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Summary. The distributed control of unsteady incompressible flows has been the focus of
intense research in scientific computing in the past few years. Most of the existing approaches
for distributed control problems are based on the so-called reduced space method which is
easier to implement but may have convergence issues in some situations. In this paper we
investigate some fully coupled parallel two-grid Lagrange-Newton-Krylov-Schwarz (LNKSz)
algorithms for the implicit solution of distributed control problems. In the full space approach
we couple the control variables, the state variables and the adjoint variables in a single large
system of nonlinear equations. Numerical experiments are presented to show the efficiency
and scalability of the algorithm on supercomputers with more than one thousand processors.

1 Introduction

Flow optimal control problems have many important applications in science and eng-
ineering and many attempts have been made in the past few years to mathematically
understand and numerically solve flow control problems in various forms; see e.g.,
[3, 6]. Popular approaches for solving unsteady flow control problems are explicit or
semi-implicit methods, both are limited by a Courant-Friedrichs-Lewy (CFL) condi-
tion. Recently, the class of full space Lagrange-Newton-Krylov-Schwarz (LNKSz)
algorithms was introduced for solving the steady state flow control problem [4, 5].
The methods include two parts: a Lagrange-Newton method for the nonlinear sys-
tem obtained from the optimization problem and a Krylov subspace method for the
Jacobian system arising from the Newton method. In this paper we propose a class
of fully coupled parallel two-grid Lagrange-Newton-Krylov-Schwarz (LNKSz) alg-
orithms for the distributed control of unsteady incompressible flows. Since we use a
fully implicit scheme, the CFL condition can be completely relaxed. We show num-
erically that the proposed LNKSz is stable and converges well with relatively large
times steps, and it is robust with respect to some of the physical parameters, such as
the Reynolds number.

The rest of the paper is organized as follows. In Sect. 2, we present the unsteady
distributed control problems and introduce a fully implicit discretization scheme.
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Section 3 includes the main components and features of LNKSz. Some numeri-
cal results are given in Sect.4. We end the paper with some concluding remarks
in Sect. 5.

2 Mathematical Model and Discretization

We consider the two-dimensional unsteady incompressible Navier-Stokes equations
in the velocity-vorticity formulation:

—Avl—%—w — 0 in [0,7] .2,

y

—sz+%—f —0.in[0,7] x Q, (1)
Jdo 1 8_a)

3 RA® a)64—\/2(?9—6yl)—curlf_0in[O,T]><.Q,
where  is the computational domain and [0,7] is the time interval. In the above
equations the velocity field v = (vq,v,) and the vorticity @ are the state variables,
f=(f1, /) is the external force, curl f = =3 f; /dy+ d f» /dx, and Re is the Reynolds
number.

In the distributed control problem we try to find an external force f over the
control domain ¢ C €2 in order to achieve the goal

1T T
min (v, o) E/ G (v, o) dt+%// / 1613 42 dr )
JO JO . .Qf

subject to the constraints (1) with some initial and boundary conditions. Here,
% (v,w) is the objective function of the optimal control problem, ¥ > 0 is a regu-
larization parameter used to restrict the magnitude of the external force so that it is
not unrealistically large.

For solving unsteady distributed control problems, it typically requires a combi-
nation of a discretization in space and time with an optimization method. In this paper
we follow the discretize-then-optimize approach with a finite difference method for
the space discretization and a second-order backward differentiation formula for the
time discretization. The original full-time-interval problem is too expensive to solve
even on the latest supercomputers, we therefore replace it by a sequence of subopti-
mal problems, which are similar to the original problem but only defined on the time
interval (%1 0] k=1,2,... Ky, with 70 = 0 and t%m) = T Let x = (v, o,f).
Then on each time interval we write the discrete suboptimzation problem as follows:

min ﬁ,sk) (x) 3)
s.t. Cglk) (x)=0,

where 35,5@ (x) is the restriction of .% on the interval [r*~1) (Y], and Cglk> (x) are the
constraints defined on the time interval [~ (%],
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By introducing the Lagrange multipliers A with respect to the state and control
variables, we define the following Lagrangian functional

2Ox,2) =7 x)+ (1, cP(x). (4)

Let X = (x,A). Then, for k=1,2,... k.., the KKT system obtained by differentiat-

ing (4) becomes
Ve Z M (x,1)
(k) X ’
GHX) <V;L$(k)(x,l) 0. )

The optimality system (5) is a large, nonlinear, coupled, and muti-components
system. Moreover, the corresponding Jacobian matrix is indefinite and very ill-
conditioned. Hence, a good preconditioner is essential to solve the optimality system
efficiently.

3 Two-Grid Newton Method and Schwarz Preconditioners

The class of full space LNKSz method includes the following steps: the Lagrangian
functional is formed and differentiated to obtain the KKT system; then the inexact
Newton method with line search is‘applied; and at each Newton iteration the linear
system is solved with a one-level or two-level Schwarz preconditioned Krylov sub-
space method. We refer to LNKSz combined with the one-level (two-level) Schwarz
preconditioner as one-level (two-level) LNKSz method.

When using Newton’s method to solve the nonlinear system (5) on a grid, one
of the major problems is the deterioration of the convergence rate when the grid is
refined, specially for the first time step, since in this case the initial guess is not good
enough for the Newton iterations. After many experiments, we find that a solution to
the problem is “grid-sequencing”, which is quite effective in keeping the number of
nonlinear iterations small. In order to use grid-sequencing, we assume there are two
grids covering €2, a coarse grid of size H and a fine grid of size h. We first use the
one-level method to solve the nonlinear problem on the coarse grid with the initial
guess obtained as a restriction of the fine grid solution from the previous timestep.
Of course, at the first time step, we choose the initial condition as the initial guess.
Then, we interpolate the solution to the fine grid and use it as an initial guess for the
nonlinear problem on the fine grid. We refer to this LNKSz method combined with
the grid-sequencing technique as the two-grid LNKSz method in which the same
coarse grid is also used to build the two-level Schwarz preconditioner for solving the
Jacobian problem.

We assume that €2 is covered by a non-overlapping and an overlapping partition
as in [2]. Let J be the Jacobian matrix of the nonlinear problem (5) on the fine grid
and let R? and R? be the restriction operator from (2 to its overlapping and non-
overlapping subdomains, respectively. Here & is the size of the overlap. Then the
one-level restricted additive Schwarz (RAS) preconditioner [2] is defined as
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N
Myl = 3 (RO)TJ;'RS. (©)
i=1
with J; = R? J (R?)" and N, is the number of subdomains, which is the same as
the number of processors. Let J. be the Jacobian matrix on the coarse grid and I,If a
restriction operator from the fine grid to the coarse grid. Then a multiplicative type
two-level Schwarz preconditioner [8, 9] is defined as

M = (1— (I—MI;/}SJ)(I—M;IJ)(I—MlgAlSJ))rl (7

with M, 1 = (I7)TJ 117 and I is the identity matrix.

4 Numerical Experiments

Our algorithms are implemented based on the Portable Extensible Toolkit for Scien-
tific computing (PETSc) [1]. All computations are performed on an IBM BlueGene/L
supercomputer.

In the following, we describe a backward-facing step flow control problem [7].
Let Q = (0,6) x (0,1), Q7 = (0,1) x(0,0.5), T = 1, I' be the boundary of the
domain Q, [ ={(x,y) e:0<y<lx=6},Ii={(x,y) eI:0<y<1,x=0},
and I , = {(x,y) € I1 : 0.5 <y < 1}. Then the backward-facing step control problem
consists of finding (vy,v, o, f1, f>) such that the minimization

1 /T T
minZ (o, fy= —/ / o dQ dr+l’/ / 1613 4 di @®)
2 Jo Ja 2Jo Jay
is achieved subject to the constraints (1) with the following boundary conditions:
Vi = Vin on [07 T] X H,au
V1 = Vour ON [07 T] x I,
Vi =0 onl0,7]xI,,
V2 = on [0, 7| x T,
8v1 8vz (9)
+ dy odx onE), DI
V(O,x,y)—vo = IH.Q,
0(0,5y)+ 200 902 o g
¥ _ 92
Y 7y a ax 3

where I, = I'\ (I3, UT3). At the inflow boundary, a parabolic velocity profile v, =
8(1—y)(y— §)cos(t) is imposed. At the outflow boundary, vo, = y(1 —y)cos(t) is
applied. The following initial velocity is defined by vo = (vo,1,v02) with

1 1

1—y)+— ifo<y<—

¥( y)+16y if0<ys<z,
vo,1 =

1 1
- —(1=y)if=<y<
y(1 y)+16(1 y)lfz_y_l,

Page 494

99

100
101
102

103

104

105
106
107
108
109
110
111
112

113

114
115
116



Two-grid LNKSz for Unsteady Incompressible Flows

and vp 2 (x,y) = 0. The parameter y =0.1.
In the experiments, we compare the following algorithms which are introduced
in Sect. 3:

¢ One-level LNKSz: one-level additive Schwarz is used as the Jacobian solve, and
inexact Newton is carried out on the fine grid;

* Two-level LNKSz: two-level multiplicative Schwarz is used as the Jacobian
solve, and inexact Newton is carried out on the fine grid;

* Two-grid LNKSz: two-level multiplicative Schwarz is used as the Jacobian solve
on the fine grid, inexact Newton is used on the coarse grid to generate the initial
guess for the inexact Newton on the fine grid.

In all the experiments, all Jacobian matrices are constructed approximately using a
multi-colored finite difference method. The size of the coarse grid H is taken as 4h,
where 4 is the size of the fine grid. GMRES(90) and FGMRES(90) are used to solve
the linear system at each Newton step on the coarse and the fine grids, respectively.
In the one-level method, the overlapping size is 6 = 6. In the two-level and two-grid
methods, the overlapping sizes of the coarse grid and the fine grids are 6, = 4 and
& = 6, respectively. There are several nested iterative procedures in the proposed
algorithms, and each requires a proper stopping condition. We use 10710 (107) as
the absolute (relative) condition for all linear and nonlinear solves, except for the
linear coarse solve of the two-level preconditioner, for which we use 1074 (1072) as
the absolute (relative) condition: The subdomain problems are solved with a sparse
LU factorization.

Next, we present results for the test problem and discuss some details of the
two-grid LNKSz. First, we compare the three methods in Table 1. Note that, the one-
level method doesn’t converge when N, = 1,024, which is caused by the divergence
of GMRES. Moreover, we note that: (1) for the linear solver, the number of GMRES
iterations for the one-level LNKSz is much larger than that for the two-level and two-
grid methods; (2) for the nonlinear solver, the numbers of Newton iterations for the
one-level and two-level methods are also larger than that for the two-grid method;
and (3) compared with the one-level and two-level methods, the total computing time
for the two-grid method is much smaller. When the Reynolds number increases from
200 to 400, for one-level and two-level methods, the average number of Newton iter-
ations and the total computing time become larger. With the help of grid-sequencing,
the convergence of the two-grid method is less sensitive to the Reynolds number.
Based on the results of Table 1, it is clear that the two-grid method is better than the
others.

An important implementation detail to consider in designing two-grid LNKSz is
to balance the quality of the initial guess for the fine grid Newton iterations and the
computing time on the coarse solver. In Table 2, we present a comparison of the com-
puting time for the two-level and two-grid methods. In this table, we report the total
time spent on the Newton iterations at some time steps, the time spent on the Newton
iterations on the coarse solver, and the percentage between these two computational
costs. We observe that the cost of Newton iterations on the coarse grid is very small
compared with the total computational cost. It is important to note that the coarse
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Table 1. A comparison of three methods. 768 x 128 grid, and At = 0.1 (i.e., there are 10
time steps). “N,," stands for the number of processors which is the same as the number of
subdomains, “IN” is the average number of inexact Newton iterations per time step on the fine
grid, “RAS” is the average number of RAS preconditioned GMRES iterations per Newton
iteration, and “Time” is the total computing time in seconds. “* *”” means the divergence of
GMRES.

Np Method IN RAS Time IN RAS Time

Re=200 Re=400

64  One-level 3.2 165.4 1370.4 3.7 158.9 1557.5
64  Two-level 3.2 20.4 1342.8 3.7 19.2 1528.0
64 Two-grid 2.1 18.7 898.2 2.0 18.0 836.4
256  One-level 3.2 531.3 795.5 3.7 632.91052.3
256 Two-level 3.2 27.4 479.9 3.7 27.1 560.1
256  Two-grid 2.1 25.5 317.5 2.0 26.1 313.2
1024 One-level K% *k

1024 Two-level 3.2 66.3 3143 3.7 679 376.9
1024 Two-grid 2.1 64.2 208.5 2.0 68.5 209.8

grid has to be sufficiently fine so that the coarse solution has a reasonable accuracy,
otherwise, it won’t be able to provide a good initial guess for the fine grid nonlinear
solver.

Table 2. A comparison-of the computing time for the test problem at several different time
steps. Re = 400, 768 x 128 grid, and Ar = 0.1 (i.e., there are 10 time steps). The heading
“Timestep(k)" represents the time step &, “Time" is the total time spent on the Newton itera-
tions at the time step k, “Coarse_time" is the time spent on the Newton iterations on the coarse
solver at the time step k, and “Percent(%)" is (“Coarse_time"/“Time").

Np,~ Timestep(k) Time Coarse_time Percent(%) Time

Two-grid Two-level
64 k=1 110.0 3.87 3.52% 458.9
64 k=2 80.0 2.39 2.99% 117.0
64 k=5 82.5 2.50 3.03% 118.0
64 k=10 847 2.51 2.96% 119.0
256 k=1 38.6 1.71 4.43% 172.8
256 k=2 29.7 0.99 3.33% 41.4
256 k=5 30.0 1.04 3.43% 41.6
256 k=10 30.8 1.06 3.44% 42.3
1024 k=1 233 1.37 5.88% 115.1
1024 k=2 20.6 0.68 3.30% 28.1
1024 k=5 21.2 0.72 3.39% 28.4
1024 k=10 215 0.74 3.44% 30.8
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One of the difficulties in the nonlinear solver is the choice of the initial guess.
In Fig. 1, we show the nonlinear residual history by using three different methods at
the first time step (i.e., k = 1). One can see that the nonlinear system is difficult to
solve by using one-level or two-level method. In fact, it takes 11 iterations for the
one-level or two-level method to converge. By using the two-grid method only three
Newton iterations are required to satisfy the desired stopping condition.

—+*— One-level

10 ——Two-level

—e— Two-grid

Residual

12 I I I I I

6
The Newton step

Fig. 1. Nonlinear residual history by using three different methods at the first time step, for
Re =200, 768 x 128 grid and 64 processors, and Az = 0.1

5 Conclusions

In this paper, we developed a family of two-grid algorithms for distributed control
of unsteady incompressible flows. With the help of the two-grid Newton method and
the two-level Schwarz preconditioner, we showed numerically that these strategies
provide substantial improvement of the overall method in terms of the total com-
puting time, the number of linear iterations, and the number of Newton iterations,
especially when the number of processors is large.
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