates the set of real or complex vector valued functions v € (L?(Q))?
such that curl v € (L?(€2))? and H(curl ;) its subspace constituted by curl-free
functions. Given a certain subset A C dQ, we denote by Hj 4 (curl ;) the sub-
space of functions in H (curl ; Q) such that their tangential trace is null on A, and in
particular we write Hy(curl ; Q) := Hj 5o (curl ;).

We recall the spaces H~!/?(curl;;0Q) := {(nx vxn)yq|veH(curl :Q)},
and H~'/2(dive;0Q) == { (v x n)y0|v e H(curl :Q)}, (see [4]). These two spaces
are in duality and the following formula of integration by parts holds true

/ (w-curlV—curlw-¥) =(wxnnxvxn)yo Vw,veH(curl;Q).
Q

2 One Field Formulations

First we notice that Egs. (1) and (2) do not completely determine the electric field in
€y and it is necessary to require the gauge condition

divE; =0 in ;. 3)

(Here and in the sequel, given any vector field v defined in 2, we denote v, its
restriction to €27, L = C,1.) When imposing electric boundary conditions, E x n =0
on d€2, in order to have a unique solution we need to impose the additional gauge
condition [-E;-n=0.

From Faraday law u~ ‘curl E = —iwH and replacing in Ampere law one has
curl (u~'curl E) = ~i®(oE +J.). So the E-based formulation of the eddy current
problem with electric boundary conditions reads

1

curl (u~'curl E) + iooE = —iw)J, in Q

diVE[IO in.Q]
fFEI-n:O
Exn=0 ondQ.

Since o = 0 in the non-conducting region, the generator current has to satisfy the
compatibility conditions divJ.; = 0 in £; and, when imposing E x n = 0 on 09,
fl— JeJ -n=0.

Notice that the two gauge conditions divE; = 0 and [-E;-n = 0 are equivalent
to [, Er- Vo, =0 for all ¢; € H!(€2) being H} () = {¢ € H' () : ¢y90 =
0 and ¢y is constant}. Hence the weak form of the E-based formulation is

Find E € W such that
Jo(u tcurl E-curl W+iowoE -W) = —iw [oJ.- W
forallwe W

where W := {w € Hy(curl ;Q) : [ W;- Vo, =0V¢ € H (Q))}.
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Remark 1. The gauge conditions can be imposed by means of a Lagrange multiplier.
(See [2], Sect. 4.6.)

Due to the heterogeneous nature of the problem, it is natural to consider an it-
erative procedure by subdomains in order to deal with homogeneous problem. A
procedure of this kind is the following:

Given 1) ¢ H~'2(curl ;") forn >0

find E;”H) € Wy such that
n x EE”H) xn=A"onT
_fglu’lcurl E;”H) -curl wy = —iw sz Jer- Wi Vwy € WiNHyp(curl ;Q;);

find E(C"H) € H(curl ; ¢) such that
f ( 1 IE(thl)- 1w, . E(n+l)._ _ . Joc W
oc (U curl E¢ curl We +iwoE: W) zwjgc e.CWC
—(u"curl E§"+1> X ny,nx we X n)r . Ywe € H(curl ;Qc);

set
AU = (1-0)A" 1 0(n x EY Y xm) s

where W := {w; € Hy g (curl ;)2 [ Wi -V, =0V ¢ € H! ()}, ny denotes
the unit normal vector on I" pointing outwards £2; and 0 is a positive acceleration
parameter.

Another possibility isto eliminate the electric field. Multiplying Faraday law by
a function v € Hy(curl ; Q) with curl v; = 0;

lwa.UHV: _fQCurlE'V: —fQE.CurIV
= _f.(zc o !(curl He —J.c) - curl ve.

Given g; € (L?(€2))? let V(g;) denotes the space V(g;) := {v € Hp(curl ;Q) :
curl v; = g;}. The weak form of H-based formulation of the eddy current problem
with magnetic boundary conditions H x n =0 on d reads

Find H € V(J.) such that
Jac o leurl H-curl V+io [ uH -V = Jac o' Jec-curl Ve 4)
forallve V(0).

Since 6 = 0 in the non-conducting region, when imposing H x n = 0 on 92 the
generator current has to satisfy the compatibility conditions divJ.; = 0 in 7 and
Jes-m=0o0n dQ. Hence there exists H} ; € Hy 5, (curl ;:€;) such that curl H} ; =

Je 1. Then we can write Hy = Hj ; +Z; with Z; € H(?ag (curl ; Q). Let H be a func-
tion in H (curl ; Q) such that H; , =H;, andletus denote Z := H—H; € V(0). Mul-
tiplying Eq. (4) by —io~" and setting F(v) := [, uH: - —io~! Jo. 0 'curl H; -
curl v, we can consider the equivalent problem
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Find Z € V(0) such that
Z-v—io! o leurlZ curlv=—io! 6 Joc-curl Ve —F(v 82
oM Jac Jac :
forallve V(0).

For the sake of simplicity we will assume that J.;-n=0onI". Thenitis possible &3
to take Hy ; € Hy(curl ;€27) and H} - equal zero. 84

Remark 2. Notice that Hg‘ag(curl ;) = VH]} 5 () ® () where (€)= e
{v; € Hgag(curl ;€) : divyy =0and v;-n = 0on I'} that is a space of finite di- ss
mension. In this geometrical setting the dimension of .7 (£;) coincides with the 7

first Betti number of €2;. (See [2], Sect.5.1.) 88
We propose an iterative procedure for the solution of the H-based formulation se
that start from a data in the trace space 90
H(;l/z(curl o) :={(nxw xn):we H(())’(m(curl Q0 }. 91

It reads: 92

Given ¥ ¢ H(;l/z(curl ) forn >0
find H(C"Jrn € H(curl ; ©¢) such that
an(C"H) xn=A"" onr

fQC(,uH(C"H) Ve—io o curl ng+1) -curl V¢)

=—in ! fQC G’IJQC ~curl Ve Vve € Hy(curl ;Q¢); "

find """ & HY 55 (curl ;Q;) such that

Jo, /.LZy'H) Vi =iow (o~ (curl H(C"H) —Jec) X ne,m X vy X 0
~ Jo WH V1 YV, € HY o (curl ;€Qp);

set
AT = (1-0)A" +o(nx 2" xn) -,

being n¢ the unit normal vector on I pointing outwards Q¢ and 6 a positive accel- 94
eration parameter. 95

3 Convergence Analysis 9

Both the H-based formulation and the E-based formulation are of the form: find o7
u eV C H(curl ;) such that 98

a(u,v)=F(v) VvevV, (%)

where a(-,-) is a sesquilinear form continuous and coercive in V x V and F(:) 9
is a continuous linear functional on the Hilbert space V. The proposed iterative 100
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procedures are preconditioned Richardson methods for the Steklov-Poincare equa-
tion obtained in the following way (see e.g. [8]): for L = C, [ let us define the
spaces Vi := {v|g, : VEV} X :={(axvxn)r :veV}and Vip:={v, €
VL @ (mx vy xn)p = 0}; the sesquilinear forms ay(-,-) : V, x V, — C and the
linear functionals Fy : Vi, — C such that a(v,w) = ac(ve,we) + ar(vi,wy) and
F(v) = Fe(ve) + Fi(vi) Vv, w e V. If the sesquilinear forms ar(-,-) are contin-
uous and coercive in Vi o for both L = C,I we can define the extension operators
R; : X — Vi in the following way: for any ) € X, Ry 1 is the unique functionin V,,
such that

(xR xn)r=n

aL(RL'n,VL) =0 Vvy,e VL70.

Let us consider the Steklov-Poincare operators Sz, : X — X' given'by
(Sem,v)r =ar(Ren,Rev) vVn, veX.
Moreover we can define the functions @iy, € V o such that
ar(Oz,ve) =Fp(ve) Yvi€Vip

and x; € X’ given by (¥, N)r = FL(RLN) —ar(d,,R.m) V1N € X. Let us denote
X = X;+ Xc- The Steklov-Poincareequation reads: find A € X such that

(Si+Sc)A =x. (6)

RcA + ¢ in Q¢
R;A +1; in Q

If for one of the‘two subdomains the sesquilinear form ay (-, -) is also continuous
and coercive in 'V then for each & € X' there exist a unique F.& € V, such that
ar(Fré,wp) = (E,;nxwp xn)r Vwy € V. Itis easy to see that (S;(n x F & x
n),n)r = (&, n)r forall n € X hence S; ' (€) = n x FL& x n. It is well known that
the Dirichlet-Neumann iterative method is equivalent to the preconditioned Richard-
son method for the Steklov-Poincare equation

If A is solution of (6) then u = { is solution of (5).

AU =2 o5t [x - (S1+50A")]

In the H-based formulation the preconditioner is S; while in the E-based formulation
the preconditioner is Sc.

We are interested in the finite element approximation of these problems using the
Nédélec curl-conforming edge elements of degree k, N f 2 CH (curl ; Q) (see [7]) for
L=C,I.Letusdenote {y, k > 0, the space of polynomials of degree less than or equal
k in the three variables x1, x2, x3, and by { the space of homogeneous polynomials of
degree k. For k > 1 we define the polynomial spaces M; := {q € (1)? |q(x) - x =0}
and Ry := (‘][k,1)3 @ M. Let us consider a tetrahedral triangulation of Q, .7, such
that its restriction to €2y, %’h, induces a triangulation of €2;. Then

Npjp:=A{wy € H(curl ;Qp) |wyx €ERe VK € Tpp}.
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We want to show that in the discrete setting the iterative procedure converges and
that the convergence rate is independent of 4.
The discrete H-based formulation is stated in the space

Vi(0) :={v, ENf : v € H&ag(curl Q)1 Cv(0).
The space X for the Dirichlet-Neumann procedure is
20 ={(nxv,x n) vy €V4(0)} C H(;l/z(curl o).

In Q- we use the standard Nédélec finite elements N’é »» While in/ 7 we have the
finite element space
Vin(0) = N,’ih ﬂH(())‘aQ (curl ;).

Remark 3. Let Ll;,h C H'(Q;) be the space of standard Lagrange finite elements of
degree k and Hy ;0 = Lf , N H} 5, (£2;). Then

Vin(0) = VHy o+ 7,

where 7, is a space whose dimension coincides with nr, the first Betti number of
€. More precisely, there exits a system of cutting surfaces =;, [ = 1,...,n with
dZ; C I such that every function vp.€ Hy yq(curl ;€;) restricted to € \ UL | Z; is
the gradient of a function belonging to H'(€2;\ U;T,5)) (see e.g. [3, 5, 6]). If the
triangulation .77, induces a triangulation on each surface = the space /%7 is the
one generated by the (L?(£;))3-extension of the gradient of the piecewise linear
function taking value one-at the node on one side of =; and value zero at all the other
nodes including those on the other side of = (see [2], Sect. 5.4).

Concerning the E-based formulation, for its finite element approximation we
consider the space

Wy, fz{wheN/l:3/QWh'V$1,h:0 V(P[’hEHIk’h’*}
[

where Hf, = L}, NH!(£2;). (Notice that W}, is not a subspace of W.) The space X
where the Steklov-Poincare operators are defined is the space of discrete traces

Xn={(mxw, xn)r:w, eNfy cHV2(curl ;).

Also in this case we use the standard Nédélec finite elements N’é 5 in £c while in £
we consider the finite element space

W[yh = {W[)h S NIk’h : /Q Win- Va,)h =0 V(Pl,h € Hlk,h,*}'
1

In order to prove the convergence of the iterative procedure let us proceed as in
[1]. If k € C is an eigenvalue of the map 7 : X — X, Tyn :=n — GSZI(.S} +Sc)n
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: _ _ _ (S+Sommr _ (1 _ g\ _ pSunmr
with L=TorL=C,thenk=1-0 ST = (1-0) 6 5 i for any

eigenvectorn € X. Here M =l orM =Cbut M # L. If

Re[(S/n,M)rIRe[(Scn, n)r] +Im[(S;n, n)r[Im[(Scn,n)r| >0 (7)

and 0 < 06 <1 then

—

2 o2 g2 Sum, n)rl’ a2 2%
WP < (1-67+6 [(Sem,m)r|? ={1-8y+6 of

being P the continuity constant of Sy, and oy, the coercivity constant of S;. Choos-
2
ing 0 < 6 < min (1, ocTZiI[iT) on has |k| < 1 for each k eigenvalue of T, hence in the
L M
discrete setting the Dirichlet-Neumann procedures converges and, if oy, and ), are

independent of the mesh size, £, also the convergence rate is'independent of 4.
In the H-based formulation we have L = I and M = C. The sesquilinear form

ac(ve,we) ::/Q (—io "o eurl ve scurl We + pve - We)
C

is clearly continuous and coercive in H (curl ; Q¢) hence in Néh. In the insulator
ar(vr,wy) = fQI,uvl -W; is continuous and coercive in H(curl ;€;) then also in
Vl?h. The coercivity of S; with a'constant ¢y independent of £ follows from the co-
ercivity of a;(-,-) and the continuity of the trace operator while the continuity of S¢
with a constant ¢ independent of 2 follows from the continuity of ac(+,-) and the ex-
istence of a continuous extension operator &¢ p, : Xn — NC , With continuity constant
independent of 4. Such an extension has been constructed in [1]. Moreover (7) clearly
holds because itreduces to (fQC URem - ch) (_fQI uR/m - Rm) > 0. Hence taking
6 small enough the iterative Dirichlet-Neumann procedure for the H-based formula-
tion converges with a rate independent of the mesh size.

On the other hand for the E-based formulation we have L = C and M = I. Again
the sesquilinear form

ac(ve,we) ::/Q (/.Flcurlvc~cur1v_vc+ia)ovc-v_vc)
C

is clearly continuous and coercive in H (curl ; ©¢) hence in Ng - The coercivity of S¢
(the preconditioner in this case) with a constant ;¢ independent of / follows from the
uniform coercivity of ac(-,-) and the continuity of the trace operator. In the insulator
we have ay(vy,wy) := j_QI u~'curl v; - curl W; that is continuous in H (curl ; €), hence
in Wy ;. Proceeding as in [2], Sect. 5.5, it can be proved that it is coercive in Wy, N
Hy(curl ; Q). In order to prove the continuity of S; with a constant f3; independent
of h we need a continuous extension operator 51 niXn — WinHy g0 (curl ; Q;). W

know that there exists a continuous extension é} R NI »NHy o0 (curl ;) (see
again [1]). Given 1, € x;, let @, € Hlkh . be such that
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A Vo, -Vyp ), = /Q Eii- Vs Vs € Hiy
1 J

Then & 4Ny, := &1 4N, — V @y is a continuous extension from Y, in the space Wy ;N
Hj 5 (curl ;) with continuity constant independent of /4. Condition (7) reduce

in this case to (f_QC/.Flcurl Ren -curl ch) (IQ[ u~'curl Rym - curl Rm) > 0 that
clearly holds true.

4 Conclusion

We proposed two iterative substructuring methods for two different formulations of
the eddy current problem based on the electric field and magnetic field, respectively,
and provided the convergence analysis. Both formulations use a constrained space
in the insulator. In the E-based formulation the constrain is imposed introducing a
Lagrange multiplier while in the H-based formulation a finite element approximation
V1.1(0) of the constrained space Hy) ¢, (curl ; ;) is used. The dimension of V; ;(0) is
equal to nr, the dimension of the J# , plus the dimension of H; j, o, that is a space
of scalar functions. So the subproblem in the insulator is smaller for the H-based
formulation than for the E-based formulation. However the construction of a base of
21 ), requires the determination of a-system of cutting surfaces. This procedure can
be cumbersome in complex geometry configurations (for instance if the conductor is
a trefoil knot) an the E based formulation avoids this difficult.
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