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Summary. In this paper we present a stable boundary element tearing and interconnecting
domain decomposition method for the parallel solution of the electromagnetic wave equation
with piecewise constant wave numbers. In particular we consider stable boundary integral
formulations and generalized Robin type transmission conditions to ensure unique solvability
of the local subproblems. Numerical results confirm the robustness of the proposed approach.

1 Introduction

The application of standard finite and boundary element tearing and interconnecting
domain decomposition methods [4, 5] may fail in the case of the acoustic or elec-
tromagnetic wave equation due to a possible occurence of spurious modes which
are related to local Dirichlet or Neumann boundary value problems. For the acous-
tic wave equation we have introduced in [9, 10] a boundary element tearing and
interconnecting domain decomposition approach which is stable for all local wave
numbers. The aim of this paper is to extend these results when considering the elec-
tromagnetic wave equation. Although the general concept is rather similar in both
cases; the numerical analysis of boundary integral equations and boundary element
methods for the Maxwell system requires advanced techniques, in particular appro-
priate space splitting approaches. For the definition of Sobolev spaces which are
related to the Maxwell equation, see, e.g., [2], for the analysis of Maxwell boundary
integral equations, see, for example, [7], and for related boundary element methods,
see, e.g., [1].

2 Formulation of the Domain Decomposition Approach

As a model problem we consider the Neumann boundary value problem of the elec-
tromagnetic wave equation

curlcurl U(x) — [k(x)]*U(x) = 0 forx € Q, (1)
YyU(x) :=curlU(x) xn=f£(x) forxeTl, 2)
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where Q C R? is a Lipschitz polyhedron with boundary I' = Q. We assume that
the boundary value problems (1) and (2) admits a unique solution. Since the wave
number k(x) is assumed to be piecewise constant, i.e. k(x) = k; for x € €, instead of
(1) and (2) we consider local boundary value problems to find U; = U, satisfying

curlcurl U;(x) — K2U;(x) = 0 forx € Q;, 7y Ui(x) = g(x) forx e NI

with respect to a non—overlapping domain decomposition

Q= ﬁi, Qiﬂ.Qj:@ fOI'l'#j, 1",-:8.(2,»,

Tt

1

14

together with the transmission or interface boundary conditions
Yo Ui(x) = 7p jU;(x) forx € T = AT, 3)
Y, Ui(x) + 7y jUj(x) = 0 forx € I, 4)
where the Dirichlet trace operator is given by
YpU=nx (U xn).

Since the local Dirichlet or Neumann boundary value problems may exhibit spu-
rious modes, instead of the Neumann transmission condition in (4) we consider a
generalized Robin interface condition

Y, Ui(x) + vy ;U (x) +imijRijlyp ;Ui(x) — vp ;U;j(x)] = 0 forx € Iij,i < j. (5)

The operators R;; are assumed to be strictly positive, i.e. (R;ju,u) r; >0forallue
Hll/z(curlr ,I;j), and n;; € R\{0}. We define
(Rium)(x) = (R[ju‘nj)(x) forx € F,'j

and

Nij forx e I, i < j,

ni(x) := ¢ —mj forx eI, i> j,

0 forxel;NI,

where we assume that 1;(x) for x € I} does not change its sign, see also [9]. In

this case we can ensure unique solvability [11] of the local Robin boundary value
problems

curlcurl U;(x) — K2U;(x) = 0 for x € Q;, (6)
YwUi(x) +iniRypUi(x) = g(x) forxe IiNT. O

For the solution of local Dirichlet and Robin boundary value problems we will apply
boundary element methods which are based on the use of the Stratton—Chu represen-
tation formula for x € Q, see [3],
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1

U(x) = ¥ (vpU) (x) + ¥ (73 U) (x) + 2 grad P divr (7, U)(x).
Here,
\ 1 etklx=yl
YE(A)(x) == /gk(x,y)?t(y)dsy forx¢ ', gr(x,y) = EH’

r

is the vector—valued single layer potential with the fundamental solution of the
Helmbholtz equation, and

PM(A)(x) == curl ¥} (A xn)(x) forx¢ I

is the Maxwell double layer potential. In addition,
W )0 = [ e)A()ds, forxg T
r

is the scalar single layer potential. By introducing the Maxwell single layer potential
1 .
PS(A)(x) := P (L) (x) + k—zgrad'f’ksdlvr (A)(x) forx¢T,
we can write the Straton—Chu representation formula as
Ul) = #"(1pU) + ¥ (U (x))  forx€ Q. @®)
The application of the Maxwell trace operators gives the boundary integral equations

[7,11]

1
YwU = Ni(vpU) + (514‘ Bi)(vaU),

(€))
1

YpU = (514' Ci)(vpU) + Sk(vyU).
Now we are in a position to derive different approaches to solve local boundary
value problems with generalized Robin boundary conditions. Here we consider an
approach which is based on the use of the Steklov—Poincaré operator

1 1 .1

which requires the invertibility of the single layer operator Sy. Since Sy is not in-
vertible for all wave numbers k, instead of (10) we consider a system of boundary

integral equations to find u € Hﬁl/z(din ,[)andte Hll/z (curlp,T") such that
inR 1
(Nkl—lf—l”l‘lCR 21;— Bk> (ltl) _ (g) (11
I+ G Sk
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is satisfied. The unique solvability of (11) follows from a generalized Garding in-
equality

Ni+inR 31+B¢\ (u) (Zu
ke <<<_%I+Ck Sk t) \2t F+C((u,t),(u’t))
2 2
>c (|u|HL1/2(CUrlF ) + ||tHHH71/2(diVF ,F))

for some appropriate bijective operators 2" and %/, and from injectivity which is in
fact related to the unique solvability of the local Robin boundary value problems (6)
and (7), see [11]. Since the proof of the generalized Grarding inequality requires a
comprehensive study of the trace spaces Hll/ 2(curlr ,I") and Hr/ z(divr ,I["), and
of the corresponding Hodge—type splittings, we refer to [2,11] for a detailed presen-
tation.

By summing up all local boundary integral equation systems with respect to the

transmission conditions (5) we finally obtain the following variational formulation

to findu € Hll/z(curlr JI)and t; € H[l/z(divr ,I7) satisfying

14 1

Z <Nill“‘l.,Vu"i>1"i + <(—I+ Bi)ti?V\E>E + ini<Riu\E7V\H>ﬁ = <f,V>1" (12)
2

i=1

forall v e Hr/z(divr ,I3) and

1
<Sitivui>1—i+<(_§I+Ci)u\1"ivui>17 =0 (13)
for all ; € H '2(divy ,I;),i = 1,..., p. The variational formulation (12), (13) ad-
mits a unique solution iff the orginal problems (1) and (2) has a unique solution, see

[11].
A boundary element discretization of the Sobolev spaces Hll/ z(curlr ,Is) and
H[l/z(divr ,I7) by using Raviart-Thomas elements [8, 11], i.e.
& — & _ M -1/2
ni=én(Is) = Span{¢k}k:1 CcH, (curlp, I5)
and
Frn = span{wi b, < M (divr,T5),

then results in a linear system of algebraic equations,

Sip E1,hAi / 0
. _1 .
= =1 ¢ 14
Sp,h CraAp » 0 ’ (14)
~ ~ P =
AlBij ... A B, _glA,T[Ni,h'f‘iniRi,h]Ai u EIA:‘T_,
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where the block matrices are given by
Sinlt,k] = (Sivio v,
Canllon] = {(~ 31+ Ci)ols ¥,

_ 1 o
Biu[m, k] = <(§1+ Bi) Wi, 015
Niam,n] = (i}, 0,13,
Riplm,n] = (Rid}, dh)r;

fork,(=1,... Nymn=1,... Mj,andi=1,...,p.

In what follows we will discuss an efficient and parallel solution of the linear
system (14). Although the computation of all block matrices can be done in parallel,
the construction of an appropriate preconditioner is more challenging. A possible ap-
proach is to design preconditioners as in tearing and interconnecting methods which
are well established for a wide range of applications. A first step into this direction
is the formulation of stable tearing and interconnecting methods.

The idea of the tearing and interconnecting approach is to tear the global degrees
of freedom, which are given by u, into local degrees of freedom y;. To ensure global
continuity, we need to glue them together by using Langrange multipliers [10, 11],
see also Fig. 1. Note, that instead of Neumann transmission condition we use the
generalized Robin transmission conditions as given in (5). As in the standard tearing
and interconnecting approach this leads to the extended linear system

[ ]
[ ]

A 7
A 7
o
N e z
o A 7 O
T T
| | | |
b e O Y b
I I 5 I I
| - | -
° , N °
7 - N
°
7 A
7 AY

[ ]
®

Fig. 1. Tearing and Interconnecting for edge based trial functions

Page 235

86

87
88
89
920
91
92
93
94
95
96
97
98
99



this figure will be printed in b/w

Olaf Steinbach and Markus Windisch
Nip+imRin Bip B\ [y [
Cin Sin t 0
Npn+impRpn By ~B, | |4 L,
Coin Spn Ly 0
B B, A 0

15)

where the sparse and Boolean matrices B; ensure the continuity of the global solution.
Since the local Robin boundary value problems (6) and (7) are uniquely solvable,

the local block matrices are invertible, and we can consider the Schur complement

system

N; s +iniRn
0 B; T~ ?
$om) (M

P

--%

i=1

o\ -1
Bin (B,T&)
Sin 0

o\ -1
N, 5+ iniR; n Bin <f>

B; 0) i Miin B 2.

(8:0) < Cin Si,h) 0

(16)

Note that (16) corresponds to the adjoint system of standard tearing and intercon-

necting approaches [4, 5].

3 Numerical Results

As a first example we consider the Neumann boundary value problem

curlcurlU—4’U=0  inQ,

WU =f onI

a7

where the domain Q is given by (—1.0,1.5) x (0.0,1.0) x (0.0,1.0), and 2 is divided

into two subdomains €2; by the yz—p

lane, see Fig. 2.

Q,

\
\____-__

7’
7’

——— ey — - b - - -

Fig. 2. Computational domain €2 and domain decomposition

As an analytical solution for both examples we use

. 1

1+ ikr — k212
Ux) = — 3 0
0

. X —X
34 3ikr — k*r? R N

——(xl—)%l) Xy —Xo e

I

X3 — %3
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with r = |x — £| and £ = (—3.0,2.1,1.1)". The boundary element discretization of
the coupled variational formulation (12) and (13) is done with respect to a globally
uniform boundary element mesh with E; edges per subdomain £2;, and by using first
order Raviart-Thomas elements. The number of Lagrange multipliers is denoted by
A. The linear system (16) is solved by a GMRES method with a relative residuum
reduction of € = 10~". For our numerical tests we consider two different wave num-
bers: The first one is k = 1.0 and the second one is the first Dirichlet and Neumann
eigenfrequency of the unit cube Q;, k = /27 ~ 4.44288. The results are given'in Ta-
ble 1, where the error is the relative L, (I7) error of the lowest order Raviart—-Thomas
approximation of the local Dirichlet datum u;.

E; A iter error E; A iter error
36 8 5 0.1824189 36 8 5 0.7042192
144 28 17 0.0895037 144 28 19  0.3055468
576 104 49  0.0440296 576104 47 0.1472184
2304 400 142 0.0234164 2304 400 104 0.0772003

Table 1. Iteration numbers and errors for k = 1 (left) and k = 27 (right).

In a second example we consider the Neumann boundary value problem (17) for the
unit cube Q = (0,1)? which is divided into eight subcubes ;. The results for two
different wave numbers k = 1.0, 8.0 are given in Table 2.

E; A iter error E; A iter error
36 90 60 0.1133393 36 90 60 0.9432815
144 324 147 0.0550944 144 324 153  0.3776120
576 1224 476 0.0266769 576 1224 397 0.1769975

Table 2. Iteration numbers and errors for k = 1 (left) and k = 8 (right).

Both numerical experiments confirm the stability and robustness of the proposed
approach, and the theoretical error estimate as given in [11], i.e. we expect a linear
order of convergence when using lowest order Raviart—-Thomas elements. Note that
the linear system (16) is solved by a GMRES method without preconditioner. Hence
we observe a rapidly increasing number of required iterations. Therefore, the use
of local and global preconditioners is mandatory for the solution of problems of
practical interest. Probably, possible preconditioners can be constructed as in the
acoustic scattering case see [11]. Another possibility is to consider a dual-primal
approach as in [6].
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