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Summary. In this contribution we extend the FETI-DP mortar method for elliptic problems
introduced by Bernardi et al. [2] and Chacén Vera [3] to the case of the incompressible Stokes
equations showing that the same results hold in the two dimensional setting. These ideas
extend easily to three dimensional problems. Finally some numerical tests are shown as a
conclusion. This contribution is a condensed version of a more detailed forthcoming paper.
We use standard notation, see for instance [1].

1 Incompressible Stokes Equations

Let Q C R? be a polygonal domain. We look for u € H)(Q) = (H}(€))? and p €
L*(Q) such that [, p=0and

(Vu,Vv)o — (p,div(v))a = (f,v)a, VveH)(Q)
—(g,div(u))o =0, Vg € L*(Q).

We “better accomodate the restriction on the pressure by adding a new scalar
unknown: we look for a pair of values (u,7) € H}(€2) x R and p € L*(Q2) such
that
(Vu,W)q — (p,divv))o +1t(t / D) o, Y(nt)eH)(Q)xR
~(dnwa-7 [ g=0,  VgeIXQ).
Q

Set W = H}\(2) x R normed by ||v[|3, = I|(v,2) ||, = HVVH&Q +1* forany v = (v,1) €
W, let (-,-)w be the scalar product on W and b : W x L*() + R given by

b(qv (Vat)) (qadlv _t/ q-
Then, we look for u = (u,7) € W and p € L*(€) such that
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(w,v)w +b(p,y) = (f,v)a, YveWw (1)
b(q,u) =0, VYqeL*(Q). )

It is quite straightforward to see that:

Lemma 1. There exists a positive constant 3 > 0 such that for all p € L* (Q)

b(p,(n1)) b(p,(v,1))

sup ————= > sup —_—
eoew 10:DlIw ™ ey er (IVVIG 0 +12)

3)

As a consequence, problem (1)—(2) is well posed and its unique solution is the one of
the original Stokes problem with Dirichlet homogeneous boundary conditions.

Next, we split Q = Ule.Qs with nonoverlaping polygonal subdomains, suppose that
I, =0Q°NdQ

is either an edge (i.e., a segment), a crosspoint.or empty and, finally, consider &y =
{I}}e:h,_,E the sorted set of all edges inside £2.-We suppose that each Q¢ is of area
O(H?) and shape regular while each I is of length ¢'(H) for some fixed H > 0.
The set of all vertices of the polygonal subdomains ¢ that are not on d€Q will be
called cross points and denoted by ¢ Finally, we denote by [v]r; the jump across
any interface I.

We take

X5 = {ve LX(Q)' =y, e H'(Q)NH}(Q), 1<s5<S},
X = {vie Xg, V|1, € H (), VT, € &}

e

With X = X x X we construct V=X x R and represent by v = (v,7) any element
of V where'v € X-and # € R. V is Hilbert space with norm ||y||3, = [v|% + > where,
thanks to Poincaré’s inequality, the norm of v is

v[x = {2||VVSHOQV+ZH Al /zoor}

Here, || -|[1/2,00,r; is the norm induced by the scalar product (-,-); 2 00,1, On H(%z (L),
see [5]. To simplify, let {-,-}r; = (-,-)12,00,;- For the pressure space we consider
M =[T3_, L*(Q*%)(~ L*(2)) and define the continuous bilinear form 5: M x V — R
given by

s
Zq div(v Qv—tZ/ g, Yq' e L}(QY).

Next, for each I, € & we take Hl/ 2( L) = (H(}({z (I7))?, and handle the Lagrange

multipliers for the jumps with the space N = [T£_, H(l)(/)2 (I).
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We propose to look for u = (u,7) € V, p={p’}; € Mand A = {A.}, € N such
that

S E
> (Ve V) os + Y {lulr, Vg I + Tt
s=1 e=1
S S E S
=X e =Y [ 0 Yl = X an
s=1 s=1 e=1 s=1
S . S S S __
IR W

E
;{ue,[u]rg}rg =0

forallv=(vt)eV,g={¢'}s€Mand u = {lt.}. € N.

We see that we added the jumps to the elliptic terms and replaced the pair-

ings H&)I/Z(F) - Hg

in H&{z(l“ ). As a consequence, we have made a regularization of order 1 for the
Lagrange multipliers and now all terms are suitable to compute in a Galerkin ap-
proach. Moreover, the solution to this problem is that of the incompressible Stokes
equations on £2.

Next, we elliminate via a standard-Schur process the primal variables u and p
in terms of the dual variable 4, and obtain a dual problem that once solved will
give the correct boundary data for the primal variables. Thanks to the fact that the
elliptic part is the scalar product on V, that the inf-sup condition for the bilinear form
b is achieved with velocities without jumps and that the inf-sup condition for c is
achieved with velocities with jumps, our dual problem is a well posed symmetric
positive definite problem.

52(1" ) for the normal fluxes on the edges by the scalar product

2 Finite Dimensional Approach

We consider a conforming triangulation .7,, & is the mesh size, of Q that contains
the skeleton & as union of edges of triangles and such that on each edge only one
partition is inherited from both sides. As .7}, is also compatible with the subdivision
of Q, its restriction to each £ gives a mesh 7, on Q5. We use the Taylor-Hood finite
element for the velocity and pressure pair on each subdomain. Define the family of
subspaces {¥,}, C H}(Q) and {Q;}, C H'(Q) given by

Yy = {ve H}(Q); v, € Py(x), Yk € T},
0y = {p e H'(Q); p, €Pi(x), Yk € T}

where P,(k) is the space of polynomials of degree less or equal to r in the two
variables x and y. On each subdomain, we take also
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Y(Q°) =Y, nHY(Q), 0u(Q°) = 0,NH(QY), s<S.
Consider now X, = Xj, X Xj,, where X, is the broken version of Y}, given by

X, ={vel?(Q); Vv ey, Vs=1,2,..,8,
and v is continuous at every cross pointin ¢’} C X,

define V, =X, xR, M, = Hle 0;,(Q%) and finally N;, C N is given by the restric-
tion of functions in X}, to the skeleton &j.

The discrete uniform inf-sup condition for ¢ on the pair V; and Ny, is by now a
well known result and the discrete uniform inf-sup condition for b is a consequence
of Theorem 1.12 pp. 130 in [4]. The idea is to use locally on each subdomain 2° the
stability of the pair P, — P; and that of the pair P, — [Py globally on the substructures
€Q° of Q. This inf-sup condition is achieved with a discrete continuous function
in the wohle of Q and, as a consequence, the continuous setting is replicated and
the equation for the multiplier can be solved via Conjugate Gradient Method (CG)
without preconditioner. Then, we have

1. An external computational cicle, the CG for the Lagrange multiplier with a fixed
number of iterations independent of the discretization parameter /2 and

2. At each iteration of this external cicle, the resolution of a primal problem of the
form:
Find (w,,qn) € Vj, x My, such that

(Wi vp)v +b(qn,vy,) = (§,v,) Yy, €V,
b(p,w,) =0 VpeM,

where for the-initial residuous ro we have (§,v,) = ¥5_,(f,v})qs and for the
iteration m > 0 we have (&,v,) = XE_ {{dun}e, Vil }in =0

A closer inspection to the general form of this saddle point problem for the primal
variables shows that the solution can be obtained by means of independent solves
per subdomain. Ordering the unknows per subdomains, x* = (u°, p*) and x¢ = uC,

the linear system for the primal variables is

M11 M1,2 MI,S MI,C D1 xl bl
le Mz,z Mz‘g MZ,C Dz x2 b2

M31 M3,2 M3,3 M3,4 M3!C D3 x3 b3

bS

: e . MS,Sfl MS,S MS,C Dy xi‘ »C
M ¢ M%C o MY My Mcc O xT A
) ! ! !
D, D, .. .. Dy, Di 0O 1

where the different blocks are of the form
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A”BH) <AH/0) (ASC>
M, = S Mg =1 , Myc = ), Mcc=Ac, 95
S,8 <B§,s 0 s,S 00 s,C BQ’C Cc,C C,C

here each block M is similar to a standard Stokes matrix on the subdomain £2°, 9
but with our interface contributions, each block M, ¢ is sparse and contains the o7

interaction through interfaces of the domain ° with QY the rectangular blocks M, c 98
contains the interaction with the crosspoints and Mc ¢ contains the interactionof the 99
crosspoints with themselves. Although this linear system couples all the subdomains 100
it can be solved by means of the Preconditioned Conjugate Gradient Method using 1o

as a preconditioner the matrix P formed by the main blocks 102
M 0 0 MI,C D,
0 Mz"z 0 . 0 MZ,C D>
0 0 M3,3 0 - M3,C D3
P= . . . . . . .

0 Mgss Msc Dg
Mﬁ,c ME,C Mgfl,c Mf?,c Mc,c 0
D’1 sz D’571 DfS o 1

Therefore, the main task here is the resolution of a linear system of the form Px =b 103
which is done using a Schur complement process for the variables x¢ and 7. The 104
equations are 105

S S S
(Mcc— Y, M oMM 0)x€ =Y ML oM, [ Dyt = bC = Y ML oMb,
s=1 s=1

s=1

S S S
X DM M xC+ (Y, DM, Dy — 1)t = 3 DM b,
s=1 s=1

s=1

We finally write x€ in terms of 7 and solve first for 7, next x and finally compute all 106
the x*. As a consequence, the main job is performed with independent solves of the 107

matrices Mj ¢ that can be performed independently, i.e., computations of the form 108
M)V, MMy, M /D. 109
3 Some Numerical Tests 110

For L =1,2,3,... integer we consider on £, = [0,L] x [0, 1] the exact solution 11

3) —sin’(mx L") sin?(7y) cos(my) ) 2,
ux,y) = y PWY) =75 —Y 112
—L~'sin?(mx L") sin®(zy) cos(mx L")

and partition Q; into Qf = (s—1,s) x (0,1) fors =1,2,..., L. For the dual problem 113
we start our iteration process with A . = 0 on each I and stop all iterations according 114
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to a relative residual less than 10~°. In this example the gradients control the jumps
and there is no need to introduce them in the elliptic part; then the blocks M;; are
null for s # ¢. Then, there is no need for a PCG in the internal cycle. The following
Table 1 shows that the iteration count for the dual problem is mesh independent on
different configurations Table 2 shows relative errors with respect to the true solution

h=1/24/h=1/48/h=1/96
L=4 17 17 17
L=8 23 24 24

L=16| 37 39 39

Table 1. Mesh independent iteration count for the dual problem on different configurations

and for different values of & on £ = [0,L] x [0,1]. The number of subdomains is L given by
Q% =[s—1,s] x[0,1] fors =1,2,3,...,L

u and p on ; Finally, we take on Q = (0, 1)? the exact solution

euth) |h=1/24 ' h=1/48 |h=1/96 epth) |h=1/24 | h=1/48 |h=1/96
L=4 |2.1e—04|2.6e—05|3.5e—06 L=4 (6.7e—04|1.6e—04|4.0e—05
L=8 |1.8e—04(2.3e—05|3.0e-06 L=8 |6.8e—04|1.6e—04(4.2e—05
L=16|1.7e—04|2.2e—05|2.9e—06 L=16|6.8e—04|1.7e—04(4.3e—05

Table 2. Relative errors in velocity field and pressure for different values of 4 on 7 = [0, L] X
[0,1] and with the same configuration as in Table 1

(= sin® (7 x) sin? (1y) cos(my)
u(x,y) =

. plx,y) = (x—0.25)*(y—0.25)?
—sin?(mx)sin®(7y) cos(nx)) )= A )
and-partition Q into 4 equal subdomains with a cross point at (0.5,0.5). Table 3
shows the results and we see that the number of iterations is independent of the mesh
size again (Fig. 1).

Dual |Initial PCG|Final PCG
h |# Iters| # Iters #Iters | euth) | ep(h)

/12| 7 22 20 6.9e—4|4.2e—03
1724 7 21 20 8.8e—5|1.0e—03
1/48| 7 23 21 1.2e—5|2.5e—04
1796 7 23 23 1.4e—6|8.3e—05

Table 3. Results obtained when subdividing the domain Q = (0,1)? into four subdomains
with a cross point at (0.5,0.5)
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this figure will be printed in b/w
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Pressure, iter=0 Pressure, iter=1

[

Pressure, iter=2 Pressure, iter=6

Fig. 1. Inital iteration with the underlying mesh and some contiguous iterations for the com-
puted pressure

4 Conclusions

We presented a FETT-DP Mortar method applied to incompressible Stokes equations.
Continuity at crosspoints is retained and the jumps across interfaces are included in
the continuous formulation. The Lagrange multipliers are represented by their Riesz-
canonical isometry, which improves their regularity from H&)l/ : (I to Héé 2 (I'), and
the mortaring is performed using the H(% z (I") scalar product for each interface I'. As
a consequence, continuous bounds are replicated at the discrete level and no stabi-
lization is required. In this setting we solve a dual problem by a CG that has a mesh
independent condition number. The primal problems involved include the effect of
the coupling between neighboring subdomains at interfaces and are solved by PCG.
Still independent solves per subdomains are possible.

The advantage of the continuous framework introduced is the clear sight of the
effect of condensing all information on subdomains and interfaces before the discrete
work starts and the use of, to our belief, the most appropriated norms on subdomains
and interfaces that make no necessary the use of mesh dependent norms for obtaining
stability.

Acknowledgments Research partially funded by Spanish government MEC Research Project
MTM2009-07719. The authors thanks Frédéric Nataf and Tomds Chacén Rebollo for many
valuable comments on this work.

Page 561

125

126
127
128

129

130
131
132
133
134
135
136
137
138
139
140

141
142
143



E. Chacén Vera, D. Franco Coronil and A. Martinez Gavara

Bibliography

(1]

(2]

(3]

(4]

(5]

Robert A. Adams. Sobolev spaces. Academic Press [A subsidiary of Harcourt
Brace Jovanovich, Publishers], New York-London, 1975. Pure and Applied
Mathematics, Vol. 65.

C. Bernardi, T. Chacén Rebollo, and E. Chacén Vera. A FETI method with a
mesh independent condition number for the iteration matrix. Comput. Methods
Appl. Mech. Engrg., 197(13-16):1410-1429, 2008. ISSN 0045-7825: doi: 10.
1016/j.cma.2007.11.019. URL http://dx.doi.org/10.1016/j.cma.2007.
11.019.

Eliseo Chacén Vera. A continuous framework for FETI-DP with a mesh inde-
pendent condition number for the dual problem. Comput..Methods Appl. Mech.
Engrg., 198(30-32):2470-2483, 2009. ISSN 0045-7825. doi: 10.1016/j.cma.
2009.02.037. URL http://dx.doi.org/10.1016/j.cma.2009.02.037.
Vivette Girault and Pierre-Arnaud Raviart. Finite element methods for Navier-
Stokes equations. Theory and algorithms., volume 5 of Springer Series in Com-
putational Mathematics. Springer-Verlag, Berlin, 1986. ISBN 3-540-15796-4.
P. Grisvard. Singularities in boundary value problems, volume 22 of Recherches
en Mathématiques Appliquées [Research in Applied Mathematics]. Masson,
Paris, 1992. ISBN 2-225-82770-2.

Page 562

144

145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162


http://dx.doi.org/10.1016/j.cma.2007.11.019
http://dx.doi.org/10.1016/j.cma.2007.11.019
http://dx.doi.org/10.1016/j.cma.2009.02.037



