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1 Introduction

Consider a variationally—posed second—order elliptic boundary value problem

a(u,v) = /QJZ/(X)VWVV: /Qf(x)v(x), forall ve HI(Q), (1)

with solution u € H} () and domain £ C R, d = 2,3, where the coefficient ten-
sor .o/ (x) is highly heterogeneous (possibly in a spatially complicated way). We as-
sume that &7 (x) is symmetric, uniformly positive definite and mildly anisotropic, i.e.
Amin(# (X)) 2 Amax (<7 (X)) uniformly in x. We are particularly interested in the case
when the contrast maxy ye Amax (7 (X)) /Amax (%7 (y)) is large. Many examples of
this type arise in subsurface flow modelling or in material science. The space H(} (Q)
is the usual Sobolev space of functions with vanishing trace on dQ2 and f € H1(Q).
For simplicity we assume for the remainder that <7 (x) = o/(x)1, i.e. a scalar diffusion
coefficient.

Let Z}, be a simplicial triangulation of €2 and let (1) be discretised in V;, C H(% (Q),
the space-of continuous, piecewise linear FE functions with respect to .7}, that vanish
on ¢ Q. For simplicity let .7, be quasi-uniform. The a-orthogonal projection of u to
V, is denoted by uy,. In the usual nodal basis {¢;}!_, for Vj, the problem of finding
uy, reduces to the n X n linear system

Au=bhb 2)

with stiffness matrix A = (a(¢i,;))] ;_;. Since the matrix A depends on & only
through element averages, we can assume (w.l.0.g.) that ¢ is piecewise constant with
respect to .7,. For simplicity we assume that ¢ is piecewise constant with respect to
some non-overlapping partitioning of €2 into open, connected Lipschitz polyhedra
(polygons) {#,}M_ and set 04, = €|z,

Especially for d = 3 and for problems where o varies on a small length scale
€ < diam(£2), and thus the mesh size & needs to be very fine, multilevel itera-
tive solvers (multigrid, domain decomposition, etc.) are usually essential to solve
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this problem efficiently. Their scalability and robustness with respect to mesh re-
finement, as well as other discretisation parameters has been studied extensively.
Here we will focus on their robustness with respect to coefficient variation. We will
show that coefficient robustness is inherently linked to a judicious choice of coarse
space Vg (related to some coarse mesh Jx with resolution H). If € 2 H and if we
can choose a coarse mesh such that all coefficient jumps are aligned with the mesh,
then the coefficient robustness of standard coarse spaces has been analysed in the
1990s (cf. [3, 4, 10, 16, 21, 22, 25] and the references therein). For certain methods
the robustness may depend on the quasi-monotonicity of the coefficient with respect
to the coarse mesh (in the sense of [3]). Substructuring-type (‘“‘exotic’”) coarse spaces
are usually used to achieve uniform coefficient robustness. A certain amount of ro-
bustness can be recovered for standard piecewise linear coarse spaces by using the
multilevel solver as a preconditioner within CG (e.g. [24]).-The key tool in all these
analyses is the weighted L,—projection of Bramble and Xu [1]. It requires a piece-
wise constant weight with respect to the coarse mesh, an assumption that is often far
too stringent in real applications. We want to move away from this and crucially here
make no assumptions that the underlying coarse grids resolve the coefficients.

A lot of effort in the last 25 years has gone into the development of algebraic
methods to construct coarse spaces, such-as algebraic multigrid (AMG), rather than
analytic/geometric ones. It has been confirmed numerically that AMG methods are
in practice robust to coefficient variation when applied to (2) (i.e. the number of
iterations is unaffected), and they are therefore extremely popular. However, they are
built on several heuristics and so’a rigorous analysis of their coefficient-robustness
is difficult (see [22] for a review of existing theoretical results). Nevertheless, the
key principle of these algebraic coarse spaces, namely energy minimisation [11],
also underlies many other coarse spaces. To obtain rigorous coefficient-independent
convergence results we will need to work in the following energy and weighted L,-

norms on D C €2, ) )
Wllap = Jpo|Vyl and  |vllo,ap = [pov,

respectively. When D = 2 we will usually not specify the domain explicitly.

A convenient framework to analyse most multilevel methods is the Schwarz or
subspace correction framework [21, 23]. We restrict attention to the two-level over-
lapping additive Schwarz method and focus on the robustness of various coarse
spaces for this method. We review some recent papers on the topic mainly by the
author (jointly with co-workers), as well as by Efendiev et al. All the results ap-
ply immediately also to multiplicative, hybrid and non-overlapping versions of the
Schwarz method (see [9, 18] for some explicit comments). Many of the results can
be extended to a multilevel theory [5, 18].

2 Schwarz Framework and Abstract Coarse Spaces

Let us assume that {.Qk}kK:l is an overlapping partitioning of € and let £2; be the
overlap of subdomain €24, i.e. the set of points x € £2; that are contained in at least one
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other subdomain. We assume that .7}, is aligned with this partitioning. Furthermore,
let { xk}kK: | C Vi, be an arbitrary partition of unity (POU) of FE functions subordinate
to {2 }K, such that || [l < 1 and [|[Vylle < 8 ', forall k=1,...,K. Note that
(due to quasi-uniformity of .7,) we always have &, 2 h, and there is a partition of
unity such that & is proportional to the (minimal) width of €;. We assume as usual
that each point x € €2 is contained in at most Ny subdomains (finite covering).

We associate with each € the space V; = {v € V}, : Supp(v) C £;} and assume
that we have an additional coarse space

Vo=Vy=span{®@; €V, :j=1,... N} C V.

Let @; = interior(Supp(@®;)) and set H; = diam(®;). Then H =max  Hj is the coarse
mesh size associated with Vy.
The two-level additive Schwarz preconditioner is now simply

Ml =RIA;'Ry + S5 RTAC'R, with A = RiAR] .

Ry is the matrix representation of a restriction operator from V to Vj: the simple
injection operator for k > 1, and for k = 0 induced by the coarse space basis { ®; }1}/:1
so that the coarse space stiffness matrix'is Ag = (a(P;, CDZ))]}{ /-

The following result can be proved in the same way as [18, Theorem 2.5]. Since
it is instructive, we give an outline of the proof.

Theorem 1. If there exists an operator I1 : V;, — Vi such that for all v € Vj,
K
V|3 < Cevllf. and 3, 10 =TI)Vadl§e < C2IVIZ, 3)

then K(MXSIA) < Cy+Cy. The hidden constant depends on Nj.

Proof. Letvg =Iv be such that (3) holds and choose vy = I,()x (v — vo)), where I,
is the standard nodal interpolant on Vj,. This interpolant is stable for all piecewise
quadratic functions in the energy norm and in the weighted L,-norm (independently
of o) (cf. [18, Lemma 2.3]), and so we get

K 2 2 K 2
zk:()Hkaa HVOHa_"Zk:l ||Xk(V—V0)||a

S
K

S Ivolla + e Il v = vollz g + 1 (v = vo) Ve 13 -

Now, the boundedness of the POU functions, the finite cover assumption, as well as

(3) lead to the stability estimate YX_ [[vi]|2 < (Cy +C2)||v||2. Since v = YK vy, the

result follows from the abstract Schwarz theory (cf. [21]).

This result shows the importance of the choice of coarse space. Provided we have
a good coarse space approximation in the weighted L,-norm that is moreover stable
in the energy norm, independently of variations in o, then the bound on the condition
number for two-level additive Schwarz is also robust with respect to these variations.
Note that it is crucial to use the weighted L, and the energy norm here to achieve
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coefficient-robustness, and that we only require weak Lr—approximation in regions
where Vy; # 0.

Several approaches have been studied in [2, 5-9, 17-19] to provide constants
in (3) that are independent of o (or at least of the contrast in ¢¢) for various coarse
spaces. However, in most cases the constants are not independent of %, where €
is the minimal length scale at which o varies in the regions where Vy; # 0."So
unfortunately in general, to be also independent of %, restrictions on the coarse mesh
size are needed, at least locally.

Let us discuss the assumptions (3) a bit further. Let Ilv = 3 ; fi(v)@;, where
fj : Vs — Ris a suitable functional. Then

vl = [ 2, £0)@ll, < 2,150 @lfa

We see that a set of coarse basis functions with bounded energy (independent of o)
is beneficial. The first approaches in [8, 9, 17] attacked this target directly and aimed
at bounding ||®jl|,. In that case, it suffices to use the standard quasi-interpolant.
Alternatively, a weighted quasi-interpolant with f;(v) = fwjocv/ fwjoc can be used.
For certain (locally quasi-monotone) coefficients e this leads to a constant C; that
is independent of the contrast in ¢, even if the energy of the basis functions is not
bounded (see below).
Similar comments can be made about the second assumption in (3). Note that

letlV el v — 1]
ZARE

2
000, OF
[(v=TTv)V x| ‘

2
0o S

2 o
0,00,€2

We can either try to choose apartition of unity { y; } such that || o[V ¢ |?|| is bounded
independently of ¢, which is again related to energy minimisation, or we can try to
bound [|v — ITv[o,¢ ¢ directly. As above, it is possible for certain (locally quasi-
monotone) coefficients to achieve this and to obtain a constant C, that does not de-
pend on the contrast'in o (see below).

When the coefficient is not locally quasi-monotone, then it is in general necessary
to enrich the coarse space, by either refining the coarse mesh locally, or by choosing
more than one basis function per subdomain 2, with the key tool to achieve coarse
space robustness being again energy minimisation.

To highlight some of the key issues we will use a number of representative model
problems shown in Fig. 1. For the rest of the paper, we will only focus on cases, such
as Fig. Ic, h, where it is impossible or impractical that the subdomains {€;} and
the supports {®;} of the coarse basis functions resolve the coefficient jumps. The
resolved cases in Fig. 1a, b have already been studied extensively, see e.g. [3, 4, 10,
16,21, 22, 24, 25].

3 Analysis of Coefficient—Robustness

We present three possible approaches to try and prove coefficient robustness rigor-
ously and thus to design robust coarse spaces. For simplicity, we assume that for
each j=1,...,N, thereexistsak =1,...,K such that 0; C €.
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Robust Coarsening in Multiscale PDEs
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Fig. 1. Typical coefficient distributions (a) resolved; (b) not quasi-monotone; (c) neither quasi-
monotone nor resolved; (d) channelised; (e) flow barriers; (f) low permeability inclusions; (g)
high permeability inclusions; (h) high permeability inclusions and channels

3.1 Standard Quasi-interpolant and Energy Minimisation 141

The first approach makes use of the standard quasi-interpolant 142
N _ -

Iy = Zj:lej(Dj’ where Vo, = ﬁfayv' 143

Let {cDj}]JV: | be a set of bounded coarse basis functions that form a partition 144
of unity, except in a boundary layer of width ¢'(H) near d€. Since each support 145
®;j C £, for some k, the supports have finite overlap. The constants C; and C; can 146
now be bounded independent of the contrast in «, if either 147

nleA{®}) = maxH2 Y@jllz and  ye(er, {}) = maX ax 6 | PVl e

(the so-called coarse space and partitioning robustness indicators) can be bounded 149
independent of ¢, for some choice of the partition of unity { xk}le subordinate to 150
{.Qk}kK:1 (cf. [8]), or if ¥(ct,{®;}) can be bounded independent of o (cf. [17]). 151
As mentioned above, this leads to the aim to construct coarse basis functions with 152
minimal or bounded energy. It is also at the heart of matrix-dependent prolongation 153
operators in multigrid methods. 154

For certain binary coefficient distributions, e.g. for high-permeability inclusions 155
in a low-permeability medium as depicted in Fig. 1g, it was then possible in [8] to 156
show (rigorously) under the assumption o 2 1 that multiscale FEs (w.r.t. some coarse 157
mesh Z}) can provide such a basis {@;}, and that the indicators can be bounded 158
independent of the contrast in o.. However, they depend on H/g, where € is the 159
minimum width of any island/gap. 160

Similarly, it was possible in [17] to show (again assuming o 2 1) that aggrega- 161
tion based on a strong connection criterion (originally designed for AMG methods) 162

o
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leads to a coarse basis {@;} for which the robustness indicators can be bounded in-
dependent of the contrast in ¢. Here the bounds depend on H /k, since the overlap
between any two supports is only &'(h).

However, this approach to analyse robustness fails even for the simpler, re-
verse situation of a high-permeability medium with low-permeability inclusions (e.g.
Fig. 1f), since in this case 9 (o, {®@;}) and y..(a, {P;}) depend on the contrast in o
for any choice of {®;}. Clearly a different quasi-interpolant IT is needed in general.

3.2 Weighted Quasi-interpolant and Poincaré’s Inequality

The next approach to try to prove the assumptions in Theorem 1 makes use of the
weighted quasi-interpolant

_ VvV sa S0
My =3 7,®, whee 75 = [, ocv/fwjoc.

We describe this approach for one of the simplest coarse spaces, the piecewise
linear one. The following is taken from [18] (see also [6] for earlier results). Let
Vi be the continuous, piecewise linear FE space associated with a shape-regular
simplicial triangulation J of €, such that .7, is a refinement of 7. The func-
tions {@; }Ij\’:1 are the standard nodal basis for V. For simplicity, we assume that
{Q 3K = {a)j}llyzl, and choose y; = @ (suitably modified near d2), so that the
assumptions on {'xk} are satisfied with- &, ~ Hj.

The key observation in [18].is now that one further assumption suffices to fully
describe the dependency of the constants C; and C; in (3) on o:

Assumption 1 Let oy = J {kaynT-0y @k and Hr = diam(wr), for T € J, and as-
sume that there exists.a C;- > 0 such that, for all v € V},, either

inf [ oa(v—c)*dx < c;H%/ alVv[?dx,  or “4)
ceR wr w7
dor N #0 and av’dx < c;H%/ a| Vv dx. (5)
r r

Proposition 1. Let Assumption 1 hold. Then C,+C, < C* = max Cy..
~ TE.?H

Proof. Letv €V, and vy = 27:1 \723}_ ®@;. By the Cauchy-Schwarz inequality we have
|ij 2 < fw,- OCvz/ fwj o, and so, using the fact that @; < 1,

"2 fwj o’ 2 ' 2
ovy < . — | oPs < oV

which also implies [; ot(v —vo)? < J. or ov?. Now, multiplying the left hand side by
|Vlk|% (which is a constant ~ H{z) and summing over k > 1, we get

K
Zk:l [ (v =v0) Vil

bor S Hp? / av’. (6)
J 1
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Robust Coarsening in Multiscale PDEs

If {®;} forms a partition of unity on all of wr (i.e. if dwr NI = 0), we can
replace v in (6) by ¥ = v — ¢, for any ¢ € R, without changing the integral on the left
hand side. Otherwise we set ¥ = v. In both cases, by Assumption 1

/a#ﬁ@%/a%ﬁ 7
(,OT P
Combining (6) and (7) and summing over all T € J gives the bound for C;.

The bound for C; can be established in a similar way (cf. [18, Lemma 4.1]).

Assumption 1 postulates the existence of a discrete weighted Poincaré/ Fried-
richs—type inequality on each wr. It always holds, but in general the constants Cy
will not be independent of |y, and Hr/h. As described in detail in [18, Sect. 3]
(see also [13-15]), to obtain independence of ¢, we require a certain local quasi—
monotonicity of & on each of the regions wr.

Weighted Poincaré Inequalities. Let us consider a generic coarse element T € Ty
and define the following subsets of wr where o is constant:

o = orN%,, m=1,...,M.

By #r C {l1,...,M} we denote the index set of all regions @™ that are non-empty.
Let us assume w.l.0.g. that each of these subregions is connected. We generalise
now the notion of quasi-monotonicity coined in [3] by considering the following
three (two) directed combinatorial ‘graphs I k) — (N ,é’(k)), 0<k<d-—1, where
N ={w":m € S} and the edges are ordered pairs of vertices. We distinguish
between three (two) different types of connections.

Definition 1. Suppose that Y2 = @™ N@"™? is a non-empty manifold of dimension
k, for 0 < k < d — 1. The ordered pair (0™, ™) is an edge in &%), if and only if
O S Oy The edges in EW are said to be of type-k.
In addition, for 1 <k <d — 1, we assume that
* meas (") ~ meas(” U®")¥/, and
o Y g sufficiently regular, i.e. it is a finite union of shape-regular k-dimensional
simplices of diameter ~ meas(y""2)!/k,
Quasi-monotonicity is related to the connectivity in I" ). Let m, € .71 be the
index of the region @™+ with the largest coefficient: 0, = max,,c 7, Ohy.

Definition 2. The coefficient o is type-k quasi-monotone on @r, if there is a path in
r'® from any vertex o™ to ™.

The following lemma summarises the results in [13—15]. The existence of a
benign constant Cy that is independent of o is directly linked to quasi-monotonicity,
the way in which Cj. depends on Hr /h to the type.

Lemma 1. Let o C RY, d =2,3. If a is type-k quasi-monotone on wr, then (4)
holds with

1, if k=d—1,
Ch = 1+bgG¥)Jfk:d—2, (8)
i if k=d-3.
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A similar result can also be established in the case where dwx NdQ # 0, i.e. the
case of Friedrichs inequality (5), see e.g. [18, Sect. 3] for details.

Quasi—monotonicity is crucial. If the coefficient is not quasi-monotone, e.g. the
situation in Fig. 1d, then C* cannot be bounded independent of o. See [18, Exam-
ple 3.1] for a counter example. If the coarse mesh is not adjusted in certain critical
areas of (2, then Vg is in general not robust. The numerical results in [18] show
that this is indeed the case and that quasi—-monotonicity is necessary and sufficient.
However, a few simple adjustments suffice, namely 7 has to be sufficiently fine in
certain “critical” areas of £2:

1. Choose Hy < g, for all T € Jy that intersect a region %, that is bordered by
two regions %, and %,,» with o,y > o, and o, > o,. Here &, denotes the
width of %, at its narrowest point. This ensures that o is quasi-monotone on all
regions @y that intersect %,.

2. Choose Hy < h, near any point or edge where o is only type-(d — 2) or type-
(d — 3) quasi-monotone, i.e. near any cross point.

Usually a logarithmic growth C* ~ maxy log(Hy /h) is acceptable, and so even re-
gions where the coefficient is type-(d — 2) quasi-monotone do not require any par-
ticular attention.

For an arbitrary piecewise constantcoefficient function ¢ there will often only be
a relatively small (fixed) number of regions wr where ¢ is not quasi-monotone (see
e.g. Fig. 1b, e). Therefore it is very easy to ensure through some local refinement of
T near these regions that C*«~ 1'(or C* ~ log(H /h)). Note that crucially, this local
refinement does not mean that .7 has to be aligned with coefficient jumps anywhere
in Q. The coarse grid merely has to be sufficiently fine in regions where ¢ is not
quasi-monotone. Ideas on how to adapt .7 in such a way are suggested in [18].

“Exotic” coarse spaces. Substructuring—type (“exotic”) coarse spaces (as suggested
in [3, 4, 16]) can be analysed in a similar way. Here the coarse basis functions are
constructed as a-harmonic extensions of face, edge or vertex “cut” functions associ-
ated with a non-overlapping decomposition .7y of the domain. This decomposition
may. be related to the overlapping partitioning {€2; }, or it may come from a separate
coarse grid (not necessarily simplicial). If the coefficient does not vary along any of
the edges/faces of 7, then the space can be analysed like the piecewise linear one
above, using in addition the energy minimising property of the a-harmonic exten-
sion (cf. [14]). If the coefficient does vary along an edge/face, then special weighted
Poincaré inequalities for functions with vanishing weighted averages across edges/-
faces are required. These have recently been introduced in the context of FETI-DP
methods in [12], which also analyses the robustness of the “cut” functions. An ex-
plicit analysis in the context of overlapping Schwarz does not yet exist.

3.3 Abstract Minimisation with Functional Constraints

An alternative to refining the coarse mesh in regions where ¢ is not type—(d — 1)
or type—(d — 2) quasi-monotone, is to associate more than one basis function (with
possibly identical supports) with each subdomain €2;. Let
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Robust Coarsening in Multiscale PDEs
Vo= span{@k,j =1 (Xklpk,j) S 1,....N,, k= 1,...,K},

where ¥ ;, j = 1,..., Ny, are suitable FE functions in V, (ﬁk) (that do not vanish on
d€;) such that the functions {@y ;} C V}, are linearly independent. Good choices for
the functions ¥4 ; are the lowest modes of local eigenproblems, or more generally,
energy minimising functions that satisfy suitable constraints. The following analysis
is from [19] (see [2, 7] for related work).

In particular, let us assume that, for every €2, we have a collection of linear

functionals {fy ; }Ijvi 1 C V(€)' and let

W, j = arg min |V|57 subjectto  fii(Wj) =06 J,l=1,...;,Ne. (9)
VeV, (£2;)

Now, for any v € V},, choose the following quasi-interpolant

K N
M=% I (xllgy), where Igv=3 " fi;(v|a)¥,;,

i.e. a linear combination of the basis functions @ ; with weights fi ;(v|q,). Then
the bounds on C; and C; in Theorem 3 depend only on the stability and on the local
L,-approximation properties of I, on.each €.

Theorem 1. Forall k= 1,...,K and for all v € V;,(Qy), let

1avllz.q, < IVIlGq, and |lv—MoyllG o0, < diam(Q0)?ullfg, . (10)
Then Cy = O(1) and Cy < (diam(€)/ &)
Proof. See [19, Theorem 5.1].

Note that the minimisation problems in (9) are local to each subdomain. There are
suitable choices for the functionals f} ; that guarantee (10) and that lead to practical
algorithms to construct the functions ¥ ;, j =1,..., N

o fij(v)= (¥ ,v)o,a,0 Where ¥ ; is the jth eigenfunction corresponding to the
variational eigenproblem: Find 1 € V},(€;) and A > 0, such that

a(n,w) =A(N,w)oaq, forall weV,(Qy). (1)

This has first been suggested and analysed in [7].

o fi,j(v) = (¥ ;,v)o,0.00 Where ¥ ; is the jth eigenfunction corresponding to a
variational eigenproblem similar to (11), but with (1,w)g 450, instead of
(n,w)ova’gk on the right hand side of (11), i.e. an eigenproblem of Steklov-
Poincaré type. This has been analysed in [2].

o fi,j(v)= ngjwhere {Dx, J}llvi | is a suitable non-overlapping partitioning of £y
such that the weighted Poincaré inequality (4) holds on each Dy ; (e.g. Dy j =

Q N%}). The construction of {'Pk j} requires the solution of N; local saddle
point systems and was suggested and analysed in [19].
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It has been shown in [2, 7] how (10) can be proved (directly) in the first two cases, es-
sentially based on the observation that the coarse space consists of the lowest modes
corresponding to the operator pencil associated to the energy and to the weighted
Ly-norm. But the assumptions can be proved for a much wider class of functionals
using the following abstract approximation result in [19]. This result is related to the
classical Bramble-Hilbert lemma.

Abstract Approximation Result. Consider an abstract symmetric and continuous
bilinear form a(-,-) : V xV — IR, as well as a collection of linear functionals
{fiY/-, C V', where V C ¢ and ¢ is a Hilbert space with norm || ||. We make
the following assumptions on a(-,-), V, 5, || - || and {f;}:

Al.  a(-,) is positive semi-definite and defines a semi-norm |- |, on 'V, i.e.
v[2=a(v,v) >0, forall veV.

In addition, for v € V, the expression +/||v||? +{v|2 defines a norm on V.
A2.  Letc, be a generic constant. For all q € IR™ there exists a vq € V with

five) =ai,  and. lvgl| < cqllallzm)-

A3.  There are two constants ¢, and ¢y such that
IVI* < calvld+epy,, [fi(v)[*, forall veV. (12)

Now, as in the specific case above; define forall v € V,
m
v =Y fi(v)y;, where y;= argmi‘r/1|v|§, subjectto  fi(y;) = j;.
-1 ve

Then the following inequalities hold; see [19, Theorem 3.3].
Theorem 3. Let Assumptions A1-A3 be satisfied. Then, for allu € V:

[mula <fula  and |u—mu| </calula. (13)
(Note that they are independent of the constants cy and cy in A2 and A3.)

In the specific case considered above, on an arbitrary subdomain €2, Assump-
tion A1 is naturally satisfied with 77 = L,(£;) and || - || = || - [|0,¢;, 2, Assumption
A2 merely ensures that the linear functionals are linearly independent. Thus, the
question of coarse space robustness is reduced to verifying Assumption A3. For one
functional, i.e. for m = 1, this reduces to the weighted Poincaré inequality in Sect. 3.2
and to the restrictions on the coefficients made there. For more than one functional,
it opens the possibility to get coefficient robustness even in the case of non-quasi-
monotone coefficients, such as those depicted in Fig. 1b, d and even h. See [2, 7, 19]
for the complete analysis and some numerical experiments that confirm the robust-
ness for the functionals defined on the previous page. See also [20] for a more recent
extension to systems of elliptic PDEs (such as linear elasticity).
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